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I. The Complete Photo-electric Emission from Potassium . 
By Miss Jbssie Botterworth, B.Sc.* 

T HIS paper is concerned mainly with the negative 
emission from potassium, but some account of experi¬ 
ments designed to investigate the possibility of a positive 
photo-electric emission from the metal will be given at the 
outset. Since Dember (Ann. d. Phys. xxx. p. 142, 19101 
found that a cylinder surrounding a metal plate acquired 
a positive charge, when the plate was illuminated with 
ultra-violet light, a suitable field being applied, many 
experimenters have endeavoured to justify Dember’s as¬ 
sumption that the phenomenon is due to the emission of 
positive photo-electric particles. Most of the flater work 
seems to show that the effect is the result of the emission of 
electrons by metal parts of the apparatus which are not 
adequately screened from stray ultra-violet light. Du Bridge 
(Phys. Rev. p. 201, Feb. 1925) and E. J. Lorentz (Phil. 
Mag. voi. i. p. 499, 1926) in particular were unable to 
obtain a positive charging up when precautions against 
defective screening were taken. No observer, however, 
appears to have worked with the alkali metals, though, if the 
positive photo-electric effect does exist, it seems, a priori, 
probable that these metals would exhibit the effect to a 
greater degree than other metals known to be much less 
active as regards the normal effect. 

* Communicated by Prof. William Wilson, F.R.S. 

Phil. May . S. 7. Vol. 6. No. 34. July 1928. B 
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Experiments on the Positive Photo-electric Effect. 

A glass balb (fig. 1) 10 cm. in diameter, with twoinlet 
tabes which terminated in a bottle-neck, was used. Sealed 
through the inverted end o£ the neck, as show , 
filament of platinum wire, so that the loop of the wire was 
at the centre o£ the spherical bulb. Bound the filanw ' 
not touching it, was a spiral of platinum wire. Thus the 
filament was surrounded at the sides and bottom y a £’ 
”nd both grid and filament could be electrically heated. A fine 


Fig. 1. 



platinum wire was sealed through the bottorn o[ the W b ^ 
Siake contact with the potassium, which was^ 0 acta* 

*^A glass bottle containing clean potassium w^.-allowed to 
slide down one of the side-tubes unti stopped by a con¬ 
striction. By means of the other side-tube toe bulb was 
connected to liquid-air traps and a mercury-diffusion pump, 
backed by a “ Hyvae ” pump. After baking and pumping 
S widths grid and filament glowing and toe charetal 
2HL Wted toe potassium was run oyer toe constriction, 
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working and the liquid-air traps were being cooled. After 
farther pumping, the tube was sealed off and left overnight. 
Then the potassium was heated slightly once more, and run 
down to the bottom of the bulb to make contact with the 
platinum wire. 

The glowing filament acted as a source of light, and in so 
doing gave off thermions, both negative and positive. The 
latter emission would, of course, almost disappear with 
constant glowing and a field helping the emission. If a 
positive photo-electric effect did exist, there would be positive 
and negative photo-electric currents from both the platinum 
grid and the potassium. When the connexions are made, 
as shown in fig. 2, the negative current from the grid and 
the positive one from the potassium alone can affect the 
quadrant electrometer. 


rig. 2. 



The grid is negative with respect to the potassium, so that 
any electrons from the potassium are turned back, while 
any positive particles are attracted across to the grid, leaving 
a negative charge on the potassium, which, when the key K* 
is open, causes a deflexion of the needle of the electrometer. 
The field between the filament and grid will turn back any 
electrons emitted by the filament, while any positive particles 
from the same source will be turned back once they have 
passed through the grid. Hence the emission from the 
filament cannot affect the electrometer. There may be a 
negative photo-electric current from the grid, however, 
which will reach the potassium and charge it in the same 
manner as the positive current leaving it would do. Any 
positive photo-electric current from the grid will be turned 
back. The highest threshold frequency of potassium is 
known to be well in the infra-red portion of the spectrum, 
while that of platinum is in the ultra-violet. Consequently, 

B 2 
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if no effect is produced upon the electrometer, using light 
whose wave-length is between the two threshold frequencies,, 
it will mean that no positive photo-electric current is emitted 
from the potassium—at any rate, when those particular 
wave-lengths are employed. 

The sensitivity of the electrometer was such that with 
120 volts on the needle and a potential difference of one 
▼olt between the quadrants the deflexion produced would be 
140 cm. on the lamp scale. The capacity of the system, the 
electrometer, and the bulb in series was very nearly 100 cm. 

Owing to a slight charging up of the sealing-wax key and 
also to a small leak across the inside of the glass bulb, even 
when the filament was unheated, the image moved in the 
direction indicating a positive charging up of the potassium. 
Fortunately it was not too fast to be timed, and was constant 
over a short range of time—long enough for measurements 
to be taken. The effect looked for would mean a still 
slower rate of charging. 

No change in the rate was noticed until the filament 
current rose to a value of 1*8 amps., corresponding to a 
temperature of over 800° O., and it seemed reasonable to 
suppose that the negative platinum current was causing the 
change at this temperature. However, at this temperature 
the negative current was quite large (nearly 10~® amp.). 
A stop-clock reading to 2 sec. was used, and it would have 
been easy to detect a change in the rate of 1 cm. in 10 secs. 
The difference of potential between the potassium and the 
grid was 96 volts: sufficient to saturate the negative currents 
at the temperatures employed. 


Table I. 


Filament current. 

Time for imago to 
trarel 22 cm. 

0 

10*2 *ee*. 

1*5 amp*. 

10-2 „ 

0 

104 ., 

1*6 „ 

10*2 

0 

10 2 „ 

V7 „ 

10-4 „ 

0 

10-2 „ 

1*8 „ 

11*2 „ 


A change in the rate of charging up of 1 cm. in 10 secs, 
would mean a photo-electric current of 10~ 1 * amp. For 
the potential difference 
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current x time 

set ---- ; -■ 

capacity 

”T40x'300 E,S,U * 

currents-—^ x 10 -13 amp. 
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Hence a current of little over 1 x 10 -li amp. could have 
been detected. 

Dember found the ratio of bis negative to positive photo- 
10 -® 

electric currents to be t. e. 10 4 , whereas these experi- 

10 10 -6 

ments give the ratio as more than e. 10 7 . Hence, if 

the positive photo-electric effect does occur, it is at least 
a thousand times smaller than the current which Dember 
attributed to the emission of positive ions by photo-electric 
action. 


The Threshold Frequencies of Potassium. 

Richardson and Young (Proc. Roy. Soc. ser. A, vol. cvii. 
p. 377,1925) found for a normal potassium surface a threshold 
frequency corresponding to a wave-length of 7000 A.U. After 
sensitizing the potassium surface by passing a glow-discharge 
through an atmosphere of hydrogen, the critical wave-length 
appeared to be somewhere between 9000 A.U. and 10,000 
A.U. A usual thermionic threshold at a temperature of 
200° C. is 10,000 A.U., and another occurs at about 30,000 
A.U. No trace of a photo-electric threshold of this magni¬ 
tude, however, was to be found, even for the sensitized 
surface. The following account gives details of the pro¬ 
duction, by vaporizing the metal, of a sensitized surface, for 
which two threshold frequencies were found. 

Experiments on the Threshold Frequencies of Potassium. 

The apparatus used to investigate the existence of the 
positive photo-electric effect was also used to measure the 
threshold frequency or frequencies of potassium, by measuring 
the complete photo-electric effect when in equilibrium with 
black-body radiation of known temperature. By heating 
the potassium at the bottom of the bulb with a small electric 
heater, it was vaporized and deposited in a thin film over 
the cool part of the spherical surface. To prevent the 
vapour condensing on or near the filament ana grid, both 
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were heated throughout the operation, and also another 
electric heater was wound round the outside of the bottle¬ 
neck. By repeated heating and cooling of the potassium it 
was possible to obtain a comparatively thick and quite 
opaque mirror over the whole spherical surface. The gap 
on the glass in contact with the heater was covered by 
tipping die tube while the metal was still in the liquid state. 
At the first attempt the mirror of potassium evidently was 
not of sufficient thickness to make good electrical contact 
over the whole surface, for inconsistent readings of the 
photo-electric currents were obtained, doubtless due to 
certain portions of the surface becoming charged up after 
subjection to radiation for a few minutes. At the second 
attempt the film of potassium was made thicker, and this 
difficulty disappeared. Owing to repeated reflexions of the 
light emitted by the filament at the bright potassium surface, 
the system should give approximately black-body radiation, 
and at the same time a fresh metal surface could easily be 
obtained by heating and vaporizing the potassium. Also 
each heating would improve the conditions until all the 
substances, which had been left in the bulb and were capable 
of reacting with potassium, had been used up. 

The law governing the relation between the saturated 
current and the temperature in the case of the complete 

* 

photo-electric effect is expressed by C=AT A e (see 
Richardson, Phil. Mag. vol. i. 1912), where C is the saturated 
photo-electric current, T is the temperature of the radiator, 
X a constant which can take the values 2 or and h is the 
work function ( <f >) divided by the gas constant for one 
molecule (£). A is a constant depending on the area of the 

C . 1 

surface. Therefore plotting values of log J0 ^ against 

should give a straight line, the slope giving the value of b. 

The saturated currents C were comparatively large, and 
a sensitive galvanometer G, was used to measure them. The 
connexions were as shown in fig. 3. The two grid con¬ 
nexions and one side of the filament were connected to the 
positive side of a lamp-board in which the ten lamps were 
arranged in series and connected to the 240 volt-mains. The 
galvanometer Gj was connected between two of the lamps, 
the other galvanometer terminal being connected straight to 
the potassium mirror. The resistance of the filament was 
measured at the various temperatures by means of a 
Wheatstone bridge arrangement. R! and R* were two 
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arms of a Post Office box, and 7 was a coil of eureka wire 
2 metres long, immersed in a flask filled with paraffin-oil, 
which in turn was surrounded by a water-bath. The 
resistance of the coil was 2 056 ohms. Its resistance was 
previously measured at 20° C. and at 100° C., no difference 
being detectable, and when surrounded by a water-bath the 

Fig. 3. 


T 





Fig. 4. 
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temperature varied over a range of lets than 10° 0., when 
the largest filament currents were used. Consequently 
under tne conditions of experiment it was an invariable 
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resistance. The filament was heated by a battery of accu¬ 
mulators and the steady balance in the bridge found, using 
« dead-beat On wood galvanometer G, which gave a deflexion 
of about 10 cm. on the scale for a change of resistance or 
1 ohm in the variable arm of the box. 

The photo-electric currents were well saturated, as is 
shown by fig. 4, the current-potential difference curve 
corresponding to a filament current of 2‘5 amps. With the 


Fig. 6. 
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largest filament current used (3*5 amps.), saturation was 
secured by having 108 volts potential difference between 
the potassium and the filament, so this value was used 
throughout. 

The graph plotted between current and resistance in the 
variable arm of the box, i. e. between current and filament 
temperature in arbitrary units, was of the form shown in 
figs. 6 a and 6 h. The initial rise and following flat portion 
was assumed to be due to a second and lower threshold 
frequency, for at this stage the filament was not glowing. 

In order to ensure the best possible conditions, the 
potassium was then melted off the walls of the bulb and a 
completely fresh film deposited. As soon as this film was 



sufficiently thick the charcoal tube was immersed in liquid 
air. A set of deflexion and resistance readings was taken 
about half an hour after the mirror had been deposited, and 
another set taken after the lapse of two and a half hours. 
Neither at this time nor next morning was any fatigue 
noticed ; in fact, as will be mentioned later, the current over 
a certain range increased with time. The curves obtained 
with this fresh film agreed with those previously obtained. 

Hysteresis effects were considerable. Headings were 
taken when the filament current was gradually increased, 
but if taken in the reverse order the difference between 
corresponding current readings was so great that for the 
lowest temperatures used the descending reading would be 
as much as twice the ascending reading. The effect dis¬ 
appeared quite rapidly with time ; in the case of the high 
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temperatures so rapidly that the effect was not noticeable. 
Though the decay at lower temperatures was slower* ths 
original ascending reading would be reached by leaving the 
apparatus for 10 to 15 minutes. The descending readings 
are inconsistent, for they depend on the time that lapses 
between altering the filament current and taking the reading 
of the deflexion and the corresponding filament resistance. 



Resistance. Deflexion. 


ohms. 

395 

440 

472 

518 

584 

555 


cm. 

*45 

1*45 

4*8 

7*2 

8*0 

8*5 


Current Xl0 T . 

Resistance. 

Deflexion. 

amps. 

ohms* 

cm. 

*10 

584 

8*8 

*32 

607 

91 

*89 

632 

9*9 

1*42 

659 

11*0 

1*56 

688 

1*8* 

1*63 

717 

2*0 * 


Current X10 T * 
amps. 

1*88 

1*73 

1*84 

1*97 

2*12 

2*33 


* Shunt 150 ohms. 


The effect appeared to be in no way altered in the second 
case, when a presumably higher vacuum was contained m 
the bulb. 
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Shunt 

ohms* 

Resistance 
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arm of box. 
ohms. 

Deflexion. 

cm. 
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°C. 

Jxio*. 

Current; . C 

Xl0 7 

amps. +13. 

i ° 

l0g,0 T 

+10. 

00 
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•50 
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*12 i 
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105 
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26*3 
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1*507 
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7-60 
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iso 
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1-75 
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•470 i 

1-916 
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200 
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10-6 
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*417 

1*877 
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36 
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4*16 

•615 
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f three days. 
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1 
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10*7 
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i 
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3*9 
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10*0 

{ 4*44 
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The relation between filament temperature and resistance 
was found by opening the bulb and withdrawing the filament 
and grid, and then finding the resistances of the filament at 
the melting-points of certain crystals. The bridge arrange¬ 
ment wag exactly the same as when taking readings of the 
photo-electric current, and minute crystals of substances 
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Crystal, 

Naphthalene. 

Silver nitrate .. 

Potassium bichromate 

Barium nitrate,,,. 

Potassium bromide,.. 

Sodium chloride. 

Sodium sulphate. 

Potassium sulphate.,, 
Stannic oxide .. 


Melting- 
Point C. 
79 
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435 
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Having determined the temperatures and the corresponding 
currents, graphs were plotted between logio^ and f’ and 











nearly all the points lie on three straight lines, and the 
slopes of the portions AB and CD are nearly the same m 
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both graphs. The intermediate portion BC, however, is 

0 

quite different. When taking logio^r, we have a line sloping 

in the positive direction, apparently indicating a value for h 
- that is negative. In the other case the central line BjCj is 
very nearly horizontal, but has a slight slope in the negative 
direction. This central portion corresponds to the almost 
horizontal part of the current-temperature curve in fig. 5, 
and this part does not appear to be very stable. The 
currents in this region gradually increased with time, not 
becoming absolutely constant until about throe days after 
-the potassium mirror had been deposited. Using readings 
obtained after this lapse of time, the general characteristics 
of this part of the two curves are unaltered, but the slope is 
different. The slope in the negative direction when plotting 
G 

dogxo.jj is increased and equal to ’026. This is smaller than 

t|ie others, namely *64 and *11. Apparently this would 
mean that for potassium there are three threshold frequencies 
for the sensitized surface. On the other hand, the inter¬ 
mediate portion may he represented by the sum of terms 
such as 

€=AiT A e _ T + A 2 T A e"T, 

where both terms are of about the same magnitude. The 
instability would then be due to some small portions, taking 
some time to decide which work-function to assume. 

The results obtained show uiat potassium has at least two 
work-functions, corresponding to two critical wave-lengths, 
one at 9700 A.TJ. and the other at 57,000 A.U. 


Since 

0=A,T'«-?\ mofbr 

log. 

C , A hi 

rjig ”l®g« Aj— rj, , 

so 

, slope Xl0 4 or , 

fe,== log,o<?~ C - ; 

and since 

&=1’37 x 10“ 16 ergs/° C., 


<£= x 1*37 x 10“ M ergs; 

.and since 

h =6'547 x 10" 27 ergs/sec., 
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it follows that 

, 3x 10 ,o x 6*547 x 10~ i7 xlogio« 

Xe ~~ slope x 10* x 1*37 x 10~ ie ' 

Also logioAi=log 10 ^ +^log w «. 

. To determine the multiplying constants Aj and A s , points 
are selected on the portions AB and CD respectively, where 
only one term is of importance in determining the value of 
the photo-electric current. 

To determine Ai: 

T=1248°C. 

C=23*28 Xl0~ 7 amp. 

To determine A s : 

T=405° 0. 

C=*35 x 10" 7 amp. 


Table III. 


1 AB - 

A,B t . 

CD. 

C,D,. 

| Slope ......... 

'64 

64 

*086 

*11 

\b°0 . 

1*46x10* 

1-46x10* 

198x10 s 

2-53x10* 

1 $ ergs ...... 

2*02 X 10- u 

2O2xl0 _ls 

2-71X10 -1 * 

3-47X10- 11 

! X c A.U. 

9700 

9700 

70,000 

57.000 

; Constant ... 

| 

*0089 

•0089 

2‘3 XlO -7 

511 x 10 -7 


Thus the relation governing the photo-electric current can 
be represented by 

1-46x10* 253X10* 

€=*0089 T*e + 5*11 x 10~ 7 T»e * 

The constant A, multiplying the larger work-function is 
1*8 x 10 4 times as great as the second. This supports the 
theory of “ patches*’ put forward by Richardson and Young 
(Proo. Roy. Soc. Ser. A, 1925), indicating, as it does, that 
only a small portion of the surface responds to the lower 
frequency, while a much larger part, if net the whole 
surface, is excited by the higher frequency. If the whole of 
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the surface could respond to any of two or more threshold 
frequencies depending on the condition of the surface and 
illumination, the hysteresis effects could be explained. 
After being subjected for a few minutes to the illumination 
from the filament when at a high temperature, the “ patch ” 
of lower value <f> might gradually acquire the larger value 
of the work-function, and so the current would increase, 
since at high temperatures, at any rate, the term containing 
the greater b predominates. When the filament temper¬ 
ature is reduced, this part of the surface does not revert to 
its former state directly, and while so reverting the current 
is larger than the corresponding one when ascending the 
scale of temperature. If this change does occur, it would 
also account for a creeping up of current noticed at high 
temperatures, the galvanometer mirror taking some time to 
come to a steady position. Consequently it seems probable 
that the whole of a sensitized potassium surface has one 
characteristic work-function, while certain small portions, 
distributed over the whole surface or collected together in 
patches, can possess one or more lower work-functions. 
When illuminated with light of long wave-length, only the 
smaller portion will contribute to the photo-electric current, 
and at shorter wave-lengths the rest of the surface plays its 
part, the smaller portion gradually changing until all the 
surface has acquired the greater work-function. This 
implies that the second constant A s is itself a function of the 
temperature. However, if the function is a low power of 
the temperature, it will have a negligible effect on the 
(• 1 

l°g 10 7 pj against ^ graph and on the value of <f> determined. 


Summary. 

Ho evidence has been found for the existence of a positive 
photo-electric emission, and it has been shown that, if such 
an effect does exist, it is less than 10~ 7 times the negative 
emission, from the same surface, measured in these experi¬ 
ments. 

It is shown that potassium has at least two work-functions 
corresponding to the wave-length 9700 A.U. and 60,000A.U. 
The results indicate that the “patches” of lower work- 
function form a very small part of the whole surface, and 
can acquire the greater work-function nader the influence 
of prolonged illumination. 
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II. A New Method of Determination of the Volume of I Curie 
Radon . By L. Wkrtenstkin, Professor of the Free 

University, Warsaw *. 

I* Principle of the Method . 

T HE first determinations of the volume of 1 curie of radon 
were made by Rutherford f, Debierne and Ramsay§. 
Their results were concordant; the volume of 1 curie of 
radon at 0° and normal pressure (called in this paper Y 0 ) 
was found equal to *6 c.c. This value was in an excellent 
agreement with expectations from the theory of radioactive 
transformations based on the values of the fundamental 
radioactive and atomic constants as known at that period. 
The agreement is, however, not so good if one uses for 
calculations the values of those constants which are generally 
accepted at the present time. Adopting for Z the number 
of ^-particles emitted in 1 sec. by 1 gm. Ra, 3*72,10 10 , for 
N, the number of molecules of a perfect gas in 1 c.c. at 
N.T.P. 2*705.10 10 , and for \ r , the radioactive constant 
of radon, 2*1.10~ 5 , we get for V 0 *652 c.c. a value about 
10 per cent, higher than the values obtained by Rutherford* 
Debierne, and Ramsay. 

The methods used by those physicists were similar in 
principle; they consisted essentially in compressing carefully 
purified radon into a calibrated fine capillary. 

The disadvantage of this method is that it is very difficult 
to prove that the final product is pure. Moreover, concen¬ 
trated radon undergoes considerable changes of volume 
during the first hours after its preparation, and it is generally 
assumed that it is the final volume which is the right one. 

It seemed to me interesting to attack this problem by a 
method which would permit the analysis of the purified 
radon. Owing to the extremely small quantities of gas 
involved, the only methods suitable for a quantitative 
analysis seemed to be methods based on the properties of 
highly rarefied gases. If we consider that the pressure of 
*1 curie of radon in a volume of 100 e.c. is equal to about 
*65 bar, we arrive at the conclusion that we are dealing in 
this problem with the range of pressure to which the laws 
of highly rarefied gases are fully' applicable. 

* Communicated by Sir E. Rutherford, O.M., P.R.S. 
t E. Rutherford, Phil Mag. p. 300 (1008), 
t A. Debierne, C. R. p, 1264 (1900). 

| Cray and W. Ramsay, Trans. Ckem, Soe. vol. iv. pp. 96, 1073 

( 1000 ), 

Phil. Mag* S* 7. Vol. 6. No. 34. July 1928. C 
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pentane bath heated electrically, and contained in a 
moderately exhausted non-siivered Dewar tube, surrounded 
by liquid air. 

1£ conditions (2) and (3) are satisfied, which we shall see 
to be the case in the present work, we determine (a) the 
total pressure, p u and damping, d u of the mixture, ( 6 ) the 
pressure, p a , and damping, d a , found when a small part of 
the apparatus is cooled to the temperature of liquid air. 
The differences p 1 —p a —Ap and dj—d a = Ad are the pressure 
and damping due to radon and carbon dioxide. In order to 
calculate the partial pressure p T of tbe radon and the degree 


Kg. 1. 





P 


of its purity we have only to substitute in equations (1) Ap 
and Ad for p and d. 

Knowing p T we deduce Vo, the volume of 1 curie of radon 
at N.T.P., from the equation 

r _ /?,. V. 273 

°~ (273 + /)7l 013.10«’ 

where V is the volume of the apparatus, t the temperature, 
and 7 the quantity of radon expressed in curies. 

II. Gauges and their Calibration . 

The Knudsen*gauge used in this work is shown in fig. 1 . 
An aluminium leaf, about * 6 /& thick, cut off in the form 

0 2 
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A microscope with an eyepiece scale is used Cor measuring 
the amplitude; if the illumination (shown on the left side of 
fig. 2) is convenient, the vibrating systems appear as a 
bright band with sharp ends. The band is seen to diminish 
slowly in width. The damping d is inversely proportional 
to the time during which the amplitude decreases in a given 
ratio. 

For calculation purposes it was found convenient in this 
paper to use for this ratio the value 1*2 and to express the 
time in 10 5 sec. 

For calibration, the gauges were joined toa McLeod gauge 
through a trap cooled to —120° in order to freeze out 
vapours. By means of a mercury fork the apparatus could 
be put into communication with a diffusion pump or with 
auxiliary arrangements for preparing and transferring small 
quantities of chemically pure gases. Hydrogen, oxygen, 
carbon dioxide, and xenon were used for calibration. 

The whole apparatus must be thoroughly evacuated, after 
which we read the pressure p n at the McLeod gauge and the 
indications tt 0 and d 0 of the Knudsen and damping gauges. 
po is generally negligibly small. 7r 0 and d 0 correspond, 
under good experimental conditions, to a residual pressure 
of the order of *01 bar. This pressure is due to traces of 
water and mercury vapours, to which the McLeod gauge is 
insensitive. 

We introduce into the apparatus one of the above-men¬ 
tioned gases under a pressure of 2—3 bars, and we read the 
indications p u Tr ly du of all instruments. We pump some 
gas off and obtain a new set of values p s , 7Tj, d t . 

These operations are repeated until the pressure drops to 
about *5 bar. 

For each of the gases (k) used in this calibration we draw 
curves w* ==/*(/») and d k = <f>(p). 

The functions are linear, and we have •Jr*=Z>*p + 7r 0 , and 
d k =a k p + d 0 . 

It is generally assumed that the Knudsen gauge is an 
absolute manometer, i.e., that its indications are independent 
of the nature of the gas. If this were trne b k ought to have 
for all gases the same value. 

If, however, vve examine this question more closely, we 
find that the force exerted on the leaf must depend on the 
kinetic energies of the molecules falling on it and reflected 
from it. If the temperatures of the faces between which the 
leaf hangs aTe given, these energies are functions of the 
accommodation coefficient of the gas filling the gauge. 
The accommodation coefficient increases in general with the 
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molecular weight; it has for hydrogen the jalue *28, for 
oxygen -8, for carbon dioxide *87. Ihe highest value, 9 » 
£ been found for mercury vapour. Its upper theoretical 

'“(^neiTwnsiderations show that the indications of a 
Knudsen gauge, i. the constant b k , 

the accommodation coefficient. In accordance with these 
considerations I have found for the four mentioned ga 

bm& : &o* * bco& : ^xe ® 79 ; 100 • 104 :105, 

For our problem it is necessary to know the radon constant 
b r . We cannot determine it directly. We see, however, that 
the values of b for the last three gases "howonlysmah 
variations. Assuming for b a value 1 per cent, higher th 
that of Xe, we are probably very close to the true value, for 
it must be expected that radon and xenon will behave m a 

^Soring theeourae of the experiments the leaf had once 
to be changed and recalibrated. Before the change the 
sensitivity £of the gauge for radon was .0707^«oa of 
microscope per 1 bar and 1 division of the galvanometer 
scale. After the change b T was *096 division of microscope 
per 1 bar and 1 division of the galvanometer sca e The 
deflexion of the galvanometer in actual experiments corre¬ 
sponded generally to 50 to 100 divisions and the deflexion of 
Te leaf could be determined within 1/10 of a division so 
that for pressures of the order of 1 bar the accuracy of 

measurement was abont 1 per cent. fl ,• 

In the case of the damping gauge the problem of finding 
the constant a, for radon is much easier as we have only to 
apply the formula 


a r ja k - 


: \/ 


Mr 
Mi' 


being the expression of Kmidsen’s law. 

We can get a check of this formula by comparing the 
values a, calculated from experimental values «* for each oi 
the gases used in the calibratiou. The comparison is repre¬ 
sented on Table I. 

The agreement is very good. I have used for calculations 
the value 0 ,=1164, being the arithmetic average of values 
extrapolated from the oxygen and xenon data, which were 

obtained under the best conditions. . . , , 

For CO. I have assumed the value o e =517 calculated 
from the same data. It seemed to me more reliable than 
the measured value 506, because the adsorption properties 
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o£ this gas described in a previous paper * obviously introduce 
some uncertainty in determinations of ^ . ,. 

In equation (1) it was assumed implicitly that the indica¬ 
tions of a Knudsen gauge do not depend on the nature of 


Table I. 


Ghu. 

MoL weight. 



Hydrogen. 

2-015 

111*5 

1175 

Oxygen .. 

i 

\ m 

\ 

442 

1168 

Carbon dioxide ...... 

j 44 

505 

1137 

Xenon ..•***« 

130 

890 

1160 1 

i 


the gas. In reality, however, the experiment does not 
give ns Ap, but 

ATT « b c p C + brPr * 

Putting 6 c =»-986 r we can write these equations : 

. . . (L) 

&d=utep r + 5npc J 

An' is an apparent change of pressure, i.e., a change of 
pressure to which a change Air of indications of the gauge 
would correspond if the gas was pure radon. 

From equations (la) we get, writing for simplicity A p 
instead of A p', 

•98A d-olT&p U64A p—Ad 

P”=-623 P ° ~ " 623 


III. Experimental arrangement. 

The apparatus has been constructed in such a way that 
purified radon could be introduced without having to open 
the apparatus to the atmosphere. 

This precaution is essential, for sinee the pressure ot toe 
admitted gases is of the order of 1 bar, the apparatus mus 
be exhausted beforehand to a “ high vacuum. i 

known, such a state is destroyed if atmospheric air isaamitt© 
even for a short time* 

* L. Wer ten stein, t. c. 
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The general arrangement can be seen from fig. 3. It 
comprises three parts: (1) the manometric part with the 
Knud sen gauge K and damping gauge D and the trap T; 
(2) the purification apparatus A containing KOH and P 2 0 6 
in glass boats, CuO and Cu in a pyrex tube, and the tube l 
used for condensing radon in liquid air; and (3) the volu¬ 
metric part, the use of which will be explained later. All 
parts can be evacuated by way of the mercury fork /. 
Part A can be put into communication with remaining parts 
by means of the mercury “tap’' M operated electro- 
magnetieally. 

Fig. S. 



Before the experiment the whole apparatus has to be very 
carefully exhausted. The first operation consists in intro¬ 
ducing partially purified radon into Part A by means of the 
transfer pump P, which has the advantage of avoiding 
the use of greased taps. The left branch of the capillary 
U-shaped tube has more than the barometric length, and, 
owing to this fact, it is possible to introduce air into the bulb 
B, while vacuum remains in A and other parts. 

While the transfer pump is open to air we place in the 
horizontal tube p a thin-walled tube r containing partly 
purified radon (about *2 c.e. of gas), after which the tube p 
is sealed. 
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The bulb B is evacuated bj means ol a separate pump 
through the tap *, which is afterwards closed and covered 
with a column of mercury. The tube r is then broken by 
means of a simple magnetic device m and the radon is trans¬ 
ferred to the purification part by operating the transfer 
pump, in which the movements of mercury are controlled by 
varying the pressure over the reservoir R. The radon is 
then left for 15-18 hours in contact with the KOH and P s 0 5 . 

At the beginning and at the end of that period the pyrex 
tube containing CuO is heated for 30 minutes to about 600°. 

After that time the radon contains only a small quantity of 
C0 2 , but an appreciable amount of gases which do not 
condense at the temperature of the liquid air. In order to 
pump out these gases, we surround the tube l with liquid air 
ami open several times for 10 seconds the “ tap ” M, the 
mercury fork establishing the communication with the 
diffusion pump. When the evacuation is finished, the com¬ 
munication with the diffusion pump is cut off, the tube l 
allowed to warm up, and radon is distilled into the manometrie 
apparatus by introducing a few drops of liquid air in the 
small Dewar tube d. After that we raise the mercury in 
the tube V, enclosing radon in the manometrie part. 

We can now proceed to determinations of pressure and 
damping. While the radon and 00 2 are still condensed in 
the small Dewar tube d we measure the residual pressure p a 
and damping d a of uncondensable gases. The liquid air is 
then evaporated quickly by introducing a copper wire into 
the small Dewar tube, and when this tube is at room 
temperature we determine the total pressure p x and 
damping d t . 

We get in this way the values A/> and A d defined on 
page 23. Liquid air can be used again in the same way as 
described above in order to obtain another set of values of 
A p and A d. 

IY. Results • 

I have executed in all four series of experiments. The first 
two series were of a preliminary character ; they enabled 
me to work out the technique of the measurements, and also 
revealed some unforeseen experimental difficulties. 

It was found that after introduction of radon the pressure 
and damping increased steadily, so that after some 30 minutes 
the pressure was twice as great as in the beginning. This 
increase is due to the evolution of gases from glass bombarded 
by a-rays. The increase of damping was, however, very small, 
and by measuring simultaneously the rate of increase of 
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pressure and damping, I found that the evolving gw was 
nearly pure hydrogen, so that the relative amount of CO, 
remains* unchanged. This observation enabled me to calcu¬ 
late Ap and A d in the following way :— 

Curves Pl «/(<), d, « p(t) were drawn for tbe total gas 
and similar ourves for uncondensable gases. By taking the 
difference of ordinates of curves interpokted for the same 
time t, we get devalues of A p and Ad. Owing to the small 
number of experimental points [each determinaioii 
long time] the interpolations were a little uncertain, lbe 
results were, however, better than could be expected. 

In the first experiments *0718 curie of radon was intro¬ 
duced into the apparatus. Its^ volume V was 157 c.c., the 

temperature of the room was 19 . 

Three sets of measurements were taken. After the first 
set the radon was distilled back into the 
the evolved gases were pumped out and r ^ st ‘ Ile f 
manometric part. During these operations -0018 curie radon 

W *Theresults are represented in Table II. The first eolamn 
of this table contains the value of Ap ; the second and till 
give the partial pressures p r and pc of radon and CO* 
fourth we find the relative amount (or degree of pmnty)«t 
the radon, in the fifth the quantity of radon m caries, in the 
sixth the value V 0 of the volume of 1 curie of radon 
deduced from the experimental data. 


Table II. 


f 1 

: &p bar. 

t 

pr bar, j 

| 

p c bar. 

! ;v 

&P * 

y curie. 

! 

10 -‘c.e. | 

I 

*55 

*289 ; 

•261 

j *528 

•0718 

5-83 » 

537 

*323 

•114 

*749 

-070 

e^es | 

*465 

*285 ; 

*180 

*63 

•070 

5-8 S 

1 


The average valne of V 0 is 6-14.10“* c.c. showing that 
the method gives results very near to the truth even under 
unfavourable conditions. 

In order to improve these conditions it was necessary to 
eliminate the effect of the gases evolved from tile glass walls 
by the bombardment of the “-particles. , • 

The measurements of damping m^cating that fteewlvwg 
gases consisted chiefly of hydrogen, I added to the apparatus 




Determination of the Volume of 1 Curie liadrni. 27 

a device for oxidizing the hydrogen. The water-vaponr 
formed on oxidation ought to be condensed in the trap cooled 
to -120°. 

For this purpose I nsed a small tube, Pt (fig. 3), containing 
a thin platinum wire through which a current could be sent. 
The platinum wire was covered by electrolysis with copper 
oxidized afterwards by glowing the wire. 

It was found that this simple device enabled me to realise 
the steady conditions necessary for taking reliable measure¬ 
ments. The next experiment performed with this arrange¬ 
ment was, however, not quite satisfactory owing to some 
imperfections of the technique. The temperature of the 
glowing wire was not adjusted to the right value ; during 
the experiment the temperature of the trap went up to 
—105°. The result was that the evolution of gas was still 
half as much as in the first experiment, and the water- 
vapour formed was not completely removed by the trap, 
as was shown by the fact that the pressure of condensable 
gases increased steadily, while in the previous experiment it 
remained constant. 

It was, however, found possible to deduce from the measure¬ 
ment the partial pressure of radon. f\p and being in 
this ease due to three gases, radon, CO s , and H g O, it was 
necessary to calculate the amount of water-vapour. This 
was done in the following way. By measuring simul¬ 
taneously the increase of total pressure and damping, we can 
analyse the evolving gas consisting of hydrogen and water- 
vapour and determine the partial pressure of water-vapour. 
The additional damping due to that vapour can be calculated 
from its molecular weight. Subtracting from A p and A d 
the partial pressure and damping due to water-vapour, we 
have again the case of two constituents only, to which 
equations (la) are applicable. 

In this experiment '1386 curie radon was used. 

The volume of the apparatus was 180 c.c. The results 
of two sets of measurements are shown on Table III. 

Table III. 

I i i 

y»bar. | g-. r curies. | 10 _T« O C ! 

* Vrr _ "T" .' 

•298 | *635 ‘1386 


6*2 



961 *527 


*434 


55 


*1386 


6*29 
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The larger amount of CO* in the second set is probably 
to be explained by the fact that in the interval between the 
two sets radon was kept condensed daring about 15 minutes 
in order to pump off evolved gases. As was shown in my 
previous paper, glass contains always traces of absorbed 00* 
which distil on to the radon during its condensation in 
liquid air. 

The agreement of values of V 0 obtained in the two sets is 
satisfactory. The method of calculating the results is, how¬ 
ever, complicated, so that these experiments cannot be 
considered as conclusive. 


Fig. 4. 
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In the third and fourth experiments, which will be 
described now, I succeeded in surmounting the experimental 
difficulties of the problem. In these experiments (1) the 
whole apparatus was baked out to 350° before the introduction 
of radon, (2) a tube containing a few pieces of KOH was 
added in order to reduce the amount of 00 s , (3) the tempera¬ 
tures of the glowing wire and of the trap were carefully 
adjusted. The volume of the apparatus was 160 c.c., *104 
curie radon was used in the third, and *176 curie in the 
fourth experiment. 

The results are represented graphically Itt figs. 4 and 5. 
In these figures the values of pressures are represented by 



Determination of the Volume of 1 Curie Radon . 


2$ 


after the cur f'®* 1 , J“" j 8 st iU evolved bat disappears 


Fig. 5. 
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gas daring the first period of the experiment. The oscilla¬ 
tion of individual values of total pressure and damping ar 
relatively small, those corresponding to uncondensed gase. 
are more important, which is probably due to the sma - 
of effects observed. There was still a slow general increase 
of pressure, about 8 per cent, during a whole experiment. 
In order to eliminate the error due to this residual evolution, 
of gas>fhe results have been calculated in the following way 
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For each group an arithmetic average p u p a , <4* etc., was 
-calculated. From these values Ap, Ad were calculated as 


2 " - 




da Hh db 
~2 f 


etc. 


The final results are collected in Table IV. 


Table IV. 


Experiment. 

Ap bar. 

' ; 

Prbar. j p e bar. 

i 

y curie. 

V 0 

10“ 4 c.c. 

3 

IS 

« ? 

*433 *H3 *75 

*454 j *143 *77 

*104 

615 

6*41 

4 

*896 j -743 

153 *825 

... 

6*26 

•909 ! -753 

i 

*153 1 *825 

*176 

6*33 

•908 j -808 

t 

•1 | -89 

' 

... 

6*8 


It will be noticed that the degree of purity of radon was 
in these experiments higher than in the first experiments. 

The average value of V 0 is 6*39.10~ 4 c.c., and is probably 
correct within 5 per cent. 

The average of the values obtained in the first two experi¬ 
ments is 6*19.10~ 4 c.c., differing by about 3 per cent, from 
the final value. This small disagreement shows that with 
this method even in very imperfect conditions relatively good 
results can be obtained. 

The constant V 0 is connected directly with the number 
c£ a-particles emitted in one second by 1 g. lia. From 
V 0 « 6*39.10-* c.c., we get Z = 3*62 . 10 10 . 

The method described in tins paper could be further 
improved by constructing more sensitive gauges. The main 
•difficulties arise from the violent effects taking place in 
presence of radon. It would therefore seem desirable to 
find a material which does not give off gases when bombarded 
by ae-rays On the other hand, it seems that the method 
could be applied successfully to another similar problem, 
via., the determination of the volume of He produced in one 
second by 1 g. Ra. 

* Since this paper was written I have found that glass baked out to a 
temperature of 450° does not give out any appreciable amount of gas 
under the action of «~rays. 
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V. Determination ofV 0 by use of Capillary Tubes. 

The results of this work show that I was unable to obtain 
pure radon; the relative amount o£ CO s varied in different 
experiments from 15 per cent, to 45 per cent, of the total 
quantity of gas. It will be remembered that in the method 
of compressing the purified radon into a capillary tube the 
initial volume undergoes generally a marked diminution 
ranging from 30 per cent, to 50 per cent, of its final value. 
It seems clear that in this method also pure radon was not 
obtained by use of chemical processes only. It is highly 
probable that the final purification takes place in the capillary, 
the impurities being absorbed by glass under the action of 
a-rays. 

In order to throw some light on this question, I have 
executed some experiments by the method of the capillary 
tube using an apparatus described in a previous paper *, and 
also the arrangement shown on fig 3. To the vertical tube 
Y a sloped tube S, ending in a calibrated capillary C*, was 
sealed. Another capillary C* of the same bore as Cj sealed 
to V, allowed the pressure of compressed gas to be determined 
by means of a cathetometer. The use of the bulb b will be 
explained later. 

The first experiment was performed with the apparatus 
described in my previous paper. The results were very 
similar to those obtained by Rutherford. 405 millicuries 
radon were introduced into a capillary. The contraction 
amounted to 30 per cent, of the final value, which corresponded 
to V 0 sss 6*4.10~ 4 c.c. 

It would seem surprising that in presence of rarefied radon 
gas is evolved, while the concentrated radon acts as a 
“ clean-up ” agent. This apparent contradiction is easily 
explained if we consider that the first effect is due to 
collisions between <x-particlcs and the walls of the apparatus, 
while the second one is a consequence of collisions between 
molecules and cc-particles. It is probable that, in analogy 
with the clean-up effects observed in a triode valve, ionized 
or excited molecules are readily absorbed by the material of 
walls. If the pressure is very low the number of collisions 
with free molecules is negligibly small, and therefore under 
these conditions the evolution of gas is more important than 
its absorption. 

In a concentrated state radon atoms as well as molecules 
of impurities are struck by «-particles, and it seemed there- 

* L< Wertenstein, lot. at. 
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fore probable that radon itself may be partly absorbed in 
the capillary tubes. 

In order to verify this hypothesis I have tried to repeat 
the experiment with radon as pure as possible ; if radon was 
absorbed, the final volume ought to be smaller than its 
theoretical value. 

I have used for this experiment radon the degree of 
purity of which has been tested by the “ damping " method. 
This radon was distilled into the tube S (wrapped for this 
purpose, as usual, with cotton wool, soaked in liquid air). 
This tube contained some fused KOH in order to diminish 
further the amount of C0 3 . Before compressing the radon 
into the capillary, it was submitted to another kind of 
purification based" on laws of flow of highly rarefied gases. 
For that purpose the bulb b, connected to S through a 
*5 mm. wide capillary, was used. After the radon had been 
condensed, mercury was brought into such a position that 
the communication with b was shut off. When the radon 
was set free after removal of liquid air, the mercury was 
lowered for a few seconds below the opening of the capillary. 

During that short time a part of the radon passed into 
the bulb b, but, according to the laws of flow of gases, the 
relative amount of CO s which went to this bulb must have 
been much larger. The remaining gas was introduced into 
the capillary Cj. 

The results of the experiment confirmed my hypo¬ 
thesis. The initial volume of the radon corresponded to 
Y 0 =5’9.10 _1 c.c., the final volume (determined on the next 
dav and corrected for radioactive decay) to V 0 =4-34.10~ 4 
c.c. 

We see that nearly 30 per cent, of the radon was absorbed. 

In order to ascertain the nature of this absorption the 
radon was pumped out and the tube heated during exhaustion 
to 200°. Subsequent measurements of the 7 -ray activity 
showed that the tube retained about 20 per cent, of the 
initial quantity of radon (taking account of the radioactive 
decay). 

The amount of concentrated radon absorbed on glass 
seems to increase with the time during which the radon is 
kept in the capillary. In another experiment performed 
with less pure radon the initial volume corresponded to 
V 0 s* 7*91.10 -4 c.c., the final value, measured on the next 
day, to 6*2.10 _< c.c. After four days the radon was pumped 
off as in the previous experiments. It was found that the 
glass retained strongly 40 per cent, of the initial quantity of 
radon absorbed. 
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It is probable that the 4f clean-up ” effect of a-rays is 
selective. It is obviously much smaller for radon than for 
other gases, and this explains probably why the method of 
the capillary tube gives in general results very close to 
troth. 

The work described in this paper was performed during the 
years 1925/1926 and 1926/1927 in the Cavendish Laboratory. 

It is a great pleasure for me to express my best thanks to 
Sir Ernest Rutherford for his kindness in receiving me in 
the Cavendish Laboratory, in placing at my disposal the 
large quantities of radon and other experimental resources, 
and in showing a permanent interest in the progress of my 
work. 

I am grateful to Dr. J. Chadwick for his help and interest. 

My stay in England was made possible bv a fellowship 
granted by the International Education Board. 

I wish to express my thanks to this Board. 


III. The Classical Reasonableness of the Quantum Theory 
and Simple Operative Solutions of SchrOdinqer s Equation. 
By Prof. A. Press*. 

Part I. 

The Differential Equation of an Excitation Field. 

I N a paper appearing in the Philosophical Magazine for 
Dec. 1927, the writer likened the action of a radiating 
harmonic oscillator to that of a reed or organ-pipe fed by a 
source of air under pressure. As the pressure was increased 
the organ-pipe responded but slightly to an increase in 
intensity of the note emitted, for a point was soon reached 
when the dominant note suddenly changed to a higher 
harmonic. It was later shown by strictly classical analysis 
that the amplitude of the radiation wave always bore a 
definite ratio to the amplitude of the normal non-radiating 
component. In the following, therefore, reference to the 
normal non-radiating component will be sufficient. 

For the pipe above referred to, the excitation field contem¬ 
plated would be that due to the blowing stream causing it 
emit a note. It will be on the basis of the above analogy 
with the radiating harmonic oscillator that the following 
analysis will be developed. In general there will be a 

* Communicated by the Author. 

Phil. Mag. S. 7. Vol. 6. No. 34. July 1928. 


D 



34 Prof. A. Press on the Quantum Theory and 

variable velocity potential P in such an exciting stream 
because of the action of the organ-pipe wall of the slit or 
the reed, which, due to the vibrations, affects the distribution 
of pressure head in the stream contiguous thereto. As the 
slit wall or reed vibrates outwardly and inwardly the stream 
becomes blocked and more open alternately. The wave-front 
of pressure intensity (and therefore of velocity potential) 
will travel backwards along the stream toward the source 
as long as the slit wall in its alternations gives freer egress 
to the excitation stream. With the return of the slit wall 
or reed and the blocking of the stream, the wave-front of 
pressure intensity (and therefore of velocity potential) 
returns in the direction of the stream-flow. There is thus 
an alternation of the wave-front position along the stream 
depending on the frequency of the note emitted. The 
equation of the velocity potential therefore becomes 

B S P_ 1 d*P , n 

««!*<•'*. W 

with u as the velocity with which a disturbance can travel 
along the stream for a given mean velocity tc of the stream 
itself. 

Relationship between the various Velocities concerned . 

As the momentary velocity w of the stream is increased 
relative to x, the momentary velocity u at x, with which any 
disturbance in the velocity potential can proceed, will 
diminish in value, hut correspondingly the momentum at 
any moment of the slit wall or reed (mv), and therefore the 
velocity t>, will increase. That is to say, although there is 
phase correspondence between the v of the alternating slit 
wall or reed and u with which the phase of the potential 
disturbance travels with respect to the excitation stream 
velocity w at x, the one velocity v increases, whereas the u 
at any x diminishes inversely with increasing w. The above 
complies with one of Schrodinger’s * conditions, in which a 
represents the velocity of his ■^■-function, and t* the momen¬ 
tary velocity occurring in the kinetic energy expression of 
Hamilton’s function E 0 . 

Postulates of the Mechanical Constraints 

If, now, in the hypothetical case of a “ Radiating Harmonic 
Oscillator ” the maximum kinetic energy of the alternating 
member due to its extreme position (analogous to that of 

* See Scbrodinger, “ Undulatory Mechanics,” Phys. Rev., Dec. 1926. 
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the slit wall or reed above ) is so limited that we have a 
connecting equation o£ the type 

. ( 2 ) 




P a=P(ar) . sin | 




)■ 


(3) 


then the function solving equation (1) must be of the form 

/2irE n 

'V Ao 

This will enable a considerable simplification to be performed 
in solving symbolically equation (1). 

It has already been stated that u, at any moment per¬ 
taining to the instantaneous velocity of the P wave-front, is 
inversely proportional to the mean stream velocity w. 
Similarly the v of the kinetic energy term, having reference 
to the radiator (the wall of the slit or reed, as it were), is for 
the same moment directly proportional to the mean stream 
velocity w. It would be therefore reasonable to write that 


/ Ik 

U SS /fj—: 

mv 


1 mv ’ 


(O 


and the Fourier law of dimensions will be satisfied. 


Schrodinger s Differential Equation . Split Form of 
Planck's Constant «. 

By virtue of equation (2), the solution of equation (1) 
being of the form 


P * P(.r).sin^5t, . . 

this enables us to write symbolically that 

dt 3 V V O m W/ 

Making use of the latter, (1) transforms to 

. Wp _ o 

B o T at n X —— V* • » 


(5) 


( 6 ) 


(7) 


There then remains to express m in terms of E 0 by virtue of 
(4). Introducing the latter, we have that 


4P+ ^wS)’ ( *’" i ' ,)I> ” • 


( 8 ) 


* The justification of this tvpe of Quantum Formula will be gone into 
later. See end Part I. 
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indicating that what Sehrodinger calls Planck’s constant h is 
in the above analogy really given by the following split form, 
namely 

h s= f A/Ai = Planck’s constant 

= (proportionality factor for the frequency with 
respect to the normal energy content) x (pro¬ 
portionality factor of the phase velocity in 
the stream with respect to the inverse of the 
velocity of the radiator *..(9) 

To throw equation (8) into the form used by Sehrodinger 
with such telling effect, we note that the kinetic energy 
is really given by 

E 0 — V = W,.(10) 

where V is the potential (elastic energy content analogously 
of the flexed slit wall or reed ), and E 0 is the maximum energy 
content, kinetic plus potential, which for any given frequency 
is conservatively a constant. Thus we have that 

AP+ 8 ^l®l=ZIp = 0, . . . (11) 

where the P above corresponds to Scbrodingers ^function. 

If, now, the excitation stream is considered expressible by 
means of the radius coordinate r instead of the .r, then V can 
also be expressed in the form 

v = . . . . , (12) 

T 

where e is the electronic charge. Then, as Sehrodinger has 
shown, E 0 must conform to the requirement 


—2t r 2 me* 
" h'n* ' ; 


1 , 2 , 3 , 4 , 


in order that finite single-valued solutious shall follow. The 
whole quantum theory therefore hinges on the above appa¬ 
rently classical type of development. A simple derivation 
of (13) by Operator Methods will be given herewith. 


The Hamiltonian Mechanics of the Radiating Harmonic 
Oscillator. 

It is well to bear in mind that, if e in electrical theory is 

the applied force and q is the displacement, the work equation 
* ' * 

= .( 14 ) 

* Bee footnote with reference to (2), 
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and for hysteresis as well as radiation the e is not in time- 
phase with the displacement q. Thus, if 


q sss q x sin vt + g 2 cos vt = (q t -f- q%i) sin vt , 


sin vt, V 
sin iJ 


a as: €1 sin itf -P e 2 cos vt = (e 4 4* e^j) sin 

then with 

q = ke 

the k is complex, time operationally, and is of the form 

k = k\ — ktf. 


(15) 


with 


V J 


d 

dt ' 




(15 «) 


Adopting, now. Maxwell’s definition o£ momentum jo, we 
can write 



(15 5) 


which leads to the equation 


q = — — t.(16) 

That is to sa} r , whenever radiation occurs the momentum p 
is not to be taken in time-phase with the velocity q of the 
displacement. The out-of-phase component corresponds to 
the radiation requirement. 

The Modified Hamiltonian Equations of motion for radia¬ 
tion can now be written as 


ju BH »H 

where it would follow, if H diminishes with that then, by 

virtue of (14) and {15) f we should adopt the minus sign and 
write 


dH 




. • (17) 


Note that the first of (17) is of potential type and the second 
of (17) kinetic or motional. Now, solving equations (17) in 
the light of (16), and adopting the form provisionally that 


p = po sin i/t, • (18) 


* Bee paper by writer in Phil. Mag. (Dec. 1927) for this type of analysis 
m radiation theory. 

t For the interpretation of this formula in terms of mechanical 
momentum and the reaction equivalence for radiation, see further. 








38 Prof. A, Press on the Quantum Theory and 
it follows, after integration, that 

ySjj. 

H= — a V* 4 " k s vpii—pq. . . . (19) 

The latter leads to the equations : 

5 = ?o + Hc> 'J 

where ff , = iv*po*h cos 2vt, i . . . . (20) 

E« = f»*/>o s *i- j 

The last of (20), since it is independent of time, applies to 
the conservative part of the system, whereas the second or 
H„ represents the radiation term of energy. The conclusion 
is then forced upon us, that whenever simply sinoidal radia¬ 
tion takes place from an harmonic oscillator, then the con¬ 
dition is ipso facto imposed, with regard to amplitudes, that 

|°=3 .(21) 

In other words, a pure radiative harmonic action of an 
oscillator cannot exist classically save under the condition 
that the radiation system regularly absorbs and radiates 
energy equal to one-third of its normal non-radiating 
content. The above therefore explains why E 0 alone can 
be used in the Schrddinger equation. 


Relationship of Momentum to Velocity. 

Turning to the justification of equation (2), which is 
fundamental in Quantum Theory, by the aid of (15) and 
(15 a) we have for the velocity the expression 

d d Id*., 


d 


q 3 v . sin vt+q t . g- sin vt. . (23) 


With respect to a true mechanical momentum p (of non- 
radiative character therefore), it follows, postulating as 
before 

p = p 0 sinr<,.(18) 

that by virtue of (16) we have 

^st—v i kip 0 smvt + vh t p 0 -j t smvt. . . (24) 

It is the first term that corresponds to the mechanical 
momentum component sought, since (18) itself involves the 
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*ine function of the time. The second term of (24), which 
is radiatively necessary, then complies with the second 
of (23). lit is to say, with regard to the ve oc y 
complex ” q, the first or real part gives the true velocity 
component growing out of an actual bodily displacement of 
the slit wall or reed. The second or imaginary component of 
q in (16), which really depends on the rate with which the 
bodily displacement takes place, has reference to the radiation 

^Equating coefficients for the first terms of (23) and (24), 
we have 

v 3 k l p^ = — q 2 v 

vkipo = .. 


or 


Yet for a reed flexing merely to produce a fundamental the 
bodily velocity will be relatively small, but the maximum 
displacement q, will be large. On the other hand, for 
an overtone the displacement q«_ will be relatively small 
(whether due to a note produced because of the P r ^ e8S1 ^ 
flattening of the reed or not*), but the momentum p<* and 
therefore the velocity t% will be large We are therefore 
justified in assuming the possible proportionality 

.( 26 ) 


9i = 


hj 


If, then, this is equated to (25), to find the value of *, we 
have that 

V- rk lPo " .( 2 0 

Substituting in the classical requirement of (20), we have 
that 


E 0 * |/j 0 'i'== V • • • • 

which clearly suggests Planck’s Quantum formula. 


(28) 


Part II. 


The Differential Equation for the Balmer Senes. 
Given the equation (1), namely 


d*P 

dt* 


u 2 AP, 


. • ( 1 > 


* In the case of the Harmonica or “ mouth-organ * vmblefla g 
of the reed takes place. In fact, -with too much air-pressure to 
becomes closed and no note is emitted. 
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the symbolical eolation leading to (5) above would be of the 
form 

P = A(r,0, £).*<«•*'’>**. . . . (27') 

The latter will lead to a sinoidal time function such as (5), 
provided it can be shown that wA 12 as an operator really can 
be made equal in succession to a series of constants (Eigen- 
werthe) which are imaginary and not real. 

Consider, then, preferably the argument P of the type 

fP = RYT, ^ 


where T I 

Y = ¥($, *), [ 
R = F(r). J 


. . (27 a) 


Introducing the latter into AP and noting that 

B* . b* 


Blr* r Br 


r* { sin*0' B^ 2 + W' + ° 0t 6 ‘ ** 1 f 


it is quickly seen that 

AP = TY(AR) + TR(AY), 


.*! l 

Btf f 

. (28 a) 


and Y can preferably be taken as a surface zonal harmonic. 
Since on substituting r l Yi in (28 a), we find 


Therefore 


AY = 


1 ( 1 + 1 ) v 

r- 


. . (29) 


AP = YT | AR-R ? -^ n | P 
fAR m+ 1)1 

“Vu jr-f 1 * * 


(30) 


and symbolically as a multiplying operator coefficient. 


A = 


AR 1(1+l) 
R r 2 


(31) 


If, then, in (1) we can set (with n instead of I) 

u 2 A = ~ '^ n ~ } » -c 2 , . . (32) 

* This sort of value practically applies where the A *f unction is given 
arbitrarily for some moment (t=0). Subsequent values of P follow from 
developing the exponential and applying it to A. 
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where e is one of a possible set of whole numbers, equation 
(27'1 will give the needed sinoidal time function. 

Cross multiplying (32) and reducing, we have 

Substituting now the value of u s from (4), it follows that 


,2 mh? 2chn{E 0 + e?/r) 


; SK €? 


i h m { ? 


U* h)* {'fafftVmmx.)* 

The equation then becomes 

(33) 

On the other hand, starting with equation (11), in which 
we set V = —e*/r and 1C = A/2 tt, we have that 

AP + g{E„+^F = 0. 

Making use of (30) and (27 a), it then follows that 

IT { AR-K” ( "±ii } + g* [E„+ £ } TTR - 0, 

which, on reduction and rearrangement, gives 

AB+ {p( B * + ;)-—' (34) 

On comparison with (33) it is at once seen that we need to 
equate 

*«• *=(*?■ *•)’-(&)’ =•’- ^ 

• . . (35) 

It is from (34) that the possible values of it are to be 
obtained to produce the Balraer series of energy levels. 

The Schrodinger Equation and the Bohr $ Levels . 
Equation (34) can also be written symbolically in the 

(*-4 

{n*+~n+ (A+®-^)}y * 


. ( 37 ) 
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The writer has already shown (see Trans. Roy. Soc. Canada, 
1927) that the above can be factored operationally into 
the form 


{(n+P>|M}y 



{ 


dM 
** dr 


+ 


dPM 

dr* 



= (n s +Pon+Qo)y = 0*, . . 


provided we set 


P 0 = p + 


2 m 

M dr » 


. . (38) 


Qo = 


[1 f dM 
M l P dr 


, d*M 

dr* 



On eliminating M from the two equations, it follows that we 
need to satisfy the relation 


Clearly, from (37) and (38), we have 

p j 4 dP 0 4 

r °~? ; ~ dr r*' 

so that (39) reduces to 

^ + 2 ^ + 4( a + B_C) = ° 

Now, a solution of (39') is obviously of the form 

b 

. 

T 

for we then have that 


. (39) 


(39') 


. (40) 



b* , 2b 
? + ^ 



R 

r 



<«) 


This can be satisfied by equating coefficients separately to 
zero, as we have 

a 2 + 4A = 0, "j 

-26a+4B = 0, [ .(42) 

b*+2b-AC = Oj 


* The algebra of these operators is non-commutative because of the 
variable coefficients. 
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with 


A 


2mE 
= -Er> 



G = «(»+!). 


(43) 


Evaluating the unknown parameters in terms of the known, 
the first of (42) gives 


0 = 2 i/ —A = 



—2mE 
K* * * 


(44) 


On the other hand, introducing (44) into the second of (42) 
resnits in 

4B = 4 . b ; b = B/ V -A. • • (45) 

Again, the last of (42) gives 



and the solution of (46 ) is clearly of the form 

■ («> 

which agrees with SchrBdinger’s formula (15 1 ), p. 368 of his 
‘ Wellenmeehanik.’ 

If, then, n is to be taken as a whole number to ensure 
single-valued solutions, it follows that E 0 must be taken 
negatively to avoid imaginaries in (47). It thus follows, on 
squaring, that we have the condition from (47) that 

„ _ me* 1 
iK^'n 8 * 


Substituting, therefore, the value of K in terms of the Planck 
constant h/2ir, we have, finally, that 


—E 


2wW 

A*»* . = us,4.-’ 


♦ . (48) 


which is identical with Bohr’s requirement for the energy 
levels as referred to by Schrodinger, p. 371, L c. 


* »*=6/2 is not the only type of solution. Solving for » in terms of 6, 
we can take 6/2=w 4-1 because of the square-root sign in (46). 
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Pakt III. 

The Linear Oscillator Problem. 

Taking the case of a single coordinate q, we have for the 
kinetic energy the expression 

T = ii\ 

wherein the mass m is properly included in <j. Then for the 
potential energy we have 

V = 2t r%y. 

Schrodinger’s equation then becomes, as he has shown 
(' Wellenmechanik'), p. 514, 

‘^? + 8 a ?<E„-2»V?")1 > =0. . . . (49) 

If, then, we set 

87r 2 E 0 , 16w 4 v 0 2 

a4 = sr*-' 

the equation becomes 

/Z 2 P dhj 

dqi +(a-bq*)? = 0 = j^ + ( a -hq-)y. . (50) 

To solve the latter, again the method just indicated can be 
employed. 

In this case operationally the differential equation 
becomes 

{<ji + {a—lq 1 )} y = 0 = {<7,* + Ptfi + QjJy 

wherein the new Pj is really zero and Qj stands for 

Qi « (a—bq*). 

The subsidiary equation takes the form, therefore, 

: lV + 2^-4Q,=^ +2 |, 

p ! + 2^+Ma-bq*) =0 .(51) 

Now, the solution of this type of equation is either 

p-kq *) 

P = A 2+ ?f ' • * 


or 


. . ( 52 ) 
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Taking the first solution, it follows, on introduction, that 

Ay + 2A + 4(a-fy 5 ) = 0. . . . (53) 

This will be satisfied if we set 

2A + 4a = 0 ; A 2 = 4 5, . 

A — — 2a ; 4a“ *= 45, f 


~T = - 1 , 

V » 


\ 


(54) 


which corresponds to one of the u Eigenwerthe” or better 
parametral values, or a parametrals/* quoted by Schrodinger 
(see L c. Eq. (25), p* 515). 

Turning now to the second type of solution, viz. 

we have to satisfy the relation 

2B 

AY + B 2 Y + 2AB + 2 A + 4 (a-hq 2 ) = 0. (55) 

This will he met if we equate 

2AB + 2A + 4d = 0,-) 

A 2 -45 = 

B 3 

The last gives g _ . 

so that, introduced into the first of the set, we have 

6A + 4« = 0, 

A = —§«. _ 

Thus, on substitution into the second, it results that 

+Y = 45 


i 

-45 = 0, . . . 

2B = O.J 


(56) 


or 7r 3 .< 57 > 

w hich is the second of the Eigenwerthe enumerated by 
Schrodinger, 

To obtain further values the solution of (51) needs to 
be generalized. This will permit the introduction of a 
general parametral expression N similar to the »(n-hl) term 
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occurring in the solution for the Bohr energy levels. Thus 
for the term A q in (52) we can set 

X ~ f(9)> 

whereas for the Big term we can preferably take 

1 dY 


In this way we have 


Y ‘ dq 


= F(q). 


P~ A X+ 


B dq 
Y‘dY 


(5V) 


Introducing the latter into (51) gives 

^V + (2.f)’ + SAB!.£. 

and we have, instead of (51), 

A 2 ^ + 2 A + 4(a — bq l ) 

=UW* b -^ + t{%™ 

The first terra on the right-hand side can easily be avoided 
by setting B = 2 

On the other hand, no harm will be done by placing 

A = 1. 

If, then, in addition, we set 

Yldg t+X dgj *"• 
or, what is the same thing. 


d*Y ^ dY „ v 
--J + x^r+NY = o, 


dq * ’ T ~ A dq 
the resulting equation will be of the form 

X>+2^+4{(a-S)-W0 


(59) 


( 60 ) 
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Whether N can he introduced into (60) will depend on what 
values are possible for N in the equation (59) *. 

The new solution p of (51) thus becomes 

e = x+S ? (iogY). 

Dealing, then, with (60) instead of (51), we know that 

X = ...... (62) 

is a solution. This should at least lead to the result (54) as 
well as (57). Introducing (62) in (60) gives 

A* 9 * + 2A+4 {(a—N)— bq'} =0. . . (63) 


Equating coefficients separately to zero gives 


A* = 45 ; 

A = 

-2 V6; A = 2(N- 

-a) =-2|/5, 

whence 


II 

1 'v 
e 

.... (64) 

If, now, we 

make 

N = 0, . . 

.... (65) 

but with 


i'j a 

II 

1—i 

.... (54) 

we shall have 


_£L - 9 

Vi • * • 

.... (66) 



— = l+~ = 3, . 

.... (57) 


which is the second Eigenwerthe magnitude required. 


* In reality equation (59) can be written as 


where 


W,p dY, n n 

~ x; Q t *= N. 


Under these conditions a solution can then be made to depend, as already 
shown, on the subsidiary equation of the type 


°f c ?Er? e > identical with (60). Whatever Ns are solution ally 
pomble m (61) are equally possible in (60). Thus it remains to deter- 
« 6 r ^ lacrete valnes N needs to have in order to be able to build 
up a set of parametral values and functions. 
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However, if we take the more general type of solution, 
viz. _ 

. B 
X = A ?+-, 

then we have, by the steps leading to (54), on substituting 
there a—N for a, that 


a-N 


t/b 

a 


= 3, 


N 


_ = 3+ \ 

■/ b ‘s/b i 


(67) 


This will surely give (57) by taking condition (65), 

N = 0..(65) 

On the other hand, introducing condition (66) would give 

.... ( 68 ) 


-i- 

t/b s/b 


or *=£■ = 5.(69) 

</b 

For the further parametral values of the series an 
additional parametral expression M' can be introduced into 
(57) in exactly the same way as N was introduced into (51), 
and then we have to consider an equation ot the type 


Z s + 2~^ + 4 {(a—N —M')—= 0, 
dq 

with an equation of condition to suit, namely 


5 +Z £ + mv = o, 


(70) 


(71) 


etc. 


The parametral values (Eigenwerthe) are evidently now 
of the form 


•Jb 


?= = 2n+1 


(72) 


I »=0,1,2 ,3 etc. 

Substituting values of a and h as indicated above, we finally 
have for the energy-level values 

, • • • (73) 

n=l,2,3 etc* 

showing that half quanta are needed for their designation. 


« 2n + l, 

E 0 = —2 . hv ° 
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Summary. 

On the bases of a mechanical analogy SchrodingePs Wave 
Equation is obtained by employing the idea of an excitation 
stream of air to a reed or organ-pipe. The above equation 
of wave-motion then applies to the varying velocity potential 
of the stream. It is found that the reed or organ-pipe when 
excited gives a relationship between the velocity of the 
vibrating reed or slit wall and the mean velocity of 
the stream. In this way, also, a relationship is found be¬ 
tween the speed of the pulsating wave-front of the velocity 
potential and the mean stream velocity. By combining the 
two a proportionality factor results, which latter needs to 
be combined with the constant k 0 derived from assuming a 
proportionality law between the normal energy content of 
the oscillator wall and the frequency set up. It is shown 
that the latter really follows because, as the pressure goes up, 
the maximum displacement of the reed or slit wall actually 
diminishes with the increase in momentum. This is in con¬ 
formity with the fact that in the harmonica or * 4 mouth- 
organ ** the reed-opening becomes more and more closed as 
one blows harder and harder. That is, the Planck constant 
h is split up according to the formula A == 7< 0 /i|. 

Introducing the above factors into the differential equation 
of wave-motion results in the final form of Schrodinger 
without the use of the Hamilton Varying Action principle 
or the Hamilton* Jncobi equation. 

It had 111 ready been shown by the writer that on purely 
classical grounds there must always be a fixed relationship 
between the amplitude of the pure harmonic radiated energy 
and the normal non-radiated content of the oscillator. This 
explains why, in solving SchrodingePs Equation for the 
Balrner series, we need only consider the conservative system 
of the radiator. 

By means of a general operational method analogous to 
the factoring method employed by Heaviside, the writer has 
shown that equations of the type used by Schrodinger can 
be solved in an effectively simple way. The 44 Eigenwerthe 
are first deduced, and later only are the Eigenfunktionen 
developed automatically, without having to resort to a 
previous study of Laguerre polynomials or Hermitian 
functions. 

1814 18tfe St., N.W., 

Washington, D.C., U.S.A., 

Jan, 1.1928, 

PidL Mag. S. 7. VoL 6. No, 34. July 1928. 
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IV. The Electronic Theory of Valenci/. — Part VI. The 
Molecular Structure of Strong and Weak Electrolytet. 
(b) Reversible Ionisation. By T. Martin Lowry *. 

T HE theory of complete ionization has met with such 
marked success that it might easily be supposed that 
it coaid be applied to all electrolytes. The present paper 
therefore contains a review of some cases in which the 
ionization of an electrolyte is reversible instead of complete. 


True Electrolytes and Pseudo-electrolytes. 

The most obvious examples of reversible ionization are 
provided by those compounds in which neutralization of the 
opposite charges of the ions is rendered possible by a change 
of molecular structure. Thus, according to the electronic 
theory of valency, a quaternary ammonium chloride must 
remain permanently ionized, since both the ammonium ions 
and the chloride ions carry complete shells of electrons and 
cannot share electrons without creating a surplus. There 
are, however, a number of cases in which this surplus can 
be disposed of by a rearrangement of bonds within the 
molecule, giving rise to a wholly covalent compound. This 
change takes place with greater readiness when the chlorine 
is replaced by an anion of a less strongly negative character, 
*. e., by a radicle which is less hungry for electrons, and 
therefore more ready to share them with another atom. 
Thus methylphenylacridinium chloride is a true electrolyte, 
which remains permanently ionized in aqueous solutions: 
bat, when sodium cyanide is added, a progressive fixation of 
cyanogen ions takes place, until after about a day at 25°, 
the conductivity is found to have fallen almost to the value 
for sodium chloride, as a result of the complete conversion 
of the ionized “ true salt ” into an insoluble “ pseudo-saltf. 


C«H S C«H 5 

/C\ /C\ 

c«h 4 < I >C 6 H 4 C e H t < XH 4 

>N<- >N<_ 

CH/ 01 CH/ ON 


Methylphenyl* 
acrid ini um chloride. 


Methylphenylacridinium 

cyanide. 



Methylphenylcyano- 

acridine. 


* Communicated by the Faraday Society, 
t Hantzech and Kalh, xxxii. p. 81(fe (1899). 




The Electronic Theory of Valency. 51 

A similar change of structure can be effected in the 
diazocyanides by separating the “ salt ” from aqueous 
eolations and dissolving it in a non-ionizing solvent, when it 
behaves as a typical non-electrolyte, whereas in water it 
behaves just like the chloride 

C«H«. JSTCN^C,H e . N: N. CN 


N 

Diazonium cyanide. Diazo-eyanide. 

Precisely similar considerations apply to the fixation of a 
hydroxyl-ion. Thus a solution of methylphenylacridinium 
chloride, when mixed with an equivalent quantity of sodium 
hydroxide, shows at first the normal conductivity of such a 
mixture ; but this conductivity diminishes progressively to 
that of sodium chloride as the hydroxyl is “ fixed” by the 
anion. 

C«H, C 6 H, C 6 H* x /OH 

AK >€< 

C e H 4 < I >C e H, -> C«H 4 < I >C 6 H< -* C 5 H/ >c s h 4 

>n£ >N / 

CE/ Cl CH/ OH CH* 

Methylpbenyl- Methylpbenyl- Methylphenylacridol. 

acridinium chloride. acridinium hydroxide* 

The acridol, which is formed as a product, is a tertiary 
amine-alcohol, compare ((\H 5 ) 2 XMe and (C 6 H 5 ) a C.OH. It 
is therefore just as true a base as trimethylamine, but differs 
from other tertiary bases in that one of the alkyl-radicles 
carries a hydroxyl-group, which is eliminated in the form of 
water as soon as the base has performed its characteristic 
function of accepting a proton from an acid. Although, 
therefore, it is commonly referred to as a 44 pseudo-base,” 
it would perhaps be described more accurately as a “pseudo- 
alkali/* e. as a non-electrolytic isomer of a quaternary 
ammonium hydroxide. 

Strong and Weak Acids. 

Whilst the conception of a u strong electrolyte ** is a very 
modern one, the existence of strong and weak acids has been 
familiar for 1000 years or more, and had already been 
interpreted in many other ways before the strength of an 
acid was finally correlated with its electrical conductivity in 

E2 
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dilate solutions. The theory of com? 

fore receives its most serious challenge from the existence 
"TSta, »hiob obey Oswald’, dilation l.» (.*«•. 
where a is small), and cannot therefore 
tion formula for strong electrolytes (l-**c*, where «is 

^Inorder to account for the existence of these weak acids, 
Hantesch has suggested * that carboxylic acids can exist in 
two interconvertible isomeric forms, thus : 


/01 /O) 

True add R C \ 0 J H com P ar# R,C \ 0 y 

J '° 


Pseudo-add R . C^ compare R.C 

\OH 


\0Et 


A dynamic isomerism of this type is actually observed m 
the mtro-paraffins, 

CH,. OH,. NO^CH,. OH: N!^. 


or 


+ /o + 

CH S .CH:N< _ H 

\0 


and is an obvious factor in reducing the acidity of 1the 
compound, which must be diminished m direct proportion 
to the extent to which the true acid is converted into the 
isomeric pseudo-acid. It is, however, by no means certain 
that the contrast between strong and weak acids depends m 
other cases on so definite a phenomenon. Bor instance, we 
need not suppose that phenol owes its weak acidity to 
conversion into an isomeric pseudo-phenol, 

/CH : CH\ 

C*H S . OH^H 2 C< >0 :0 

6 5 \CH : CH/ 

Phenol. Pseudo-phenol. 

- + 

since it is sufficient to postulate that, whilst the —ON a 
radicle of sodium phenate is permanently ionized, the 
—OH radicle of phenol is held together by a real bond, jus 

* Ber. L p. 1488 {1017). 
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as in the ease of the alcohols. Dissolution of the sodium 
compound in water would then give rise to a direct 
dissociation of ready-made ions as indicated by the equation, 

C 6 H 5 .0Na^C 6 H 4 0 4- Na, 

whereas, in the case of phenol itself, ions could only be 
produced as the result of a destruction of neutral molecules, 
by the rupture of the hydrogen-oxygen bond, as in the 
equation : 

C € H 5 .0.H^=tC 6 H 5 0 + H. 

Some care is needed in order to formulate these views in 
accordance with modern theories of atomic structure, since, 
as I pointed out in an article on “ The Uniqueness of 
Hydrogen 99 *, exceptional difficulty is experienced in 
deciding whether an atom of hydrogen is linked to the rest 
of the molecule by a real bond or by a mere electrovalence. 
This difficulty arises from the fact that, since the hydrogen 
u shell 99 contains 0 or 2 instead of 8 electrons, the ordinary 
static symbolism makes no distinction between these two 

forms of union. Thus, in the case of H: 01:, the same 
electronic formula serves equally well to represent a pair of 

4- — 

ions. H( 1, with 0 and 2-f8-f8 electrons, or a covalent 
compound, H — Cl, in which 2 of the 18 electrons are shared 
by the two atoms. When, however, a dynamic model is 
used, and shared electrons are regarded as moving in 
hinuclear orbits, a clear distinction between the two types of 
union again becomes possible, according as the orbits of the 
electrons in question surround two nuclei or only one. If 
this distinction is admitted, it appears probable that hydrogen 
is covalent in all its compounds, and that the free hydrogen 

+ 

ion or naked proton represented by the symbol H does not 
exist except as a transient product in a vacuum-tube or the 
like. This conclusion follows, on the one hand, from the 
fact that there are no electrostatic forces to prevent such a 
nucleus from falling inside the electronic orbits of any other 
atom with which it may collide, and, on the other hand, 
from numerical data which show that the union of a proton 
with water to form a hydrated hydrogen ion would liberate 
not less than 260,000 calories f. The ionization of an acid 

* Lowry, ‘Chemistry and Industry,’ xlii. p. 48 <1923), 
t Faj&us, Eer. deut, ~phy$ik. Ge$. xxi. p. 709 <1919). 
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(which dom not take place when the pore compound is 
merely melted) must then be formulated as depending on 
an interaction of the acidic hydride with water, or the like, 
giving rise to an oxonium ion, as iu the equation, 

C«H,.O.H + 0H^C 6 H*0 + OH b * 

It will be seen, however, that this scheme still possesses the 
characteristic which is now put forward as a typical 
property of u weak ” electrolytes, that the opposite electric 
charges of the ions can he neutralized without any violation 
of the u octet ** rule, giving rise to products in which the 
electrovalence of the ions is replaced by a real bond* 

Strong and Weak Bases . 

Bases resemble acids in exhibiting a very wide range of 
strengths* Thus the soluble metallic hydroxides (which 
include the alkalis) are all strong bases, and their strength 
is shared by the quaternary ammonium hydroxides* where 
the formation of a covalent bond between nitrogen and 
oxygen is prevented by the fact that the nitrogen is unable 
to attach itself by real bonds to five atoms simultaneously* 
Weak bases appear to be of two main types, since covalent 
compounds can be formed, either by fixing the hvdroxyl- 
group by a real bond to an isomeric form of the kation, as 
in the acridinium compounds cited above, or by eliminating 
it in the form of a covalent molecule of water* The latter 
case is extremely common. Thus the amines generally 
behave as weak bases, since the concentration of hydroxyl- 
ions in their solutions depends on an interaction with water ; 

NH 3 +H,0^[NH 4 ] + 0H- 

compare OO, + H,O5£[C0,]~ H s ++ 

the ready reversibility of which is shown by the complete 
removal of ammonia from its aqueous solutions by boiling, 
or of aniline by steam-distillation. Since, however, this 
dehydration has the effect of eliminating the unbalanced 
electric charges from the system, giving rise exclusively to 
covalent compounds, this explanation is in close agreement 
with the general proposition set out above as regards the 
essential characteristics of a weak electrolyte. 

The problem of weak bases has, however, been carried one 
stage further by Moore and Winmill *, who have shown by 


* Joura. Chem. Soc. ci. p. 1675 (1912). 
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distribution experiments that the weakness of the primary, 
secondary, and tertiary amines can only be partially attri¬ 
buted to dehydration of the hydroxide, ana by Latimer 
and Rodebush *, who have suggested that the hydrate 
NH S , H 2 0 may be formulated as 

H 

H:N:H:0:H. 

H 

This formula represents the monohydrate as a covalent 
isomer of ammonium hydroxide, 

NH 4 6h^H*N . H . 0 . H, 

in which the hydroxy! radicle is united to the ammonium 
radicle by a real bond, as required by our definition of 
a weak electrolyte. The fulfilment of this condition is 
not vitiated by the fact that, since quadrivalent nitrogen 
is positively-charged, and bivalent hydrogen is nega¬ 
tively charged, the resulting molecule would exhibit the 
phenomenon which J. J. Thomson has described as 44 intra¬ 
molecular ionization +. 

The hi valency of hydrogen is also of value in accounting 
for the fact that the polymerization of liquid water is not 
accompanied by ionization. Thus, if hydrogen were always 
univalent, the formation of a double-molecule would be 
represented by the scheme, 

h s o+h 2 o^[oh 3 ]6h 

compare li 2 0 -f HC1^[ OH 3 ] 01, 

and the product would be an oxonium hydroxide, just like 
ammonium hydroxide ; but, if the hydrogen is bivalent, the 
formation of double and triple molecules can be represented, 
without any formation offree ions , by the schemes, 

H H H 

2H :6: H^:0: H :6: H and 3H :0: H^:0: H :‘6: H :0: 

H ~ H * H 

HydroL DihydroL Hydro!. Trihydrol. 


* Joum. Amer. Cheat. Soc. xlii. p. 1431 (1920); cf. 0. N. Lewis, 
1 Valent,’ p. 110 (1923). 

+ Phil. Mag. (6) xxvii. p. 767 (1914); cf, Lowry, Trans. Faraday 
Soc. xviai, p. 286 (1923), and Phil. Mag. (6) xlv. p. 1106 (1923). 



56 


Prof. T. M. Lowry on Cue 

Here again the polymerized molecules must exhibit “ intra¬ 
molecular ionization/’ since the tervalent oxonium oxygen 
is positively-charged, and the bivalent hydrogen negatively- 
charged, as in the formula, 

H $ O.H.O.H.OH s compare H/N. H . O. JEL.NH S . 

Alternatively the tribydro! can be represented by a ring 
structure dissected from the crystal-lattice of ice, thus 

H—OH 

+\ 

HOO~ ~>H 

\- +/ 

H—OH 

Strong and Weak Salts . 

The number of metallic salt* which are obviously u strong 
electrolytes ” is so large that it is not always easy to realize 
that a salt, like an acid or base, may be a 44 weak electro¬ 
lyte.” In the following paragraphs, therefore, a number of 
examples have been brought together of salts which behave 
as weak electrolytes; and evidence is again cited to show 
that these compounds owe their peculiar inertness to the 
possibility of forming covalent bonds between the ions. 

(a) Stannic Chloride ,—An ionic aggregate, in which each 
ion is surrounded by a number of ions of opposite sign 
(e. < 7 ., 6 in the Nad lattice or 8 in the OsOi lattice), provides 
ideal conditions for utilizing the residual affinity of the ions 
to produce a rigid crystal structure. When therefore a 
substance, which has the formula of a salt, exhibits the 
fusibility and volatility of an organic compound, the view 
at once suggests itself that we are probably dealing with 
integral molecules, rather than with a continuous network 
of ions. We are therefore not surprised when stannic 
chloride (b.p. 114°, Lp. —33°) fails to show the electrolytic 
properties of a typical fused salt, since its obvious properties 
are those of a collection of individual molecules and not of 
an aggregate of ions. This general conclusion has received 
specific confirmation from the X-ray analysis of crystals of 
stannic iodide, where it has been shown that each atom of 
tin is surrounded tetrabedrally by four atoms of iodine, just 
as in the case of a covalent carbon-compound* 

No data are given in the tables for the conductivity of 
pure stannic chloride, which appears to behave as an 
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insulator, like pure hydrogen chloride or pure water. In 
aqueous solution it is hydrolyzed to colloidal sianuic awd, 
Sici 4 +4H 2 Q—Sn(0H)*4-4BCl, which appears to contri¬ 
bute nothing to the conductivity o£ the acid solution . In 

liquid sulphur dioxide, however, jt behav^as^ a w^ 

elecfcrolvte, giving A 6 =0*0b8, A| 4 —0 04, i * * . 

thou oh therefore, the metal and the halogen in s * ar | 
chloride carry complete octets of electrons, it xs still poanbto 
to ionize one of the bonds ; but, as the tin is then left with 
an outer shell of only 6 electrons, this conditionist^ 
unstable to persist except as a minor feature of the final 

6<1 Stannic 11 chloride can, however, be converted in a strong 
electrolyte by combination with potassium chloride to form 
potassium stannic chloride, 

2KC1 + SnOU^K^SnClg] ~ - • 

The crystals of this compound have been sbown by X-ray 
analysis to be an ionic aggregate of the same ^pe as 
fluorspar; but, in forming this aggregate, the tini hasnot 
been separated from the chlorine, since (if we accept 
Wmu'r's theory of coordination t) it no^ forms part of 
a complex anion m which six atoms of chlorine, instead of 
only four, are united by real bonds to the central atom of 
metal. This change is obviously accompanied by 
of a tetrahedral into an octahedral configuration. The 
that an octahedral 6-coordination compound gives 1 
square configuration when converted into a 4-coordination 
impound, cannot therefore be maintained m his case 
although it appears to have been established » the case of 
platinum. 

( h ) Mercury Salts.— Special interest attaches to the 

behaviour of ^ the salts of mercury, since this element 

resembles hydrogen in the readiness with whichi it ganr. i-e 
to “weak electrolytes, 1 both m the molten stae 
-solution. This peculiar behaviour can, », £ "“5 

buted to the fact that this element, in complete defiance of 

the simple octet rule of the electronic theory, « equally 

ready to form covalent and electrovalent compounds. 

Evidence in support of this statement is set out m tables J. 
and II. and in the paragraphs which follow. 

* Foster, Phys. Rev. ix. p. 41(1899). 

* Joum. Amer. Chem. hoc. xli. p. 868 (1919). 
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Table I. 

Specific Conductivity of Fused Salts. 

(a) Strong Electrolyte*. 

{ NaCl 334 at 800° f AgCl 4-9S at 800° 4 48 at 600° 

•i NaBr3-06 „ 4 AgBr3'50 318 „ 

(.Sal 3-70 „ ( Agl 2-52 „ 252 

f KOI 219 at 800° f TIOi 1700 at 800° 1-082 at 427° (m.p.) 

1 KBr 1-75 „ 4 TIBr 1127 „ 0-803 457° 

[ KI 1-04 „ [ Til 0-840 0-523 „ 436° 

(b) Weak Electrolytes, 

Hgl, 0*0066 at 320° HgCi 2 0 0073 at 276° <m.p.) 

" 0*0071 „ 283° 

0*0 <m „ 260° 

0*0113 „ 253° u«.p.) 

Data for aqueous solutions of mercury*salts are as 
follows 


Table II. 

Equivalent Conductivities of Mercury Salts. 

Mercurous Salts, Mercuric Salts. 

HgClO 4 A 10 *=110 *=0*76 4Hg(010 4 ) 2 A Kj ~ s = 105 *=0*77 

HgNO s A 3 , 18 = 59 *=0*56 £Hg(K0 3 ) a A 3 ^= 6*3 *=0*04 

(in JVyiOHKOa) pigCL, A i2 *= I *77 *=04)13 

£Hg<CN) 3 A lt **= 0*10 *=0*0007 

The weak and variable electrolytic conductivities of the 
mercury salts are just what one might expect if the positively- 
charged mercury ions were able to unite with the negatively- 
charged anions to form covalent compounds, 

H g + *+serosa - Hg - 01, 

but it would be merely arguing in a circle to use these low 
conductivities as evidence of the formation of covalent 
compounds. It should be noted, however, that the con¬ 
ductivity of mercuric chloride is much lower than that of 
the nitrate* and that, whilst the coefficient of ionisation of 
mercuric chloride is only about 1 per cent, at iV r /32, the two 
perchlorates, in which the halogen is completely enveloped 
by four tetrahedrally disposed atoms of oxygen, have 
actually passed over into the group of strong electrolytes 
(compare barium perchlorate) with coefficients of 76 per 
cent, and 77 per cent, respectively at a concentration of iV/10* 
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On the other hand, mercuric cyanide, which was described 
by Prussia in 189b * as a non-conductor, behaves exactly 
like an organic compound in which ionization is just 
beginning to be possible (compare CMe 3 I in liquid S0 3 ). 

Fortunately, however, direct evidence is available to prove 
that mercury does actually form covalent compounds of the 
type that has been postulated as characteristic of “weak 
electrolytes/ 5 Thus, as long ago as 1898, Ogg showed + 
that the ratio between the two nitrates of mercury, when in 
equilibrium with metallic mercury and a given concentration 
of nitric acid, is constant. This result cannot be reconciled 
with the equation, 

Hg + H*(NO i )^=3HgNO, or Hg +Hg ++ ^2Hg + 

but is in close agreement with the requirements of the 
equation, 

Hg + Hg(N0 2 ) 2 —HgN0 3 or Hg + Hg ++ ^Hg, ++ 
HgNOj 

The mercurous ion is, therefore, not a simple charged atom 

+ *f + 

Hg but a covalent complex Hg —Hg. This conclusion was 
confirmed by determinations of the electromotive force of 
concentration-cells, as well as by other methods of investi¬ 
gation. The later measurements by Schilow $ of the 
transport-number and conductivity of mercurous nitrate, in 
aqueous solutions and in presence of dilute nitric acid, also 
support Ogg's conclusion that mercurous nitrate is a ternary 
electrolyte, the ionization of w*hich must be represented by 
tbe scheme, 

Hg,(N0 3 )^Hg^ + + 2N0r 

and not by tbe simple scheme for a binary electrolyte, 

HgNOs^Hg *f N0 3 compare AgNOs^Ag 4- N0 3 . 

Even more conclusive are the recent observations of 
Mauguin § and of Havighurst |J on the X-rav analysis of 
crystals of mercurous chloride, bromide, and iodide. Nearly 

♦ Gazs, xxviii. p. 117. 

t Zeit. phys, Gkmn . xxvii. pp. 285-811 (1898). 
t Zeit. anorg . Chem. cxxxiii. p. 55 (1924). 

$ Compt . jRend, clxxviii. p. 1913 (1924), 

(| Am. Joum. Sci. x. p. 15 (1925). 
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all of the binary haloid salts crystallize in the cubic 
lattice, e. g, r 

NaCI, KOI, AgCl, AgBr, on a face-centred cubic lattice, 
OsCl, Osl, T1C1, TIBr, on a body-centred cnbic lattice, 
CuOl, CuBr, Gal, Agl, on the diamond or jrfnc sulphide 

type of cubic lattice. 


The mercurous haloids, however, all crystallize in the 
tetragonal system ; and X-ray analysis has shown that the 
arrangement of the atoms of metal and halogen is not a 
simple alternation, as in rock-salt or cs&sium chloride, 


or 


Na Cl Na 01 


01 Na Cl Na 


Cs Cl Cs Cl 


Cl Cs Cl Cs 


but an alternation of pairs of atoms as in the scheme, 

Cl — Mg —Hg — Cl Cl -Hg-Hg- Cl 

-Hg- Cl Cl —Hg—Hg— Cl Cl — Hg— 

Since the scheme, 

— + +-- t- + — 

+ ■-+ +-+ 

is impossible as a stable arrangement of positive and 
negative ions, Havighurst concludes that 44 The structure of 
these crystals indicates the existence of the chain-molecule 
Cl —Hg—Hg —CL The strong double refraction which has 
been observed is to be expected from a crystal having this 
structure*. The unusual cleavage of the compound is 
also in agreement with this structure. 

From this evidence it is clear that mercury can exhibit 
either a covalence of 2 as in calomel, 

Cl — Hg — Hg—Cl, 

or a covalence of 1 and a positive electro valence *of 1 as in 
mercurous nitrate. 



♦ Am. Journ. Set x. p. 15 (1026). 
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or a positive electrovalenee of 2 as in mercuric perchlorate, 


0 \^+++ 
(V 


r ■ > + + 

"‘<\ 6 H * 


Ox /O 

. >CI< _ 

CK m> 


The way is therefore open for a reversible equilibrium 
between free ions and real molecules, of precisely the same 
type as has been postulated in the case of other weak 
electrolytes, e. y., 

Cl~Hg—Cte±Hg + 2Cl. 

(c) Coordinated Salts. —In the category of weak electro¬ 
lytes we must also include a large number of coordination 
compounds, since it is clear that, as the firmness with which 
a metal is coordinated to the negative radicle is increased, 
its coefficient of ionization must be diminished, or, in other 
words, that its efficiency as an electrolyte must decay pari 
passu with the increase of the efficiency of the coordination. 
Since, however, Sidgwiek considers that the act of co¬ 
ordination consists in the formation of a bond by the transfer 
of an electron from one atom to another, these cases can 
obviously be included within the limits of our specification 
of the principal condition for the production of weak 
electrolytes. 

Unfortunately, data in reference to the ionization of com¬ 
pounds of this type are scanty, since most of them, in losing 
their character as strong electrolytes, become insoluble in 
water, and therefore pass right over to the category of non* 
electrolytes. Intermediate cases are, however, provided by 
the salts of organic hydroxy-acids. Thus Calaine has shown 
by determinations of freezing-point that, whilst calcium 
lactate is ionized to the extent of 40 per cent, at a concen¬ 
tration of 0*257 JY, the copper salt is ionized only to the 
extent of 17 per cent, at 6*271 A r *. In the same way, 
Tower has reported f that, whilst the molecular conductivities 
of the succinates of Ni, Co, and Mg are very similar at all 
concentrations, the molecular conductivities of the tartrate 
and malate of cobalt and nickel are very much smaller than 
those either of the magnesium salts or of the corresponding 
succinates. Again, Calame has shown that the coefficient 
of ionization of copper malate is only 4 per cent, in NJ 4*628 
solution, 10 per cent, in A r /74 solution, and 19 per cent, in 
N/&92 solution, whereas zinc maleate (where coordination is 

* Zeit* pht/s. Ckem. xxvii. p. 401 (1898). 

t .Tourn. Amer. Chem. Soc. xxii. p. 501 (1900); xxiv. p. 1012 (1902). 
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prevented by the elimination of the hydroxyl gronp) is 
dissociated to the extent of 22 per cent., 44 per cent., and 
69 per cent, in solutions of similar concentrations. All 
these results are in accord with the view that the coordination 
of the ions of a metallic salt tends to convert it into a “ weak 
electrolyte.” 

Other examples of weak electrolytes are afforded by the 
so-called “ nen-valent ** coordination-complexes. Thus the 
following values are recorded for the conductivities of the 
atnmines of platinons nitrite * :— 

Pt(NO,) 2 .4NH 3 or [Pt. 4NHJ+ +(NO s ),—A l00 ,*=276-5 
Pt^NCy,. 3NH a or [Pt. 3NH,. NO a ] + NO s - A 1000 *= 96 5 
Pt(NO a ) a . 2NH 3 or [Pt.2NH, . 2NO a ]± A )0M *= 0 95 (cis.) 

2‘42 (trails.). 

It is commonly stated that substances such as [Pt. 2NH 3 * 
2N0*±], [Pt.2NH 3 .4C!]± and [Co. 3NH* .3NG 2 ]* are 
“ non-electrolytes/’ but this statement is not in harmony 
with a summary of the experimental data in which it is said 
that “the compound is a very poor conductor of the electric 
current in aqueous solutions.’* If this description is correct, 
i. <?., if the feeble conductivity which is observed even in 
freshly-prepared solutions of these compounds cannot be 
explained away by the hydrolysis of the complex, these 
“non-valent” annuities must he classed with the “ weak 
electrolytes/’ which exhibit a small electrolytic conductivity 
as a result of the reversible ionization of a covalent complex, 
compare 

Cl «— Hg — Cl^Hg+2C1. 

(d) Carbonium Salts .—These salts are characterized by 
very wide range of conductivities. Thus Walden + found 
the following values for the equivalent conductivities of a 
series of halogen salts dissolved in liquid sulphur dioxide 
atO°:— 

El 59*5 A a00i « 1423 

(CgHj^CBt A fg =s 108’3 A 200l ~l£>2 

(0 6 H,)jC01A j m = 150 
(OH a ) a OI 0*7 

The tertiary halides therefore cover the whole of the 
available range of conductivities, some of them being better 
conductors than a typical “strong electrolyte” like potassium 
Iodide, whilst others have no conductivity at all* The same 

♦ Tachugaefi and Wladimiroff, Joum* Muss, phys ♦ Chem. Ges. Hi* 
p, 135 (1920), 
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conclusion follows from the observations of Gomberg *, who 
gives the following values for the degree of dissociation of 
some carbonium salts at —8° and r*= 100, in comparison 
with the value for tetrametbylammonium bromide, 

(C*H,)*CC1 12 per cent. (C 8 H 5 . C 6 H 4 ) 3 CC1 45 per cent. 

(C*H 5 )$0Br 61 per cent* (CH 8 ) 4 NBr 56 per cent. 

In all these carbonium salts the rules of valency permit 
the formation of a covalent bond between the carbon of ihe 
kation and the halogen of the anion, giving rise to a true 
molecule instead of an ionic doublet. Since the carbon- 
halogen bond is usually too strong to be ionized by mere 
dissolution in a solvent, most of the compounds of the type 

\ \ \ 

-~>CC1 3>CBr or ^CI 

are non-conductors; but when the bond is weakened e. g 
by substitution and by replacing chlorine or bromine by 
iodine, so that ionization according to the scheme 

\ \ + - 

~>CI;=± ~;C + I 

becomes possible, the compounds pass into the group of 
u weak electrolytes/’ although they do not usually exhibit 
this property in aqueous solutions ; and, finally, when the 
formation of a bond is rendered even more difficult f by the 
introduction of bulky aromatic substituents the salts are 
actually better conductors than many 44 strong electrolytes/’ 

Summary . 

(a) Although most electrolytes are ionized completely, 
even in the solid state, there are many compounds in which 
ionization is incomplete and reversible. 

(c) Compounds of tbis type, in which neutralization of 
the ionic charges is not prevented by the laws of valenc}*, 
behave as 44 weak electrolytes/’ unless the bond between the 
radicles is too weak to hinder the ionization of the molecule. 

(d) 44 Weak electrolytes” of this class are found amongst 
acids and bases, pseudo-electrolytes, coordinated salts, and a 
few simple metallic salts such as mercuric chloride, where 
covalent molecules can be formed from the ions. 

University Chemical Laboratory, 

Cambridge. 

* Journ. A m&r* Chem, So c. xliv. p. ISIS (1922); xl v. p. 206 (1923). 

t Flurscheim, toe. tit. and loam. Chem. Soc. xev. p. 718 (1909). 
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V. Multiple Ionization and the Absorption of X-Rays. By 
F. K. Rjchtmyer, Professor of Physics* Cornell Uni¬ 
versity ** 

1. A VERY large majority of the lines in the X-ray 
XjL spectra of the elements are produced by transitions 
between ionized states in which one electron is missing from 
one or the other of the several levels—K, L, M. . . * These 
lines, frequently called a diagram lines/' belong to the 
so-called 44 X-ray spectra of the first kind/* 

As is well known, there are, in addition to these 44 diagram 1 ' 
lines, numerous faint lines which cannot be explained by 
transitions between the levels which give rise to the spectra 
of the first kind. These faint lines are variously known as : 
(1) 44 satellites/' since they accompany a prominent line of 
the first kind, usually on the short wave-length side of the 
latter, although satellites on the long wave-length side are 
also known ; (2) 44 non-diagram 99 lines, since they cannot 
be represented on the energy-level diagram usually adopted 
for lines of the first kind ; ( 3 ) 44 spark** lines, since Wentzel 
proposed a theory of the origin of these lines which involved 
multiple ionization in tho inner electron shells in the same 
wav that the optical spark lines originate in multiple 
ionization, or excitation, in optical levels ; or (4) 4£ X-ray 
spectra of the second, third .... kind/* according as the 
excited states giving rise to the lines are due, according to 
Wentzel’s theory, to double, triple .... ionization of the 
respective electron shells. 

The intimate relation which is known to exist between the 
X-ray spectra of the first kind and the directly-observed 
absorption discontinuities (K, L .. .), suggest the query : 
Are there in X-ray absorption spectra discontinuities or 
other peculiarities corresponding to these spectra of the 
second, third .... kind ? Before discussing this question 
it is pertinent to review briefly the evidence pro and con 
regarding WentzeFs theory of the origin of these lines. 

2. In Table I. are given some typical examples of non¬ 
diagram lines, together with the initial and final states 
corresponding to each line according to WentzeFs f scheme 

♦ Communicated by the Author. The Author acknowledges with 
many thanks assistance from the Heckscher Research Fund of Cornell 
University. 

t Ann, der Phys, lvi. p. 437 (1921). Zeits. /. Phys. xxxi. p, 445 
( 1925 ). 



Multiple Ionization and the Absorption of X-Rays* 65> 

of multiple ionization. In Wentzel’s terminology K* stands 
for an atom which has lost both K-electrons; KL 2 for an 
atom which has lost one K- and two L-electrons ; etc. The 
lines K« s and K« 4 form a close doublet, which has been 
measured orer the range of elements Na/Il) to Zn(30), bat 

Table I. 


Some typical Non-diagram Lines and their origin* 


Liue. 

Origin. 

Kind. 

1 

! 

Reference, j 

| 

Initial state. 

Final state. 

Satellites of the Ka doublet. (K— > 

L.) 

K«3 

KL 

L* 

Second 

1 

Ka, 

K* 

KL 

Second 

1 

Km' 

KM 

LM 

Second 

l 

k- 5 

KL* 

L 3 

Third 

l 

Km s 

K a L 

KL 3 

Third 

1 ! 


Satellite of Ej3. (K 

— >M.) 

i 

\ 

. i 

K£" 

KL 

LM 

Second 

t 

* ! 

? 

1 

Satellites of L£ 4 . (^ m —> N JTr .) j 


L ln M v 

v 

Second 

i 

2 i 

j 

Uh" 


M in N rv. t 

Second 

2 1 


1 Quoted lit SiegbaWs ‘ The Spectroscopy of X-Rays,' p. 106, from the 
measurements of Hjalmer, Dolejsfck, and Dolejsek & Siegbahn. Wetterbiad 
(Zeits.f* Pht/3' xlii. p. 611, 1927) gives the results of some careful measure¬ 
ments of the wave-lengths of these lines for N&, Mg, and Ah 

* Bruyvesteyn, Zeitn. j. Pht/s. xliii. p, 707 (1927). Bruyresteyn gives also 
measurements of satellites of hy x and Ly 2> 3 . Some of the data used by 
Bruyvesteyn are from the previous measurements of Coster (Phil. Mag. xliii. 
p. 1070, 1922), who also reports satellites of 

the components of the doublet have not been separated for 
elements of higher atomic number than Ca(20). The pair 
K«« and K« 6 has been measured for only four elements 
Na(ll) to Si(14). Druyvesteyn’s measurements of K/9" 
Phil. Mag . S. 7. Vol. 6. No. 34. July 1928. F 
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extend from K(19) to Fe(26) ; and of L&t and L/S s " from 
Nd(41) to Sb(51). For elements heavier than Sb(51) these 
latter lines are not resolved, and are listed by Sieghahn and 
by Coster as fin and /? 12 . 

The evidence in favour of WentzePs scheme of multiple 
ionization as an explanation of the origin of satellites falls 
under several heads :— 

(а) According to the theory, the difference in frequency 
(Ka 5 —Ka,) for a given element should equal the difference 
(Ka 8 — Ka{) for the same element* Data are available for only 
four elements, Na(ll) to Si(l4), to check this predicted 
equality. 

According to the recent measurements of Wetterblad*, 
the frequency difference K«j) is some 8 per cent* 

higher than the difference (Ka§ — K* s )—which is, perhaps, 
as good a check as conid be expected, considering the 
difficulties of the measurements. 

(б) The frequency difference (K* 6 -~Ka 4 ) for one element 
should equal the difference (K» s —Kaj) for the element of 
next higher atomic number. Wetterblad’s measurements 
confirm this within 1 or 2 per cent. This is, perhaps, the 
strongest support for Wentzel’s theory. 

(c) Druyvesteynf shows that the difference in frequency 
between a satellite and its “parent 7 ' line is for a given 
element computable from certain of the energy levels of that 
element and of the element of next higher atomic number. 
For example, the frequency difference (KjS # '-~ K/8)z for an 
element of atomic number Z should, subject to certain very 
close approximations, be given by 

where L and M are the frequencies of the L and M levels. 
Druyvestevn applies this general principle to the satellites 
of KA, L/S 2 , Lyx, and and obtains experimental 

verification of the predicted equality, which, again considering 
the difficulties of the wave-length measurements and the 
small wave-length differences involved, is perhaps within 
the limits of error of measurement For the satellite K^' 1 ' 
(parent line : K&). The agreement is much less satisfactory 
for the L satellites. 

(d) Wentzel originally assumed that double ionization of 
an atom might be brought about by successive collisions with 
two cathode-ray electrons. For example, an atom which 
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bad already lost an electron in a collision might, before 
making a capture to fill the vacant place, collide with 
a second cathode-ray electron and become doubly ionized* 
But it was later shown that the life of the atoms in the 
excited states is so short that the probability of double 
ionization by this method is far too small to account for the 
observed intensities of the satellites* Accordingly, doubly- 
ionized atoms, if present in the target of an X-ray tube in 
sufficient numbers to produce spark lines as observed, must 
he produced as a result of a single collision with a cathode- 
ray electron which, then, must have sufficient energy to 
remove both electrons from the atom. Thus, to remove both 
K-electrons from an atom should require a cathode-ray 
electron the energy of which is a little more than twice as 
great as the energy required to remote only one K -electron. 
In other words, the critical exciting voltage for Ka 4 should 
be a little more than twice as great as that for Ka 4#2 * 
Coster* showed that only one of the satellites of the La 
line of silver, namely L« s , was produced at an excitation 
voltage of 4700, the other satellites appearing only at a 
voltage in excess of tieice the excitation voltage (3350) of 
ha —as was to be expected from the theory. 

3. However, the above experimental evidence in favour 
of the double ionization theory is neither so extensive nor 
so exact as to be altogether convincing. Further, there 
is some evidence, both direct and indirect, against the 
theory — 

(a) Of the direct evidence, the most significant is the 
observation of Backlin f, who studied the critical excitation 
voltage for the satellites of K« 1 9 of aluminium, aud showed 
that the lines Ka s and K* 4 could be produced at ail exciting 
voltage somewhat less than twice the exciting voltage of 
the Ka, 2 lines. Backlin concluded that, on the theory of 
double ionization, the lines K 3>4 should be produced only at 
voltages above 3100; whereas actually Backlin found that 
these lines were produced at 2900±50 volts. Taken at face 
value, this result is at variance with the observations of 
Coster* mentioned in the preceding paragraph, regarding the 
critical excitation voltage of the satellites of La. But in 
comparing these two observations account must be taken of 
two circumstances: (1) Backlin was working very close to 
the critical voltage, and it is quite possible that his maximum 

* Phil. Mag. xliY. p. 569 (1922). 

t Zeits.f. Phys* xxvii. p. 00 (1924). 

F 2 
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voltages may have been sufficiently above the estimated 
values to exceed the critical value, 3100 volts. Coster s 
voltages were not adjusted to as narrow limits as were 
Backlin’s. (2) Baeklin found the lines Ko, and K«i were 
produced by an exciting voltage some 3 per cent. Mow the 
estimated maximum; while Coster showed that the L* 
satellites were not produced by an exciting voltage 30 per 
cent* below the estimated minimum. Perhaps it these limits 
had heeu narrower the two experiments would have been w 

^^^ieebalm and Larson * report that a number of the 
satellites of the L« lines of Mo(42> are found at an exciting 
voltage only 30 per cent, above the critical excitation ior 
La ; and that no new satellites appear when the voltage passes 
twice the exciting voltage for La, indicating that, even when 
the energy of a cathode-ray electron is sufficient to remove 
two L-electrons by “a single act,” such doubly-ionized 
atoms, if present in the target, do not contribute to the 
production of the observed satellites. , , 

(c) The satellites appear to have certain physical char¬ 
acteristics which differentiate them from the “diagram 
lines, and which indicate that the method of production 
must he somewhat more complex than that suggested by 
Wentzel’s original scheme. Many writers report that some, 
at least, of the satellites are much broader than the corre¬ 
sponding diagram lines, and probably have a complex 
structure. Thus Coster t reports that the lines L& and 
L B»" for Ag(47), satellites of L0» are “ very broad and 
diffuse ; that they are symmetrical at low exciting voltages, 
but that at higher voltages they become “much more 
intense on their long wave-length side," suggesting that the 
lines are made up of (unresolved) components which behave 
differently with increasing voltage. 

4. The well-known relation which exists between the 
absorption of X-rays and the fluorescent spectra of the first 
kind suggests that, if it can be shown that the spark line* 
can be produced by fluorescence, then one might, perhaps, 
expect that the evidence concerning the spark lines should 
be found:in X-ray absorption spectra: for example, absorption 
discontinuities, very small, of course, since the spark lines 
are weak, might appear at the wave-lengths corresponding to 
the critical excitation frequencies of the several groups of 

* ‘ Spectroscopy of X-Rays,’ p.194. , 

t pnn Mag , xliv. p. 669 (1922). Coster calls these lines L0 tt and 
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spark lines, just as similar discontinuities are observed in 
connexion with the spectra of the first kind. Early attempts 
to produce spark lines by fluorescence were either negative 
or inconclusive. But recently Coster and Druyvesteyn* 
have shown that it is possible to produce satellites in the 
X-ray spectrum of Fe(26) by using the radiation from a 
copper target excited by 30,000 volts. However (and, from 
the standpoint of the absorption of X-rays, this is a matter 
of greatest importance), according to the estimates of Coster 
and Druyvesteyn, the intensity of the satellites was certainly 
not over 2 per cent., and probably less than 1 per cent., of 
the intensity of the fluorescent lines of the first kind. There- 
fore, absorption discontinuities, corresponding to these spark 
lines, if present at all in absorption spectra, are probably 
less than 1 per cent, as large as the discontinuities corre¬ 
sponding to lines of the first kind. It is quite obvious that 
to detect such small discontinuities with certainty would 
require that the measurements of absorption coefficients be 
made with the highest precision—indeed, with a precision 
higher than any which, in the writer’s opinion, have been 
reported up to the present. 

However, it does not necessarily follow that the hypothesis 
of multiple ionization, as an explanation of the origin of 
spark Hues, requires that there should be corresponding 
absorption discontinuities in X-ray absorption spectra. In 
order that there should be such discontinuities it would be 
necessary that the energy, hv> of an incident quantum should, 
by a u primary act/’ cause the expulsion of two electrons 
either from the same or from different levels. The pre¬ 
ponderance of evidence, however, seems to be opposed to 
this possibility, and Coster and Druyvesteyn are of opinion 
that double ionization comes about as a secondary process: 
an absorbed quantum causes the expulsion of a single electron 
(call it the primary photoelectron) from a given level; if this 
primary electron possesses sufficient energy, it may, on its way 
out of the atom, collide with an electron of the same or of 
another level, and cause the expulsion of the latter electron, 
the process resulting in a doubly-ionized atom. It shbUld be 
pointed out, however, that if this latter be the correct 
sequence of events which produces multiply ionized states, 
no increase in absorption of the primary X-ray beam should be 
observed as , with increasing frequency , the frequency of the 
primary beam passes the frequency v» % corresponding to the 
energy hv m necessary for multiple ionization . Rather, on 


* Ztits, /. Phys. xl. p. 265 (1927). 
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this view, the energy tor producing the spark lines comes 
from the kinetic energy initially given to the primary photo- 
electron, which, as it leaves the atom after having Knocked 
out another electron, most therefore possess less energy 
than it would have had if no secondary process had occurred, 
by at least the energy necessary to remove the second 
electron. There is no reason to expect that these secondary 
events in any teay modify the absorption probability of the 
primary quantum. No discontinuity in the absorption spec¬ 
trum should be observed at a frequency corresponding to the 
energy required for double ionization. Rather, as Robinson* 
points out, evidence concerning spark lines is to be expected 
in the magnetic spectrum of the photoelectrons ejected by a 
monochromatic beam of incident X-rays. 

5. In this connexion mention may he made of a recent impor¬ 
tant paper by Alexander + which touches on the subject of 
multiple ionization. Alexander concludes* from a careful 
study of certain data on the variation of (X-ray) mass 

absorption coefficients as a function of wave-length, that 

at a wave-length X K ', approximately , where X& is the 

wave-length of the K absorption discontinuity, the coefficient 
k in the well-known empirical equation 

- =k\*+ - 
P P 

undergoes a sudden change, the value of k for X< Xk' being 
some 30 per cent, greater than the value of k for X > X*. 
Alexander interprets this “ break 99 in the absorption curve, 
shown diagramatieaily by the full line in fig. 1, as marking 
the frequency at which the energy of the quantum hv 
becomes just sufficient * € to remove both K-electrons as a 
single act. At this point twice as many electrons should be 
produced, although their speed at the periphery of the atom 
is .... zero/* % 

This empirical description of the relation between - and 

X s , as shown graphically in fig. 1, is perhaps justified by the 
experimental data. It has been long known that the X s 

♦ Phil. Mag. iv. p. 763 (1927). 
f Isoc* cit. iv, p, 670 (1927). 

| Alexander, toe, cit . p. 679. 
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law of absorption gives only a close approximation to the 
experimental facts, and that if the equation 

«-!*•+£ 

P P. 

be established empirically for frequencies considerably in 

excess of the K limit, the values of — determined by extra- 

P 

polation toward the K limit are higher than the observed 
values. The present writer pointed this out some years 
ago *, and indeed, in the graph of the data on the absorption 


Fig* 1. 



of molybdenum as a function of X s (see fig. 6 of article 
cited), two straight lines, slightly inclined to each other, 
were drawn +. Further, in connexion with a precision 
study of the X* law in the neighbourhood of the K limit %, 


the writer has observed that, although the graph of — as a 


function of X 1 on the short wave-length side of, but near to, 
the K limit is rigorously a straight line with no suggestion 
of deviation therefrom as the limit is approached, the slope 


* Phys. Rev. xviii. p. 13 (1921). See p. 26 of article cited, 
t These data on molybdenum are included by Alexander in his dis¬ 
cussion above cited. 

% Phys. Rev. xxvii. p. 794 (1926). 
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of this line is somewhat less than that of the similar straight 
line observed at much shorter wave-lengths. This point is 
brought out by the writer's data on S»(50) *, from which 
two slopes k* and h (in the above terminology) are 
respectively 755 and 592, in substantial agreement with 
Alexander’s values (data by Allen) of 750 and 583. 

In any event the observational data do not seem to preclude 

the possibility that there may be a 44 break "in the— —X 8 curve 

P 

as suggested by Alexander, although the deviations from the 
X 3 law may be represented empirically in different ways. 
For example, Allen t concludes, from a study of observed 
data on absorption coefficients of several substances over a 
wide range of wave-lengths, that absorption-coefficients as a 
function of X can be given by a formula (derixed on 
theoretical grounds by Wentzel) of the type 

£= k{k?+ * 2 x s 5 +* 3 x *- 5 + ° . 

P P 

Previously Allen was of the opinion that the empirical 
relation was 

t = / c \ :ni + Cr . 

P P 

These various empirical formulae illustrate the fact that more 
precise experimental data on absorption-coefficients are 
needed to establish, unambiguously, the exact empirical law 
of X-ray absorption. (S*e, for example, section 7, p. 84.) 

However, granted for the moment that the data on X-ray 
absorption are such as to warrant the conclusion that a 

44 break" in the X s curve occurs at Xk' as suggested by 

Alexander, the interpretation of this break as indicating the 
beginning of double ionization of the K shell seems by no 
means justified by the present experimental facts. There 
are several very weighty arguments against such an inter¬ 
pretation :— 

(a) If the wave-length of the 44 break," corresponding 
to frequency represents the beginning of double ioni¬ 
zation of the K shell as a result of the photoelectric expulsion 
of both K-electrons by the absorption of the single quantum 
hv% or greater, then the energy hvjs! must be at least a little 
greater than twice the energy hp% required to remove a single 


* National Academy of Sciences, Washington Meeting, April 1927. 
Phys. Rev. Dec. 1927. 
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K-eleetron, since, because of the effective increase in nuclear 
charge, the energy required to remove the second electron 
should be a little greater than the energy required for the 
removal of the first. However, of the thirteen values of vx 
determined by Alexander, only four occur at frequencies more 
than twice the frequency of the K limit , as is shown m 
Table II., in which columns I and 2 are taken from 
Alexander’s paper, column 3 from Siegbahn’s ‘ Spectroscopy 
of X-Rays,’ and column 4 is the ratio of eolumn 2 to 
column '3. Alexander’s interpretation would require, 
in the case of Ag(47) for example, that the energy 
required to remove the second K-electron should be only 
75 per cent, as great as that required to remove the 


Table II. 


Element. 


Fe 26,,....... 

Ni 28.... 

cu m........ 

»» •*•••**** 

zn’ao::::::::: 

Mo 42. 

Ag 47. 

Sxf 50.'""".. 

VV 74. 

Pt 78. 

Au 79. 


) .-A.! 

II 

w 

Ratio A/B 

1235 * 

524 

2-36 

1311 | 

612 

2*14 

1451 | 

661 

2*20 

1235 j 

n 

1-87 

1078 

** 

1*63 

1715 

703 

244 

2745 

1474 

1*86 

3350* 

1879 

1*78 

3290 

tt 

!*75 

3781 

\ 2148 

1*76 

8064 

5117 

| 1*57 

9027 

5764 

; 1*56 

9214 

5941 

j 1*56 


i 


! 


first K-electron—a conclusion quite at variance with our 
fundamental concepts of multiple ionization. . . t 

On the basis of Wentzel’s theory of the origin of 
spark lines, it is possible to compute the energy required 
for double ionization of the K shell, by the method used 
by Turner *, for the elements Na(ll) to Zn(30), and by 
an extrapolation (of course only approximately justifiable) as 

far as Sn(50). Turner showed that the energy K| (in 


21 


units) necessary to remove both K-electrons from an atom 
of atomic number Z is given, to a very close approximation, 
by the expression 

Kl=Kz+ L(Z+ 1 )+ ( a 4)z> * • • * 


a Phys. Rev. xxvi. p. 143 (1025}. Turner’s computations. based on 
the only data then available, are for the elements Na(ll) to S(16). 
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where Kg is the value of n for the K limit of the atom in 

** y 

question, (a 4 )g is the value of g of the satellite K« 4 , and 

L<z+i) is the value of g for the L limit of an atom of atomic 

number (Z*fl). Siegbahn* gives the measurements of 
Hjalmer, of Dolejsek, and of Dolejsek and Siegbahn for the 
wave-lengths of the spark lines Ka $ and K* 4 from Na(ll) to 
Zn(30). (These lines are not separated for elements of 
higher atomic number than Oa(20j.) The wave-lengths of 
these are given in columns 2 and 3 of Table III. For 
purposes of computation and extrapolation we may write 
equation (1) in the form (by adding and subtracting Ka 2 ) 

K|s=2Kg«f(Ln^z+i)—Li^z)-f(K« 4 —Ka$)z, . (2) 

. in which, for reasons which will appear presently, we identify 
the L limit of equation (l) with Ln> The sum of the two 
brackets on the right represents the amount by which the 
energy required for the double ionization of the K shell is in 
excess of that required for single ionization. Both brackets 
are always positive. A very interesting, and perhaps sugges¬ 
tive, relation may be shown to exist between the satellites 
K« 3 4 and the diagram line K« 2 . If the square root of the 
difference in frequency between Ka 4 and Ka 2 be plotted as a 
function of atomic number, the upper straight line shown in 
fig. 2 results. A similar plot for the difference (K« 3 -Ka s ) 
gives the lower straight line. Since the satellites K« g and 
K a 4 are not separated for elements above ('&(20) f the observed 
wave-lengths for elements of atomic number greater than 20 
are therefore the centre of gravity of the two lines, and are seen 
to fall between the two straight lines extended. These two 
differences, (Ka 4 —Ka 2 ) and (Ka^—Kag), have the character¬ 
istic of a screening doublet, with a difference in screening 
constant of (almost) unity. From this graph one finds that 


over the range Na(ll) to Cu{29) the difference in 
between K* 4 and K«g is given empirically by 


(tt) =49 x 10~*(Z + 0*4) S .. . . (3) 

An extension of equation (3) as far as Sn(50) is approxi- 

Ay 

mately justified. The values of computed from this 


equation are given under “ B ” in column 10 of Table III. 


* ‘ Spectroscopy of X-Rays,' p. 106. 



Table III.—Computation of the Energy required for Double Ionization of tlie K4evel. 
Data from Siegbahn's ‘ .Spectroscopy of X-Ilavs,’ except where indicated. 
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Wetterblad, Zeiti.f. Phy>, xlii. p. 611 (1927). a Thoritns, Phil. Mug. ii. p. 1107 (1926). a Estimated by Turner (toe. cit.). 
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The value of K* is then readily computed by use of equation 

p 

(2). Column 12 of Table III. shows the ratio -g~, which is 

seen to decrease very slowly with increasing atomic number, 
but of course remains in excess of 2’000. In fig. 3 is shown 

Fig. 2. 



as determined by Alexander. It is quite apparent that, to 
far at emitting data go, one is not justified in concluding 
that there is any obvious relation between Alexander's kk 
break and the doable ionization of the K level. 

(b) As pointed out above, the intensity of the spark lines 
is so weak that, granted Wentzel’s theory, one would not 
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expect to find a change of shape in the ~ —X* curve as great 

as that reported by Alexander* Further, if X K f marks the 
beginning of double ionization, one should find a “jump*' 
or discontinuity in the curve similar to the K, Li, Ln, * * * * 
discontinuities, instead of simply a bead *. But Alexanders 
curves show no such u jump.” 


Fig. 3. 



ATOMIC NUMBER. 


* Alexander’s suggestion that, beginDing with the wave-length X K # , 
both K-electrons are removed hv a single act” and that a twice as 
many electrons are produced” implies that, beyond this critical wave¬ 
length, all K absorption results in double ionization of the K shell and 
that no single ionization occurs. Were this the case, and were the 
values of X* those given by Alexander, the fluorescent K series lines 
produced by absorption of radiation of wave-length X<X K ' should be 
quite different from those wave-lengths when produced by radiation 
A>Xa’. In other words, the fluorescent spectra of the first kind, when 
produced by absorption of radiation extending on both sides of X K ', as, 
for example, in the experiments of Coster and Druyveateyn (he. eiU) 
should be double. No such duplicity in fluorescent spectra has been 
reported. 
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(c) WentzePs theory attributes the line K«* to the tran¬ 
sition KL->L 2 * One should expect, therefore, a break in 

the ^ —X s curve at the frequency corresponding to simul¬ 
taneous ionization of the K and the L shells* This u break ” 
should occur for an element of atomic number Z at a 
frequency vkl* given to a close approximation, by 

hvKh = Ar* H~ hvjjft+i)* 

The writer’s data on Sn(5G) * show that no such break is 
observed in the predicted region. 

( d) As pointed out above (Sect. 4), the existing data 
seem to indicate that double ionization occurs as a secondary 
process, rather than as a primary act in which two electrons 
are simultaneously expelled by the absorption of a single 
quantum. We should not therefore expect to find in the 
X-ray absorption spectra evidence concerning the processes 
which give rise to the (fluorescent) spark spectra. 

In short, the conclusion seems justified that the “ break** 
represented in fig* 1, if real , must be explained on some 
other grounds than multiple ionization. 

6. The two straight lines in fig. 2 resemble a Moseley 
diagram, and perhaps warrant a few brief suggestions, 
admittedly highly speculative, concerning a possible alterna¬ 
tive theory of the origin of X-ray satellites. The lines Ka 4 
and Ka s are usually considered satellites of K«j. But if the 
square root of the difference in frequency between either of 
these lines and he plotted against atomic number, one 
does not obtain a straight line. The straight lines of fig. 2 
suggest the possibility that K« 4 and K« 3 are satellites of K« 2 
instead of Ka^. One inquires whether satellites of other 
lines, when plotted as in fig. 2, yield similar straight lines. 
Unfortunately, data bearing on this question are exceedingly 
limited, partly because measurements of many of the satellites 
have been made for only a few elements, and partly because 
the diffuse nature of some of the satellites and their closeness 
to the parent line make it difficult to obtain wave-length 
measurements with high precision—a matter of considerable 
importance in consideration of the fact that the differences 
in frequency between satellites and the “parent** fines are, 
in general, only a fraction of 1 per cent. In Table IV. are 
given the square roots of the frequency differences between 
some of the more prominent satellites and the respective 
parent fines. A Moseley plot of these data is shown in figs. 2 

* Xjoc. cit . Phys. Rev., Dec. 1927. 
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and 4. Fig. 4 contains data on eight satellites: three of 
L*i, two of L/9i, two of and one of Lyj. The points 
seem to fall into five groups, through which parallel * 
straight lines. A, B, C, D, and E, have been drawn. 
Although there is considerable scattering, the points seem 
to fit these straight lines reasonably well. Further, in 
several cases, points from different satellites fall upon, or 
near, the same line. For example, from atomic number 45 

Fig. 4. 



to 51, the difference (L*/— L*i) coincides very nearly with 
(L&s— L#,). The difference (L£ s ' f —Ly8 a ) is almost the 
same as (Ly,'—Lyi). 

One is now tempted to suggest the hypothesis that these 
satellites are produced by two-electron transfers, similar to 
the primed lines (terms) in optical spectra. Or, for example, 
that the line Ka, is the result of the simultaneous jump of 

* Perhaps the dotted lines at 1) and E are better 



Table IV. 

V 

Square Root of Frequency Difference between Satellites and the respective “ Parent ” Lines, in g unite. 
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one electron from the Ln level to a vacancy in the K shell, 
mad of another electron from an optical level into a vacancy 
in the M shell, both transfer* cooperating to emit a tingle 
quantum. The fact that the graphs of figs. 2 and 4 are, at 
least approximately, similar to the Moseley diagram for 
X-ray lines is itself strongly suggestive of the possibility 
that the graphs represent X-ray lines (perhaps semi-optical 
lines) such as might be produced by st'np/e-electron transfers. 

If so, we might picture the production of K« 4 as follows :— 
An atom becomes, by one of several possible processes, 
doubly ionized; t. e., it lacks one K-electron and one 
M-electron. First, let us say, the vacant M shell is filled by 
an, electron dropping from an optical orbit for which transfer 
the atom behaves (since it lacks a K-electron) very nearly 
like an atom of the next higher atomic number ; and an 
amount of energy, call it (M—0) ( z +1) , is released. The 
transfer Ln to K then occurs and energy ^K —Lu)z is 
released, which gives the first-order line Ka s . If these two 
events occur simultaneously, a single quantum, corresponding 
to K<^, might be emitted, and we should have 

K* 4 =(K—Lji) z -4- (M—0) (Z +j, 
or K« 4 —K«s= (M —0) ;i+1) . 

It might, perhaps, be expected that a Moseley plot of the 
‘‘line” (M—0)(z + i> would yield (approximately) a Moseley 
graph. 

In support of this hypothesis one may introduce the 
following evidence:— 

(a) The lines of figs. 2 and 4, particularly of fig. 2, are 
Moseley graphs. 

(b) The order of magnitude of the quantity (Ka 4 -K«,)z 
is what one might expect for the quantity (M—0)(z+i>. 
Unfortunately, only a qualitative check of this predicted 
equality is possible. Taking Na(Il), for example, we 
do not know what optical frequencies would be emitted 
by an atom which has lost a K-electron. But the work 
required to remove the valence electron from such a 
K-ionized Na atom should be of the order of magnitude of, 
or a little greater than, the work to remove the second 
valence electron from a Mg(12) atom. The latter is *, in 

terms of 1*105. The term (M—0)<z+n should be some¬ 
what smaller than this. Actually (K« 4 —K«j) for Na is 

• Paschen and Gdtze, ‘ Serien Gesetze der Lisien Spektren.’ Berlin, 

idss. 
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0'64. Going to the other end of the series of elements for 
which we have date on Ka 4 , namely Cu(29), we should 
expect that (K« 4 —K<**) should be somewhat smaller than 
the energy of the M levels of Cu* Siegbahn gives for 

Mm,iv for Ca,5*2^. From Table II. one observes that 
{K* 4 —K«s) for On is 4'05 ^ • Farther, the order of magni¬ 
tude of the corresponding difference* for the L satellites is 
the same as that of the energy of the outermost electron 
levels of the respective atoms. 

(c) On this hypothesis we should expect that there might 
be several different semi-optical transfers of the 0) 55 

type which could co-operate with a given parent line in 
producing the observed satellite, which, then, should have a 
* 4 fine structure/' As previously mentioned, many of the 
satellites are broader and more diffuse than the diagram 
lines. 

Opposed to this hypothesis of two-electron transfers as an 
explanation of satellites are the following arguments :— 

(1) Wetterb!ad*s * recent measurements confirm with 
reasonable precision the equality of the differences (Ksq* 
-Ka 4 )z and (K« 3 —KaO^z^i), predicted by Wentzel's theory 
of multiple ionization. This confirmation, however, has 
been made only for the four elements Nafll) to Si(14), and 
only for the satellites of 

(2) Druyvesteyn's t computation of the frequency of the 
satellite Kj3 /f/ from that of the parent line K/3*, for the 
elements K(19)and Fe(26)on the basis of Wentzel’s theory 
agrees within experimental error with observations. 

(3) Coster's measurements seem to indicate that the 
critical excitation potentials for satellites are considerably 
higher than would he expected if they were produced by 
the two-electron transfers herein suggested. On the contrary, 
Backlin's measurements f appear to invalidate the measure¬ 
ments of Wetterblad referred to in (1) above, since the 
latter, on the one hand, confirm Wentzel's postulate that the 
line K &4 arises from double ionization of the K shell, while 
the former, on the other hand, show that K# 4 is produced 
under conditions where double ionization seems impossible. 

In short, the only categorical statement concerning X-ray 
satellites which at present seems entirely justified is that the 
theory of their origin is as yet an unsolved problem ! 

♦ Loc. dt. 

* Loc. dt* 
t Loc. dt 

a 2 
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7 In making measurements of X-ray absorption-co- 
precision * ££^.f£ 

bv the fact that the slit system used in the X-ray spectro- 
meter is of finite width. With sufficiently narrow slits the 
is negligible. But with slit-widths as great as ha\e 
IZJ d f n t ome of the measurements of absorption-co¬ 
efficients reported in the literature 

Stor d^nds^nTe'sHt-width, the material *nder investi¬ 
gation, the wave-length at which the measurement is made 
voHoffe applied to the X-ray tube. By making 
certain justifiable simplifications, one can compute the order 
of magnitude of the error in any particular case- 


Fig. 5. 



In fig. 5, let S, and S s be the two slits of the X-ray 
* nitrometer • TT the target of the X-ray tube ; and CC the 
crystal. Let the slit-widths be equal and be represented by 
ai L and hh *. Let the X-ray “brightness of the target 
b***uniform, and assume that we have a perfect crystal. 
Then X-rays will be incident onto the crystal at all angles 
from that corresponding to the incident ^/^; on r a i. r p e - 
flected wave-length X a , to that corresponding to a s fc 3 , reflected 

wavo-lenutli X,. Let the angle t a 1 oo 2 = Atf. t then the 
wave-length range, Xr-X,* AX, includedi m the bundle^of 
X-rays reflected from the crystal, is, from Bragg s equation, 

/^x= 2d cos e Q &e, 

where d is the grating space of the crystal and 0 O is the 

• The slitrwidths are grossly exaggerated in the figure in comparison 
with the distance between slits, 
f In any actual case very small. 
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angle which the axis of the slit system makes with the 
crystal. The X-ray energy corresponding to a wave-length 
X within this range £sfX arid entering the ionization chamber 
after reflexion from the crystal, is limited by the edges of the 
slit system and varies from zero at X t to a maximum at 
angle 9^ and back to zero at X*. For example, the intensity 
of radiation of wave-length X p corresponding to the incident 
direction p x p x is determined, as is readily seen from the 
figure, by tne distance W between the parallel lines p 
and p 2 p % l 


Fig. 6. 



If we assume that the X-ray spectral energy distribution 
from the target is constant over the range Xj—X 2 , then it 
follows, since in any actual case the angle Uioa 2 is very 
small, that the energy distribution reflected from the crystal 
into the ionization chamber is given, in this ideal case, by 
the triangle ACE of fig. 6. If, now, there be inserted in the 
path of the beam an absorber which transmits, at each 
wave-length between X x and X 2 , exactly 50 per cent, of this 
incident radiation, the energy distribution of the reflected 
radiation will be given by the triangle AO'E, each ordinate 
of which is exactly half of the corresponding ordinate of 
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ACE. The ratio I/I 0 (ratio of transmitted to incident 
radiation in the equation I=-I 0 ^~ M ) will be given by 

1 - * re * A<yB _ PC' _ 1 

1 0 ~ area ACB ~ OU 2‘ 

It is obvious that the finite width of the slit has in this ease 
introduced no error in the observed ratio I/I 0 . If, however, 
(I) the spectral energy distribution in the incident radiation 
is not uniform, and (2) the absorber, because of variation of 
absorption-coefficient with wave-length, transmits different 
amounts at each wave-length, the result is somewhat different* 
To take a concrete case:—Certain measurements of 
absorption-coefficients have been reported in which the slit- 
widths were such that the angle a\oa 9 of fig* 5 was about 
30 minutes of arc. Let us consider the error introduced in 
measuring the absorption-coefficient of copper at a wave¬ 
length 0*3 A., when the spectral energy distribution in this 
region is that corresponding to the continuous spectrum 
excited by some 50,000 volts. In this case the spectral range 
Xj to X* of fig. 5 corresponds to, roughly, 0*06 A. (calcite 
crystal). The spectral energy distribution over this range is 
represented by the line * e x e% of fig. 6, the ordinate atX© being 
arbitrarily taken as unity. Let the copper absorber be 
chosen of such thickness that at X=0*3 A. it transmits 
0*50 of the incident energy. Then, assuming the approxi¬ 
mate linear relation between X s and the mass absorption- 
coefficient in this region, the ratio I 0 /I of the incident 
to the transmitted radiation at each wave-length X in the 
region 0*27<^X<0*33 is given by the line tjt* of fig. 6. 
Multiplying each ordinate of the triangle ACE by the 
corresponding ordinate of the spectral energy distribution 
curve of the incident radiation (e x e 2 ) gives ABODE, 
which is the spectral energy distribution of the radiation 
I 0 as reflected into the ionization chamber. Dividing 
the ordinates of this latter cnrve by the ratio I</[ at each 
wave-length gives AB'C'DTD, which is the energy distri¬ 
bution in the radiation I (u e the radiation entering 
the ionization chamber after passing through the absorber). 
The observed ratio I/I 0 is given by 

I area AB'C'D'E 

1 0 ** area ABODE * 

* A linear relation is assumed for the energy distribution between X, 
a nd A s for simplicity in computation. Tbe final result is not materially 
Changed by this assumption. 
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■ This ratio is not quite equal to the ratio OC'/OC=0’500, 
which is the ratio to be expected i£ an infinitely narrow slit 
system were used. By measuring the two areas, and 
observing how much the observed ratio I/Io differs from 
0’500, one can obtain the error in the resulting value ot the 
mass absorption-coefficient. 

As an illustration of order of magnitude, there are given 
in Table V, the errors, computed as above, for copper of 
three thicknesses such as to transmit, respectively, 1/10, 1/2, 
and 4/5 of the incident beam, and for spectral energy distri¬ 
butions corresponding roughly to 50,000 and to 60,000 volts. 

Tablk Y. 

Errors, in per cent., in measuring mass absorption-coefficients 
of copper at \=0*3 A. with a slit system 0 - 06 A. wide, at 
two voltages. A positive error means that the observed 
value is too large. 


Transmission 
f at A—0*3 A. 

Error in 

{ 

per cem. 

V=60.000. 

V = 50,000? ' 

0-100 

-08 

4-1*7 

j 0500 

00 

4-l*S 

omo 

4-0*4 

4-3*6 


Of course, the values are only approximate because of the 
simplifying assumptions which have been made. For 
elements of higher atomic number than copper the error 
becomes greater (so long as X=0‘3 is in the K-absorption 
region). The error becomes greater at shorter wave-lengths 
and vice versa. The error becomes rapidly smaller the 
smaller the slit-width (rather, the smaller the ratio AV x )* 
While these errors are not large, they must be taken into 
account when attempting to measure absorption-coefficients 
with a precision of the order of 1/10 per cent. Either a 
correction for the finite width of the slit most be made, or 
one must use a slit system sufficiently narrow so that the 
error is less than the desired precision. This latter is made 
somewhat difficult by the faot that the energy transmitted by 
a slit system of the type shown in fig. 5 decreases as the 
square of the slit-width. 
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Summary, 

X. The question has been raised : Are there in X-ray 
absorption spectra discontinuities corresponding to the 
so-called 44 spark ” lines analogous to the K, L, K • • • • dis¬ 
continuities corresponding to the diagram lines? The 
present evidence seems to indicate that the processes which 
give rise to the spark lines are secondary processes, and we 
should not therefore expect to find evidence concerning 
their origin in absorption spectra. But iti any event the 
spark lines are so weak compared with the diagram lines that 
existing data on X-ray absorption-coefficients are not 
sufficiently precise to detect such discontinuities as might 
occur, 

2, It is shown that a straight line (Moseley graph) results 
when one plots the square root of the difference in frequency 
between a spark line and its 44 parent ” line as a function of 
atomic number. This suggests the possibility that spark 
lines may originate in two-electron transfers. 

3. In making precise measurements of X-ray absorption, 
coefficients, it is necessary to use slits sufficiently narrow to 
eliminate the 44 slit-width 99 error. The magnitude of this 
error is computed for one special case, and it is shown that 
with slit-widths as wide as some which have been used, 
errors as large as several per cent, may occur in the 
neighbourhood of 0‘3 A, 

Gottingen, 

January 14,1928, 


VI. Polarization of Infra-red Radiation by Calc it e, By 

A* M. Taylor, 3/.A., PhJ)Ramsay Memorial Research 
Fellow *. 

Introduction, 

I N a recent communication cl) it was shown by examination 
between wave-lengths 8 p and 14 p that interference 
effects are to be observed in the absorption spectrum of a 
thin slice of ealcite, and it was further suggested that 
a great .many absorption bands which were found by 
Schaefer, Bormuth, and Matossi <2) in their work on various 
carbonates, and which they attributed to 44 combination 
tones” formed from the several fundamental frequencies of 
vibration, were spurious and in reality owed their origin to 

* Communicated by Dr. E. K, Bideal, 
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interference within the crystal film* That these bands are 
not, however, ail due to such a cause is shown by the fact 
that, while the wave-lengths of successive maxima or 
minima when substituted in an interference formula 
(1/Xj—1/X$) = 1/2 nz, where z is the thickness of the crystal 
film, give a series of values for n, the refractive index of 
the material, which indicate the general course of the X, n 
curve, the experimental points lie very raggedly about the 
mean, having divergencies considerably greater than would 
be expected solely from error in observation* This must 
imply that the bands found are due to the superposition of 
interference fringes npon a real variation in intensity cansed 
by selective absorption at particular wave-lengths. It may 
be remarked that the greatest raggedness occurs about 
X as 11*3 fiy where there is known to be an intense absorption 
band for waves having any component of their electric 
vector along the axis of the crystal, and it is reasonable to 
suppose that other gross divergencies from the mean line are 
similarly due to the presence of real absorption. 

Accordingly some method was sought by w f hich the true 
absorption could be differentiated from interference effects. 
The immediately obvious one of using thicker slices of the 
absorbing material, thereby causing the interference bands 
to become finer and less pronounced and the absorption 
bands to be intensified, did not appear practicable owing to the 
fact that general absorption usually masked the whole when 
thicker slices were employed, the more particularly because 
in the most debatable region from 8^ to 14 fi the spectral 
energy is very weak. In the following pages is described 
a method, based on polarization of the infra-red radiation 
by the absorbing crystal itself, by which the desired analysis 
has been effected. 


Method . 

The three fundamental frequencies of vibration in car¬ 
bonates, which are active in absorbing radiation <S) {L e. which 
involve a periodic variation of the electric moment of the 
C0 3 group), lie at wave-lengths of about 7/*, 11 /*, and 
14 fi (4 \ and are polarized with the electric vector of the first 
and last perpendicular to, that of the other parallel to, the 
the optic axis. If, therefore, a thin slice of crystal be cut 
parallel to the optic axis, radiation of wave-length approxi¬ 
mating to any oc these fundamentals will, on transmission 
normally to the slice, suffer partial absorption, and the 
transmitted beam will be more or less polarized with 
the electric vector at right angles to that of the particular 
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vibration concerned in the absorption. Clearly, if such 
radiation be now allowed to fall upon a second crystal 
similarly cut. the final intensity of the transmitted beam 
will depend upon the angle $ at which the optic axis of the 
second crystal is disposed relatively to that of the first, being 
a maximum when the axes are parallel and a minimum 
when they are perpendicular. In short, the two crystals 
will behave in the infra-red region at the appropriate wave- 



40 80 IZO m ?00 £40^80 320 360 
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lengths, just as two crystals of tourmaline do in the visible, 
the first acting as a polarizer, the second as an analyser. 

To test this the author examined the behaviour of two 
pieces of caicite 0 - l mm. and 0 05 mm. thick respectively, 
which were cut parallel to the optic axis. Observed under 
crossed nicols in sodintn light the orientation of the 
crystals appeared to be perfectly accurate, so far as could 
be judged by eye from the character of the interference 
brushes. 
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The crystals were mounted in brass holders, and one was 
arranged so as to rotate* with great precision some 1 mm. 
or so in front of the second crystal, of which the setting was 
fixed. Both crystals were then mounted in the sliding 
crystal holder of a spectrometric apparatus already de¬ 
scribed in previous papersand the ratio of the intensity 
It of the transmitted beam to 1$, that of the incident beam, 
was measured for different values of $, using only radiation 
of one particular wave-length. It should be mentioned that 
each crystal was provided with a circular stop to limit the 
width of the beam, and the stop of the fixed crystal was 
smaller than that of the rotating crystal, both stops, however, 
being carefully centred about the axis of rotation. This 
axis was normal to both crystal slices, and coincided with 



the central ray of the cone of radiation passing through 
them. The slices were ground accurately plane-parallel, 
and therefore, with the above precautions, any observed 
variation with 8 of the intensity of the transmitted beam 
must of necessity be ascribed to polarization effects. 

The experimental values of the ratio I*/I 0 for three 
different values of X, each in the neighbourhood of an 
absorption band, are plotted in figs, X to 3, against 
the reading of the pointer on the divided circle bearing the 
rotating crystal. The angle at which I#/I& becomes a 
maximum, is the same in each case, and I#/1© goes through 
a complete cycle in 180° of arc. If I</Io be plotted against 
cos*(ft—f} m ) a straight line is obtained (figs, la to 3a), 

♦ For the ham of a suitably divided circle I am indebted to Dr. W* 
A. Wooster of the Mineralogical Department here. 
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indicating the character of the relation which exists between 
It and 6y where 6 = {$— 0 m )* As will be shown, this 
relationship is demanded by theory, and is a proof that the 
effect is due to polarization of the radiation by the crystals, 
and, moreover, it will be seen that the effect may be used 
for obtaining a solution of the problem in band. 

Consider the passage of a beam of monochromatic 
radiation of incident intensity 21# throngh the crystals 
along the axis of rotation of the movable specimen. 
The oeam is supposed to be unpolarized, and the direction 
of the electric vector is therefore a random one. There 
must then be an even distribution of the components of the 
electric vectors resolved parallel and perpendicular to 
the optic axis of the first crystal, so that the intensities 
of the radiation polarized in these two directions must be 
equal, and given by I 0 . The absorption and reflexion 
coefficients of the crystal for these two portions of the 
incident beam are not, however, the same ; they may be 
written as a x and It* parallel to, and % and 11 2 perpendicular 
to, the optic axis. Treating each part separately, and taking 
into account only the first two terms of the series of 
multiply reflected beams which are produced, and which 
can reinforce or interfere with each other, the intensity I 
of each part after transmission is, following the method of 
a previous paper a) , given bv an expression 

I as 1 j -f I s -h 2 cos 

where Ij is the direct and J 2 the intensity of the twice 
reflected beam, and <f> is the angle of the phase difference 
between them. As before (1) 

Ii - Io(l-R}*e-- 

h = Io(l~R) 2 R 2 *- w , 

where z is the thickness of the crystal slice, whence 

I » 2Rco9 4*-*"), 

which, as R is dependent upon a and upon n the refractive 
index, which is itself an implicit function of «, may for 
brevity be written (<f> also being a function of n), 

I as I 0 . F(« 1 , z) parallel to the optic axis, 

and 


I = I 0 .F(oj, z) perpendicular to the optic axis. 
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*■ 

Now consider these two portions of the transmitted beam, 
when incident upon the second crystal, of which the optic 
axis is inclined at an angle 0 to that of the first. As there 
is a random distribution of phase between the two portions 
of the beam transmitted through the first crystal, the equi¬ 
valent intensities of the components obtained by resolving 
the electric vectors parallel to and perpendicular to the 
optic axis of the second, may be expressed by squaring and 
adding the amplitudes resolved in the appropriate directions, 
so that 


I = I 0 . F(*i, z t ) cos* 0 +1 0 . F («s, *j) sin 3 0 

parallel to the optic axis, 

and 

3* as I 0 . F(« 1} z t ) sin 2 0 + Io. F(«a, z t ) cos 2 0 

perpendicular to the axis. 

After transmission through the second crystal these parts 
have intensities given by I,. F(<*i, r 2 ) and l s ,F(a a , z 3 ) 
respectively, and since the random distribution of phase 
is still preserved the total intensity of the transmitted beam 
of radiation is given by 

I? = Io[{(«i! *i) • F(*i. -s) + F(«j, Cj) . F(«j, r s )}cos 2 0 

+ {F(oj, z{) . F(«„ z 2 ) + F(aj, £j). F(« 2 , £ 2 )} sin 2 0~\. 
If «i = a, this reduces to 

I< = 2I 0 .F(«, Sl ).F(«, *,), 

so that the intensity is therefore independent of 0. 

If, however, this becomes, on making the sub¬ 

stitution sin 3 0 = 1— cos 2 0, 

I t = 2I 0 (A + B cos 2 0), 

where A and B are functions of the as and z’s. That is to 
say, the intensity varies as cos - 0, which is, in fact, the 
relation that was found experimentally (cf. figs, 1 a-3a), and 
this is a definite proof that the effect observed is indeed 
due to partial polarization of the radiation on transmission 
through a plate of calcite cut parallel to the optic axis. 
Having verified this, the expression for I< may be used 
to discover the presence of true absorption as distinct 
from decrease in intensity due to interference fringes. 
The importance of the expression is that it gives a value 
for I<, which is independent of 0 so long as *j = * 2 , but if 
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this condition be not fulfilled, I t passes through maxi¬ 
mum and minimum values as 6 varies from 0 to 2. The 
expression is cumbrous, and must be simplified by neglecting 
the terms due to multiply reflected beams. F{«, z) is then 
replaced by the approximation «-•■*, and if the further 
simplification be made that the two crystals are of equal 
thickness, so that Sj as z 3 , 

I, = I 0 { cos 2 0 -f 2<r <•■+•*>' sin 2 8}. 

The maximum value of I< occurs when 6 as 0, the minimum 
when 6 as w/2, so that 

I, (max.)/I,(min.) = (e~ 2aiS:+ e~ 2, ^)/2e~ ia ' +Q ^ )x 

or 

It(max.)/I((min.) = ^{e~ <a i'°= ) *+r a >~“= ) *J.. . . 


Fig. 4. 





This ratio is a maximum when (*i — «*) is either a maximum 
or a minimum, and is unity so long as a t as <*,. If experi¬ 
mental curves be constructed to snow the variation of this 
ratio for different wave-lengths throughout the spectrum, 
they will indicate clearly the absorption bands by maxima 
of If(roax.)/l*(min.), and by this means true absorption may 
be differentiated from the spurious variation in the intensity 
of the transmitted beam produced by interference within 
each crystal slice. 

Using the two pieces of calcite already examined, such 
a curve was obtained experimentally, and it shows the three 
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fundamentals at 7 /x, 11/x, and 14 /x, together with some 
other bands (fig, 4). In order to try to amplify the effect 
at the less pronounced maxima* two thicker pieces of calcite 
0*65 mm* thick were ground and polished * and the curve 
re-determined by their aid. At wave-lengths greater than 
6 /a this was not possible, however* as the opacity of the 
material became too great to allow of making accurate 
measurements of the transmitted intensity. 

On comparison of fig, 4, with the results given by 
Schaefer, Bormuth, and Matossi (2) for the bands found in 
the absorption spectrum of calcite, it will be seen that a 
number of lines which they attributed to combination tones, 
but which Taylor and Rideal u> showed were really due 
to interference, are eliminated, and the number of bauds 
which remain to be explained in terms of combination tones 
is much smaller than before. Previously, Schaefer assumed 
that the inactive frequency predicted from mathematical 
analysis (8) , t. <?. the frequency of symmetrical expansion and 
contraction of the CO$ group, which involves no alteration 
in electric moment, is, nevertheless, active when combined 
with other frequencies ; in other words, though itself it is 
not connected with any variation of electric moment, merely 
referring to a mechanical vibration of frequency v 0 , yet it 
develops an effective variation of electric moment of the 
same frequency when combined with other active vibrations. 
Schaefer states that without this assumption it is impossible 
to account for the whole of the observed spectrum. Even 
so, his observed and calculated wave-lengths do not agree 
to any very high order of accuracy, and, as the following 
table shows, equally good correspondence may be obtained 
without making use of the inactive frequency Only 
those frequencies are shown in this table which are verified 
by the method described (<*/. fig. 4). 


Table of Frequencies. 


Nature of bend. Observed X. 

Fundamental.. 94 /t 

Fundamental.. 55/* 

Fundamental... 30/* 


Observed 

1/A. 

Origin. 

Calculated 

i/x. 

0*0106 

y* r 

— 

00182 

v” 

— 

0*0333 

V* 

— 


* For which I am indebted to the Department of Mineralogy in 
Cambridge. 
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Table of Frequencies (continued). 


Nature of band. 

Observed A* 

Observed 

1/X* 

Origin. 

Calculated 

1/X- * 4 

Fundamental.—*• 

.... 14*16/* 
12*9/* 

00706 

0077 


0*078 

Fundamental..- 

.... 11-38#. 

0*088 

*3 

0-098 


10*4 /* 

0-096 

v g 4V" 


9 *5/i 

0105 

+ 

0*106 


8 47 /* 

0*118 


0*122 

Fundamental.. .... 

r 6-7,. 

- \ TO? 

0-143 

0149 


— 


6*3/1 

0*159 


0159 


6*0/* 

0167 

P-* 

Vi+V 

J 0 161 
10*167 


5*54 /* 

0*181 

v t 4*t ,f 

f 0*176 

\om 


/ 4*64 /» 

\ 4*50 /* 

0*216 

0*22*2 

4- 

j 0*213 

1 0*220 


f 3*93/* 

\ 3*87/* 

0*255 

0*259 

2*' 1 — 

f 0*255 
\ 0*265 

First Harmonic. 

f 3*47/* 
*•*1 3*36/* 

0*289 

0*298 


f 0 286 
te*298 


f 3*10/4 

1 3*04/* 

oo 

ti Co 

SB 

2v t +v 

JO 319 
\0*33i 


f 2*78/1 
\ 2*74/* 

0360 

0 365 

24^4-V'a 

J 0357 

\ 0*307 


j 2*53/* 

\ 2*50/* 

0-395 

0-400 


f 0*390 

10*402 

Second Harmonic .... 

f 2*33/* 

0-430 

0-435 


/ 0*429 
10*447 


The criticisms which may be made of the table are 
sufficiently obvious, but it may be noted that a great many 
possible combinations would fall about the region 6 to 7/* 
and are therefore not separately observable; but it may be that 
their presence contributes to the great depth and brea h 
of the absorption band at this point, which is exceptionally 
intense for a single “ line, ’ even though a fundamental lies 
within the limits of the band. One other point of interest 
is concerned with the band at 3;V, which Schaefer explains 
as being due to the combination v x 4- v & , and which should 
tberefoil have the same structure as 2v, which falls at 3‘4 a. 
In the above table it is suggested that it is formed by 
2v —v' but it is also possible that vi + Vi+v* contributes to 
production of the band. Such a superposition would 
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mask the sharpness of the doublet; structure associated with 
p t9 and this is in agreement with observation* for throughout 
the series of carbonates the band at 3*9 ft is unresolved, 
only the merest suggestion of a doublet being given by 
Schaefer’s curves {S) , in contrast to that at 3*4 /*, which is 
a very clearly defined doublet. 

At the same time a very awkward detail is that of the 
relative intensities of the bands at 3*9 /* and 3*1 ft, that 
which in the above table is supposed to be due to 2iq~V 
being very strong, whereas that due to 2v i +v t is com- 
pamtively weak. It is not claimed that the suggestions 
embodied in the above table are in any sense final, because 
it is impossible to expect exact numerical agreement between 
calculated and observed values, so long as a correction 
analogous to that found by Kratzer (6) in the overtones of 
gaseous molecules is neglected* as has perforce been the 
ease in this paper. 


Summary . 

The experiments have shown that infra-red rays are 
partially polarized bv transmission through thin plates of 
calcite cut parallel to the optic axis, and such polarization 
effects have been used to determine which of the bands 
observed in the absorption spectrum of calcite really corre¬ 
spond to maxima of absorption, and which are merely 
spurious and due to interference effects. It is also suggested 
that the spectrum can be explained without assuming the 
inactive frequency to be active in combination. 

The apparatus used was that described in previous 
papers m . My thanks are specially due to Dr. E. K. Rideal 
for his continued interest and encouragement. 

The Laboratory of Physical Chemistry, 

The University of Cambridge. 

March 1928. 
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VII* A Method of Calculation suitable in certain Physical 
Problems * By T* J. I 5 a* Bromwich # * 

[N certain physical problems, there are many examples of 


JL pairs of quantities (say af, y) which are connected by 
a relation of the type 

{ 1 } 

A and n being constants (independent ofy). 

Naturally one would usually reduce such a formula as (1) 
to the logarithmic form 

logy—log A + nlogar.(2) 


for the purposes of numerical work. 

But, during 1918, I was placed in the position of having 
to make many calculations of this kind ; and the conditions 
were such that # and y could not differ greatly from certain 
standard values # 0 and y 0 , After some experience in the 
actual work of the calculations, I convinced myself that 
a more accurate (as w'ell as a more rapid) method was to 
calculate the value of the difference (y — y 0 ) in terms of 
(a? «r 0 ). 

Having recently learned that this transformation could 
be used with great advantage (in a totally different problem), 
it has seemed worth while to write out a short account of 
my method, with the hope that it may prove as useful 
to other calculators as it has been to myself. 

Write, for brevity, 

(x-x 0 )l*o=t> (tf— i^«)/yo=» - ... (3) 


Then the equation (1) leads to 

yl!/o-(*,%)* .(4) 

or l+t?=«(l+<)*.(5) 


Thus, using the binominal theorem, we have, from (5), 

»=n« + £tt(»—l)i’+.(6) 

For such problems as can be bandied conveniently by this 
method, t is so small that t* may safely be neglected (and in 
many cases t 1 is also negligible). 


* Communicated by the Author. 
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Thus we can write 

n=nf{l + i(n— 1 )<} . .... { 1 ) 

or 

y — y Q s=k{x— ar 0 ){l —(* —■ * * (®) 


where we bare written 

A= nyo/xo, 


Xj * 2^(1 ™ n) j 


. • (9) 


these values being independent of x, y. 

To illastrate the actual working of the method, let ns 
take an idealised example of the actna.1 problem with which 
I was concerned in 1918 : that is, the “ adjustment of 
cordite charges. Without giving exact values, the naval 
15-inch guns (in 1914-1918) may be represented by taking y 0 
to be a charge of 420 lb. and * 0 to be a velocity of 2400 f./s. 
For M.D. cordite the index n may be taken to be —Iv/i 
(with four-fignre accnracy). 

Thns from (9) we find that 





Xj = 2000 f./s. (roughly). . (10) 


To complete the illustration, let us consider the adjustments 
necessary for differences of velocity .r-a: 0 = ± 50 f./s. 

Then (8) gives on substitution from (10) 

. r _ Xo = + 50 f./s., 12-2 lb. 

and —50 f./s., y-yo= + 12 '8 lb. 


That is, in the practical forms, 

x=2450 f./s., y =407 lb. 12oz. 

x=2350 f./s., y =432 lb. 12oz.* 




Again, if x-a? 0 = ±20 f./s., the second-order 
egligible and the adjustment is simply +5 lb. 


terms 


are 


* With lame charges the results are only worked out to the nearest 
t lb 4 ozh The meaning of the last line (for example) is that, if 
t ch,^ of 420 lb gives a vefocity ot 2350 f./s., then 482 lb. 12 oz. shot;U 
give 2400 f./s. But so large a correction as 60 f./s. would not usual y 
be made without further tmng-proofs. 


H 2 
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VIII. Some Problems in Electrical Machine Design involving 
Elliptic Functions. By R. T. Oob, M.A ,, M.Sc.Tech., 
A.M.I.E.E., and H. W. Taylor, M.I.E.E.* 

Summary. 

I N this paper the anthors investigate four problems, 
three concerning the air-gap flux-distribution of a 
machine for various conditions of slotting and grooving on 
one side of the gap, and the other concerning the temperature 
distribution in the insnlation between two conductors and 
the sides of a slot. The former have special reference 
to the subject of pole-face losses, and experimental results 
available for one of the cases considered are found to be in 
satisfactory agreement with the theoretical results obtained. 

These four problems, which can all be treated as two- 
dimensional, are dealt with by the method of conformal 
transformation, and, by considering symmetrical figures, the 
results are obtained in the form of equations involving 
elliptic functions. 

By a systematic treatment the anthors show how 
numerical results may be calculated from such expressions 
without the difficulties usually associated with elliptic 
functions. 

The results are collected together in the form of curves 
ready for immediate application to any particular problem. 

Synopsis. 

I. Introduction. 

II. The Variation of Flux-Density on a smooth Pole-face 
opposite a Succession of Open Slots. 

(a) Analysis of Problem. 

(£) Practical Deductions. 

(i.) Maximum, Minimum, and Mean Flux-densities 
on smooth Pole-face. 

(ii.) The Gap Coefficient K f . 

(iii.) Calculation of Flux-density Variation along 
smooth Pole-face. 

• Communicated by Sir Richard T. Glazebroek, K.C.B., F R.8. 
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III, The Flux- Distribution associated with a Slot of Finite 
Depth. 

(a) Analysis of Problem. 

( b ) Practical Deductions. 

(i.) Flux-Density at Centre of Slot Bottom. 

(ii.) Effective Width of Slot. 

(iii.) Gap Coefficient K, for Repeated Slots, 

IY. The Temperature indicated by an Embedded Tempera¬ 
ture Detector placed between the two Layers of 
Conductors in a large Stator Winding. 

V. The Flux-Distribution associated with a Grooved Pole- 
face. 

(a) Analysis of Problem. 

(b) Practical Deductions. 

(i.) Flux Density on Grooved Surface. 

(ii.) The Additional Gap Length equivalent to the 
Grooves. 

(iii.) Gap Coefficient K g for Air-gap of finite length. 


I. Introduction. 

The writing of this paper arose, in the first place, out of a 
consideration of the flux-distribution in the air-gap between 
a smooth pole-face and a succession of open slots, lfce 
mathematical analysis of this problem has already been given 
by F W. Garter in a recent paper % and he shows that the 
solution involves elliptic functions having two parameters 
which depend on the relative dimensions of the slot, tooth, 
and gap. He also indicates the difficulty that arises in 
choosing suitable values of these parameters to correspond 

to any given dimensions* . - , 

By a systematic treatment the authors of the present 
paper show how numerical results can be obtained. Values 
of two parameters which fix the relative dimensions of the 
slot tooth and gap are determined for a large number of 
particular* cases, and hence the values of quantities required 
are calculated over the whole practical range. 

In addition to the above problem, three other problems in 
electrical machine design are investigated by the methods 
developed. 

I F. W. Carter, ‘‘Th. Maguetic Reld of the Dynamo Electric 

Machine,” Journal L E. R. lmv. p. 1117 (1928)- 
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II. The Vakiation of Flux-Densitt on a smooth Pole- 
face opposite a Succession of Open Slots. 

(a) A nali/sis of Problem . 

A knowledge of the manner in which the flux-density 
varies on a smooth pole-face opposite a succession of open 
slots is of interest in connexion with a study of pole-face 
losses. In some cases large fluctuations are possible in this 
flux-density, and the resulting eddy currents set up in the 
surface skin of the pole-face may cause considerable heating. 
A particular case in point is that of the solid pole-face of 
turbo-alternator rotors. 

It will be shown later that for practical purposes the 
variation in pole-face flux-density can be taken as sinusoidal 
between a maximum value Bj under the centre of a tooth 
and a minimum value Bj under the centre of a slot. ^ ~ 

To give some useful information as to the way in which the 
magnitude of this flux ripple depends on the ratio of slot 
opening to gap length, and also on the ratio of slot opening 
to tooth width, the authors have made calculations over a 

range of values of - from 0 to 3 and - from 0 to 5, 

9 1 

where 9 =gap length, 

*=slot width, 
and t —tooth width. 

Most practical cases will be within the above range. 

The problem can be considered as two-dimensional and 
is solved by the method of conformal transformation. 

The most convenient transformation for the first part of 
the problem is that used by F. W. Carter, since by making 
suitable changes in the form of the resulting equations 
the calculations can be made almost entirely from existing 
tables of Elliptic Functions. Since this same transformation 
is modified for use in several other problems dealt with later 
in the present paper, it is developed briefly below in a form 
particularly suited for calculation purposes. 

The method of conformal transformation as applied to 
the solution of such a problem in two dimensions may be 
regarded as a means of relating the field in a simplified figure 
representing the problem in a plane called the z plane to a 
portion of a uniform rectangular field in a plane called the 
X plane. 
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If x and y are the coordinates of a point in the z plane, 
s is taken as the complex quantity x+jy, and if $ and are 
the amounts of magnetic potential and flux associated with 
the given point, then % is taken either as ^r+j<f> or 
according to whether the flux lines in the uniform field are 
to be vertical or horizontal. 

The flux-density at any point is given by the differential 
coefficient ^ at that point. 


The transformation betw een z and x is made through one 
or more intermediate variables £, f,, etc., each of which 
represents a flux-distribution in a plane. Points in the 
various planes are represented by the complex quantities 
+fat £ 1 —+JV \, etc. 

Since the only figures considered have straight line 
boundaries, the Schwarz transformation theorem can be 
employed to obtain the relation between successive variables. 
The Schwarz transformation theorem gives the values of the 


differential coefficients ~^ , etc., while the constants of 

af a£i 

integration that arise are evaluated from the various boun¬ 
dary conditions of the problem. It is generally best to 
express both z and % in terms of £ rather than consider the 
very complicated direct relation between them. 

Since the process of integration is considerably simplified 
by considering asymmetrical figure in the ~ plane, the figure 
considered in the given problem is taken as the smallest 
repeating section of the air-gap field together with its 
image relative to the smooth pole-face, as indicated by 
OABCDOjBiA! in fig. 1. 

The point O is taken as the origin of the z plane and 
made to correspond to the origin of the t plan©, while the 
pairs of points A and Aj» B and C and C t , D and Di 


are made to correspond to the values of £ = ± 1, ± ± p 

and ±oo respectively. 1 

By the Schwarz theorem the transformation from the 
z plane to the J plane is given by 


dz k (1 

It ~ A Fi7f)F ¥)* . 


* 






whence 
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Potting £=snp to modulus k 

and 4i as t so • to modulus i, 

jSgjHO...)}. ... (3) 

Using the fact that there is a sudden increase in z o£ 


Fig. 1. 



Flax-distribution in an air-gap uniformly slotted on one side. 

amount as f increases through the value ~ on its real 
axis we obtain from equation (2) 

. t snadna ,, N 


7T cn a 


Also using the fact that z**g+j | when £*■ ^, 

**4 r* {< ! ? + ^')( 1 -^r) ^=3r. m} > 
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whence equating real and imaginary parts and substituting 
for A from equation (4), 


and 


9, 

< 


K/ snatdna 
ir \ cn a 




2K' 

/snadn< 

w * 

l cn a. 


-Z(«))- 


K' 


- * (5) 

- - (6) 


The elliptic functions in the above expressions are all to 
modulus k. 

Equations (5) and (6) determine the relation between 
9 and - on the one hand and k and * or their equivalents 
on the other. 

For the purpose of numerical calculation, it is preferable 
to deal with the modular angle 0 and the amplitude angle <f> 
of the first elliptic integral involved in the above equations. 
These are defined by the relations 


and 


£=sin0 

k x —k gna=i sin <f>, 


so that equations (5) and (6) become 

9 = — (tan^cosdi—Z(*)) . . 

$ 7T 


and 


where 

and 


* = ^(tan*cos0 a -Z(«))-^, 

0 l =arc sin k x *= arc sin (sin dsin <f>) 

r° m F(ft.fl) 

90 ~ K K * 


. (7) 

. (8) 


The chief difficulty in using the above results lies in the 
fact that we usually wish to investigate a problem for which 

the values of - and are specified, and this requires 
9 * * 

recourse to the method ef cross plotting in order to 
determine corresponding values of 0 and if>. 

By the method outlined below, the authors have found 
the values of 0 and <f> as given in Table I. for a large 

number of cases in the range of - from 0 to 3 and * from 

0 80 5. 9 * 
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Values * and ~ were calculated from equations (7) and 
9 

(8) for a number of values 8 and r°, the intermediate 

Table I. 

Values of $ and <f> in degrees for Problem of Slots 
opposite smooth Pole-face. 


f 


0*5. 

0*75. 

1 *0. 

1*5. 

2 *0. 

2*5. 

3U 

-*=0 


... 0 

0 

0 

0 

0 

0 

0 

t 


... 76*0 

69-5 

63*4 

53*1 

45*0 

38*6 

337 


re... 

... 33-2 

137 

565 

1*03 

0 195 

—> 

— 


If-- 

... 77*9 

697 

63*6 

53*13 

450 

— 

- . 

- —0*5 

f«... 

... 65*1 

421 

26*9 

10*9 

4*50 

1*90 

0*82 

t 


... 81*1 

72*2 

647 

53*3 

45*0 

38-6 

33*7 

| —0'75 


... 77*3 
... 84*0 

59*5 

72*5 

43*8 

67*1 

23*4 

543 

12*8 

45*4 

7*18 

38*8 

4*10 

337 


{ 0 ~ 

... 82*7 
... 85*8 

68*7 

77*8 

54*9 

69*3 

34*2 

55*6 

21*4 

46*0 

13*6 

39*1 

8*70 

33*9 

- =1*25 

W *** 

... 85*0 
... 88*6 

743 

79*5 

622 

71*4 

42*4 

57*1 

291 

469 

203 

396 

143 

341 

$ _ 

r0 ... 

... 86*2 

77*8 

67*5 

491 

35*0 

256 

20 5 


If — 

... 87*3 

81*0 

729 

58*6 

47*9 

40 1 

347 

& n.A 


... 87*9 

81*9 

74*1 

57*7 

449 

35*4 

29*4 

t^ 20 

if- 

... 88*1 

83*0 

75*3 

60*9 

49*7 

41*4 

35*5 


p... 


85*4 

79*4 

67*2 

56*7 

48*2 

41*7 

- =3*0 

tf- 

... — 

84*8 

78*1 

64*5 

52*7 

44*0 

37*5 

8 ^ 

p... 

—■ 

87*5 

83*8 

75*3 

674 

607 

55*5 

1 M 


... — 

86*1 

80*7 

68*2 

56*7 

47*6 

40*6 


quantities <b and Z(»), being obtained directly by reference 
to the “Smithsonian” Tables of Elliptic Functions *. 


Curves were drawn giving 8, 4>, and - plotted against 

9 * 

for a number of values of r° and from values obtained from 


* “Smithsonian” Mathematical Formula and Tables of Elliptic 
Functions. Smithsonian Publication 2672. 
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these curves further curves were drawn giving 6 and <f> 

against — for a number of values of 

Having determined the relation between the a and £ 
planes we now turn to that between the £ plane and % plane, 
the latter representing a uniform field. 

Since both the potential difference and amount of flux 
associated with the problem figure are finite, theupper-half 
of the £ plane is transformed into a finite portion of the 

uniform v plane as indicated in fig. 1. , , 

Te preserve similarity between the figures m the various 
planes, the flux lines in the X P lane are made honzontal 
so that 

x-Q+j'f'- 

The transformation from the £ to the % plane is given by 

d % B 
rf£ 


(9) 


=BF(£,li). . (10) 


(WW-li’S 8 )*' 

Making the origins of the two planes correspond 

t> f< d S _ 

* =B 1 

Using the fad that when f= 1, x = *o the potential difference 
across the gap, we obtain 

B-i» .(“I 

From equations (1), (i), (9), and (11) the flna-density at 
any point is given by 

d X _ d X _ *£[ cn * (1-P sn*a. £*)* 
dz ~ d£ * dz _ sn a dn a (I—&*$*)* 

<t> 0 K /. cn«Z(»)\ (l-Psn’g Jgt 

= gXK 1 { 1 -^r«) (i-w^ 

where & is the flux-density that would exist in a uniform 

gap of the given length and with the given potential 

difference across it. 

In the form best suited for calculation 


dz 


■t'hi 1 - 


Z(») 

tan £cos 


) \ P- -*' 

is ej (i—si 


sin* $i • £*)* 
sin* 0 . £*)* * 


( 1 ») 
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(b) Practical Deduction*. 

(i.) Maximum, Minimum, and Mean Flux-densities on smooth 
Pole-face. 

The maximum flux-density B, on the smooth pole-face 
occurs opposite the middle of a tooth where £=0. From 
equation (13) 

B_ 


9 X K, 


( l - 


-)• . • . (1*) 


tan cos 0 i j 

The minimum flux-density, B*, occurs opposite the middle of 
a slot where £=* 1 and is given by 


B s = £?x 


r,(' 


Z(«) 


tan 4 > cos 6 




(15) 


9 

=Bj sin <(> 

From equations (10) and (11) the increase in % as f 
increases from 1 to ~ is . This gives the flux per 

half-tooth pitch, so that 


Mean flux-density B, 


A K,' 

+°Kr 


s + t 
£ 


4>o 


Kj' 


2 - 

t * __ 

“ *■ 
$ 


(16) 


The values of B„ B„ and B m are given in Table II., these 
having been calculated at the same time as the values 
of 0 and tf> for Table I. The variation of maximum and 

minimum flux-densities with - are shown in fig. 2 for the 

9 

three cases where ~ =0, 1*0, and 2*0 respectively. For the 
% 

sake of completeness, values have been included in Table II. 
for the limiting case where * — so, t. <?., where the tooth has 
zero width. In this case 


B, 


B, 


4o 


$0 


ptr 

s 


Ki tanh^ 

s 

s 


9 K,' 
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Table II. 

Values o£ maximum flux-density B to minimum flux-density 
B„ and mean flux-density B», on smooth pole-face as 
percentages o£ flux-density in uniform gap. 


0*25. 05. 0‘76. 1-0. 1’5. 24). 25. 3*0. 




(B 

\l 


B. lOOO 100-0 100-0 100-0 100-0 1000 100-0 ioo<> 
B| .. 97-0 93-7 89-5 80-0 70-7 625 55-5 


B 2 100-0 100-0 100-0 100-0 100-0 100-0 100-0 100-0 


* =025 | 

. 

B 3 «**•»• 
. 

99*2 
99-1 
. 99*2 

995 

97*0 

98*4 

99*7 

935 

97*7 

99-9 10(H) 100-0 100-0 
89-5 804) 70-7 62-5 

970 95-6 944 934 

100*0 

55*5 

92*5 

If* 

o 

n 

60 ■** 

B,. 

. 98*8 

* fi 

♦ if 

981 

90-8 

976 

98*1 

93*4 

96*1 

98-9 

88-4 

94 "9 

99*5 

80*0 

92*6 

99*9 

70*7 

90*6 

1000 

625 

89*0 

100*0 

55*5 

87*8 

{ 

Sr 

B m . 

* 98 4 

* !» 

* 

97*0 

96*5 

968 

96*4 

93*2 

951 

97*1 

89*3 

935 

98*5 

80*0 

90*5 

99*2 

70*7 

87*9 

99-7 

62-5 

85-7 

99*9 

55*5 

83*9 

;- w { 

1. 

B s . 

. 981 

>• ** 

*• *j 

96*3 

96*0 

96*2 

950 

9:1-0 

94-3 

95*3 

89*2 

923 

96-8 

79-8 

891 

98*3 

70*7 

86*0 

99*1 

62*5 

83*3 

99*7 

55*5 

81*4 

£ sl-85 j 

I;:::: 

.. 97*8 

95-7 

95-5 

93-6 

94*2 

92*7 

93*4 

93*9 

89*1 

9t*4 

95-2 

79-8 

87-7 

96*6 

700 

84*5 

98*0 

62*5 

81*5 

98*9 

55*5 

79*1 


1 B w .... 

.. 97-5 

*. *» 

.. *t 

951 

M 

93*5 

92*4 

92*7 

92*6 

88*7 

90*4 

93-6 

79-8 

86-5 

95-2 

70-6 

831 

96*9 

6*2*5 

80*0 

98*1 

55*5 

77*3 

? —20 

f|- • 

Ifc::: 

... 97-2 

... 1) 

>»* ft 

94*5 

»* 

925 

91*7 

91*9 

91*1 

88*4 

89*5 

91*1 

79*7 

85*1 

92*7 

70*5 

81*2 

94*3 

62*5 

77*8 

95*7 

55*5 

74*7 

- =3-0 
* 


... 98*8 

• «* »» 

* * * IS 

93*8 

»» 

** 

912 

90*7 

90*9 

89*1 

87*2 

88*2 

87*7 

79*0 

83*3 

88*4 

70*2 

78*9 

89*9 

62*4 

75*0 

91*2 

55*5 

71*8 

^-50 

ift= 

... 96*4 

*•* M 

'•*» 1> 

930 

»♦ 

»t 

89*7 

89*5 

89*6 

87*1 

85*7 

86*5 

84*2 

77*5 

81*1 

83*5 

69*6 

76*3 

84*1 

62*1 

72*3 

85*4 

55*4 

69*2 

• 

fBi.« 

It. 

... 94*7 

*“ » 

.... tt 

«9-e 

» 

ft 

85*8 

*» 

H 

82*0 

81*7 

81*9 

76*3 

744) 

75*2 

72*5 

66*5 

69*8 

70*0 

89*6 

64*5 

69*1 

53*9 

60*8 
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and 

where K* is the complete first elliptic integral to modulus 


k l =sn *=tanh —. 


Fig. 2. 



Curves giving maximum And minimum flux-densities on smooth 
pole-face opposite a succession of open slots. 

In practice it is the mean flux-density in the air-gap that 
is known, and so it is desirable to give the total variation 
of flax-density on the smooth pole-face dne to the opposing 
slots as a factor or percentage of the mean flux-density. 
The curves of flg. 3 have therefore been calculated from 
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g _g 

Table II. and show the way in which ™—- expressed as 

| 

a percentage varies with the ratio - for a number of values 


°f-;. 


Assuming the flux variation to be sinusoidal, the pole-face 
eddy-current loss will be proportional to the square of the 
total variation between the maximum and minimum values. 


Fig. 3. 



Curves giving total variation of flux-density on smooth pole-face 
as percentage of mean flux-density. 


The curves of fig. 4 show the way in which the pole-face 
eddy-current loss varies with the ratio - for various values 
of -, the mean gap flux-density, the slot pitch, and the rela¬ 
tive velocity between the slots and pole-face being assumed 
to be constant. It is seen that for any given value of ^ 
the pole-face loss is negligible up to a certain value of 
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~ »nd then Increases very rapidly. Thns, for instance, if the 
ratio - is increased from 0*8 to 1*2 by shortening the air- 
gap of a machine the eddy-current pole-face loss will be 
increased by an average of eight times for values of j between 
0*5 and 1*0. It is therefore important to keep down the 
value of the ratio - if a small pole-face loss is required. 


Fig. 4. 



There is usually a limit to the extent by which the 

ratio ^ can be reduced either by decreasing the slot width 

or by increasing the length of the gap, and so a knowledge 

of the critical value of - shown by the above results is of 

9 

some importance to electrical machine designers. 
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Experimental confirmation of tbe above theoretical results 
for a particular ratio of slot to tooth width is obtained from 
test# carried out by T. F. Wall and S. P. Smith * with the 
particular object of investigating pole-face losses due to 
armature teeth. Tbe particular machine on which tests 
were made had open slots, the ratio of slot width to tooth 
width being 0*72. The pole-face loss was measured with 
the machine on no load for various lengths of air-gap, the 
mean gap flax-density being maintained at the same value 
in each case. From results obtained over a range of 


values of - from 1*2 to 4*8 it was deduced that the losses 
9 /,\fr5 

were proportional to 1 . 

This result may be compared with that for the theoretical 
case considered where * =0*75. The amplitude of the flux 


ripple, as given by the appropriate curve of fig. 3, is found 

to be proportional to over the range of - from 1*2 

to 3. The eddy-current pole-face loss, which is proportional 
to the square of this variation in flux-density, is, therefore, 

proportional to . The hysteresis loss will only be a 

small fraction of the eddy-current loss, and so the agreement 
mast be regarded as very satisfactory. 

In an actual machine there is considerable difficulty in the 
way of separating the pole-face loss from the other losses. 
General experience, however, supports the above conclusions 


that, beyond a certain value of tbe pole-face losses may 
become excessive. 


(ii.) The Gap Coefficient K,. 

By the gap coefficient is meant the ratio of the length of 
tbe equivalent unslotted gap to the length of the actual 
gap, the equivalent gap being such that for a flux-density 
equal to the mean flax-density in the actual gap the same 
potential difference is required across it. 


* T. F. Wall b S. P. Smith, “ Experimental Determination of the 
» P°!e Show due to Armature Teeth,” Journal I. E. E. xl. 
p* 07# (1908)i 

Phil Mag. 8 . 7. Vol. 6. No. 34. July 1928. I 
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Ilf is the length of the equivalent unslotted gap 
&=B «/, 

1 


(17) 


therefore 

K,= ^ = ^x s - 
9 9 B* 

Curves calculated from the above expression are shown in 
fig. 5. 

Fig. 5. 



Curves giving the gap coefficient K ? for an air-gap uniformly 
slotted on one side. 


An approximate method of calculating the gap coefficient 
for the case considered was first worked out by F. W. Carter * 
on the assumption that the effective width of each slot was 
the same as that of a single slot with the gap extending to 
infinity on either side. 

* F. W. Carter, “Air-Gap Induction/' ‘Electrical World and 
Engineer/ xxxviii. p. 884 (1901). 
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The formula given reduces to 



Comparing values given by this formula with those calculated 
from equation (17) for the more exact case, the agreement 
is found to be surprisingly good, the error being less than 


g g 

0*5 per cent, (negative), for values of - less than 3, and - 

* ff 

less than 2*5. The error increases somewhat for larger 

values of * anti 9 but the approximation is sufficiently 

good for practical calculations involving the total air-gap 
flux. 

It must not be concluded from the above that the influence 
of a slot does not extend beyond the middle of the adjacent 
teeth, for, as Table II. clearly shows, for most practical 
cases the flux-density on the smooth pole-face opposite the 
middle of a tooth has by no means readied the limiting value 
for the uniform field. The method used in this paper has 
therefore been essential for the complete study of the flux- 
density variation on the smooth pole-face. 


(iii.) Calculation of Flux-density Variation along smooth 
Pole-face. 

Although, as already shown, the values of the maximum 
and minimum flux-densities on the smooth pole-face can 
readily be determined, the calculation of the flux-density at 
intermediate points is much more involved, as it requires a 
knowledge of the relation between z and f in the range 
where J has purely imaginary values between 0 and ;«©. 
From equations (3) and (4), 

■ • < i9 > 

Along the smooth pole-face, 

= j F ((l+ v *fV k ')> ■; - • (20) 

=J8 say, where j3 is a quantity j 
lying between 0 and K' j 


12 
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therefore 

j' <21) 


JFig.64 



Curves showing variation of flux-density on smooth pole-face 
opposite uniformly slotted pole-face. 


Jacobi’s ® function, which occurs in the above expression,, 
is defined for modulus k by the series f 

0 (<) = 1—cos ^ + 2q l cos -£-* — 2q* cos 3 ^ £ +.... (22) 

_K’ 

in which qsme _iL *, 

Expanding the ® functions of equation (21) in series form,, 
and separating their real and imaginary parts, and also using 
the relation from equation (6) that 


snu 


dn i 


>)" 2K'G + k)’ 
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the expression for z in a form convenient for calculation 
reduces to 

_o\ a ..o- 


where 


and 


tss *l {(* + 5 o ) k ' + * ' * (23) 


90 


K' 


rare tan 


* 2q sinh ^sin 2r°— 2q* sinh sin 4r°+... 

1—2^cosh^cos2r 0 +2§ 4 cosh“£-cos4r°+., 


expressed in degrees. 

In the above expression fer fi° the quantities q, K, and r° 
depend on the dimensions of the problem and so are fixed 
for any particular case. Thus $ is the only quantity in the 
expression for e which varies as one moves along the smooth 
pole-face, and so it is best to make the numerical calculations 

B 

by taking a number of values of g, between 0 and 1. 

The flux-density is obtained by putting t—jv in equation 
(13), giving 

d X _ to v K /. Z («)_\ (1-f sin 1 8 l .ijj t )t (U) 

dz~ g * K'V tan if cos Aj/ (1 + sin* 8 . V ; 

where as before 


and 


sin 8 = k, 

sin $ =s sn «, 

sin 0 t — sin 8. sin <j>. 


For given dimensions of the slot, tooth, and gap, tlie only 
quantity that varies in the above expression for the flux- 
density on the pole-face is ij, and this is related to /9 by the 
equation 




so that the value of r) corresponding to any chosen value of 
can be found by the use of tables of the first elliptic 
integral. 

The variation of flux-density along the smooth pole-face 
has been calculated for three typical cases, as below. 
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Case 1. *- as 1*0, - = 1*0. 

- t _ JL _ 

Corresponding to (9=54*9° and ^=6 9*3° as given by 
Table I., the value o£ r° is 63 31°, so that equation (23) 
reduces to 

a “i|( 1 ' 7035 K f + *fo)’ 

where 
ft°=arc tan 

0*11042 sinh 2*676 +0*000429 sinh 5*352 

1*0 +0*08204 cosh 2*676 £ -0*0000129 cosh 5*352 


Equation (24) giving the flux-density reduces to 


-X = & x 0*9533 
dx g 


(1 + 0*58572^)4 
(1+ 0*66936^)4 ’ 


The wave-form of the flux-density variation over one slot 

S itch as calculated from the above expressions is shown in 
g. 6. On analysis its equation as represented by the first 
five harmonics is given by 

B=B,„ + -- J - - (1*012 cos 0-0*012 cos 20 -0*002 cos 30 

+ 0*004 cos 4# — 0*002 cos 50), 

the amplitudes of the harmonics being expressed as fractions 
of half the total variation between the maximum and 
minimum flux-densities. From the smoothness of the 
wave-form it is expected that all higher harmonics will 
be negligible. 

Assuming the effective permeability of the surface skin 
of the pole-face to be the same for all the harmonics, the 
loss per unit area due to each harmonic is proportional 
A* 

to -jjj *, where As:amplitude and n —order of harmonic. 

On this basis, the loss factor which gives the ratio of the 
actual loss to the loss calculated for a single sine wave of 

amplitude — is found to be 1*024. 


* See F. W. Carter, “ Pole-face Eddy-current Low,” Journal I. E. E. 
Hv. p. 170. (1916). 
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Case 2. 5*1*0, - *2-0. 
t m £ 

From Table L, 5*21*4° and <£=46*0°, giving r°=44*98°, 




where 

and 


/t°=arctan- 


0*01786 sinh 4*719 

XV 


1*0 -0*0000104cosh4*719~ 


<bt*« x 0*9897 (1 + 0'06889i7*>* 
dz ~ J ° 98-7 (lT0-13314?)r 

The flax-density is represented by the equation 

B=B„+ B| ~ B » (1*019 cos 5-0*117 cos 25-0*017 eo S ;35 

+ 0*005 cos 45+0*005 cos55), 

giving a loss factor of 1*049. 


Case 3. 5=0*5, - *1*0. 

- t _ i _ 

From Table I., 5=26*9° and <£=64*7°, giving r°=63*38°, 


where 


and 


<-4(*7o«£ + £), 

0*02294 sinh 4*247 £ 

/*°=arc tan ——- 

1*0+0*01714 cosh 4*247 £, 


<bc 

dz 


9 


x 0*9889 


(l + 0*16732» 7 1 )t 
(1 + 020470^)** 


The flnx-density is represented by the equation 

B»B m + 5lT®*(0-990 cos 5-0*143 cos 25+0*002 cos 35 

+0*013 cos 45+0*007 cos 55), 


giving a loss factor of 0*995. 

It will be apparent that the calculation of the exact wave-- 
form of the flux-density variation on the smooth pole-face is 
too tedious to be performed except in special cases. The 
results obtained for the three cases worked out above 
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indicate that, as regards the eddy-current Joss in the pole- 
face, sufficiently close approximation can be obtained by 
treating the variation of flux-density as sinusoidal between 
the limits indicated by the curves of fig. 3. 

III. The Flux-Distribution associated with a Slot 
of Finite Depth. 

(a) Analysis of Problem. 

In cases where slots of comparatively small depth form 
part of the air-gap boundary, it is sometimes desirable to 


Fig. 7. 



The flux-di*tribution due to a riot of finite depth. 


have means of estimating the effective slot width as affected 
by the finite depth. 

Considering a single slot with the air-gan extending to 
infinity on either side as shown in fig. 7, the same trans¬ 
formation as in the previous problem can be employed 
between the z and f planes, so that it is fairly simple to 
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s 

9* 


calculate resalts over a range of values of ^ and where 


and 


d *» depth of slot, 
s = width of slot, 
g = length of gap. 


Taking - and - as variables and identifying d, s, and g 
* S 

with 1,2c, and in the results for the previous problem 

as given by equations (1), (4), (5), and (6) the trans¬ 
formation from the z plane to the t plane is seen to be 
given by 

dz 2<t sn*dn« {1— 

T^t cn« (1 - A* sn*«.f*)U-«*)*’ ' 1 ' 

• • (26) 

7T i CU * J 

■where p * F (£. k). 

The parameters * and k are determined by the equations 

= 4 j^( 8 ? ---^-Z(«)\ .... (27) 

it \ cna f 

and 

1 rtTTl , \ 

(28) 


s 

9 


• z <“) )-£• 


d __ 2K , /s n< *dn« 
g~ v V cn« 
or in form best suited for calculation, the equivalent para¬ 
meters 0 and <f> are determined by 

4K 

7r 


-and 

where 

»d 


- = —- (tan <f> cos Z(a)) 
9 


- = (tan ^ cos #j—Z(«))— r 
9 7r 


,o 

90’ 


(29) 

(30) 


sin 6 — k, sin = sn a, sin 0 t a= k sn at, 


_ 

90 


F(*, 0) 


K” K * 

In Table III. are given the associated values of 0 and <f> 

required for a number of particular cases for - between 

O and 2*0 and -between 0 and 5. 

9 



*' a, ** a* * * a, * > a. * > a. 


122 Messrs. R. T. Coe and H. W. Taylor: Some Problems in 

The Schwarz transformation between the £ and % planes 
is given by 

B 

d£“l-**sn*«.f*’ * * * * ( > 


Table III. 

Values of 0 and <f> in Degrees for Problem of Single Slot of 

Finite Depth. 


d 

I 


0*1 



SB 0*3 


= 0*4 


= 0*5 


= 0*75 


= 1*0 



i: 

t; 

c 

c 


u 

C 

C 


0*25 

0*5 

1*0 

2*0 

8*0 

5*0 

58*4 

59*1 

61*5 

67*4 

72*9 

80*5 

9*2 

18*0 

339 

56*7 

69*8 

81*4 

436 

44*1 

46*1 

51*7 

57*7 

658 

8*2 

16*1 

30*5 

51*4 

638 

759 

32*2 

327 

34*4 

39*2 

44*1 

51*3 

7*8 

15*2 

28*7 

48*5 

60*3 

72*5 

23*8 

24*1 

25*5 

29*3 

32*7 

38 * l 

7*5 

147 

277 

47*0 

58*7 

70*5 

17*5 

17*7 

187 

21 5 

244 

28*9 

725 

144 

272 

460 

87*2 

69*5 

8*01 

8*13 

8*58 

9*88 

11*23 

13*87 

7*15 

14*13 

26*70 

45*22 

56*58 

68*48 

3*67 

370 

3*92 

452 

5*13 

6*13 

7 12 

14*07 

260 O 

4507 

56 37 

68 20 

0*16 

0*16 

0*17 

0*20 

0*22 

027 

7^12 

14 05 

26*57 

45*0 

5632 

68*20 


whence, on making the origins of the two planes correspond 



___ 

i-Psii**.?* 


= f— ~ arc tanh {k jru. f) . . . (32)- 

k sn 0 L 

By considering the point f = r- where % takes on a 

ffi sn C 

sudden increment jtf> 0 where <j> 0 is the potential difference 
between the two sides of the gap, we obtain 


26 0 ksna 
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so that in calculation form 

y — ?£?arc tanh (sin• g). ... (34) 

A 7T 

The flux-density at any point is given by 


dv dv dt <f>o sin 6 cos <f> (1—g*)* 


(35) 


h. being the flux-density in the given gap where it has 

0 

become uniform. 

Fie. 8. 



Curves giving flux-density of centre of slot bottom. 


(b) Practical Deductions. 

(i.) Flux-Density at Centre of Slot Bottom. 

This is obtained by putting g = 0 in equation (35) giving 

. (s6) 

The variation of the flux-density at the middle of the slot 

bottom with the ratio f is shown in fig. 8 for a number of 

values of -. 

9 
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From the carves it is seen that the flax-density at the 

bottom of the slot depends chiefly on the ratio - and becomes 

almost negligible (less than l per cent.) when the depth of 
the slot exceeds 1*6 times its width. Slots deeper than this 
can obviously be considered as of infinite depth as far as 
concerns their effect on the magnetic field of the air-gap. 

(ii.) Efectioe Width cf Slot. 

By the effective width of the slot is meant a width that 
can be used for calculation purposes on the basis that the 
flax in the air-gap is uniform on either side of the effective 
slot bat is zero across it. The effective width slot is obviously 
1 ms than the actual width slot by an amount which allows 
for the reduced density across the actual slot and the fringing 
at the corners. 

Considering any point on the slotted side of the air-gap 
but outside die slot, the “ lost flux ,J on the side due to the 

presence of the slot is given by the real part of (~:~X 

V ff 

where s and x correspond to the point considered. Although 
the value of this expression becomes constant as the flux- 
density in the gap becomes uniform, it is best calculated at 
the mathematical limit corresponding to the point of the gap 
which is at an infinite distance from the slot. Thus the lost 
flux for the whole slot is given by the real part of 



21im 


. 1 / 


i -*kna 

Let 

- 1 .. 

so that 

t—+ 0 as f ~**y*“~— * 

Then 

P *s F(£ k) a m m + t+JK 


and substituting this value in equation (26) 


* " {!^ c L r Lf t («+ 1 (« +* +j K',«)] 
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l 


4 log 


SID 


vr(2«ft) 

2K 


•q* sin 


3 *( 2 * + t) , . . 5v(2m 4 1) ) 


2K 


4 sin 


2K 


. 7 rt . . ‘dirt . . 5ir< 

* l "2K-'' s ‘”2K + «" ,n 2K 


-l. 




(37) 


where q *& e 

Also|£rom % equations (32) and (33) 

2<^>0 , * sn # 

--™ are tanh -- 


ir 


sn(# * 1) 


d >0 j 0 0 4* t ) f sn a 

tr ^ sti (a HM ) — sn a* 


{3g> 


whole &] 


2 lira 
t—o \ y 


42log I Ken a <!n*( 


sin 


K 


Using equations (37) and (38) the ‘Most flux' 1 for the 
dot is given by the real part of 

Y \ « *?f 

X > “ 7T [ aK 

« • 3 va , . 5ira \ } ^ 
T mu j^. + /sin -g~ ...1 / 

[1-3^45 9 «...) ) / 

. - . . (39> 

The effective width of the. slot s e is the width which would 
be occupied by the above quantity of flux in a uniform gap 
of length g and with a potential difference^, and is therefore 

obtained by dividing the above expression by ^; 

SO , 


{ tr sn a 


4 — log 


/ . w« . . 3ir« , . . Swat \ 

Kcn*dn«( sm K I?!"* K +?S 1 "K"") 

(I-%*4V:..) 

.... ( 40 > 


sn * 
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In a form better suited for calculation purposes 

£* —if 

s ”90 

j_ f Kcos^fsinEr 0 — g^sinO^+^sinlOr 0 ...) J 
vs ®*\ir tan£ (l-3y*+5y # ...) /* 

.... (41) 

The values of K, q, tfj, and r° are derived directly from 
the parameters 6 and <f> by the relations 

Fig. 9. 



Curves giving effective width of a slot of finite depth. 


K = complete first elliptic integral to modular angle 0. 

K< 

0, = arc sin (sin 0sin <f>), 

and 

r° = F(d>. 0 ). 

The numerical value of q is usually so small that only two 
or three terms need be taken in the series of equation (41) 
to give 4-figure accuracy. 

The final results are given in the form of curves in fig. 9. 
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(iii.) Gap Coefficient K, for repeated Slots. 

For the case of repeated slots of infinite depth it was 
shown that the gap coefficient conld be obtained with 
sufficient accuracy for practical purposes by taking the 
effective width of the slot the same as for a single slot with 
the gap extending to infinity on either side. 

In the same way it is expected that a similar approxima¬ 
tion can be made in the case of slots of finite depth, so that 
the gap coefficient is given approximately by 






«+1 

s + t — s e 



(42) 


IV. The Temperature indicated by ah Embedded 
Temperature-Detector placed between the two 
Layers of Conductors in a large Stator Winding. 

Since the heat generated in the conductors of a machine 
by the load current has to pass through the surrounding 
layer of insulation before it is finally conducted away to the 
ventilating channels by the iron of the core, a considerable 
temperature difference exists across this insulation in virtue 
of its bad thermal conductivity. 

In representative present-day designs the temperature 
drop in the insulation round the conductor is of the order of 
40° C. for a total temperature rise of 80° C. above the 
ambient air, as indicated by an embedded temperature 
detector generally placed at a point on the centre line of the 
slot and midway between the two conductors or groups of 
conductors. 

The highest temperature in the insulation occurs at the 
surface of the conductor, so that an embedded temperature 
detector located midway between two adjacent layers of 
conductors will indicate a temperature somewhat lower than 
this maximum value. 

The present investigation was made to determine the 
extent to which the actual conductor temperature exceeds 
the indicated temperature over a wide range of practical 

cases. 

For the problem considered it assumed that there is a 
constant temperature difference between the conductors and 
the iron of the core and also that the material of the 
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insulation is isotropic, that is, has the same conductivity in 
all directions* 

The former assumption is justified since, owing to the 
much greater conductivity of the copper and iron compared 
with the insulation, any temperature variations existing in 
the conductor itself or in the iron adjacent to the slot 
must be very small compared with the total temperature 
drop across toe insulation. The latter assumption must also 
be reasonably true, since all processes of insulating the 
conductors of large stator windings aim at excluding air 
films or pockets from the body of the insulation. 

With the above assumptions the flow of heat through the 
insulation is subject to the same laws as magnetic flux in 
air. and so the isothermals or lines of constant temperature, 
ana the lines of heat flow, can be obtained by methods 
similar to those already employed in the magnetic problems. 

In general, the height of the conductor or layer of 
conductors will be several times the thickness of the insulation 
between the conductors, so that a close approximation to the 
actual problem can be preserved by considering only the 
region between two conductors of infinite depth. This 
enables use to be made of the same primary transformation 
between the z and £ planes as employed in the two previous 
problems. 

The result obtained by considering two conductors will 
also apply with a reasonable degree of approximation to the 
case of laminated conductors, as the thickness of insulation 
between individual laminations is small compared with the 
thickness of their common wrapping. 

The problem under consideration is represented by the 
top diagram of fig. 10, The portion of the figure indicated 
by OABODOtBiAxO is of the same shape us that considered 
in the previous magnetic problems and therefore leads to the 
same transformation from the z plane to the f plane. 

In the present problem the most convenient variables to 


employ are the two ratios 



where 

d\ 


di as thickness of side insulation, 

d t half thickness of insulation between conductors, 

and 

W s=5 width of conductors. 

By identifying d*, d tf and W with g, g f and t respectively 
in equations (1), *(4), (5), and (6) of the first magnetic 
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problem, the transformation from the z plane to the £ piano 
Is seen to be given by 

dz 2di sna dna (1 —£*£*)* 

d% ~ tr cn a. (l — £*)*( 1 — k* sn**. $*) ’ " 

Fig. 10. 



Flow of heat through insulation between conductors and iron. 


where 


<4 = 2K( 

di 7T l 

W _ 4K' f sn 

di ir X 


2K f sn a dn a 


I a dn a 


Z 0)} -] 


The ranges of values of the two variables likely to be met 
with in practice are 

■yy- from 0 to 05 and from 1*0 to 2'0. 

PAtl. jaTojf. S. 7. Vol. 6, No. 34. July 1928. K 
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Table IV. has been drawn up showing the associated 

values o£ 6 and <j> required to give various values o£ ^ and 

— in this range. (k = ain0 and sn« = sin*.) 

dl For the mathematical treatment it is immaterial whether 
, i . ii AWg nnwards or downwards in tha s plana fi^ora 

ta M«rve similarity with the other problems it is 
Sto » tSsriog downward* The porUoo. .! the lower 

Table IV. 

Values of B and $ in Degrees for Temperature-Detector 

Problem. 



£ 

£ 

1*0 

11 

o 

[J: 

... 0 
... 45*0 

£ 3=0-1 

w 

it: 

0-03 
... 45-0 

£ =02 
w 

i:- 

... 206 
... 450 

£ =0-3 

w 

f0 

> 

... 7*55 
... 451 

£ =0-4 

w 


... 14*55 
... 45*5 

^ = 05 

U 

.... 21*4 
.... 460 


0 

50*2 

0*14 

5(12 

4*18 

50*2 

12*25 

5fr5 

21*4 

50*7 

291 

52*0 


1*4 

1*6 

1*8 

20 

0 

0 

0 

0 

54*4 

580 

600 

63*4 

0*43 

trsa 

1*60 

200 

544 

580 

600 

63*4 

706 

10*4 

1412 

18*4 

544 

58*2 

61*3 

63*4 

1775 

23*35 

28*75 

34*25 

55*1 

591 

62*5 

656 

282 

345 

40*8 

467 

560 

60*4 

04*2 

67 6 

366 

434 

49*5 

540 

57*3 

620 

650 

693 


tooodery between f = 1 »"d -J end between { —1 nnd 
_ 1 are coined to be at zero temperature and the whole 

opjj*r boundary from f =* | to » and from f *» — £ to — » 

at O^ng Cthe^'t that there are two disconnected portions 
of the £ ]plane real axis which are at zero 
transformation from the K *> a P ortlon of the nmform 

v^laMcannot be completed in one operation. We therefore 
me an additional plane which will be called the fi P^ an ® »°d 
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in which these two disconnected portions of isothermal are 
brought together. In doing this, the intermediate part of 
the 5 real axis, representing the two halves of a portion 
of the middle stream line of the figure, becomes transformed 
into the two sides of a finite portion of the imaginary axis 
of the & plane. 

By the Schwarz transformation theorem 

f -W*rr . (46) 

whence, making the origins of the two planes correspond, 

6-"£«£)*-"“’T*- (47) 

Since the constant B only occurs in an intermediate 
transformation, its value may be chosen in any convenient 

Tl, e goal transformation from the fj plane to the % plane 
can be simplified somewhat by choosing B so that 

— 1 when % — ^. 

Then from equation (47) 


B = 


so that 


_ *i 

V 

hi 


. ..(48) 

. m 

The transformation from the & plane to the uniform 

y plane is given by 

<iX = li—..(50) 

it Hi* 

and on making tbe origins of the two planes correspond 

, C <1 

X = 'h+j‘f> * C J 0 

= Carctanh • * • (51) 

To evaluate the constant V we use the fact that when 
r increases through the value unity, X increases by jT. 
Therefore from the above equation 

/T=2 */*■» 


c = |T, 


K 2 


giving 
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so that x *=-Tarctanh?, 

* bt arc tanh {|%<«*— 1)*} • ( 52 > 
At the point where the detector is placed, f « 0, so that 
X* ~ "Tare lanh^^- 1 , 

= j 2 Tarc tan 

* 7T 


2 

= > ~ Tare sin k x . 
J ix 


(53> 


The temperature difference between the detector and 
conductors La fraction of the total temperature d^erence 
between the iron core and the conductors u therefore gtven 
by 


2 

7T 


arc sin k t . 


In calculation form, arc sin k x =0- t and »s found m degrees, 
so that the fraction of the total tem{>erature is giTen by the 
simple expression 

*»° 

90 * 


The curves of fig. 11 show the temperature difference 
between the detector and core as a percentage of the total 
temperature drop across the insulation. These curves were 
calculated from Table IV. using the relation that 


0 t ma arc sin (sin 0 sin tp ). 


If the two layers of insulated conductors were assembled 
together in the slot so as to touch one another the value of 

I* would be unity. Actually, however, it is necessary to 

separate them by say a wooden strip, and in this case if we 
assume the detector to be embedded in the middle of the 


strip, the value of ^ will be greater than unity, depending 

on the relative thicknesses of the coil insulation and 
separator. 
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The following figures are typical of an 11,000 volt turbo- 
alternator winding:— 

Width of slot .a* 1*0 inch. 

Depth of conductors ... = 2*5 inches. 

Width of conductors... = 0*6 inch. 

Thickness of insulation *s 0*2 inch. 

Thickness of separator. = 0*2 inch. 

From the above values = 0*333. 


Fig. 11, 



Carve* giving the temperature indicated by an embedded temperature- 
detector between the two layers of a stator winding. 

If the separator were absent the detector would indicate 
92*5 per cent, of the total temperature difference between 
the conductors and the core. If the detector were inserted 
in the middle of the separator we should hare a value of 

1*5 for giving an observed temperature difference of 

11 per cent, of the actual value. The detector, however, 
would probably be placed on one side of the separator, ana 
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in this case would indicate about 83 per cent, of the total 
temperature drop in the insulation. 

It this machine were designed to give an indicated 
temperature rise of 80° C. above ambient by the embedded 
temperature detector and if the temperature rise of the core 
iron were 40 c 0. then the temperature of the conductor 
would exceed the recorded temperature by 

40 x =s 8° C. approx. 

The insulation in contact with the copper is therefore 
subjected to a temperature 88* C. above the ambient air* 

V. The Flux-Distribution associated with a Grooved 

Pole-face. 

(a) Analysis of Problem . 

For some time past it has been a common practice to turn 
circumferential grooves in pole-faces, particularly of turbo- 
alternator rotors in cases where these seemed liable to over¬ 
heat due to the effect of eddy-current losses caused bv flux- 
tufting from opposing teeth. The cooler running which is 
known to result from this procedure seems to be due partly 
to the better cooling caused by the increased turbulence of 
the stream of ventilating air. and partly to an actual reduction 
in the pole-face losses caused by the change in the configura¬ 
tion of the pole-face and the flux-distribution along it. 

In this latter connexion a knowledge of the flux-distri¬ 
bution round these grooves along a longitudinal section of 
the rotor is of interest as providing a step towards a 
complete understanding of the nature of the pole-face losses 
in this ease. 

If the length of the air-gap were small compared with the 
width of the projection between adjacent grooves the flux* 
distribution could be obtained from that due to a single slot 
of finite depth as considered in section III. of this paper* 

However, with the turbo-alternator the air-gap will 
usually be several times the width of either the grooves or 
projections, and in this case a better approximation can be 
obtained by taking the flux-distribution round the grooves as 
due to flux streaming to the rotor surface from infinity* 
The flux-distribution is expected to have become sensibly 
uniform at a distance from the rotor surface equal to the 
length of the actual air-gap. 

The variation of flux-density ronnd the rotor due to the 
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main poles, together with superimposed ripples doe to 
the stator slots, will be comparatively gradual, so that as a 
first approximation the flax-distribution at any section may 
be treated as two-dimensional. 

A symmetrical 2 plane figure is obtained by taking a 
parallel strip of the field corresponding to half a groove 


Fig. 12. 




The flux-distribution round the circumferential grooves of a turbo- 
alternator rotor. 


pitch as shown by OABCD in fig. 12, together with its image 
relative to the Hue OD. It is interesting to compare this 
figure with the 2 plane figure of the previous problems 
(see fig. 1). 

Making the points 0, A, B, C, D correspond to values for 

of 0, 1, v, if ,and <x> respectively with negative values for 
k k% 
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the image points, the transformation from the z plane to the 
upper half of the f plane is given hy the bchware theorem as 


dz . a-g») 


(54) 


whence, on making the origins of the two planes correspond, 

It# 


-j: 


. ( 55 ) 

This integral is best calculated in terms of elliptic functions 
by making the same change of variable as m the first 

problem. 

Thus let % s= sn q to modulus k, 
also let = i sn * to modulus k. 


With these substitutions the above integral reduces to 
. ( dn* , 


{ 


A { q 


n(9,«)}. 


(56) 


**snacn« 

The constant A can be determined by using the fact that 

as ? increases through the value £ = 5 takes on a 

sudden increment where p — pitch of groove. 

Thus from equation (55), 

f **sn«cn« . (57) 

w ti n m 

The constants k and « are obtained in terms of the 
dimensions of the problem by considering the point for wb«c 




p-s 
t 9 ’ 


where 

and 

At this point 


d * depth of groove, 
g s= width of groove. 

y 1 

^ A’ 

therefore q — , k j~ K +jK . 

Since n(K+/K / ,«) * +yK # )2(4 +/ 


it* 

Off) 
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me have from equations (56) and (57), 




snacna 
dn« 




from which, on equating real and imaginary parts. 



. . . 

p ir\ do * / 

(58) 

and 

4 2 K'/Psn«cn a _ x « 

p w \ dn<* / ^ 

(59) 

In forms more suited for calculation purposes, the above 

equations become 



d K /sin* 0 sin $ cos <f> \ 

o v!\ cos T 

(60) 

and 

0 



* 2KVsin* 0 sin <b cos# _ Z( . \ + 1 _ ' 
p w\ cos 0i / yu 

(61) 

where 

sin 0 = k, sin <f> = sn «, sin 0% — k sn a. 


and 

r° F {<f>, 0) 

90 ~”K " 



The moat convenient variables in this problem are g 

As in the previous problems, it is desirable to know the 
associated values of the parameters 0 and ij> that correspond 

to particular values of ~ and ~, and so Table has been 

prepared as a result of calculations and cross-plotting from 
equations (60) and (61) and covers a range of values of 

~ np to unity and ~ between 0"1 and 0'9. 

* In considering the further transformation from thej plane 

to the uniform x plane we note that, in addition & 

nature of the boundaries of the complete symmetrical hgure 
that have been transformed into the real axis of the ? plan , 
we have to arrange that the line OD which toto* trans¬ 
formed into the imaginary asis of the ? plane shall fi be at the 
aame potential as the portion OAB of the original fign * 
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The first step is to simplify the problem so that all the 
boundaries we wish to fix are represented bv the rad ****i of 
a plane, and we do this by transforming the first quadrant 
of the K plane into the top half of an auxiliary plane which 

will be called the £, plane. . 

By the Schwarz theorem the necessary transformation is 

- B .(62) 




and on making the origins of the two planes correspond 

f ' .( ,;3 > 

Ci* 




Table V. 

Values of 6 and <f> in Degrees for Grooved Rotor Problem. 



$ 

0*1 

0*3 

0*5 

07 

0*9 


V 






-*<H 

$ 

x\ :::: 

„ 32*0 

.. 83*8 

331 

711 

36*0 

58*3 

41-5 

445 

55-0 

«*‘7 

6 

ti 

** ‘«6 

iJ:::: 

.. 52-5 
.. Wl 

54*0 

784 

561 

71 Hi 

601 

eo-a 

70*0 

50* 1 

^ as 05 

* 

C::: 

72*6 

... 88*7 

732 

84*6 

743 

809 

763 

787 

81*1 

7U 

- = 0-75 
s 

{J::: 

... 81*9 
... 89*2 

824 

87*55 

82*95 

>5*9 

83*7 

83*9 

8585 
Si *3 

$ 

Hr. 

... 86 3 
... 89*65 

865 

88*85 

86*75 

88*0 

87*15 

87*2 

88-2 

86-0 


sine. (hi.» only .» ‘"'rr.t'i* r^T=“. ^ 

convenient to choose the constant IS so mat <, t 
f as i. Thus from equation (63), 

B-i. ,W 

and K\ “ **£*•. 

Nniing ttat 

To W. .imilnrity b.t««n th. 6go,« to 
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the various planes the strip in the x plane is taken parallel 
to the real axis, and as the flux lines go in this direction we 
take x — $ where <f> represents potential. 

1 £* i 

The point for which t — -i-and therefore ~ r« =* ~r~ 

*i «i* sn* et 

has now been taken back to infinity as in the original z plane 
figure. 

By the Schwarz theorem the necessary transformation is 

d% _ _ _ c 

dt;, “ * • * (66) 

Making the origin in the x plane correspond to the point 
ss 1, we have 



dj ,_ 

(1 -?,)»(! -an* a. ft) 


2C 


snacna 


arc sm i sn« 


{• 


(1-*W 


(1 — £*sn*a. 


}• 


(67) 

( 68 ) 


To evaluate the constant C we use the fact that as f 

increases through the value J , that is, as £i increases through 
1 , 

the value , there is a sudden increase in yof amount bfr 0 
si ra ~ 

where tfr a is the amount of flux entering the rotor surface 

per half groove pitch. 

Using equation (67) this gives 


C 


.snacna . 

-J ~ _—to> 


(69) 


and substituting this value in equation (68), 

..2 . f (1-*W 1 

x =^., 7r «rc.mj,u. ( j _ i . m , . ; rt J • 
The flux-density at any point is given by 


. (70) 


dx_d% <*& dj 

dz-d^Tt'dz- 

On using equations (66), (62), aud (54) after inserting 
the values of the constants given by equations (69), (64), and 
(57), the final expression for the flux-density becomes 


&=**! dn. 
dz p 


_L_ 

ir-*) r 


( 71 ) 
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The mean flax-density in the air-gap is given by 

2^o 


B, 


and so 


~~ s: B» X dn *-r=~- 


dz 




(72) 


(b) Practical Deduction** 

(L) Flux~Den$ity on Grooved Surface* 

Along the top of the projection between two g roo ' e8 ,^« 
minimum flax-density Bi occurs at the middle point wher 

£ = |; therefore 

Bi - B,xdn« (1 __pj t 


“ B * X cos 6 5 


(73) 


where 0 t = arc sin (sin 6 sin <j>). 

Along the bottom of the rotor groove the maximum flux- 
density B* occurs at the mid-point where £= *> « therefor 
B, as B„ x dn * 

ss Bn X COS 0i ..(<4l) 

Fig. 13 shows B, and B, plotted against ~ for a number 
of values of - and obtained from the values of 0 and d> 
P Y 

Sboul dR be desired to obtain the variation of flux-density 
round the complete groove, this can be done by a method 
similar to that employed in the problem of flux distribution 

due to consecutive slots, . 

Along the bottom of the groove in going from the corner 
0 to the centre point D, £ varies from 0 U>j*> and the value 
of z in terms of £ is obtained by using the © function aeries 
when evaluating the third elliptic integral in equation (ofi). 
Along the side of the groove where ? vanes f«m ° to the 
third elliptic integral may he evaluated either fron its 
0function series or directly from suitable tables. Along the 
top of the projection between the grooves £ is greater than 
unity, and here, again, the third elliptic integral can only be 

evaluated from its series. . . - 

In each of these three regions, the flnx-density >-• terms 
of £ can he calculated directly from the simple expression of 
equation (72). 
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(ii.) The Additional Gap-Length Equivalent to the Grooves. 

An expression for this additional gap-length is obtained hr 
considering the extra potential required to send the flax 
across the infinite gap due to the grooving. Thu extra 
potential is given by the real part of 

Inn { ^ —- tf) j. 


Fig. IS. 



Curves giving flux-densities at middies of projection and groove on 
grooved rotor. 


From equations (56) and (57), 

_ _ p f k* mat cn a 


ir ( dn< 


■ 5 {( 


t? sn « cn * 


dnf 


n(?,«)} 

•Z(*) + * io «^“)-}* 
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Using equation (58) this simplifies to 

■ • cm 

To evaluate the limit which gives the extra amount of 
potential required, let 

s Aran (a+t) 

so that t 0 as t —► r~— -■ ♦ 

k $u« 

Now 

9 538 F(£.&) a= < /K , f 

so that substituting in equation (75), 



{**r ia + t+jK>)+il0g 


&<2* + t+jK’) 

e«+>K # ) 


} 




«7T 

2K 


. w(2« + l) 


stn 


. dw (2& *+* t) 


+ iiog 


2K 


-<f MO— VR - 


. rrt , . Avt . . . 

Sln 2K — v 810 2K + ? 8U1 «s 


j«+rj 'j 

'E. _ll ( 

. 5w* * 

in 2K ) 


From equation (70) 

.,2 . f 1 

a , (_ ( 1 —Cmj ! «.£*)* j ’ 


whence on substituting 




And noting that 
we have 


£sn («-H) 
2-fo = B„p, 


X*/ 


,pB„ . f . sn*on(* + t) ^ 

£— arc am ■< —rx-/ a > 

v L (an* (a + <)—sn l «)* j 


(76) 



Electrical Machine Design involving Elliptic Functions. 143 
Turning this into the logarithmic form by the relation 
arc sin ju as j log {u + (tt* +1)*}, 

;>B„ . snaecn («- M)+cnasn(«-f *) 

^ ** er (sn* (« + 1) —sn**)* 

Using equations (76) and (77), the extra potential 
required, due to the grooves, is given by:— 

Real part of lira {%—B»{c— d)} 


(77) 


<->o 


p B w Ulog 
T 1 


2 sn a cn* a 


dw 


sin 


ira 


K 


• . 37rat 

•9* 8in ir +• 


(>-*) 


~f Hm | log 


* 7T* , . 37 Tt * . 57r* 

8in 2K^^ 8in 2K + ? sm 2K~ 


_ P B m log 

* l 


£«>n (a-M)—s net 

7r sn a cn a (1 — 3</* 4- 5^ 6 

K ”d n T / T 7 r« - . 3 t r<* 


4 


...) 


( . 7T« , . 37m . \ 

4* | 


+ y 0 - 5 )}- 

The increase in the effective gap-length corresponding to 
the above amount of extra potential is obtained by dividing 
the latter by the potential gradient or flux-density in the 
uniform field at a great distance from the grooved surface. 
This potential gradient is given by B*, so that the additional 
gap-length is 


% 


^l°g 


{ 7 r sn a cn a (I—3ff* + 5<y fl — ...) ■» 

K dn a l . vet , . 3 7 TO. . \ l 

( 8 in K~^ sm ir + •)/ 


+d(i-j). 


(78) 


Patting this in a 
purposes, we have 


form more suitable for calculation 


Bq _ l p - I ir sin cos <f> (1 -~3y*+5?*-- i 

~s 2 it s °^* l K. cos d\ (sin 2r°—y*sin 6r° + ...) j 



(79) 
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The notation employed is the same as in the previous 
problems, so that the various quantities involved in the 
above formula wo obtained directly from the two parameters 
6 and 4> by the following relations:— 



K and K' = complete first elliptic integrals to modular 
angle 6 , 

6 X =s arc sin (sin 6 sin <f>), 

r°_F(<f>,0) 

90 E7 


Fig. 14. 



Using the values of 0 and <f> given in Table V., the curves 
of fig. 14 have been calculated from equation (79). These 

curves show the value of ~~ plotted against - for a 
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number of values of Over the whole range of cases 

covered the numerical value of q is so small that only the 
first two or three terms are required in evaluating the two 
series involved. 

The valnes of for the limiting case where - =1 and 

the projections between adjacent grooves have zero width, 
were calculated by considering the simplified transforma¬ 
tions bolding in this case. The required limit reduces to 

Ijm log,2—-log, (l + e" T ) J-- • (80) 

p * 1 

The limiting ease where the grooves are of infinite depth 
was dealt with in a similar manner, the additional gap-length 
in this case being given by 





(81) 


From fig. 14, it will be seen that when the depth of the 
groove is greater than its width it hus'no appreciable effect 
on the additional gap-length. 


(in.) Gap Coefficient jor Air-gap of Finite Length , 

Owing to the fact that the flux distribution in the case of 
an infinite gap rapidly becomes uniform away from the 
grooved surface, a reasonable approximation to the value of 
the gap coefficient for cases where the gap-length is not less 
than several times the groove width can be obtained by 
taking 

Gap coefficient K 9 » as 14- ~ ) * • (82) 

9 9\ s ' 

where — is obtained from the curves of fig* 14. 
s 
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tv The Theory of Fare Filters containing a finite number 
1 if Sections. 'W Harold A. W heklek, B.S. tn Fhgs., and 
Kufc.s D.Mtokaghan ,M AM., A,. r * 'P™J.»°r 
of Applied Mathematics, Johns Hoph,ns l ntierst j 

I. Introduction. 

„ nt i bears a ratio to the impressed voltage which « a function 
!f thTfreumncT of alternation. In the present uses to 
which filters arTput, it is desirable that this response ral j*® 

Je constant in certain predetermined Jj 

transmission (pass) bands-and as smal m ££?l which 
remaining suppression (stop) bands. The degree to 
this condition can be realized determines the merit of any 
tiven hlter. The location of the frequency bands depends 

the structure of the recurrent sections. 

£ response-ratio enaction, o! . 1.0 frequency am* 
«n™Jd in terms of determinants. The simplest deter- 
mCTof this type—’« P*rt V. of this paper—was 
evaluated fifty yrars ago by Rayleigh t m connexion «it 
the problem of determining natural frequencies of uhratun 
of I loaded string. The complete determinant, D-(a, h)» 
was oiven bv Pupin t, and was evaluated by a different 
method. The most extensive study of the wave filter has 
been made in connexion with loaded telephone mes^an 

based on Campbell’s solution of the mhmte \ine§, »*'•» *■ 

filter with an infinite number of sections. The real die 
tinction between the infinite line and the finite line is th« 
presence of reflexions at the terminauoos of the latter. The 
behaviour of a Suite line is similar to that of the same 
number o£ sections in an infinite line, when the terminating 
impedances are so chosen as nearly to avoid reflexions, so 
tffTthe infinite line solution has been found very useful. 

In the present paper response formula* are developed for 
finitl Campbell filters, so that reflexions are taken account 
of “itkTttasing to make .nocUl «tio.Un.nt of 
conditions, .oto«.ti«liy fhng ncconnt of tefl«.ons. 


t Pmc. A. I. E. E. xvi. p. 08 (WW). 

| Pell System Tecb. Jour. p. J (nov. lWfz> 
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Particular attention is given to the non-dissipative con¬ 
stant-!? type filter, terminated by any values of resistance* 
The M-derived type, due to Zohel *, is also treated, and its 
advantages over the former type are shown. These response 
formulas are tisefal in that they show the deviations from 
the ideal performance and from the approximate solution 
based on the infinite line. The solution for the latter ideal 
ease is then obtained as a limiting ease of the solution for 
the actual finite line, and the expressions for the iterative 
impedance and propagation exponent are derived. 

The natural frequencies of finite, conservative lines of 
recurrent structure are of theoretical interest, and bear a 
close relationship to the filter properties of tire same lines. 
On applying our method to this problem, a convenient 
graphical solution, which is applicable to lines of any re¬ 
current structure, however complex, is obtained. In this 





Wav* filter with mid-series terminations, (« — 1) sections. 



connexion two variations from the recurrent line will be 
described. The first may be called an exponential line, and 
is built up of sections whose impedances change in geometric 
progression from section to section** The second is an 
alternating line with two recurrent sections in alternating 
succession* 

Throughout our paper the terminology and notation 
generally used in papers dealing with the electric wave 
filter are adhered to. The term ** frequency denotes the 
number/of cycles per second ; the u angular frequency ” is 
the number a» of radians per second, so that m*z2wf. 

II. Wave-Filter Circuits, Mid-Series Termination 

1* The Solution for a Finite Line .—Fig* 1 shows a 
Campbell (loc. mi*) filter circuit built up of recurrent 

♦ Bell System Tech , Jour, ii, p* 16 (1923). 

L2 
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sections (Z», Z,) and terminated bv input ami output circuits 
fZ., Zs) connected at mid-series terminations. 1 his net¬ 
work of (n—1) sections gives rise to a system of n linear 
equations in I„ I„ ...I„ the currents in the successive 
meshes ef the network. Eo denotes the applied alten g 
voltage, and E„ E S ...E» denote the resulting voltages at 
successive pairs of terminals along the filter. L denotes an 
electric impedance of any character, in general a complex 
function of the frequency. The equations for the currents 
in the successive meshes are 

Eo=Ii(*Zi + Z4+(I|—Ii)Z* 


0=(I*—I*-i)Zs+IA + (I*—It+OZj 


0= (in —i*-i)Zj 4- i»(4^i + z»). 

It is convenient to introduce the following notation 

z, z„ _ z* 

cosh r = io=l+ ,j7 J lc a — yT, U’t— ’ 

so that r, tp, u* 0 , and tr* are functions of the frequency 
Our equations take, then, the form 

a* (« , + ir a )Ij~* I? 

«*••*** 

0 s —1*_; + 2 id* 1*41 


0 sss — 1 *_i + (w+ v*)!*- 

The determinant of the coefficients is l)«(a, h), 1 art 1 
in which the cofactor of the element in the nrsi row and 
last column is unity, so that 

j _E« 1 

Ln “ Z 

We may define a response function G. as the ratio of 
output voltage E. to applied voltage E* Noting that 
E.=Z»I», we have 
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for a filter oi (a—1) sections. The corresponding ratio with 
no filter sections interposed (n—1=0) is 

-t _ E wss i Z b wi, 

1 Eq Z a -p 

In the response solutions to be developed, it is most 
convenient to solve for the relative response ratio 

Gn _ + 

&1 ~~ D n (a ~b) 9 

which shows immediately the result of interposing the 
(« —1) filter sections between the terminating impedances. 
The reciprocal of this ratio is given by Eqs. (14) and (15) 
for the general case. 

2. Iterative Impedance of Infinite Line v—Fig. 2 shows 
a segment of (f*~ 1) sections removed from an infinite line. 


Fig. % 



Wave niter with mid-series terminations, arranged to assimilate 
a segment of an infinite line. 


The remainder of the line on the left (input) side has been 
replaced by its equivalent impedance — K x *, and the 
remainder of the line on the right (output) side is replaced 
by its impedance K** This equivalent impedance is known 
as the iterative impedance of the infinite line. In applying 
the analysis of the preceding paragraph to the present case, 
we note that E o =0 (absent), so that D#(a ? A) must vanish if 
the other voltages are to exist in the line. Since we desire 
a solution independent of ti, we note in Eq* (13) for D*(a,ft) 
that the even powers of («—1)1* are concentrated in 
cosh (n—1)P and the odd powers in sinh(n—1)I\ The 

* Any generator circuit connected to an impedance, Z=E/I, may be 
represented as the negative impedance, -E/I, since the terminal 
voltage E of the generator circuit is equal to that of the impedance, and 
the current into the former is —1,‘ the reverse of the current into the 
latter. 
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expression vanishes for all values of n when the two re¬ 
spective coefficients are equated to zero : 

Wo + w 6 =0, w a w h +sinh* F=0. 

It is convenient to substitute for this case 

K 

= rjr. Wo = — w*. W/, * «V 

Then the two coefficients vanish when tr*«siuh F. Since 

coshr = l+^: smhr=>^/^\A + ?5£ ! ’ 

cosh 4 F=y/ 1 * 

and therefore 

k, * vz,z 2 y/i + A - ^z.z*. cosh §r 

is the required impedance. 

3. Propagation Exponent # o/ Infinite Line .—The finite 
line behaves as the same nmnber of sections in an infinite 
line when either or both of the terminating impedances are 
made equal to the iterative impedance, thereby avoiding 
repeated terminal reflexions. We have 

Z<**=Ki, w a zzw&ss:smh F ; and (or) Kj, iCfe*tr*«sinh l\ 
m that Eq. (15) reduces to the simple form 

Gi * D*fa, b ) ” ® xp “ {u ” i)r ’ G, ~ esp “ 1 • (1 * 

The latter equation defines the propagation exponent F in 
terms of the voltage ratio across a single section, while the 
former equation gives the voltage ratio across («~-l) 
sections, in an infinite tine. 

The propagation exponent is complex in general, and we 
write F«t A-bill, where the attenuation exponent A accounts 
for changes in magnitude of the voltage from section to 
section, and the phase angle B accounts for the corresponding 
phase displacements. 

♦ The usual term u propagation constant ” is misleading, since the 
quantity is net constant hat n function of the frequency. In mch mam 
the terms ** coefficient,” •* factor,'* etc., are to be preferred, since they are 
descriptive, and do not imply constancy. 
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The u velocity of propagation ” may be defined as 

V= g (sections per second). 

If an irregular wave is to be transmitted without distortion* 
the velocity must be independent of the frequency, which 
requires that the phase angle varv in proportion to the 
frequency* 

The ideal nave-filter is non-dissipaiive, By this we mean 
that there is no power dissipation in the filter sections, but 
only the unavoidable or required dissipation in the termi¬ 
nating circuits. In this case Zj and Z* are imaginary, as 
explained in Part VI M making w real. The field of w is 
then logically divided into three parts, in which T is real, 
imaginary, and complex respectively. The frequency bands 
of the filter may be classified in this way, since each value 
of w corresponds to one or more frequencies. Such a 
classification follows. 

Direct-suppression (stop) bands : 

-f so > tc >-|-1, -I- ac > A > 0, B ss 0, 

w a* cosh r ass cosh A, sinh V = sinh A, 
cosh iF sat cosh |A, sinh £F = sinh i A. 

Transmission (pass) bands : 

+ l>ir>-l, A=0, 
w as cosh F » cos B, sinh Fast, sin B, 
cosh |r ass cos sin |F = i .sin |B. 

Reverse-suppression (stop) hands: 

— 1 — 50, 0< A< -h 30 , B =vr, 

w = cosh r as — cosh A, sinh Fas - sinh A, 
cosh |F ** i . sinh |A, sinh |F = *♦ cosh J A. 

In the transmission bands the attenuation is zero ; in the 
direct- and reverse-suppression bands, respectively, there is 
attenuation without or with reversal of polarity across each 
section. The boundary between a transmission and an 
adjacent suppression band, ta= ± 1 , corresponds to a cut-off 
frequency /*. The boundary between adjacent direct- and 
reverse-suppression bands, = Hbs©, corresponds to a fre¬ 
quency of infinite attenuation. 
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4. Response of Mon-Dissipative Finite Lines with Resistance 
Terminations .—In the absence of the theory of the present 
paper, Eq. (1) has been used as an approximate solution for 
the finite line, nearly correct when the terminating im¬ 
pedances are approximately equal to the iterative impedance* 
The errors in the approximate solution will appear in the 
following discussion. 

We will proceed to derive the response formulas for 
nan-dissipative filters with a finite number of sections and 
with resistance terminations. The non-dissipative condition 
can be nearly realized in practice, so these formulae will 
represent very nearly the actual performance of such filters. 
In these cases Z x and Z s are imaginary, while Z a as H a and 
are real, so that we have w real. w a and u% imaginary. 
The response formula is then given by Eq. (16), since 


On substituting 



we have 


G, * 

G,(a, b) 

C * 

KV + tr* 



and 


sinh r=* tr*:s; 


K, 

zp 


Ox 

(in 




( 2 ) 


In transmission bands this becomes 


G, 

On 


(R»* — Kj*K It.* — K,*) 
(it. + K»)*.K l * 


sin* (n—1)B. 


(3) 


When Ro —Ro*= R*. these formula’ simplify to 

• • <j> 

and, in transmission bands, 


These formulae will be applied to examples of two classes 
of filter designs, the constant-K class and the M-derived 
class. 

The constant-K claw of filter structures, due to Campbell, 
Is characterized by tbe condition 

v/ZjZ, ■» K e (constant, real). 
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Fig. 3 shows a filter of this class: 

1 


h 

ia>(Jj ’ w- 0*‘ 


Z, = i»L» Z t = r ^-v , K„ 

The cat-off frequencies are determined by 

2 

was t—|®*L l C s = ± 1: to e =0, ^ £“(V* 

Since one cut-off frequency is zero, this design is called 
a low-pass filter. Because of its simplicity, it will be used 
as an example in the succeeding developments. Formulas 
derived in terms of T are readily translated to a> by noting 
that 


to* 1 —* cosh F to 


to. 


to e 


= +t.sinh ^F. 


Fur. 3. 



£L| it-Tl 

— nsv-o -1 

iu J 

= C* C*—j 

= k b K*R w | 

___ 1 

.■ ■■-—O... 


Low-pass filter, coustant-K class, mid-series terminations. 


In transmission band, — = sin £B; in reverse-snppression 

» Wf 
band — = cosh £A. 

Having defined the constant-K class, and given a low- 
pass filter as an example, we proceed to develop response 
formulas applying to all filters in this class. Since K* is 
constant and real, the iterative impedance and the termi¬ 
nating impedauces are conveniently expressed in terms 
of K«: 

K 1= =K C cosher, Z a =H a =i.K c , Z 4 =R 4 =1 jK«. 


Substituting in Eq. (2), we find 
G.l (k a + kt) * cosh* £F 


This simplifies for £«=£*=! to 

I CM* sinh^r 

|G.| ~ 4. cosh* W 


sinh*(n—1)F. . 


• (?) 
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While the above expressions are real, they involve 
imaginary quantities, so that for computations it is desirable 
to vs rite an individual formula in terms of the variable 
component of T in each class of frequency bands. Making 
die necessary substitutions in Eq. (7), for example, we have 
the following expressions for the several frequency bands. 

Direct-suppression bands : This cnee is impossible in the 
constant-K class of filters because Zj and Z» are imaginary 
and ZjZ, is real, making Z t /Zg negative and wfit. 

Transmission binds : (Ki=K, cos 



s 

* 1 + 


sin 4 ^B 
4 . cos* jiB' 


sin*{n—1)B. 


( 8 ) 


Fig. 4. 



Reverse-suppression bands: (K,s=»K e smh jA). 



= 1 + 


cosh 4 

4.sinh*4A‘ 


sinh*(M-—1)A. 


• ( 9 ) 


Indeterminate value: 


A=0 


sinh 3 (« — 1)A __ 
4. sinh* 4 A 


(«-!>*; 


*at 1-J-(«—1)* (10) 


Fig. 4 is the response curve of a three-section, low-pass 
filter with R.=R 4 =K C , computed by formula? (8), (9), 
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and (10). The dashed line (exp -3A) is the approximate 
carve based on the voltage ratio acrmw the same number of 
sections in an infinite line, Eq. (1). The dotted line shows 
the maximum deviation from unity of the response carve 
for anv number of sections. The computed response curve, 
within the transmission band, oscillates (n— 1) tunes between 

the dotted curve and unity. , ; „ . . » 

From Eq. (6) it is apparent that the coefficient of 
sin*(n—1)B can be made to vanish at two values of B, 
within the transmission bands, by making 

t m ss cos 4B« F = cos 4B». 


Fig. 5. 



The departure from unity of the response curve can be 
reduced to a minimum by making this coefficient Tan ?*“ ** 
two values of » for which sin*!ft-l)B has its maximum 
value unity. Fig. 5 is a response curve of a two-section, 
low-pass filter following this plan, computed by £q. {*>)■ 
The value of sin s 2B is unity when 2B* Aw or : we 
take B« = fir and B» = i v J so that cos 1B« '« » 

cos i = h 355 0’92, 
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The second term in the response formulae is the result of 
repeated terminal reflexions when neither terminating 
impedance is equal to the iterative impedance. In the 
foregoing example such reflexions were reduced to a 
minimum by the choice of terminating resistance values. 

The M-derived class of filter structure, due to Zobel (loo. 
cit.), more closely approximates a constant iterative im¬ 
pedance. Any structure (Z* f Z s ) in this class is derived 
from the corresponding constant-K structure (Z m Z&) by 
the following substitutions : 


1 1 1 — m* r/ ^Z& 

Z t ~~ mZio + 4mZsQ f m 


0<m< h 


The derived Z x comprises the two impedances, mZj 0 and 
connected in parallel. Fig. 6 shows the low-pass 
filter derived from the constaut-K structure of fig. 3. 


Fig. ti. 

m ^ 

El r'TSN rW fW E " 



Low-pass filter, M-derived class, mid-series termiimtioas. 


pWe will proceed to derive the response formula* for Urn 
M-derived class of lilters having 

R a =R f ,= R“ , '= K c = s/Z,^Z» (constant, real). 

It is reqnired to know the iterative impedance K,, expressed 
in.terms of K„ and T, for substitution in Eq. (4). Since 

K,= VZA-cosher, 


%L=°°** r \/k'& 


Recalling that 


cosh |r 


coshr»i+ ^ i 
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we have 




.,_ IT , coshr—i z, z 10 

“” h * r - * = 4Zi = ' 

from which 


i+d—*1^= 


This gives 


1- 


1 — »i* . 




sinhHr 


K 


5 sb cosh if Vl — e .sink* iT, 
1- 


I—m* 
«* 


tv, 


K, 

H ai 


isinhHra-c.coshHn 
cosh ir^/i — c. sinh 2 if) 


where c 

Then 

‘-©' 

K, 

IU 

Substituting in Eq. (4). 

j G « | J = !_ «nhHr(l-ceosh 2 ir)^ sinhs ( „_ 1)r ( H> 

I G„ j 4.008^41^(1 — rsmlr IT) 

The M-derived and constant-K classes merge when k a ~k h ^l 
and m = l, ess. 0, making JBqs. (~) an ^ (H) identical. 

This last formula simplifies somewhat when 

1 1 — wt* 0 

m = ~/3 = °’ 58, C ~^n 3 

and this value is in accord with design practice. Making 
this substitution in Eq. (11), 

I G, 1 2 _ „ s inh*ir• cosh*r g5nh2 {i) _ 1}r {12) 

JG b | ~ 1 4 .coshHf (1 — 2. sinh 3 Jr) 

Fie. 7 is a response curve of a three-section, low-pass 
filter of this design, showing a close approximation between 

the actual curve given by Eq. (12) and 
(exp - 3A). This reponse curve very closely approaches, 
the P ideal condition of uniform response within the trans^ 
mission band and immediate cut-off at the edge of the 

With f as the independent variable, it is necessary, 

before plotting the c"™, to express the derived 

of frequency. The cut-off frequencies of the M-denveA 
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structures are equal to those of the corresponding constant-K 
structures. For the filter (L, 0> C*,) of figs. 6 and 7, 


to*l+ „ 


Z. 


2 Z, 


= 1 + 


z 


10 


m‘ 


2Z “'l+(X-rf)j^ 


‘±1 


gives 


^10 


« 3L joC«. m o, 1 and 0, -J?™ 
4 v/Wto 


Then, from the preceding results, 

to* __ Zjo _ —siuh a §F 

«?-4Zjo ~ »» a —(1 —m 3 > sinh a il 1 


Kg. 7. 



0* sin* £B 

«/ * m s +(l-»»’•*)sin* ’ 


in the reverse-suppression band, 

a»* _ cosh* iA_ 

e»7* ** m*+(l—m*J cosh* |A ’ 
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and in the direct-suppression band, 


159 


& 


sinh 2 §A 


-w*-f (1—m 2 ) sinh 2 ^A* 


The junction of the two suppression bands marks the 
frequency of infinite attenuation: 


A as ao, 


©„ 


m c 


,/l 


* m* 


III. Wayr.Filtrr Circuits* Mud-shunt Termination. 

1 . Determinant Solution.— Fig. 8 shows a Campbell filter 
circuit similar to fig. 1* but with the sections (Z u Z 2 ) re¬ 
arranged for mid-shunt termination. This network of 
{« — 1} sections gives rise to the following system of n linear 


Fig. S. 


E* Eu E n 



Wave filter with mid-shunt terminations, (* — 1) sections. 


equations in E ti . . the voltages at the successive 
junction-points between sections: 

Ex-Bo f Ej 

Za + l*Z s + Z, 0 


E*-E*_, K* E*~E* +1 
Zi + Z. + ' 


e;-e,-i , e, , e 
—+ 22j + 


z* 


= 0 . 


Upon introducing the notation. 


cosli F=ic= 1 + 



W«= 


Zi 

2? 


ttySS 


Z,. 

z. 
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these equations take the form 

{w+ tc a )Ei—Ej=w.Eo 


■ Et-j+2ieEi—E/t-i—0 


— Eh — 1 + (ic+ M^)E» —0. 

The determinant of the coefficients is D*(a, b), as before, 
and the cofactor of the element in the first row and last 
column being unity, we have 

•p «>«Eo 

E *-D»(a,/0' 

The response ratio is found as before; thus 


G 


E„ to. 

Eo ” D„(a, /<) ’ 

G. _ W.+ Wt 
g , “ 15,(0 ~i>y 


Gj = 


E. 


Z» 


Eo 


Wa 

w. + w t 


This relative response ratio is equal to that of Part II., and 
its reciprocal is given by Eqs. (14) and (15). 

The on! v real difference between the analysis of the mid - 
shunt structure and that of the mid-series structure is the 
difference in the substitutions te„ and ; the nece»*arv 
modifications of the solutions in Part II. will be described 

briefly. 

2. Iterative Impedance.— The mid-shunt iterative im¬ 
pedance is denoted by K,. Corresponding to the mid-series 

solution, 

• i r K — v'Vs N /Z,Z, 


% 

K, 


V'+k “*‘ r 


3 Propagation Exponent .—Since w is the same for both 
structures, there is no change in the propagation exponent I , 
determined by 

coshP=tc= 1 + 2 ^- 


4. Response of Finite Lines.—The general response 
formulae given by Eqs. (2) to (5), in terms of h|. are also 
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correct for the mid-shunt case, substituting K* for K*. The 
formulae given for the constant-K class of filters are correct 
for the latter case, after substituting the following definitions 
of k m and it : 

<7 _13 _ fj _T> _ K* 

Therefore figs. 4 and 5 apply interchangeably to both 
structures. 

The M-derived class of filters requires a different recurrent 
structure for mid-shunt termination, which will not be 
described here; but, with this modification, the same 
formulae and the curve of fig. 7 are applicable. 

IV. Free Oscillations in Conservative Lines. 

1 . The Solution for a Recurrent Line .—The problem of 
free oscillations in conservative lines is generally familiar. 


Z 2 


Simple recurrent line with open ends, (2n+l) elements. 

and it was in the solution of this problem that the elementary 
wave-filter determinant had its origin. After describing 
the simple case, two further cases will be treated, each of 
which has an element of novelty. The determinants referred 
to are treated in Part V. 

The classical example of the recurrent line is the peri¬ 
odically loaded string ; in solving this problem. Lord 
Rayleigb evaluated the determinant D„. The electric line 
shown in fig. 9 presents the same problem ; we shall solve 
for its natural frequencies of oscillation. Proceeding as in 
Part II., we have a system of n linear equations in terms of 
the currents, I,, I*... I*, in the successive meshes of the 
line. On substituting 

cosh r ~n>35sl+ 

Phil. Mag. S.7. Vol. 6. No. H4. July 1928. 


Fig. 9. 



M 
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a* before, the equations take the form 

0ss2ttJj—*1* 

♦ • * • * 

0= —I*-i+ 2wh—h+\ 


0S —» J«-l + 

The determinant of the coefficients is D», and the condition 
for solutions other than zero is that 


„ sinh (n + l)F 

0 =D»= — Zi«hir~ ’ 


which is satisfied only when F=iB, A=0 ; hence 


sin (n + l)B __ 
-» "" ” ’ 


Fig. 10. 



Exponential line with dosed ends, (2»+l) element* 


so that 


n+r 


Jfeasl, 2,... n. 


For anr given structure (Z„ Z s ) there are one or more 
naturaHrequencies corresponding to each ot the « solutions 

^Graphical solutions for the natural frequencies will be 
ff iveIT P for the two succeeding cases, which are more nor* 

^ , |i t{ to ifuDortitti to not# tint tli# natural 

?" d S SLlySr of element. In the line, 
htrtlie within bands bounded hy the cut-off frequencies 

aTl fodep^dent of the number of ^ons, dependmg 
only on the properties of the recurrent structure. 

2 Exponential Line with Closed Endt.-Tig. 10 -how* an 
exponential line aimilar to the simple recurrent line, but 
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built up of impedances increasing in geometric progression 
along the line. Proceeding as in Part III., we hare a 

S stem of n linear equations in terms of voltages E|, E,,... E„ 
mg the line 

°* Ei (aIs; + + “ m, 


E»-i , p / 1 . 1 , 1 \ 

0 = ~ W~% + ’ U*—% + A* H+1 Zi + A*»Z, /' 

On substituting 

cosnIW=i(A+ 1 + |)=1+ ^ 2 ^- + § 
the equations take the form 

0=2u>E s -|.E, 


0~ — AE*_j + 2tcE*— J. E*+i 
a 




The determinant of the coefficients is D„(exp), so that the 
natural frequencies are determined by 


0 = D„(exp)= 


sinhjfn + 1)T 
siuhP 


This condition is satisfied only when r=t'B, A=0, as before: 
hence B= , *«1, 2,... n. 


The natural frequencies are then determined by the 
solutions for B. 

The natural frequencies of any recurrent structure, however 
complex, are readily determined graphically by the use of 
the chart of Part V., fig. 14. As an example, fig. 11 shows 
such a solution for an exponential line in which Zi—ieohi, 


Z,= 


iwCj 


The semicircle B is divided in (n+1) equal 


parts, and each ordinate, corresponding to w>=cos B, is 
projected on to the curve u>(a»). The corresponding abscissae 
are the natural frequencies. For any number of elements 

M2 
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in the line, the solutions all lie between the cut-off 
frequencies co„ corresponding to w— ± 1. 

These free oscillations may be regarded as standing waves 
resulting from terminal reflexion*, which are avoided, as far 
possible, in the design of wave filters. From this explanation 


Fig. 11. 



Alternating line with open ends, (2n*H) elements. 


it Is an immediate consequence that the natural frequencies 
tie within the transmission bands of the line. 

3. Alternating Line with Open Endt. —Fig. 12 shows an 
alternating line, similar to the simple recurrent line, but 
built up of two different sections recurring in alternating 
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succession along the line. This type of line is suggested by 
a doubly loaded string described by Born and von K&rman *. 
The procedure in this case is the same as before. Upon 
introduction of the notation 


to 


t 



t 


to"=l + 



the » linear equations for the currents in the various meshes 
of the network take the form 


0=2«/I 1 —I s 
0=-I 1 + 2 ic"I 3 -I 3 
0=-I 2 + 2«/I 3 —1 4 


0= I,,_i-+-2tc'T„. 

The determinant of the coefficients is 'D«", so that the 
natural frequencies are determined by 

sinh (n + l)r 


0 = 'D." = 


cosh r ~^/w'w". 


0 


£=1, 2,... n. 


sinh I' 

This condition is satisfied when T=t‘B, A = 0 : 
sin(n4-l)B R _ kir 

riiTii ’ «+v 

The graphical solution, based on these values of B, is shown 

in fig. 13 for the structure Z, = m»Li, Z, = v^y. The 

natural frequencies lie in two bands bounded by the cut-off 
frequencies e> c . 

V. Wave-Filter Determinants. 

1. Elementary Form .—The simplest form of wave-filter 
determinant arises from the analysis of the type of line 
ehown in fig. 9, described in Part IV. Denoting it by D» 
we have 


D. 


nth 

order 


zw 

-1 

0 

0 


-1 0 
2w —1 
— 1 2 to 


.. 0 
.. 0 
.. 0 
• * 
.. 2to 


(n>l). 


Fkys. Zeit, xiii. p. 303 (1012). 
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Elr .„d in gtat.™.otth e aM^,r..>-. 

J) ss 2«?D,t~l — 

. simple lipeer «<&»>?“ «p»to 

SJISTtk. trial «*■«« D.-«f S'S^lrf, giviPg 


. r =co S br+smhr=«p±r. 

n,„D.i.«»ne»rcoaAin»tioPO r rxp,r.nd 


„r 


Fur. 13 . 



D 1 =2w=2.cosb T=r, cosh r+c,»*"b» 

aDd Djssiw 1 — 1=4 .cosh* r—l=«»c«h2r+Cf *inb2l\ 

.. i .M(i c*cothr. 

from winch d~ l 

Then D.» cosli»r+c*tbr .»»nb «r, 

»i nh (ft + 1)J 


and 


or 
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It is important to note that the cofactor of the element 
in the first row and last column of D, is unity : 


(-i)— 


(a—l)lh 
order 


1 

0 

0 

0 


2 

-1 

0 


-1 
2 w 

-1 


0 0 




2. Mid- Termination Form .—The most useful wave-filter 
determinant is that which arises from the filters shown in 
figs. 1 and 8, Parts II. and III. This determinant is 


D,(a, 6)> 

W + Wa 

-1 

0 ... 

0 | 


-l 

2 w 

-1 ... 

0 


0 

-1 

2w 

0 

nth 

* * 

• • 

t * » » 

* - 

order 

0 

0 

0 ... 

W + W& 


which is similar to one evaluated by Pupin ( loc . at.') by a 
method of infinite series. D«(a, A) is readily expressed in 
terms of D„. Writing the terminal elements of the principal 
diagonal m the forms 2u> 4- — «•) and 2w-f-(io 4 —to), it 

appears that D,(«, b ) is the sum of tour determinants: 

D„(a, A) = D» + (w„—io)D»_i + jo)D,,_, 

+ (tc a — w)(w t —to) D,_ 3 . 

But 

D„—2tcD#_i» — D»-», io=cosh T, D -= etc ‘ 

Hence 

D„(a, b) =(to a +io fc )(D»-i—..*) + (w a w b + to 2 — 1)D»_ 3 

, . .sinh «r — cosh T sinh (n—l)r 

=(to a +to 4 )—- —- 


Also 


smh P 

+( Wa to 4 +sinh*r) Smh Bi ( n n h 7^ - 


sinh nP — cosh T .sinh (u—l)r=i .sinhnr— f.sinh («•— 2 )r 

=sinh P.cosh (n— l)r, 

so that 

D*(a, b) *=* (to*+ w t ) cosh (n—1)P 

- + ~ ~ j^ji ~~ ~ S inh (n—1)P. . (13) 




16a Mr. Wheeler and Pro£. Murnaghan on the Theory of 

The most convenient and useful expressions of this result are 


D.(«,fc) 

-^(n-Dr^^^i^bc-Dr cm 
, i\r>^ (^-sinhr)(^^ siphr) ginh(u _ 1)I\ 

= exp (n—1)1 + (tc;+ws)sinhF 

* * * 

oo«b(n-X)r+»inb(»-l)r-Mp(”-l)f- 

For oa. in lb. on.ly.is of oon-Biaaipati.e filto * F “** 
and III., the modulus of this complex expression is requ 

in the case of 

w real, «•„ and xc b imaginary. 

iai- j sinh(»—1)T 

This makes cosh («-l)r, smh 3 r, and sillh J' 

all real, no that in (14) tb. Brat loro, ia roal and *br 
tom i. imaginary. Moltipmo* (14) by >U conjugato 
i mag inary, the square of the modulus is 

I D4a, b) 1 * 

* Wa + tCi ‘ ur-i* 

mV f ' r ‘* ,r6 + m ” h v t- 1 sinh* (*t —l)r 

— cos ^ (” |_( ,r o + «"&) smh I J 

a= cosh* (» —1)F 

_P (tc«—sinh F) j ~1 sinh 3 (« —1)1' 

L (w a + wj)sinli F -1 

(w a —sinh rKws-sinh 1) 

(ic*+»Ofc) sinh 1' 

sinh r)(trj-sinh F) s inh* (« — 1) F 

L (ir a + *P4)»inhr J 

fteJ-sinyDCV-sinyr) ,;^^^!^ # (16) 

~ 1 -(W a + ic )* sinh*T 

When sinh T*0, the indeterminate forms are evaluated by 
making 
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3. Exponential Line Form .—This determinant arises from 
tiie exponential type of line shown in fig. 10, Part IV.: 

D„(exp) = 2w — 1/A 0 ... 0 (n>l). 

—A 2 to —1/A ... 0 

0 —A 2w ... 0 

nth .. 

order 0 0 0 ... 2w 

Expanding in terms of the first row, we have 

D„ (exp)=»2wD B _,(exp)—D„_j (exp). 

Also we note that D,(exp)a=D 1 , I) 2 (exp) = D„ etc., so we 
conclude that 

D*(exp) = D„. 

The cofactors in D* (exp), however, are different in general 
from those in D*. 


4. Alternating Line Forms .—The alternating line of the 
type shown in fig. 12, Part IV., gives rise to determinants 
similar to D„, but with two elements in alternating succession 
along the principal diagonal. These forms are indispensable 
to some problems, and are capable of manipulation similar 
to the foregoing treatment of the elementary form. There 
are fonr distinct forms under this heading, differentiated by 
the different pairs of elements in the terminal positions of 
the principal diagonals: 


'Dn”= I 2 w f -1 

-1 2te" 
0 -1 

nth * * * * 

order 0 0 

'1V= 2w' -1 

-1 2a>" 

0 -1 

nth * • * ' 

order 0 0 

Then "D,' and ”D„” are 


0 ... 0 (» even, >2), 

-1 ... 0 

2 to' ... 0 


0 ... 2w"\ 

0 ... 0 (n odd, ^.1). 

-1 ... 0 
2w' ... 0 


0 ... 2w' I 

the same as 'D„" and 'DJ 


respectively, except that to' and to" are interchanged. 






HO Hr. Wheeler and Prof. Murnaghan on the Theory of 
flyp^inp aa in the case of D», we have the equations 

. tt m tl 


•Bn" = 2 w / . ,/ D,_i"-'D._ " 


% i 


*D 




eqoatfon in ‘d.". Pjoenedinj; •• Wore, Wring *0 Iral 

biquadratic aquation .t — 2(2trW — 1 )jt+ * K S 

**ss(2w , n/' —1)± ^(2wV' — l)* —1- 

Making the substitution __________ 

2w'w" — 1 = cosh 2I\ V *e'ir" * cosh 1, 

we have 

x * = cos h 2r± sinh 2F * exp ±2I\ a* * «*P ± r - 

Then r D«" is a linear combination of exp «r and exp -kI , 
„ of crehnl- ond rinb„r: 'D.''=o,oo.hul 

.nd «. nr. det.rn>in.d by the “in.tmi cond.unn., » 
before, c,=l and «‘,=coth F, so that 


'D," = 


sinh («-*• 1)F 
sinh 1 


Interchanging if' and id' makes no difference, so that also 


„rv . sinh (n + 1)F 

Dm sinbT 

Following a similar procedure, we have 
'D»' = ft cosh »F+fs sinh nl, 

Cl 5 


, Tt sinh <« + l)r 
■Ww/w -iSiST— 


4 vd\\d l , ct = W/tc". ooth T : 

'D„' 

Interchanging w' and if", 

—777—, sinh (n + I)F 

5 Graphical CAortr.—In the application of the above 
determinants to wave-filter problem*, wenote that* and £ are 
functions of the frequency of alternation, io(e»)«*co8br ( 
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tlt« functions depending on the structure (Z„ Z 2 ). The 
solutions in terms of F are, however, independent of the 
nature of the function F(a») as long as it complies with 
the conditions imposed, and this fact makes these solutions 
particularly valuable. Several charts will be described, 
which can be used to show in a convenient manner the 
relationships between the various quantities involved. 

The solutions in Parts II. and III., for non-dissipative 
filters, require that w be real, and the field of to is logically 
divided into three parts, as described. With this restriction, 
fig. 14 gives a convenient arrangement- for showing the 


Fig. 14 



relationship between F and to with the aid of a curve of 
tc(e>). Corresponding to any abscissa to, the ordinate of 
the curve determines the value of F. The partitioning 
of the to axis corresponds to the three kinds of frequency 
bands. 

In fig. 14 the F functions shown on the left may be 
replaced by a curve of any solution in terms of F, plotted in 
the left-horizontal direction. This solution is then easily 
applied to any desired filter structures by drawing in the 
curves of tc(a>). 

If desired, the infinite plane (to, w) may be represented in 
a square chart, as shown in fig. 15. The part of the curve 
which lies outside of to* +1 in fig. 14 is folded over by 



m Mr. Whoolor and PrdE. Momagb*.«. <*r 
•ubstitution in term. .£ *. Gudormonwon t • 

follows:— 


KB 


Transmission band: 

+ 1>»>-1, A*0, 0<B<*, 

w - cosh r — COS B » COS 0 (solid curve). 


Fig. 16. 



Suppression bands: 

+I>i>-1, +»>A>0, B * 0 or rr» 

0 = gdr :w = coshr« ± cosh A = seed 
ginb r = ± sinbA — tan 0, 

1 -cosd (dotted carve). 
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In general, both w and F are complex numbers, though 
this paper Is largely restricted to w real. When w is com¬ 
plex, we denote its real and imaginary parts by u and v 
respectively: 

w—u+iv *= cosh (A+t'B) 3= cosh A cos B+1 sinh A sin B. 

Equating real and imaginary terms respectively, 

u as cosh A . cos B, us sinh A. sin B. 

Charts for reading A and B in terms of u and v can readily 
be prepared by drawing the level curves for A and B on 
the (u, v) plane, which are orthogonal families of ellipses 
and hyperbolas, repectively, determined by the following 
equations:— 

A constant: sinh* A ~ 0088 ^ 8 * n * ^ = ^ 

B constant: —* >»-—rt> = cosh 2 A—sinh 2 A 3= 1. 

cos 2 B sm 8 B 


VI. Differential Equations underlying Electric 
Impedance. 

The problems treated in this paper are in reality solutions 
of second-order differential equations involved in the defini¬ 
tion of the complex electric impedance. Appreciation of 
this situation makes it possible to apply the same solutions 
to other systems, such as mechanical or molecular structures, 
which may lead to the same differential equations. 

In a simple series circuit including resistance It, induct¬ 
ance L, and capacitance C, the instantaneous values of 
current Ij and applied voltage Ej are related by the equation 

RI(+ — jXdf = Eo 

In the case of steady, sinusoidal, alternating current, and 
applied voltage, 

E( ss E* cos out, I< = I m cos (fi»$—£), 

we may choose to express these quantities in terms of the 
unit rotating vector, exp iff, with the understanding that we 
refer to the real projection, cos ff. Then we write 

E« 3* E m exp ioit, IJ = I m exp Urt t 
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in which I, is complex, including the phase rotation, 
exp —»<£, as a factor. We substitute 


dh 

dt 


tali, Jlfdl = 



in the first equation: 

It is customary to use, instead of the peak values (E„ I»), 
the effective (root-mean-square) values of voltage ana 
current: 

P E„ T _ I- 

tj ~ ,/2’ 1 ji " 


We define the impedance Z as the ratio p£ voltage to 
current, which is, in this case, 


Z 


E, 

X 


E« 

Tm 


as R+i«L + 


1 

icd(’ 


An impedance is, in general, a complex function of of 
which the real and imaginary spurts are, respectively, t«e 
resistance R and the reactance X : 


Ysim) « R(m) + iX{») * | Z| «xpt£(«)f 
iZl* ✓U i + X»* | y|» tan 

he phase angle £ defined by the above equations is 'he 
an alo by which the current alternations lag behind the 
voltage alternations. This phase displacement is implicitly 
included in tbe complex imjM*dance, in the complex factor 

expt>- , ... 

The power m any impedance is 

(EX),**, ~ J11*. Z as R 111’+iX i 11*, 

of which the actual power dissipation in heat (or work) is 
represented by tbe real part: 

P = R j 11* *= | E J. 11>{ . cos <f>. 

When this term is aero, tbe impedance is nou-dissipative. 


Johns Hopkins University, 

Baltimore, Md. 
May 31,1927. 
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X. Analogy between the Crystal Detector and a Vacuum Tube. 
By Wakasabro Ogawa *. 

Af ANY theories o£ the crystal detector have been 
published, bat uone of them has been accepted as 
satisfactory. According to the writer’s theory, the rectifi¬ 
cation by a crystal detector is brought about by the difference 
of electrons emitted from each electrode. 

An investigation of the electron emission from crystals in 
the cold state was carried out to prove the theory positively. 
A crystal detector couple, consisting of a copper rod and a 

S iena crystal, was sealed in a glass tube, a small space 
ing left free without contact between the metal and the 
crystal. The tube was evacuated from a side tube. An 
electrolytic bath of Na,SO* solution containing phenol- 
phthalein was connected in series with the tube to show the 
polarity of the current if rectified. When A.C. potential 
was applied to the tube a glow discharge started between 
copper and galena when the voltage attained a certain value, 
and the colour of the phenol phthalein solution near an 
electrode corresponding to copper turned red. By this 
experiment it was known that the current is rectified by a 
cold vacuum tube with two electrodes of copper and galena 
and the rectified current flows in the same direction as the 
contact rectifier consisting of the same materials. In this 
case the only cause to which the rectifying action can be 
ascribed is the difference of electron emissions from the 
electrodes, such others as tbermoelectrical or electrolytic 
effect having nothing to do with it. Then two electrodes of 
different metals or crystals of which the electron emissions 
were to be compared were sealed in a glass tube. As the 
emission is influenced by the physical state and dimension 
of the surface, care was taken to make the conditions of 
these two electrodes as equal as possible. As in the former 
case, the electrode which has stronger electron emission 
than the other was ascertained from the direction of the 
rectified current. Many couples of different metals and 
crystals were tested by this method, and as the result the 
following order of electron emission was obtained, magnesium 
having the strongest electron emission in the series : natural 
galena with the best sensitivity ; synthetic galena with 5 per 
cent. Ag ; silicon; Pt; Ag; Cu ; german silver ; brass ; Pb ; 
Fe; iron pyrites; simple synthetic galena; carborundum: 

* Communicated by the Author. 
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zincite; Al; Mg. These results all well correspond with those 
obtained by the writer’s experiments with crystal detectors and 
also with the order arranged after the electron affinities of 
metals determined by many previous investigators. By these 
experiments the following facts are now established; (1) 
rectification is possible by two separate electrodes of different 
electron emissions in the cold state; (2) the direction of 
rectified current in this case is quite the same with that 
rectified by the contact rectifier composed of the same 
electrode materials. The essential differences between these 
two rectifiers are the distance between the electrodes and 
the surface area from which electron emissions occur. In 
the vacuum tube there is always a layer of air between the 
two electrodes and ionization of gas molecules necessarily 
occurs. In the crystal rectifier, it will be natural to think 
of the distance between the electrodes as varying from the 
real contact to the wide space involving the ordinary atmo¬ 
sphere. As the latice constant for metals and crystals has 
a value of 3'2-5'8 x 10”* cm. and the mean distance between 
gas molecules under normal pressure is 3*33 x 10~ 5 cm,, the 
tree space of nearly from 6 x 10"* to 60 X 10"* cm. will 
not allow the existence of gas molecules, and at least free 
electronic emissions may be possible in the space of this 
dimension. But as the free mean path of electrons in the 
atmosphere at normal pressure is nearly 9 X 10" 5 cm., the 
electrons are able to reach the opposite electrode without 
collision with gas molecules in the wider space far beyond 
60 x 10"*. It may be, therefore, possible to say that the 
emission at the free space of a contact rectifier occurs in the 
highest vacuum, and no ionization of gas molecules is 
involved in an ordinary case of the wireless detector. 

But in the case of the battery charger, which is another 
type of contact rectifiers consisting of two plate electrodes 
of metal and metallic oxide or sulphide and which is thought 
by the present writer to acton the same principle as ordinary 
crystal detectors, the electron emissions seem to occur even 
in a wider space involving an ordinary atmosphere in virtue 
of a higher potential. 

Another difference between the crystal detector and the 
vacuum tube used in the preceding experiments is the surface 
from which electrons are emitted. In the vacuum tube the 
electrode surface works as a whole including any hetero¬ 
geneous parts if present, while in a crystal detector only a 
special portion is brought to work and heterogeneous parte 
will work as such. For example, in an argentiferous syn¬ 
thetic galena, silver grains between PbS crystals will always 
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exert their influence upon the electron emissions in a vacuum 
tube, but in a crystal detector their effects will be quite 
different according to the position o£ the needle point. But 
there will be no difference in a homogeneous substance. At 
the first sight the surface area emitting electrons appears to 
be very different in a needle point and in a crystal.^ But 
this is not true, because the emissions only occur in the 
limited portion of the electrodes which come face to face 
within a carta in limited distance and other parts will remain 
idle. In short, there is no substantial difference between a 
crystal detector and the vacuum tube except the metallic 
conduction at the real contact points in the former. This 
analogy is illustrated by figs. 1 and 2. Suppose A and J> 



in fie. I to be two components of a crystal detector which 
are in contact really at U and D. The distance between 
M and N is thought to be so small that any molecules of 
gases are not admitted to enter between this space, that is to 
say, the space is vacuum. In fig. 2, A and * 

the electrodes and O'—D' denotes a glass bulb of a 
tube. The real contact portions denoted by O and U wiJi 
serve as the supports of the electrodes and correspond to 
the glass bulb C'-D' of the vacuum tube. C-DandC-D 
will equally make a route of leakage current if they are not 
good insulators and if this leakage attains to a certain value 
the potential difference between Hand N as well as^M and 
U' Tsrill drop to such a value that electron emissions between 
Phil. Mag. S. 7. Vol. 6. No. 34. July 1928. N 
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the electrodes will become impossible. As C and D in the 
crystal detector are composed of the same materials as the 
electrodes, it is impossible to ensure an insulation of high 
degree, more or less leakage as metallic conduction being 
inevitable. Thus it will be clear that the proper electrical 
resistance is of the prime importance in a crystal to be used 
as a detector. 

In conclusion, a crystal detector is nothing else than a 
cold vacuum tube which works as a rectifier by the difference 
of electron emissions from two electrodes badly insulated. 

Electrotechnical Laboratory, 

Tokyo, Japan. 


XI. The Determination of the Atomic Scattering Potter for 
X-Rays from Powders of iiold. Silver, and Aluminium for 
C m A’a Radiation. By J. BrkNTANO, JKSc., Lecturer in 
Physics, Manchester Unirersity *. 

; Plate I.] 

Summary. 

In the present paper experiments are described intended to 
obtain comparative values for the scattering power of gold, 
stiver, and aluminium. 

The measurements are made with small powder particles, 
and a method is employed in which the intensities are 
measured from composite layers. Some point* concerning this 
method,which makes it possible to overcome certain difficulties 
encountered in measuring the intensities of X-ray re¬ 
flexions from powers, are discussed, and the procedure is 
indicated for evaluating the photographic* records. 

The results of the experiments indicate that, for the 
elements of high atomic weight examined in the state of very 
fine powders, the scattered intensities increase considerably 
less rapidly than F* and that better agreement is obtained 
by assuming the scattered intensity proportional to F. 
*fhese results are discussed. 


1 . TH a previous paper t a discussion was given of some 
1 intensity measurements of X-ray reflexions ob¬ 
tained from extremely fine powders of rock-salt. 

* Communicated bv the Author, 
t J. Brwrtauo, Phil Mag. iv. p. 020 (192?>. 
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The object of these measurements, which were recorded 
with a photographic method, was not to obtain date of a 
higher degree of accuracy than had been obtained from 
measurements on large crystal faces, but to venfy whetber 
the measurements made on large crystals were not affected 
to any considerable extent by extinction. 

It'resulted that in the pariicular case of rock-salt 
extinction effects played a very ^all part, but it 
♦bat in other cases where these effects were large, tne 
breaking up of a crystal into a powder could, m general, not 
be considered a reliable means for elumnntmg extinchon 
the nartides are of the order of 10 or 10 cm. in 
diameter, so that only a limited advantage « °£« ned ^ 
using coarser powders m preference to large crystals. 

o I„ the present paper some measurements are described, 
directed to verify thl general assumptions on the scattering 
of Ws from atoms m crystal lattices. A problem which 
presents 3 itself in this connexion is in a certa ” , way s,ml ar 
to the problem discussed m the case of rock-salt. 

A number of factors which determine the intensity of 
X rnTrSeZn, and which involve a certain amount 
of uncertainty in their numerical evaluation, assume definite 

values or become negligible for small an £* es d f 

ttxactlv for small values of sm tt;X, where is tne 
Xncing angle of the reflexion and X the wave-length One 
ffiSrs is the quantity F, which we «in dehne as the 

effective negative charge of the atom, distributed 

centre would l>e equivalent to the actual charge distributee 

ZZ™ fo” ,«tter?»g ration of the 

at the particular glancing angle 6 . * b ® c - a * Q h 

the actual charge for small value* o \f sm 6JX. Oteer 
factors are terms accounting for heat »oU j 

Compton effect, which become negligible for small angles 

other hand, extinction effect, are g^tot forth. 

strong reflexions nt small angles. } I . Jistribti* 

dimensions of the regular crystal units and on their distr^ 

tion in the crystal and cannot be determine 

way. 

sss fo^rTt?”?"”: sra».~, *». t. 

introduce it in a phenomenological way. 

N 2 
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It seamed, therefore, that a considerable simplification in 
the interpretation of the results could be obtained by 
measuring the reflexions at small glancing angles from 
a powder consisting of particles so small as to satisfy 
the conditions of negligible extinction. In this way we can 
avoid the superposition of too many factors, which render the 
interpretation of X-ray intensity measurements so difficult, 
and attempt to verify the* fundamental assumptions 
before introducing them in more complex cases. The 
general evidence derived from the analysis of structures 
supports the classical relation making the contribution of 
men atom to the scattered intensity proportional to F 5 . but 
most of this evidence refers to light atoms, and not so much 
information is available with respect to the scattering from 
atoms of higher atomic number. Measurements for the 
intensity of scattering were therefore made for gold, silver, 
and aluminium, which ail belong to the cubic face-centered 
type of crystals. 

In pursuing these determinations a method for measuring 
the intensities bad to be evolved so as to be adapted to the 
particular conditions of a powder. We have to refer to 
a few points in this connexion to account for the particular 
wav in which the determinations were carried out. 

Similar conditions present themselves when quantitative 
intensity measurements are required in connexion with the 
determination of structures ; we discuss them, therefore, in 
a more general way than would be strictly necessary for the 
purpose of our experiments. 

3. The effect of extinction * on the intensity of X-rav 
reflexions from the individual particles of a crystal powder 
depends mainly on the extinction in the particular crystal 
unit which is contributing to the reflexion, which Darwin 
calls primary extinction. 

Darwin has given an approximate expression indicating 
the relative reduction of the intensity of the reflected 
radiation owing to the extinction in the reflecting unit. If 
m is the number of the reflecting planes and 

9*N(e*/mc»}FX*/siti*fl 

measures the amplitude reflected from one plane, N being 


* A general exposition of the phenomena of extinction in a single 
perfect crystal and in a crystal of “ mosaic 8 structure has recently 
Um ^en by ftagg. fWim* James, JfULMw. i. p ,WT (1938), and 
by P. Ewald, Jlanmuch der 2*kymk t xziv. (1936), 
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the number o£ atoms per unit volume, e and m being the 
charge and mass of the electron, c the velocity of Tight. 
Darwin’s expression becomes 

tangh mg 

tnq .' ' 

We give in Table I. the data calculated for the (111) 
reflexion for gold, silver, and aluminium, for which 
the expression (1) becomes equal to 99/100 or the extinction 
equal to 1 per cent., the last column gives the thicknesses 
corresponding to the numbers m. The F values used have 
been calculated according to Hartree *. 


Table I. 


Plane of 
reflexion. 

N . 10-** 

F. 


m. 

Thickness 
d. 10 6 cm. 

Audll) ........ 

594 

727 

128 

135 

3*2 

Ag(!H) 

f>90 

41*3 

7 55 

250 

5*9 

id till) .. 

002 

93 

2*0 

880 

20*5 


We can make sure of reducing this extinction effect below 
a given value by limiting the size of the crystal particles to 
the dimensions imposed for the individual crystal unit 
according to (1). , 

It will be noted that expression (1) increases very rapidly 
with mq, i. e., with the thickness of the reflecting crystal 
unit ; on the other hand, this expression refers to the unit, 
not to the particle, and it might appear unlikely that the 
whole of one powder particle is perfect, i. e., acts as one 
single unit. 

In discussing extinction effects in the case of a powder, it 
has been pointed out by the writer f that when the 
conditions for negligible extinction in the individual particle 
are satisfied, there still exists a particular extinction effect, 
which could better be described as the additive absorption 
effect of the various crystal forms. All possible crystal 
faces contribute to it according to the number of times 
p they are represented on th« crystal form, and according to 
their scattering power. The* additive effect is thus a 
discontinuous function of the wave-length, as this limits the 
total number of faces which can reflect, hut it is the same 

* D. R. Hartree, Phil. Mag. L p. 289 (1925). 
t Loc. cit. 
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for all reflexions and appears as an additive term In the 
absorption coefficient. 

When making absolute determinations from a powder 
layer of finite thickness, the proper coefficient of absorption 
conld be determined for the actual powder, in snob cases 
where the effect is appreciable. Bat the measurement of 
absorption coefficients from powders is exposed to a serious 
scarce of error, owing to the varying density of a powder 
mass, and this raises a difficulty in all absolute intensity 
measurements from powders in which the coefficient of 
absorption has to be introduced in an explicit or implicit 
form. 

Another reason which makes powders less suitable for 
absolute measurements is the weakness of the reflected 
beams; this involves that for absolute determinations two 
intensities in the ratio 1:10,000 or 1 :100,000 have to be 
compared, so that absolute measurements seem to require 
very great precautions. 

It was therefore decided not to undertake absolute 
determinations, but to limit ourselves to relative measure¬ 
ments. It will be seen that the conditions of reflexion from 
a powder lend themselves particularly well to such deter¬ 
minations. 


4. If dV is a volume element of powder, so small that 
absorption can be neglected, 8 the glancing angle with 
respect to a set of lattice planes corresponding to a certain 
reflexion, so that 28 is the angle between the incident and 
the reflected radiation, and I the intensity of a parallel 
beam of X-rays failing upon the volume element, the 
radiation scattered for this reflexion in unit time is given by 


dPm $Ip cos 0 Q </V. ..... ( 2 ) 


where 



F*N* 


X* 

sin*d 


1 +cos* 2d _*«*»*• 

e ** 


( 3 > 


The expression Q Is the generally accepted value derived 
from classical theory, assuming that each electron scatters 
independently*. The exponential factor accounts for the 
beat motion of the atoms. A farther factor should be added 
for the Compton effect, which limits the part of the incident 
radiation available for scattering f. 


• C. G. Darwin, Phil. Mag. xliii. p. 800 (1822). 
t Williams, FhU. Mag. h. p. 667 (1926); Jauacev, Pfays. Rev. xxis. 
* 7670827). 



Scattering Power for X-Rays for Cu Km Radiation. 183 

This expression has to be integrated according to the 
conditions imposed by the particular method. 

In the method used a beam of X-rays diverging from the 
focal spot of the anticatbode, or from a slit near to it, falls on 
a flat layer of powder situated at a distance a from the 
point from which the X-rays diverge. The scattered radiation 
is observed at a distance 6 from the powder layer. Details 
of the arrangement have been described in another paper*, 
and certain focussing properties of it have been discussed. 
The glancing angle of incidence of the central beam being * 
and the glancing angle of emergence being ft, we measure 
more conveniently not the quantity P, which is the radiation 
scattered according to the surface of a cone of semi-apex 2d, 
but the part P* of it, which falls at the distance l on 
a strip of unit height placed normally to the planeof deflexion 
in which the angles a and 0 are measured, and «-1-/3=20. 

We have thus for the central beam 


dV = M 

* 8ttI> sin 6 




Integrating for finite thickness t of the layer we have 


P*= 


WV _ 

sin 6fx{l + sin «/sin ft) 



where /'is the cross-section of the beam. 

If the layer is sufficiently thick to absorb the incident 
radiation completely, and introducing X as the intensity of 
the divergent incident beam measured by the energy incident 
in unit time in tbe solid angle one and x as the actual solid 
angle of a narrow incident pencil defined by tbe diaphragms 
of the instrument 




8 ! n *j 

\ sin 0 s 


. (5) 


The focussing condition requires for the central beam 

Sin - a - const.(6) 


sin/3 0 


a 

h 


to be satisfied for all angles of reflexion. We see* therefore, 


♦ J. Brentano, Froe. Phya. See. Load. xxxviL p. 184 (1925). There 
the arrangement is described in view of making: exact angular measure¬ 
ments ; its advantages for quantitative intensity measurements are 
indicated, hut not fully discussed. 






for .lUn g^ of of fte tadj*, 

jitsir&i. u» *»*>»»« “f-x 

Further, while measuring a given reflexmn the powaer 
Inver is rotated through a certain range. The result ot 
Wth these facts is that the focussing condition is satisfied 

ordK^ria”; the effect of the roUtioo of tb.ta,.r 
oo tb. radiotion «»ttor.d f™» ■“ e ^r«tj d.v»- 

Then 


Pt»x 


pQ 

#*sin 6 


. const, 




1 dm 
<*>, , ah*** 

I+ iiSj9 


I„ ,bi. expreflsion th. J^lblTr.^l-.^So*. 

rot"",, i'.tooTJfot the i ;' loci ‘- V '* 

the expression becomes 

P6 = X ^r5 «. V ^-cosK-^-a)/ 

4 .Un in this case it is arranged to measure various 
and when ■ • . > incomes nroportioiial to w«. 

conditions. 

* I 1 ” J ne ^“1 “rom w 1 wltlf h unrS ,b «l^Uv b b front *«f it* phote- 
Shkilra snd uncovers an ** t * ,,awn * ° f 11 * ° n * 

The integration of (4) gives 

- * r*s </„ 




mtn m 
*in& 


ini of the tUm is 
) tr. For etch 


■when < » the time during which any particular 
V£J «d T is the total time for one swing of i™ «£J«* ‘ «— 
« aad ^ extend over a certain range determined by 

p * » i0 thi » CMe *® * ver * g * effeC 

time T. 
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By a similar reasoning we can estimate the effect o f the 
finite angular extension e of the incident beam in the plane of 
deflexion. It results that the effect of the larger and 
smaller values of * largely compensate one another except 
for small glancing angles. When making measurements at 
small glancing angles* e must necessarily be small, in 
order that the whole incident beam may fall on the powder 
layer. So it is found that* in general, the experimental 
conditions are such as to allow to refer to expression (5). 
For relative measurements of different reflexions from a 
sufficiently thick layer keeping % constant* we have then* 

Pjs=X . const. ..... (7) 
sin 9 v 

The quantity P b in (5) is the energy entering into an 
ionisation chamber in unit time, when the entrance slit at 
the distance b has the height one and is sufficiently wide to 
embrace the whole radiation scattered for the particular 
reflexion. 

In the photographic record the quantity P& is represented 
bv the total blackening of the film taken for the whole 
width of the line. For the quantitative evaluation of 
photographic blackenings it is, of course, essential that the 
X-rays fall vertically on the film, which condition is 
satisfied with the apparatus. Different reflexions have also 
to l>a recorded for equal times. 

It is desirable to make the incident beam diverging from 
the antienthode or from a point close to it, so that its 
intensity is uniform for the whole of its extension €. In this 
case inequalities of the layer have less effect. This requires 
that a should be made somewhat larger than b. 

5. In order to compare intensities of reflexion from 
different crystals, simple conditions are obtained by making 
measurements on composite layers containing both sub¬ 
stances. We have then to consider that the expressions 
for P& are obtained by an integration over a volume. 
In the case in which the experimental conditions allow ns to 
use expression (7), and when X is the same for different 
reflexions, the ratio of two reflexions from a layer containing 
two substances in the proportion Mj/M 2 becomes 

P*i _Qj sin 6$ 

P* MjprpjQfSin^r. w 

where the quantities which refer to the one and to the other 
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crystalline substance are distinguished by the indices 
1 and 2 and p are the densities. 

As will be seen, the absorption coefficient and other 
constants which depend on the particular conditions of the 
measurement do not enter in this expression. 

When only two lines or two groups of lines of similar 
intensity have to be compared the proportion of the two 
masses M t /Mj can be so adjusted as to make intensities of 
corresponding reflexions approximately equal. The short¬ 
comings of the photographic method in comparing widely 
different intensities can tuns be overcome to a considerable 
extent. 

In the* particular case of gold, silver, and aluminium, the 

lattice constants are 4*08 A4*07 A., and 4*06 A. respectively. 
The reflexions fall, therefore, so near together that a com¬ 
parison substance had to be used and measurements made 
from layers containing one of the metals and the comparison 
substance. 

Nickel oxide, which had been employed as admixture in 
other measurements*, is in general a very suitable com¬ 
parison substance in combination with Cu radiation, owing 
to its density and to the fact that the characteristic 
radiation of nickel is not excited by the radiation of copper. 

Its lattice constant is 4 1703 A., and the metal and nickel 
oxide lines are thus so near that a proper determination of 
the background is rendered difficult. Therefore cadmium 

oxide was used, the lattice constant of which i* 4*72 A. Its 
(200) reflexion falls very near to the (11 If reflexion of the 
metals, so that the (220) reflexion of cadmium oxide was 
compared with the (200) reflexion of gold, silver, and 
aluminium. 

6. It seemed to be of some interest to ascertain whether 
it would actually be necessary to have recourse to so small 
particles as indicated by Table I. 

For gold and silver it is known that the reflexions obtained 
from sheets of these metals are broadened, and this has 
recently been made the subject of an investigation by 
DeUtnger f. It could be expected that in such cases the 
mechanical treatment of preparing a course powder would 
produce a powder with sufficiently small crystal units. 

Fig. 1 (PI. I.) shows comparative photographs taken from 
two composite layers consisting of equal parts by weight of 

• BrenUno A Dawson, Phil. Baa. Si. p. 411 (1W7). 

f U. Dehlinger, Zeittchrifl f. KHitallogrnphie. Ixv. (ft) p. (1027). 
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gold and nickel oxide *. The gold contained as impurities 
about 2*2 per cent, of silver and 1 per cent, of copper in each 
case. In the first photograph (a) extremely tine fragments 
of gold were used, obtained from gold leaves of 5.1()~* cm. 
thickness. In the second photograph (b) the gold consisted of 
fine filings obtained from a thin sheet. Since the spacing 
for gold is slightly less than the spacing for nickel oxide, 
the reflexions from the latter occur at smaller angles than 
those of the former ; on the photographs the lines corre¬ 
sponding to smaller angles are on the left. 

It will be seen that in the case of the coarse gold particles 
the gold reflexions are by far the weaker, indicating 
considerable extinction in particular for small angles. At 
larger angles the difference between corresponding reflexions 
from the two films is less pronounced, which is what should 
be expected for an extinction effect f. 

It is possible that the extinction effect observed with the 
coarser gold particles is not entirely due to primary 
extinction, but in part produced by secondary extinction. 
It indicates, in any case, that small particles had to be 
adopted for the measurements. 

To obtain these particles, foils of gold, silver, and aluminium 
were powdered with the addition of a volatile substance. 
Taking the thickness of the foils as indicating the maximum 
dimension of the crystal units to be expected in these particles, 
for gold, the less favourable ease, t he corresponding extinction 
for the (200) reflexion amounted to per cent. 


7. In applying expression (8) to the particular conditions 
of our experiments, a simplification can be introduced, as the 
same reflexions are compared in each case and the value of 
sin 6 is nearly the same for the three metals. Therefore, 
we can write 


Pm 


Q t 

M*PiQ* 


. const. 



The P& values were measured from photographic records, 
and the photometry was carried out in the same way as for 
the measurements from rock-salt, but a more accurate 


• This comparison of coarse and floe fold forms part of the early stages 
of this research undertaken in collaboration with Mr, W. E. Dawson, 
M.SC" and I wish to express my indebtedness to him for Ins assistance. 

t The exposure (b) (with coarse gold) was considerably longer than 
exposure (a) and the lines are darker. This does not show so much on 
the reproduction, but it accounts for certain uickel oxide lines appearing 
in (6) which are only faintly indicated in (a). 
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evaluation has been adopted in view of the different width 
of the lines obtained from different metals. The galvano¬ 
meter deflexions taken for the varions points of we lines 
were plotted in a logarithmic scale. By means of a suitable 
blackening curve St was then easy to express them in terms 
of X-ray intensities. 

Fig. 2 shows examples of the curves so obtained. The 
ordinates in the upper curves represent the logarithms of 
the galvanometer deflexions, the ordinates in the lower 
carves represent the corresponding X-ray intensities, and 
their areas are proportional to the quantities P». The scale 
of the abscissa; is chosen so as to obtain areas convenient for 
measurement. The agreement between different measure¬ 
ments taken with the same substances is 5 per cent. 

Table IT. represents the results obtained from a greater 
number of measurements using Cu Ka radiation. The 
quantities referring to the metals gold, silver, and alu¬ 
minium are marked by the index 2(H) of the corresponding 
reflexion ; the quantities referring to the comparison 
substance are indicated bv the index 220. Tbe last column 
gives comparative values of Q for the three metals by 
introducing the ratio of the masses and the densities in (9). 


Table II. 



f- 

**M80 


if vi*mt . 
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8. When discussing these Q values we can neglect the 
small differences in the numbers X, owing to the dose agree¬ 
ment between the lattice constants for the three ntetais, so 
that referring to equation (3) for the conifwrison of the 
reflexions from gold, silver, and aluminium, F* becomes 
proportional to Q. 

We have calculated tbe F values for the (200) reflexions 
from the three metals according to Hartree *, assuming 
Stoner’s distribution of electrons. The values so found are 
F w =69-55 for gold, F*»=38*65 for silver, F»»«s9*23 for 
aluminium. From calculation we obtain thus for the ratio. 


* Loc.cit. 



Fig. 2, 



Photometry of (200) reflexions from gold (n),silver (ft), and aluminium (c). The corresponding comparison reflexions are on the left. 
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pi 

gold and silver, a* 3*23, while the ratio of the experi¬ 
mental Q values gives 1*44. 

The discrepancy is too great to be easily attributable to 
extinction effects or to the approximative character of the 
calculation. 

A particular anomaly in the scattering power has been 
brought into evidence by an experiment by Mark and 
Ssiliard *, and is discussed in a more genera) treatment of 
scattering phenomena by Kallmann and Mark f. This 
anomaly is associated with the excitation of characteristic 
radiation of the scattering atom by tlie incident radiation 
and is effective only when the wave-length of the scattered 
radiation is near to one of the absorption edges of the 
scattering atom. This phenomenon cannot account for the 
present discrepancy. 

The possibilities present themselves that either a general 
falling off of scattering power takes place as compared with 
the value given by Thomson’s expression, for those electrons 
which are in the vicinity of a heavy nucleus, or that for the 
elements of higher atomic weight definite orbits do not 
contribute to the scattering. Comparing the gold and 
silver values with those from aluminium we find from 

¥>J 1*2 

calculation .~"=5tV8 and , = 17'fi, while the ratio of 

V *.4! r AS 

the experimental Q values gives 5*70 and 3*95 respectively. 
This indicates that on the latter hypothesis groups of electrons 
from gold and from silver should be excluded. It does not 
seem permissible to introduce the present experimental values 
in a treatment in which some factors, notably the factor for 
heat-motion, have been neglected for justifying any particular 
assumption ns to the omission of the scattering from certain 
orbits. Determinations at low temperature and for different 
wave-lengths are in progress. 

If we consider the experimental Q values without 
referring to equation (3), which is bused on the assumption 
of independently scattering electrons and not on the 
continuous distribution of quantum-mechanics, and simply 
introduce the Q’s to measure the scattering power per unit 
volume under the condition for (2) and (4), it appears 
that much closer agreement exists by comparing them 
with the calculated F values and not with their squares. 

* Mark and Scilisrd, Zrit*ekr.f, J%*. xxxitt. j>. 688 (193$). 

+ Kallmann and Mark, Ann. Jar Pkga. ixxxii. p. 585 (1927). 5 
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F F 

We find from calculation, » 7*54 and =4*2, 

the corresponding experimental ratios, 5*70 and 3*95, give 
ilms a relative value for gold which is somewhat too small, 
hut show very good agreement for the relative values of silver 
and aluminium* 

Retaining for P its significance as “ effective ” negative 
charge, so as to account for the spaciat distribution of the 
electrons, this would indicate a contribution from each atom 
proportional to its charge. 

Here two remarks present themselves : one that when 
applying an expression for Q to the scattering from a 
volume, iu which extinction and absorption are nil, it 
would be very satisfactory to find the contribution of the 
individual atom to the total intensity of one reflexion 
proportional to F and not to F 2 . In fact, F in such a case 
only determines the scattering from the individual unit of 
the pattern, so that a variation of F does not affect the range 
through which reflexion occurs, different from N in expres¬ 
sion (3) ; the other that it is questionable whether an 
equation of this type can actually be applied to express the 
scattering when extinction is absent. 

The two points are not so widely different as they appear, 
since, in considering the scattering from crystals, the 
scattering from one atom by itself has no physical meaning. 

On the other hand, in making these remarks we must 
bear in mind that the general evidence from structure 
analysts and from absolute determinations on lighter elements 
is in agreement with (3) also in cases where this expression 
has been applied to measurements from microcrystalline 
mosaics and fine powders. It seems, therefore, of interest 
to discuss the present measurements in terms of this expres¬ 
sion, when they indicate that the relations verified for lighter 
elements seem not to be satisfied in a general way. 

The writer is indebted to Prof. W. L. Bragg, F.R.S., 
for various facilities, among which is the use of a transformer 
obtained by means of a grant of the Royal Society, and to 
the Leembruggen Trust for a special grant. He wishes in 
particular to express his thanks to Mr. W. 18. Dawson, 
M.Se., for his help in the earlier stages of this work, and to 
Mr. J. Adamson, M.Se., for assistance received in the more 
recent experiments. 

Manchester, 

April 5th, 1928. 
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XII. Tk. MaivMi* 1° f 

Linear Currents. By H. \-Lowh\ . 

S UPPOSE the field has an applied electric force B' 
and permanent magnetism I*, then o«ng 
equations 

* jklV\ 

J( ®'j)de - J( &j)dc * — j^E —E\ carl H - ^ t ) dr 

= _J(eurl E - E', H>/r + J(E- E^* + 

* * • (1> 

the integrals being taken over all space, so that 
JfEH].<fS*0. 

In an isotropic medium of constant permeability and 
capacity the right-hand side of 1 becomes 




f/F 'i\dr is the rate at which work is done on the field 

t lied forces* f(E j)dr is the rate of dissipation of 
the applied forces „■ JW' , . , of {l) presents the 

energy *, a»d hence the tfe e||e 0 f the field. This 

rate of o marts the first of which definitely depends 

energy is »» two P® r *** . f t he field. If the field contains 

Wanse becomes zero in a magnetostatic field. 

If the field contains no permanent magnets and tb 
currents are steady aud flow m circuits, 

transforms to |StK = (T), 

K being the total induction through a circuit carrying a 

°Tregard tie porm*™* ■»**"«• “ m “ d * ” p 
* tb« Author. 
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molecular current*, we can look on W and T as two different 
wajs of uniting just as 

W,=i2;w, and W T =±2 9 „V„V, 

are different ways of writing the electrostatic energy •jfSeV. 

From the magnetostatic point of view the force corre¬ 
sponding to the coordinate x is ( ~ ’ an< *» M &** is 

obtained by keeping I e constant, it is better to write it 

(_aw\ 

V 3* /2e=anut 


Bnt when the magnets are replaced by currents, the 
currents must be kept constant during the displacement B.r 
in order that the equivalent magnetization shall remain 
constant. For two circuits 


T = |{L t «V + 2M*V 1 +NV}, 

so that keeping L t and L* and the shapes of the two circuits 
constant 

8T=8M.V,. 

The equations that give the currents are 
| t <L« l +M« t )+R,i 1 = E : 


and 


|.(M tl +Ni,)+R s * 9 «E J . 


In the. displacement 

t s SM = (E l -Il,t,)8< 

and * 18 M — (E*—R***) St. 

Hence the inorease of energy of the circuit 

Eii t +E*i s —Rjt]*—R** a *--X 8x=2i l t a SM.—X8x 

=2$T—X&r. 

Therefore 2ST— X8x=ST. 


We have therefore two expressions for the force X 

x~(-m -(+£) 

These different expressions arise soieljr from the two 
PM. S. 7* Vole 6* No. 34, JWy 1923. O 
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different ways of writing **»* are analo K 008 to 

the electrostatic equations 

„*«=sC3Sjr; 

Weebtei., the «m. result it warns thrt the . 

- - 

external magnetic force. .f/tm*. In a 

For such magnets the energy is W * )dt. In 

displacement in which I is kept constant, 

lo k**P I constant in such a displacementanex^rn.l 

Hiagnelc force SH most be applied, and this will do *ork 
-f(I8H}dr=2«W'. 

Hence, as at»ve, we have 

25 W'-XS.r=SW’; 

„ sw f 


therefore 


B* * 


Thi. expression tor X is eqoiselent to the reloe 

m . 

necessarily bacauM iu kinetic energy is 

+kJ*H*Ie; hotti T and W are equal to i|#»H, and the 

„ *W- BT 

X ~“ + 

are consistent with this, because 

The confusion arises because the quantities kept constant 
in the partial differentiation are often omitted. 
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XIII. Chemical Interactions corresponding to the Constant 
of Mass Action, being a Function oj the Volume and Masses 
of the Constituents, as well as of the Temperature and 
Catalytic Action. —I. By R. D. Klekman, B.A., D.Sc. * 

§ 1. Introductory Remarks. 

T HE writer has shown f that, in general, the constant of 
mass action of a gaseous interacting mixture is a 
function of its volume and masses of the constituents as well as 
of the temperature. In a subsequent paper t the differential 
equations were developed which determine the functional 
nature of the constant of mass action in any given case. 
They were applied to investigate some well-known reactions 
by the help of the gas equation 

pv * MRT, (1) 

where p denotes the pressure of M mols of a pare gas at the 
volume v and absolute temperature T. In the particular 
cases considered, it was found that the constants of mass 
action are independent of the volumes of the reacting 
mixtures, as shown by experiment. The effect of the masses 
of the constituents on the constant of inass action was not 
investigated. 

It was shown in a subsequent paper § that, strictly 
according to thermodynamics, the equation of a perfect gas 
is 

P v = MRT£,.(2) 

where £ is a function of T, r, and M, which is practically 
equal to unity except for temperatures close to the absolute 
zero, and for very large volumes. It would follow, then, that 
strictly in all cases the constant of mass action of a mixture 
in the perfectly gaseous state is a function of the volume, 
notably when it is very large, and the masses of the 
constituents, as well as of the temperature, though it may be 
practically independent of these quantities except of the tem- 

£ erature over a large range of values. In this paper it will 
e shown that the constant of mass action may be appreciably 
a function of the foregoing three quantities for reactions 

• Communicated by the Author, 
t Phil. Mac. v. p. 263 (1928). 

1 Phil. Mag. v. p. 620 (1928). 

S Phil. Mag. v. p. 1191(1928). 


0 2 




196 Prof. R. D. Kleeman on 

taking place under certain conditions, even when eqnalion (1) 
Is supposed to hold strictly. 

( 2. The Functional Future of the Constants of 
5 of Gaseous Mixtures reacting under Certain Condition , 

■and Catalytic Action. 

It the reacting nttanr. inecl™ Ithe c.n.iit».m. 
variable is 




.3=0, 


(3) 


QV v* ~ 

where v denotes the total pressure of the mixture. p„ />* • • • ** 
the nartiai pressures of the constituents not in combination 
witheach other, or the pressures they exert' 
branes each of which is permeable to one of them, an 
brnnes eacn cor ml ing volumes per gmm atom. 

If the constituents when isolated form certain molecules the 
form of the equation may be altered accordingly, examples 
3 which have already l«n given. Th. a|.,,i,«.,«n of ihe 
gas equation (l) gives besides 

p*BTSC. <4 ' 

where 2C denotes the sum of the concentrations of the 
various molecules. Similarly, or the partial pressures 
p p 3 ..... of the various molecules, we hare 


- — HTC'j!, 

• ’ J 


I 

Pi 


(5> 


where G\ (V ...denote their concentrations. The masses 


wnere v>i, v * * * •* 7— ’ . 

in gram atoms of the constituents are given by 

vSn„C a „ 3= M, 

rSn&Cs. = M* 


m 


where C denotes the concentration in mob of the molecules 
w hich contain «« gram atoms of atoms a, etc. Besides there 
ere a nnmlier of mass action equations, each of which may 
be written in the generalized form 

KCjC; .... *= C|Cj .... . . 


. . <n 
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The differential equation with respect to the mass M g as 
independent variable is 

•—* • ® 

and soon. 

Now, the differentia} equations of the type (3) and (8) are 
derived by passing a mixture through a certain isothermal 
cycle. If the mixture consists of two constituents it is 
initially contained in the chamber C„ of an apparatus shown 
diagrammaticaliy in fig. 1, this chamber being separated 
from the chambers C« and (’> by membranes, each of which 
is permeable to one of the constituents. An essential con¬ 
dition of the process is that in passing the mixture from the 
chamber C„ into the chambers C„ and C«» or vice versa, 
the pressures in the chambers are kept constant. We will 

Fig.l. 


* 

! c a 

c a€ | 


now varv this process by supposing that the walls of one of 
the chambers C* and C*—say C a , is permeable to a gas 
contained in an adjacent Infinitely large reservoir. What¬ 
ever tine nature of the reaction now going on in this chamber, 
it is evident that the foregoing condition will still be satisfied, 
since the pressure in the chamber does not depend on its 
volume for constant pressures in the chambers 0 a * and C # . 
The general forms of the differential equations obtained will 
therefore be the same as before, but the forms of equations (4) 
and (5) may now be different. Now, if it can be shown by 
means of these equations that, corresponding to the first 
arrangement, the constant of mass action of the reacting 
mixture in the chamber 0 a # is a function of the temperature 
only, it will be evident that with the second arrangement 
this may no longer be true. It follows, therefore, that a 
reaction taking place in one of the chambers 0* and C* may 
affect catalytically the reaction in the chamber CU* causing 
the constant of mass action to become a function of the 
volume and masses of the constituents as well as of the 



m 
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temperature. Examples of this will be considered in 

Sections 3,4, and 6. . , . ... 

Instead of supposing that the chamber walls of the 
chamber G. am permeable to molecules c, we may s«K>os« 
that this is not the case, hat that the chamber contains 
permanently a mass hL of molecules r. In order, to derive 
the differential equations in this case, we must now suppose 
that when the mixture is initially contained in the chamber 
C„ the chamber C. is at a volume V„, and contains molecule# 
of the constituent a as well as molecules e. On transferring 
the mixture in the chamber into the chambers and t, 
we must further suppose that the pressures in the chambers 
C« and C, only are kept constant. . 

Let us now pass the mixture through a crcle similar to 
the one used* to derive equation (3), to which the reader is 
referred for information. The external work done bv the 
chamber C« daring the process (a) is now not but 


f r *’ P ..3V. 


where V al and V* denote the volumes of the chamber at the 
beginning and end of the process. The work done by the 
chamber during the process (J>) is not p,M» . 0 «* a , but 

p»a • BV 

where »«s denotes the pressure when the volume is V,j. 
The work done during the process (r) is 


* (*** p *. B V a —B f Va2 /v • BV„ 

J r at J v «» 


instead of -M 0 r./>.-B(M. Finally, on equating the 

external work done, we obtain 

' ar.C p ‘' 9V ‘ + ^ = °' ■■ <3> 

If the last two terms in this equation, on substituting from 
equation* (4), (5), and (6), assume a different functional form 

♦ha,, the term * which corresponds to no molecules e 

being present in the ebamher 0, (compare with conation (3>), 
the molecciles c in the chamber influence catalytically 
reaction going on in the chamber The constant of 

• Phil Mag. v. v . mnm). 
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action of the reaction « then necessarily a function of the 
volume and masses of the constituents, if it is a function of 
the temperature only when the molecules e are absent . 

§3 .The Catalytic Effect of the Molecular Volume of a Gao 
S on the Constant of Mass Action of a Reaction. 

Sunnose that the walls of the chamber C 8 are permeable.to 
molecules c in the gaseous state contained m an adjacent 

inSnitely Urge reeen-oir. Let 1 ^Z^WehS ^ 

"cl" K t. m ^"e t"d«Ung A • 

z££:To." 

molecules < Ike differential equation of the reckon init e 
XmbTc- -ith resp«t to its Tolnme e » independent 

variable is 


Bp 

pi — 

do 


M.r.^ -M.r. 


Bp« _ 


= 0 , 


. (10) 


where M. and M,denote of ti».^Uno« 
a and e, and r a and e, the volume reflectively and p 

(’„ and C. at the pressures ,, 0 M 

denotes the total pressure of tbe mnt™* * ™ and c in the 
Let us next suppose that tbe motef 1 *? w hich case tbe 
chainher C. do not .ntetact eh.m.0.1, «“'<* 


chamber uu uuu .—. ?' 

pressure p. of the molecales a is given by 


ET 

v a 






. . (ii) 


* It will be helpful to point out tb*t *be<vi*G«)» where 
matter ia the chamber U wft y molecule* « iu tbe 

C» denotes the concentration 0 ! the exp0rime at with 

chamber C«. Jts form may he dete fhe W M.i of 


dM« t 


5r 


0 # QV U v « v,f r t 

The volume V«s c .meponde to the total and 

the substance a in the chamber C*, on t. Hence 

Vrf=d> s (T, C.), whose form is determined by experiment. 

_ «adTt 


dV«3 

3e 


aVqf &C« 

’ dCu d» ‘ 



20© Prof. R. D. Kleemaa <m 

where <V denote* the concentration of the molecule* a in 
the chamber, e, = 1/C*', and the factor 1/1—6 expresses the 
effect of the volume of the molecules c on the pressure. 
If C* denotes the concentration of the free molecules a in the 
chamber C«, tbe partial pressure they exert is equal to RTC*. 
This pressure must be equal to the pressure in the chamber C„, 
otherwise diffusion from one chamber to tbe other will take 
place, and hence 

C.-C.'j-j, . ..... (12) 


which gives tbe relation between C. and C„\ Tlje term 

M,r« in equation (3) may now be written 

M „ B/»« _ KV M«BT dC. 

* * dr “iV(l~6j dr t'„! 1 — b) dr 


by means of equations (11) and (12) and since r„ ** 1/C,'. 
It tbe chamber C, did not contain molecules c, the fore¬ 
going term expressed in terms of <\ would have the form 
H liT 

_*-* # Hence, if in tbe latter case the constant of 

C. 

mass action of tbe reaction in the chamber is a function 
of the temperature only, this will not be the case when the 
chamber C„ contains molecules possessing molecular volume, 
the constant now being a function of the volume a* well *. 

Similarly, it can be shown, by means of the differential 
equations involving the masses of the constituents as inde¬ 
pendent variables, that the constant of mass action is now a 
function of the masses of the constituents. The molecular 
volume of tbe molecules *• thus has a catalytic action on the 
reaction in the chamber C*» through contact by means of 
tike molecules «, which is exhibited by a change in the 
constant of mass action. 

This effect should also occur if the reacting molecules 
themselves posses* molecular volume, as is the case in 
practice. If this volume be known, its effect oo the constant 
of mass action may easily be calculated br means of tbe 
differential equations given in Section 2. ’The same effect 
would be produced by tbe addition of an inert gas possessing 
molecular volume to the reacting mixture. Tbe effect might 
be large enough to measure in practice. 


• This will be immediately evident from the investigation* in the 
second paper quoted. Tbe conditions that K is Independent of r for the 

eases considered are now obviously not satisfied- 
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4 4 . 2 he Effect of the Functional Form of the Constant of 
Mate Action of a Reaction on the Form of the Constant 
of another Reaction, 

hot us suppose that the molecules e in the chamber C. in 
the arrangement of the preceding Section interact with the 
molecules” a, and that the ^rresponding wnstent of mass 

action K* is a function of the volume of the ^amher Ca, 
what amounts to the same thing, a function of the volume « 


of the chamber C a 


The term M a » a l^ in equation (3) may 

o » 


then be written in the form 

Since occurs only once and represents an independent 

function it will not disappear from the equation. Hence, if 
the equation is solved, we finally obtain the constant of mass 
action of the reaction in the chamber C« espresse 

of ^ which is a function of v. This shows that the 

reaction in the chamber C„ affects that in the chamber CU 
IS Z versa, and therefore the reactions will also affect 

each other if they take place in the same mixture. 

& 5. The JEffect of a Magnetic and .Ekctrw Field on the 
* Constant of Mass Action of a Reaction. 

.ssncsstssississf^ 

3?. -*-«• h °v!? 

molecules inside the field will tnererore o g 
outside of it, since the velocities of the molecules me dis¬ 
tributed according to Maxwell’s law, and on j 
to escape whose velocities lie above *s certam vahse ; An 
analogons case is a liquid in contact with ^aimetic 

attraction of the liquid taking the plaee be 

field. The pressure in the chamber U will therefore oe 

^▼® nfe y n «x 

ETC.'*, ...**• 
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whore C;' denotes the concentration of the molecules a andla 
a quantity less than unity depending on the strength of the 
field. The pressure of the free molecules in the chamber W 
is HTC a . which must be equal to the pressure in the chum her 
C„ otherwise diffusion from one chamber to the other will 
take place, and hence 

C, s C#**» ••»••* (11) 


The term in equation (3) may now be written 


“• 4 ? 


wMJRT d<V 

1TT & 


aMJRT bU, 

s C. dr 


by means of equations (13) and (14) and since r * m Vf,' 
If no magnetic field were present the value of * would be 
equal to unitv. Thhs, if the differential equation (d) is 
solved corresponding to a magnetic field existing m the 
chamber C., the constant of mass action of the nutoou m 
the chamber C« appears a function of the volume, bimilarly, 
it can be shown by using equations of the type (c) that the 
constant of mass action is a function of the masses of 
the constituents. 

The same result is obtained on applying the field to the 
chamber C„. The value of «, it will be observed, will have 
different values for the different molecules. Itwili not be 
difficult to see from an inspection of equations (d), (4), (®). 
and (6), that the effect of the field on the constant of mass 
action is in this case different from that obtained by applying 
the field to both the chambers C, and C,. . 

If we suppose that the magnetic field is applied to the 
three chambers C«, C„ and C„ at the same time, it will not 
he difficult to see that the effect on the constant of mass 
action is different from the previous cases considered. 
This indicates that the magnetic field produces a change m 
• molecule which gradually disappears when it wander# out 
of the field, as may happen in the first two arrangements. 

If an electric Meld is applied instead of a magnetic field 
si milar results are obtained. 


€ 6. The Effect of a Dente Suhttanee on the Conetmt of Mate 
Action and Catalytic Action. 

If in the process to which equation (9) refers, the sub¬ 
stance e in the chamber C« docs not obey the gas laws, toe 
expression, taking into account that M. is now a function 

of», * * ' ' ‘ 
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will involve quantities depending on the nature of the 
«.! «*»«** c. That this is so will be evident from supposing 
that the substance c in the chamber C. is in the gaseous state, 
bnt possesses a considerable molecular co-volume in which 
case it can easily be shown, similarly as m Section 3, that the 
above expression involves this co-volume. The Constanta 
depending on the substance c do not occur elsewhere m the 
eouation than in the above expression, and also do not occur 
J?the equations (4), ( 5 ), and ( 6 ) used to effect the solution 
of equation (3). They will be associated with factors which 
mar* be expressed as functions of the variables r, M«, M„ 
ffi M„ "here UJ and M« denote the masses of the con¬ 
stituent a and c in the chamber C. when its volume is V.n 
and v denotes the volume of the reacting mixture m th 
chamber C« and M* and M. the masses of the eooabtuMito 
a and * it contains. Hence the solution of equation (3), 
from which the concentrations of the various i«o «uiks^n 
thp chamber C«, may be determined , when substituted 
in equation ( 7 ), gives the constant of mass ac J 10 ° a fnn f ct ‘^ 
of the above variables. If the equation of s * a ,... 
mixture in the chain tier C„ under the changing conditions 
during ihe cycle be known, the calculations can ^ 

carried out. The differential equations involving theniasses 
of the constituents as independent variables may sum y 

^Thus, we have the very important result ithait a dense 
substance in contact mtk a gaseous reaction ofmhich 
to a certain extent me or more of the constituents, ™dxr . 
constant of mass action a fiawtion ^ and lm«s » / 

the constituents. A catalytic agent thus is not lonly Ufc . 7 
change the velocities of the various changes ^ nt, “ nal £ 
35 on in the reacting mixture but the value jf the 
constant of mass action as well, and to an «tent depending 
on the volume and masses of the constituents o 
mixture. The far-reaching nature of these results will be 
farther discussed in a separate paper. 

Shenectedy, NX, DJ 8 .A* 


« Loc. cit. 
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XIV. On the Theory of Light-scattering in Liquids. 

To the Editors of the Philosophical Magazine. 
Gentlemen,— 

- « _ lum< , r published in the Phil. Mag. v. pp. 498-512 

I (wS^wSw the title Of “ A Theory »1 '&*£**%* 
. T • .jj.'i! Prof () V Ha man and K. S. Kriahnaa reter 

to a’new theory of light-mattering 4 ^ 

Stt?;«rf!SS in ‘heir notation,, lead, to the formal* *- 

, . ** KT/3, 4 l 4l 6 + ftr 

,s=, ®2^*‘Sx. i ‘ M ' *6—ir’ 


2%F 


+ .%oF 


Now these formal® have already Wen given btinj self 

with equivalent notations (/•» A. p. ll-» Kino” in 

my JSk I named these Formula- 
order to remind us that l rof. V e»»ot-K.tng ( * » 

p. 66 ?, 1923), was the first to give a molecular theor k 
Mattering. * This author implicitly supposed that th 
polarizatmn-field had no fluctuatioiu in my 
Honed above. I brought this hypothesis into full t itlence, 
showing tl»t it ™ snstainahle, and that thn 

*^Enr«%^-.'ttetignteii h, n,v -^nenHoned 

LtSA ■**«* the he -jM. -Uym «J. "g 
it bv cjualitativo- Ha Ihit^fort, R 8 

Sr-Fomnta type Wt-King" which 1 »« » ■* 
paper without apparently adding anything. T 

g-si h K ia i-U *i 

a liquid or a gaaeouaatate seem to offer. . f aw. 

To say the truth, the question of the .^ c } a ^ i ?^ a ^ tw . 
polarisation field is still an open ®»* i 1 wlH * how ’ m * W 
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to bo published soon in the Annales de Physique, that these 
fluctuations exist, but that one ean bring them m the 
calculations of the intermodular field, which must be 
considered contrary to the opinion expressed some time ago 
by Dr. K. E. Hainan a than. 

* « * Yours faithfully. 

“KJST Dr. Y. Rocabd. 


XV. A Sole OH the Magnetic hieUloj a J j: ed * h ™ - 
and the Attraction of a Straight ^ * re - £ d) * 

A.R.C.&■■■, F.Inst.P. (1 echmcal College, Bradford) . 

H AVING had occasion recently to consider at about the 
A , UI „e time with different students, the apparently 

divert problem, o! tl» Md . » 

rrr. A' »it 

Taking Ampere s formula i . ns -sJn p* n be the 

rJ £*' 

rs.“/,'7^t™l»r » ‘^p^thZs'h “to.® 

wire and dh, ek perpendicular to l ». mrou^n « 

^Cn if PN®u P P6-r, and the angle P5N~*, the magnetic 
forwat'pfperpendicular to the pfiu of the paper due to 
the current element ab, is 


i.ab. sin 6 
r % 


t. «e 
: "r* 


i .de 
ra 


& 

* 

41 


'?• 


/?• 


• OonimumeHted by tbe Autbor. 
f * Eiectrieiau/ 4 , 1891 . 



206 Mr.J. A. Tomkins on the Magnus Meld <4 a 
Hence, for the whole conductor, the magnetic force at 


is 



F 


Fig. 1. 



For a finite portion AB of the conductor, the contribution to 
tbTmagnetic force at P will be 

In the case of a thin straight wire of attracting matter, 
if p be the linear density, the attraction on unit mass at F, 
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doe to an element of the wire, will be along r, where 

G l« the constant of gravitation. Hence the component 
perpendicular to the wire is Qp.de. sin d/r* and that parallel 
to it Qp. de . cos 0ft*. 

Comparing these expressions with that for the magnetic 
field doe to a current element, it will be seen that a similar 
method can be employed for their summation. Thus for an 
infinite wire the resultant force perpendicular to it is 2Gp/a , 
For a wire AB of finite length, the component perpendicular 
to it is obviously 

fr 'Vq— ^(sin <£,—sin &), 

I* <* 


Fig- 2. 



and that parallel to it is 


Gp 


«P 


. re an -X (cos <f>i —COS <£,). 


Returning now to the magnetic field of a circuit, the 
magnetic force at any point due to a rectilinear circuit can 
be calculated by the method given, whereas, with the usual 
circular coil, the calculation for points not on the axis 
involves the use of spherical harmonics or elliptic integrals. 
In the case of a rectangular circuit, the expression for the 
ma gnetic force at any point in its plane was, I believe, first 
derived by the lata Prof. G. M. Minehin *, in a form which 
does not appear to be usually given. 

Let ABCD (fig. 2} be the rectangular circuit and P the 
given point. Through P draw the straight lines LM, NR, 

* IKi. Sept 6,1895, 
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™n,l to the Then “1 ‘C^. 

and tie ongW they aobtend a J <h f , t 

tribution of these adjacent portions to tne magne« 

P will be 


,; sin <J>t sin — 

‘1 “5T + '** V.»,* 


._3„) 

+ a7* «i V'a.*+«s 5/ 


I 

~~ a!%/ v' a/ P» 

where », is the perpendicular from P on LN. 
Hence for the whole circuit the magnetic force 

«( 1 + - + l + I) 

\pi th Pi P* 

Fig. 3. 

A 



. ± . , • j„ t u fl circuit as at F, it will be seen 

£*33 zt« 
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where A, B, end C are the angles of the triangle, and pi, p t , 
and p t the perpendiculars from the given point on the lines 
joining the feet of the perpendicnlars from the point on the 
sides. 

Bnt it can be easily shown that a similar expression holds 
for the magnetic force at a point in the plane of any recti¬ 
linear circuit. 

For let BAC (fig. 3) be two adjacent sides of the circuit, 
PL and PN the perpendiculars on these two sides from the 
given point P, and PE the perpendicular on LN, the line 
joining the feet of these perpendiculars. Then the magnetic 
force at P due to the adjacent portions LA, AN of the 
circuit is 

./sin APL sin APN\ 

A PL ~ pM /* 

But, since the points PLAN are con cyclic, we have 
PALatPXL and PAN * PLN. 


Hence 

sin A PL=cos PAL as cos PNL, 
and tin APX = cos PAN«co« PLN. 


Thus the expression becomes 

( cos PN L cos PLN \ 

Pit sin PLN PJK/siu PNL/ 

- /sin PLN . cos PN L 4- sin PNL. cos PLN\ 

a" .. PH ~ 7 

__. /sin PAN • cos PA L + sin PAL. cos PAN \ 

a ' pit / 

_. sin LAN 


Hence, for the whole circuit, the magnetic force at P may 
be written 

... sin A 

*2 --. 

P 

The expressions for the rectangle and triangle are thus 
but particular cases of this more general theorem. 


Fbil Mag. 8. 7. Vol. 6. No. 34. July 1928. 


P 
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XVI. A new Method of determining the Mobility of Ton* or 
Electron* in Gases. By E. J. Vah DE GbaafF, B.Sc., 
Queens College, Oxford *. 

1 . TN many of the experiments that have been made to 

X determine the velocity of ions or electrons m the 
direction of an electric force, the velocity that is measured 
is in some cases an upper limit of the mean velocity and in 
others a lower limit. This may be due to the fact that the 
velocities of all the ions are not the same, and also to the 
fact that a group of ions tends to diffuse m all directions. 
In ord«r to avoid these and certain other difficulties I have 
devised a method for measuring the mean velocity of a 
group of ions moving in a gas under a steady and uniform 

* 1< The C prindple oE the method is the same as that used for 
the determination of the velocity of light by Fizeau, who 
employed a rotating toothed wheel as a periodic suntter to 
break up a beam of light into sections which travel a known 
distance and then again encounter the periodic shutter, 
which, depending on the time of arrival of the sections of 
the beam, either stops them or allows them to pass on. 
Thus the transmitted light may be observed as a function of 
the speed of rotation of the disk, and from this, taking into 
account the geometry of the apparatus, the velocity of light 
may be easily computed. 

2. The apparatus used for the determination of the velocity 
of ions works in an analogous way. An oscillating potential 
in combination with grids gives the shutter effect corre¬ 
sponding with that of the rotating toothed wheel of Fizeau. 
The arrangement is shown diagrammatically in fig. 1. The 
pl af-A A is maintained by the battery M at such a potential 
thtti a small glow-discharge is formed at the needle-point I , 
thus supplying to plate B ions of the sign whose velocity is 
to he measured. These, for the sake of clearness in descrip- 
iion may be assumed to be positive ions* Plates 15, 
and" D are provided, as shown, with central grids. The 
connexions to the batteries M and N maintain a steady 
potential of a few volts, opposing the passage of positive 
Ions from plate B to plate C, and likewise from plate D to 
plate E. The plate E is connected to an electrometer for 
the measurement of the ionic current received through the 

• Gommumcated by Prof* J* S* Tow&wod, F.E.S« 
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gas. As may also be seen from the diagram, the connexions 
through the batteries M and N furnish an electric field 
favouring the passage of positive ions from plate C to 
plate D, and between these plates are four equally-spaced 
rings connected to the resistance R, which is composed of 
a series of five equal high resistances. This arrangement 
provides, between plates C and D, a uniform field in which 
the velocity of positive ions is determined by measuring the 
rime required for the ions to pass from plate C to plate D, 
a distance of 5 cm. (t is evident then that, with no 
oscillating potential, positive ions cannot reach the plate E 


Fig. 1. 

+ 



connected to the electrometer, as the forces in the space 
between plates B and U, and in the space between plates D 
and E, are in the contrary direction. 

In order to reverse these forces momentarily and at regular 
intervals, an oscillating current is supplied to the primarv 
of a transformer T with two secondaries, Sj and &*, which 
have the same number of turns and are wound in the same 
direction. A consideration of the connexions shown in 
fig. 1 shows that an oscillating potential is superposed over 
the steady potentials of the system of plates and rings 
-connected to the resistance R. The connexions are urranged 
.so that the potential of this system of plates and rings varies 

P 2 
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as a whole, while the electric force between the j.laies C 
and D where the velocity of the ions is determined, reimuns 
steady’ and is entirely unaffected by the oscillation. The 
Siting potential is so adjusted that its maximum instan- 
Seois value slightly exceeds the small, steady, opposing 
£Z«.1» itw« pl»te. B M.d 0 and between plate. 

?) and E Thus, when the oscillating potential is maximum 
negative a group of positive ions wifi pass through the grid 
in Opiate’B^and on through the grid in plate C. After 
traversing the grid in plate C, the group moves under the 
Sn of the steadv electric field with a uniform velocity 
toward plate D. If the group arrives at the grid of plate D 
wlTen the oscillating potential is at its maximum positive 
value some of the ions will pass through to the plate E and 
i^duce in electrometer deflexion. If, on .he other hand 
the group arrives at plate 1> when the oscillating potential 
is not near its maximum positive value, the ions will not 
mss through to plate E, hut will be discharged on the grid 
of nlate D Thus it is seen that the current to the electro¬ 
meter will be at a maximum when the velocity of the mus 
is such that the time required by a group of ions to pass 
from plate 0 to plate 1) is just equal to tlm time required 
for an odd number of half-cycles of the oscillating potential. 
Therefore the condition for a maximum current to the 
electrometer is that 

W = ,/ = —.(1) 

t n 

where W is the velocity of the ions in the direc tion of the 
electric force ; d is the distance apart of the plates t and l>; 
t is the time of flight of the ions between the plates i and D; 
f is the frequency ofthe oscillating potential; and » w »» 
odd integer representing the number of half-cycles elapsed 
during the lime of flight of the ions from pkte t to plate l>. 
ThSs the velocity of the ions in the electric held between 

r«ent'instigations * has used a method 
JTon this principle, where a rotating wheel with a slit 
is Uted as a periodic shutter at each end of the space over 
which the icns «re timed. 

, order to simplify fig. 1 »* "inch •» pomible, certain 
deWI. ot the apparetn* .re eot .hewn. The connemon. to 
B, d«d D were prowidedI with pete,, .ometer, 
faJlwpiteithd^joetnient. Aleo.donble .w.teh we. .» 

. M. teporte, dmuiu d> »)»**'. SB. P- m <*•»• 19S7 > 
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connected that in one of its positions the ends of the 
resistance R were connected as shown in fig, 1, while in the 
other position of the switch the ends of the resistance R were 
connected directly to the batteries M and N, and not through 
the secondaries of the transformer. 

In taking the electrometer readings, the glow-discharge 
was first turned on by closing the switch H, then the oscil¬ 
lating potential was connected to the instrument for a 
definite period, say thirty seconds, by means of the double 
switch just described, after which the glow-discharge was 
turned off and the current to the electrometer measured by 
means of the induction-balance method due to Townsend, in 
which the insulated system connected to the electrometer 
is maintained at zero potential during the course of the 
experiment. 

As a source of oscillating current for the primary of the 
transformer T, a small alternating generator of variable 
speed was used, the frequency being determined by means of 
a revolution counter. 

The sides of the instrument, which was constructed princi¬ 
pally of brass, were enclosed by a glass cylinder, the ends 
of which fitted into grooves in the end-plate A and in the 
base-plate. Both of these joints were coated on the outside 
by an elastic cement, which effectively rendered them air¬ 
tight, as was shown by the fact that the instrument gave no 
indication of a leak when pumped out to a pressure of 
0*001 turn, of mercury and left for a period of several days. 

The point P, at which the glow-discharge was obtained, 
was constructed by sharpening a nickel wire to a needle¬ 
point. 

The principle of split insulation was used in insulating the 
plate B, which was connected to the electrometer. Glass 
insulation was used throughout in order to prevent the 
introduction of impurity by the evolution of occluded gases 
from the insulating material. The electrical leads from the 
various plates and rings were taken out through the base of 
the instrument by means of copper-glass joints, from one 
of which a glass side-tube led to the apparatus From which 
the supply of gas was obtained. 

The principal dimensions of the instrument were as 
follows The diameter of the inner plates and rings was 
7*5 cm. ; the distance from point P to plate B, 1*3 cm, ; 
from plate B to O, 0*36 cm.; from plate 0 to D, 5*00 cm.; 
and from plate D to E, 0*45 cm. For the construction of 
the grids, plates B and C were thinned at the centre to 
a thickness of 0*45 mm., and plate D to a thickness of 
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0*26 mm. In the middle of the plates a series of parallel 
cots were sawed through the metal. These cot . 
0*60 mm. wide and were separated by strips of » 

0*36 mm. wide, and covered on each plate an area app 
mateiv circular and 2*1 cm. in diameter. „,i 

The' gas used in the experiments was hydrogen, generated 
bv the electrolysis of barium hydrate, and passed 
apparatus by diffusion through a heated palladium tube fused 
into the glass-work of the apparatus. Before each sf^sof 
experiments was begun, the whole apparatus was was e 
many times with hydrogen. A Toepler pump and a McLeod 
gauge were connected to the apparatus and were s P !l 
from the instrument by taps and a huuid-air trap to prevent 
the diffusion of mercury vapour into the instrument. A g 
glass tube was connected to the instrument m or 1 

fide a space in which an electrodeless discharge could be 
formed. The spectrum of this discharge was ohserved at 
intervals with a small direct-vision spectroscope, and no lines 
due to impurities were seen. 

4. The electrometer readings may lie taken according to 
either of two plans. In the first method the readings corre¬ 
sponding to various values of the potential between plates 
Can.i D were taken, while the frequency of the oscillating 
potential was kept constant. In the second method the 
electrometer readings may he taken with different frequencies 
of the oscillating potential, while the field of forceJ* 1 *.®*" 
plates H and D is kept constant. The second of - * 

is not so convenient experimental!v as the first. be j 
between the varions readings, only the connexion r on the 

b, TS7«pi'rit3t M .t. obUi„«. by .h. 6r.t m .tbod .nay 
be shown bv a curve, where the electrometer current is 
plotted as a function of the voltage V between the plates 
0 and D. Two examples of these curves for positive ions 
d riven in figs. 2 and 3. The curve, fig. 2, represents the 
results obtained with hydrogen at 94 mm. pressure, and 
the curve, fig. 3, with hydrogen at 181 mm. Assuming for 
the moment that the velocity is proportional to the «i«trie 
force, the time of flight t of the ions is mvereelv proportions! 
at any point on the curve to the voltage V, the abscissa of 
the point. Thus, in passing along the curve from right to 
left, the increasing time of flight becomes successively equaL 
first to one-half cycle of the oscillating potential, then to 
three half cycles, then to fire, ate., and in each cms* tha 
current passes through a maximum value, in agreem 
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Aquation (1) above. It V] is the value of the voltage at the 
first maximum, corresponding to «=1, then the successive 
tnaximntns should occur at 1/3Vj, 1/5 V], etc. Inspection of 


Kg. 2. 




figs. 2 and 3 shows that this is the case within a few per 
cent., and the result confirms the assumption made above 
that the velocity of the positive ions is proportional to the 
electric force, within the range of the experiment. , 
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As the origin is approached, it is seen that the maxima 
fall nearer and nearer together, until finally they become 
indistinguishable, due to diffusion and other causes. In 
fig. 3, for example, this occurs after the maximum corre¬ 
sponding to seven half cycles. 

5. The velocities W of the ions may be found from the 

K ints of maximum current on the curves, the electric force 
ing VJd. With hydrogen at 94 in in. pressure, the 
velocities W and the corresponding electric forces X obtained 
from the curve, fig. 2, are:— 

W, X. 

677 14-8 

226 4-84 

135 2*96 


With hydrogen at 181 mm. pressure, the values of W 
and X obtained from the curve fig. 3 are :— 

W. X. 

677 27*2 

226 9*04 

135 5*00 

96*7 * 3*60 

If the mobility W„ be defined as the velocity of the ions 
under an electric force of one volt per cm. in the gas at 
760 mm. pressure, the velocity at the pressure p is 

W = 760.W 8 3. 

P 

Using this relation, the values found for the mobility 
from the values of W 0 obtained with the two largest forces 
are 5*66 and 5*78 where the pressure was 94 mm., and 5*93 
and 5*95 where the pressure was 181 mm. The mean of the 
above values gives W 0 =5*8 cm. per second for positive ions 
in hvdrogen. 

Ttie values obtained by different observers for the mobility 
of the positive ion in hydrogen vary, bnt most of these values 
lie between that of 5*34, obtained by Lattey and Tiaard *, 
and that of 6*70 obtained by Zeleny t. 


* R. T. Lattey & H. T. Tizard, Proe. Roy. See. A, lxxxvu p. 849 
(1912). 

t J. Zeleny, Phil Trans. A, cxev. p. 198 (1900). 
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6. The method of determining mobilities described in this 
paper shows the presence of ions of a given velocity by a 
curve characterized by a series of maxima, whose sharpness 
and relative positions give a measure of the accuracy and 
reliability<o£ the results. The accuracy of the experiments 
is not appreciably affected bv diffusion and space-charge, 
as these tend not to shift the positions of the maxima, 
but merely to make them less sharp. The method is 
adapted to the investigation of cases wnere there may be 
present in the gas different kinds of ions having different 
velocities. Each kind of ion would then be shown by a 
separate series of maxima whose abscissae would show the 
velocity and whose ordinates would show the relative number 
of ions of that kind. 

The alternating-current generator used in the present 
experiments can be replaced by a valve oscillator capable of 
supplying potentials of higher frequency, which could be 
used to extend this method of investigation to the determina¬ 
tion of the large velocities of free electrons, or of positive 
ions in gases at low pressures. 

7. In conclusion, I have much pleasure in expressing my 
gratitude to Professor Townsend for his constant advice and 
inspiration throughout the course of this research. 


XVII. On the Magnetic Susceptibilities of Electronic Isomers , 
—Part II, Bg Professor S. S. Bhatkagar, JKScfLond.) t 
and R, N. Mathtr, M.Sc.* 

I N a previous paper in this Journal +, S. 8. Bhatnagar 
and C, L. Dhawan gave an empirical equation which 
was found to give remarkably satisfactory results for the dia¬ 
magnetic susceptibilities of some twenty electronic isomers* 
According to this equation 

<**=*--2-83x10*°xfKR)*, . . . . (1) 

where 


♦r** — molecular diamagnetic susceptibility. 

R —radius of rhe molecule calculated on the assump¬ 
tion of closest packing of the atoms constituting 
the molecule, by using Bragg’s data for the 
diameter of atoms J. (A complete account is 
given in the paper referred to above.) 


m 


t 


Communicated by the Authors. 

Phil. Mag. [7] v, p. 530 (1928). 

W* L. Bragg, Phil, Mag, xl. p, 369 (1920), 
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And K=an arbitrary constant, but which in a series of 
isomers is found to exhibit variations with the 
number of atoms in the isomers. (Its signin- 
cance was considered in the j»per referrei 
above, and has again been considered later on m 

this, paper.) , „ 

According to Langevin’s theory of atomic diamagnetism 

e* 


* X ZJ 


( 2 > 


the summation being extended over the n electrons in 
atom, and P being the mean square of the radius oi 
the projected orbit in a plane perpendicular to the held. 
Multiplying (2) by Avagadro’s number, we get 


Xa 


V r* 

4me 3 * - " * 


And on substituting the values of constants in the equation, 

™* et *^-2-85x10^. .... (3) 

The resemblance between our empirical equa* 10 " 0) (£ 

is remarkable, but while (H») in (1) gives the square of the 
S Jthe molecule, <r») in (31 « the mean •*■«*£ 
the radius of the projected orbit in a plane k 

the field. In order to make the resemblance closer we^k 
in (3) the mean square of the radius of the orbit iteell, 
instead of the mean square of the radius of tht, p J - 
orbit. If r, (components *„ y u m> « the distance of an 
electron from the nucleus, then lor an atom s>mme 
the sense that 

= h* - ; i ’ 

2'r 1 = |Sr»*. 

and equation (3) then becomes 

x. * —2*85 x 10 10 x 12n*» .•••(*> 

and equation (1) can be written as 

*. = -2*85xlO«»xiAKV ■ • • i 5 > 

where = f 

The resemblance between Langcvin’s om^'*on(4) and our 
empirical equation (5) is now closer than that between 

* Equation (St employed in the 

tZfX&SSSJZ tmthe Ltf***'—!* of the theory 

of diamagnetism. 
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equations (1) and (4), and shows the significant fact that 
instead of extending the summation over all the,electrons in 
the isomer, it has to he extended only over a fraction of 
them, given by the value of the constant K. It has been 
noted by several workers* that, in order to make the equation 
of Langevin applicable to all atoms, an effective value of n 
may have to he taken, and hence the constant K in our 
equation (whose value is different from n, and in the case of 
isomers of high values of n, much less than n) assumes 
particular significance* In this investigation the values of 
the diamagnetic susceptibilities of over twenty electronic 
isomers have been experimentally determined, and equa¬ 
tion (5) Is found to be applicable in all cases. 

The apparatus used to determine the diamagnetic suscepti¬ 
bilities Is Wilson’s modification of Curie’s Balance. The 
substance contained in a small glass tube, attached to a 
light aluminium system, is suspended in a non-homogeneous 
magnetic field by a thin silver ribbon. The force exerted 
by the field is balanced by the torsion of the supension, 
and read off from a graduated torion-head. A complete 
description of the experimental arrangement is given in a 
paper shortly to he communicated. The susceptibilities of 
the substances are calculated hv the formal at 



where susceptibility of the specimen. 

Mae mass of the specimen in grams. 

specific susceptibility of air (210 x 1Q~ T ). 

M* » the mass of air filling the same volume as the 
specimen. 

*r*~ the specific susceptibility of water (—7*25 x 10~ T ). 
m*mass of water filling the same volume as the 
specimen. 

mass of air filling the same volume as water. 

D=torsion due to specimen-tube 4* specimen. 

D t = torsion due to specimen-tube alone. 

D 3 =torsion due to specimen-tubed-water. 

^ Before determining the susceptibilities of the substances 

f ivea in this investigation, substances of known suscepti- 
ility were used, and the results obtained were within the 
limit of the experimental error. 

The radii of the isomers used in this communication, 
calculated according to the method given in the previous 

# Stoners * Magnetism and Atomic Structures/ Chap, 14. 

* Oxley, Rtoe* Bey. See, A* ci. pp, ‘264-279. 
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paper to this Journal, are given in Table I. and the 
remaining results in Tables II. and III.:— 

Table I. 


Substance* Had him in A. 


BaCJ a . 2*183 

CaBr, ................. 1*8?8 

*KI..3*475 

♦OC1 . 3425 

Ethyl acetate ............... 1*357 

Butyric acid........ 1*357 

*N»C1.. 2*823 

*CaO .. 2350 

Methyl acetate . .. 1*283 

Propionic acid---- 1 *263 

♦AgCl... 2*825 

*BaO ..................... 2750 

Antsal .*.. 1*532 

Benzyl alcohol.. ............ 1*532 

Cn80 t .. ........ 1*1*22 

K,CO, .. 2*075 

Crcsut ... 1*532 

Phenyl hydrarme ........ I *43 

Toluidine ... 1*534 

Methyl aniline...... 1 *334 

♦N'aF . 2*450 

# MgO... 2075 

laobuty laldehyde............ 1 *305 

Methyl ethyl ketone ........ 1 *305 

Phenyl acetate ..... 1*620 

Methyl benzoate .. 1*620 

Ethyl aniline... 1*601 

Dimethyl aniline .. 1*601 

Tell^oj... 1471 

ZnBO, ................... ia51 

Glycerine .. 1*323 

Aniline ........................ 1*460 


* In the case of substances marled with # the radii bare been obtained by 
summation of the radii of the atoms. This is as it should be. 

In Table II. the results obtained by calculation from 
equation (5) are tabulated against the experimental values, 
some of which are taken from the Physico-Chemical Tables 
of Landoit and Born stein, and some determined experi¬ 
mentally. 



































Magnetic Susceptibilities of Electronic Isomers. 221 


Table II. 


•Atomic 

number. 

Names. 

-*„xio«. 

Experimental. 

Calculated on 
equation (5). 

m 

Nad... .. 

......... 23 98 

22*94 

m 

CaO... 

. 1512 

15*74 

m 

BaO . ... . 

18*4 

21*55 

m 

A?CI.-. 


31*99 

20 

NaF... 

1176 

10*95 

20 

M*o.. 

......... 8*73 

7*83 

m 

K,CO,... 

76*02 

8157 

m 

CaSO, .. 

. 5173 

43-00 

72 

C*0i. ............ ... 

......... 47*12 

48-04 

72 

KI .... 

......... 51*46 

50 33 

7* 

Tel!,0 3 ............... 

. 3372 

33-08 

78 

Zn$i\ .. ..... 

......... 4358 

42*44 

40 

Methyl acetate .. ... 

.. 39*78 

41*8 

40 

Propionic acid... ... 

. 4333 

41*8 

48 

EthvI acetate . ... 

.. ..... 59*7 

604 

48 

Butyric seal .... .... 

.. 6IT3 

6042 

58 

Antsol .. 

.. 72*79 

7279 

58 

Benny 1 alcohol __ 

67*60 

72*79 

58 

Cresol .. 

. 7117 

7279 

58 

Phenyl hydro*! ne ... 

......... 67*82 

70*21 

m 

Toliiidim*..,.,.... 

an*6i> 

73*60 

m 

Methyl aniline ...... 

. 82*74 

73*00 

40 

lsobutyialdehyde .., 

. 4743 

47*56 

40 

Methyl ethyl ketone 

. 4745 

47 56 

72 

Methyl bensoate...... 

. 83*23 

82 9 

72 

Phenyl acetate ...... 

82*69 

82*9 

68 

Ethyl aniline ........ 

.......... 89*3 

80-4 

66 

Dimethyl aniline..... 

. 8B-66 

89-4 

fiO 

Glycerine,. .......... , 

56*12 

53-3 

m 

Aniline.. 

.......... 65*1 

651 


* The atomic number in the case of compound# has been taken to mean 
the sum of the atomic numbers of the elements in the compound. 
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Significance of K employed in equation (5). 

K is an arbitrary constant. Its value for every two 
isomeric molecules is the same, as shown in Table 111., 
where the values of K have been assembled together 
with the atomic numbers and the number of atoms in the 


isomers { 


Table III. 


So. of 

Atomic 

8ubsfa»ce. 

atoms. 

number. 


a 

20 

NaP.**..*... 

2 

20 

MgO . 

2 

28 

KaCl ...— 

2 

28 

c»o. 

o 

64 

ApCi . 

*» 

61 

BaO...... 

2 

72 

C#€l ....— 

2 

72 

K1 .— 

6 

68 

C»SO,.-. 

6 

68 

K S C»....... 

6 

78 

TeHA . ..— 

0 

78 


n 

40 

Methyl acetate ..... 

ii 

40 

Propionic acid ... 

13 

40 

I#obutylal4ehyde .... 

13 

40 

Methyl ethyl ketone..... . 


14 

it 


48 

4» 


Ethyl acetate .... 
Butyric acid .... 


14 

50 

Glycerine 

14 

50 

Aniline ... . •***”* 

16 

A8 . 

Aninoi...*. 

16 

58 

Betisyi alcohol .................. 

16 

58 


16 

58 

Phenyl hydnurine.. 

17 

58 

Toluidiiie ... .. 

17 

m 

Methyl aniline .. 

18 

.72 

Methyl bensoate...... 

18 

72 

Phenyl acetate .... 

20 

66 

Ethyl ... 

20 

66 

Dimethyl «silit»« 


Value of K. 

o -m 

” 1*5 
1*5 

2 1 
21 

2*2 

2*2 

6*0 

60 

H-m 
& 104 

13 70 
1379 

147 

14 7 

1532 

15*32 

1604 
IB m 

16*305 
imm 
16*305 
16305 

16 32 
1632 

16 44 
16*44 

*15*4 

18*34 
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A close examination o£ the above table shows three 
significant relations between the values of K •— 

(a) The values of K increase with the number of atoms 
contained in the molecule. For example, in the case of 
molecules having three atoms the value of K is 2*5. For 
molecules having 13 atoms it is 14*7, and for molecules 
having 20 atoms it is as great as 18*34. 

( h) The values of K for every two isomeric molecules are 
the same. 

(c) In the case of groups of isomers having the same 
number of atoms in the molecule, the values of K increase 
with the atomic numbers of the groups. For example {OaSO* 
and KfCOj) and (TeH,0* and ZnS0 4 ) are two groups of 
isomers having the same number of atoms (six) iu the 
molecule but having different atomic numbers, 68 and 78 
respectively. And the value of K in the latter group is 
greater than that in the former. Similar relations also 
exist between the groups of isomers having 2 and 14 atoms 
in the molecule. 

Most of the experimental data have been taken from the 
unpublished work of Messrs. C. L. Dhawan and S.L. Luthra, 
to w hom our thanks are due. 

The values of K for the isomorphous series given in 
Table V. in the previous paper (Phil. Mag., March 1928, 
vol. 5, No. 29) have not been discussed in this paper on 
account of the doubtful purity of these substances. 

University Chemical laboratories. 

University of the Punjab, 

Lahore, India. 

23rd February, 192$. 


XVIII. Frequency Variations of the Triode Oscillator. A 
lleply to Lmd^CoL Edgeworth* IhSM.> M. C., AJU.LE.E* 
By Dayw F* Marvyn; BJSc* AMX.ScS 

J N the April number of the Philosophical Magazine 
there appears a note by Lieat,-Col. K, E. Edgeworth 
under the above title, referring to a previous paper of mine 
(Phil. Mag., Nov. 1927), also with the same title. Edgeworth 
remarks that it is obvious that 1 must have overlooked his 

* Comnmnicat«d;by Prof. E. Taylor Joses, D.Se. 
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. » M n»r an “ Frequency Variations in Thermionic 

claims that So Jar as ry^ ^ ^ agreement, and the 
eXl hmTtTo^s offered vie substantially the same. The main 

explanations^ on8 . g aKSOciate d with damping o £ 

cause of frequency circuit, and, other things 

«? o7 the frequency variation i, 

^"JirSnal to the Amount of damping. This type of 
frequency* variation i, referred to in my paper .» . fr.<P*»<7 

t i.» t i h«d T d Ed g .worti,-» 

At ? mV own, although I did not see occasion 

paper r . ’bief among rav reasons for not doing so is 

refer to .t. U...f »m»nj . eowidered by 

tbo feet thet *'“"-**'"Xmirv incapable of eaplaininK 
Edgeworth - 1 I which I ohtanietl* Indeed, 

the large frequem| vamt^ ^ ^ rimeilta l results, and 

inVCSt, rfonwito those g of others, has tod me to the conviction 
compariso jj those of others, are explained 

that !•“ »-” 7^“’“id eurr.n, .beery develop*! in my 

complete!} to th . f variation 

paper and ^Fj-worthlre of verv minor importance. 

nmeber of year, tba, the 

frequency of the triode oscillator was not exactly ^ 

but depended to some extent on the values of the anode and 
ritoment voltages of the triode and on the coupling between 
the eo la The extent of the frequency variation has been 
tonnd to be. at most, 3 per cent. Several experimental 
investigations of these frequency variations were made, 
notable bv Eceles and Vincent * : but, in spite of the great 
importance of the subject, both in wireless technology and 
to^he laboratory, no attempted theoretical explanation was 
nnblished until Edgeworth’s paper appear*! m March 192b. 
\ n October 1926, while using the simple * tuned-anode 
oscillator, but with abnormal values for the coil inductances 
™d the condenser capacity, I obtained extremely large 
a . *. . nf f r anuanev extending over several octaves, 

whenUie filamenUiurrent or anode voltage of the valve was 
i. i j n order to explain these effects I developed a 
^S^mtid tlmory of the o«ill»t»r which Umk^ojtof 
the flow of grid current w the valve. By the aid of this 

• Pioc. Roy. Hoc. xevi, & xcrii. (1990). 
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theory, as described in my previous paper, I succeeded in 
explaining every type of frequency variation which I 
observed. It is Colonel Edgeworth's claim that the theory 
which he had put forward is capable of explaining these 
large frequency variations. We shall now proceed to 
analyse the four causes of frequency variation which he 
considered. 


(1) The first cause of frequency variation is said to be 
due to “ grid damping ” when there it a condenser across the 
grid coil. Equations are developed giving the extent of the 
frequency variation. This is the cause of frequency variation 
which Edgeworth specifically claims to be capable of explain¬ 
ing the large frequency variations which I observed. In 
my experiments there was no condenser across the grid coil. 
On putting Cj=0 in Edgeworth's equation (no. 8 in the 


paper) we find the frequency at once reduces to ---===- , 

2v V hi(Jj 

so that no frequency variations whatever occur ! Even if we 
allow for a considerable self-capacity in the grid coil, the 
frequency variation predicted by Edgeworth’s theory is 
exceedingly small, and quite inadequate to explain the 
variations which I obtained experimentally. 


(2) The second cause of frequency variation only applies 
when a 4i tuned-grid ” oscillator is used, and hence need not 
W farther considered. 


(3) The third cause of frequency variation is dne to the 
presence of resistance in the anode coil. This, however, has 
been previously worked out by Eccies *, and I have shown 
that it is much too small to account for the frequency 
variations which I observed. 

(4) An effect due to harmonics, as worked out by Appleton 
ana Greaves +• This effect also I have considered in my 
paper, and have shown to be exceedingly small and un¬ 
important. 

Summing up, then, we see that none of the four causes of 
frequency variation put forward by Edgeworth is capable 
even of explaining a frequency variation which in any way 
approaches the order of magnitude observed by Eccies and 
Vincent. Still less can they explain the very large frequency 
changes which I obtained. The correct magnitude of 
frequency variation is at once obtained, however, from the 


* Brae, Phys. Soc. xxxL (1810). 

t Phil Mag. xlv. (102S). 

PUL Mag. S. 7. Vol. 6. No. 34. July 1928. 


Q 
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equations which I have pot forward, based 
SL of grid current. It is a remarkable fact tta^ altboog^ 
from the text of his paper, Edgeworth tt PP®“” . • 
realized that grid current was a faetpr of importance, jet 1 
StW^f treatment of the soothe has ne|^J 

almost entirely, only considering ’Lrv Vrid ciS 
of introducing damping into an oscillator} grid cjrc . 

Edgeworth further suggests that tlie °J \ 

freouencv variation can be increased nidenniteh merely J 
iSS& th. grid damping." S»d, yr^dur., ho..v<J, 
tne rely results in the cessation of oscillations, 
magnitude of the frequency variations tb J, 

with a given valve depends entirely upon the values of the 

as worked out in my paper under the 

IrtltVS ♦ JLl * 

ViH'idin" ‘‘Conditions for Maximum Frequency Variation. 

A careful comparison of the experimental results which 
I have obtained working with large variations at low 
frequencies, with those of other investigators vvorkin^ xxitli 
small vinations at high frequencies, has revealed tin fact 
that there are no essential differences, other than magnitude 
W ween ti e results. Since the theory based on grid 
current has been completely successful in explaining all my 
€U . . , ^ n t u fWf* is ,-vorv reason to believe that 

the same tlveorv provides the explanation of all the frequency 

larSus to which the oscillator is subject. n other words 
when the resistances present are not large, and the freqm nev 
is not too high, h far the mo,l important mute of 
Variation i, the flow of yrid current, ami all the type* of 
variation which 'have been obterred experimentally may l* 

^One* important consequence of this fact is that if we can 
succeed ineliminating grid current from the oscillator, then 
’Sid be possible to attain a frequency which will possess 
a verv high degree of constancy Previous experiment* on 
the attempted elimination of grid current, described in my 
mD » r suggested that this was a difficult » not 
impossible matter! 5 These experiments sufficed to ,ntl,c ?*f 
that the elimination of grid current was a problem which 
could not be solved merely by increasing the negative bias 
in the grid, the method usually recommended . To test 
the possibility of having zero grid current in any mriioular 
circumstances, a series of measurement, were made for the 
purpose of plotting V* (the square of the peak voltage aero*. 

* -MoulHo. ‘ R*dio-Fr»qu«ncy Measuremento,’ p. 7. 
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the anode coil L*) against \ g (the total grid current). I£ it 
is impossible to have the grid current zero, then we should 
expect these curves to pass through the origin. If, on the 
other hand, zero grid current is a possibility, then we should 
expect the curves to intersect the V* axis. 

Some of the carves obtained showed a definite tendency 
towards cutting the V 2 axis, thus indicating that zero grid 
current was possible in these particular cases, while oscil¬ 
lations were occurring. An extensive series of observations 
were then made in order to find the best conditions for the 
elimination of grid current. The results may be summarized 
as follows ;— 

(1) Tim high tension voltage should be as large as the 
valve can take without damage. 

(2) The coupling between the coils L, and I* must not be 
too loose. 

(3) The negative bias on the grid should be as large as 
possible. 

{4} The filament current should be as low as possible. 

(5) The inductance of the coil L t should be small. 

In practice, the best method of procedure is first to set 
(1), (2), and (5) to appropriate values. Next the filament 
current is gradually reduced until oscillations cease. The 
value of (3) is then readjusted until oscillations recommence. 
The filament current is again reduced, and the same pro¬ 
cedure followed repeatedly until the filament current is so 
low that oscillations will only occur for a very small range 
of grid bias variation. With the oscillator so adjusted, the 
filament current may be varied over ail appreciable range 
without causing grid current to flow. This range decreases 
as the coupling is decreased. An improvement in the 
elimination of grid current is effected by inserting a small 
condenser in series with the grid coil L*. This condenser 
was found to increase the range of variation of filament 
current over which no grid current flowed. It acted by 
automatically adjusting the grid bias. Thus if the filament 
current was such as to cause a small current to flow to the 
grid, the condenser charged up negatively and so stopped the 
flow of grid current. 

The conditions for the elimination of grid current having 
been determined, an oscillator was specially designed and 
set up, in order to find out how constant the frequency 
would be in these circumstances. In order to keep the high 

Q 2 



228 Frequency Variations of the Triode Oscillator. 

fr»n.n.v ™».t«n« of U» -»«• '»* **-y r"f 

«<r« This wire is made up of a large numner 

KSrJS. The t.e »i.. P »er. 

coU^in *th. ptaf drenit. A smJl <>»*«“ 

0-001 mfd. was inserted in senes with Ae »idb»w J 

The oscillator was adjusted in the 7 ^ 

and the grid current eliminated. A quartz oscillato^ 

set up Producing °.^ 1 ‘ a r tl °“ h f wera loosely 

that of tte ii*to owM*<*• J of J, e in series with a 

Sir P rf b»dTr.nho„«. A noteof .edible t.«<P»»«? w» 

^ 43r»iid 

rX“, r S!K,'» » ^ ■jxji 

When the filament onrrent ft 

was of coarse, constant to a much higher g f 

no doubt that an oscillator so designed provides a source of 
freauency which is considerably more constant than that 
whlb is^obtained from an j of the completed constant 
freouencv circuits designed by Fromy * and others. 

oily disadvantage ft ft IhS 

Fof ft. p^rpL of making eccnrnte phncnl iw*™""*; 
the triode <S.tor, «itb grid enrrent el.mm.ted, thoeld he 

of great valne. 

The experimental work described above was 
♦ tko TJawiapcIi Laboratories of the Natural irbilosoji i 
Department of the University of Glasgow, vnth mac / 
zSmSLd financial assistance from the Department of 
EEfic and Industrial Research. I am greatly indebted 
toP?5^orE. Taylor Jones for much helpful advice and. 

encouragement. 


April 1928. 


* L’Ondt Sectrique, 4* ann4e, p. 433 (1996, 
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XIX. On Hamilton-Jacobi’s Differential Equation 
in Dynamic$. 


To the Editort of the Philotophical Magazine. 


Gentlemen,— 

I HAVE just read Prof. J. Kunz’s article “ A Note on 
Hamilton-Jacobi’s Differential Equation in Dynamics 
in the January issue of your Magazine. I should like to 
remark that it'tms caused me {and probably many others of 
your readers) mild surprise. Unless I am mistaken. Prof. 
Kunz regards his manner of deriving Lagrange s equations, 
the equation of energy, and the Hatniiton-Jacobi equation, as 
purelv original, whereas it is surely already well known 
granted the condition which Prof. Kunz should have (but 
has not) proved, viz., that 

J(E t —Ep) dt**$f{t, qu • . ?« Vi> ..qn)dt 

is stationary along the actual trajectory, as compared with 
adjacent ones. This is easily shown by using the equations 

(x, y, :) - -BE P /B(x, y, z) . (I) 

Now any text-book on the Calculus of Variations (vide 
Williamson’s ‘ Integral Calculus,’ pp. 430, 437, et teq or 
Whittaker, ‘Analytical Dynamics,’ pp. 206, 267) proves 
that the condition that 


J V(t, qi, • • h* • * V*» 'i»* •<?•>•**)<&> 


is stationary are 

*('M)_ *.( + ... ( r=B i,..») 

together with certain terminal equations. In particular, if 
Contain derivatives of the q> s of order no higher than the 

first 



230 On Hamilton-Jacobi's Equation in Dynamic*. 

Moreover, if/ is quadratic in the ifr. then 

df 


dt Tit \ By 


.BA 

9 By 


Bf 






B< 

- B/ + 

B tdt 

and if < 3 //B< vanishes we have at once that 


.# ¥\ 

+ dt ’By J 


. ■ (3) 

by ( 2 ), 



/ 


s= constant 

v By 


tbat S = 5 (E t -E r A/ 

is a solution of the Hamilton Jacobi equation 

0=H(y, B^By)+B^B / - 

(For .11 those rejolu «... tor = K A A 

Af ** a *ii 34 35 3 il; Williamson, f # *\ ***** §v ~‘l 

Mettlly. fhere’is an error in an important equation of 

Prof. Kunz. Instead of 


U.t-^-% )= t +v *." s {*" & 


it should obviously read on the right-hand side 

- *v * 


♦*£(&)} 


E + “( y/ 1 > + ■ yr ' , lj £')“ 2 {• V, "^' + ' /r rf * 

B/ 1 




d / B' 


£■» 


B/ 1 ,, , j B/ - _£/BA1 

B* +2,yr tByr dABjAJ 

u in ( 3 ), though this mistake is corrected 

equation 


in the next 


07 Thornbary Boad, 
Osterley Park. Middx. 
Pel 28,1928. 


Yours faithfully, 
Akthub J. Gabb. 
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XX Optically Excited Iodine Bandt mth Alternate Muting 
Linet. bI Prof R. W. Wood, For.MemJt.S ., The Johu 
llopkint UnivertUy ,, and Prot. F. W . Loomis, Sew lock 
University *. 

[Plate IL] 

T HIS paper is a report of some direct experimental 
evidence that, as predicted by the wave mechanics, the 
rotational states of symmetrical molecules are divided into 
two classes between which transitions do not occur. These 
classes of states are those whose eigen-functions are respec¬ 
tively symmetrical and anti-symmetrical in the positional 
coordinates of the nuclei. The evidence 1ms been obtained 
as the result of improvements in the technique of exciting 
iodine fluorescence. 

It was shown bv E W. Wood in 1910 that if iodine 
vapour in canto is excited bv monochromatic radiation—for 
example, the green mercury line,—the vapour emits a series 
of close doublets, 27 or more in number, spaced at nearly 
equal intervals on a frequency scale, tbe first doublet 
occurring at the wave-length of the mercury line, and the 
last in the remote red, brought out only by photography with 
a dicvanine plate. In 1920, when tbe methods of the Bohr 
theorv of atomic spectra were first successfully applied to 
band spectra, Lenr> showed that this series of doublets was 
unmistakable evidence for tin* selection principle tor 
rotational quantum number 1, " hose introduction 

was the essential new step in the theory. 

The accepted (SS explanation of this series of fluorescent 
doublets is briefly as follows. All the iodine molecules 
which happen to absorb tbe narrow green mercury line are 
thereby lifted into one definite state, which happens to be 
n' as 2b,SB34. Since the molecular vibration is nnharmome, 
tbe correspondence principle permits return transitions to 
anv vibrational quantum numlmr n”. Thus the dou > e 
which coincides with the green line (the xero-order doublet; 
corresponds to the vibrational transition 26**fh the _rs 
order doublet to 26*1, etc. The possible values of the fanal 
rotational quantum number/' are, however, strictly umitea 
by the selection principle, /*-/=Fl, to / =33 or 35. Mid 
these correspond to the two members of each doublet, lnat 
is, the fluorescent series is picked out of the very complex 
emission spectrum by the limitation to a , state '' 

an^l consists of one line from the R branch (j ~J OBe 

* Communicated fej the Authors* 
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line from the P branch </"-/+D oE each ^ havi " g 

W Tf 2 a little inert gas, say helium, is added to tbe wdm« 
t Irl. fln.fd by Wood and Franck that the floor- 
spectrum was enriched. The bands to * j 

dcmblets belong are apparently 

S S’S'” op.». v L 

“dZ-lLd .uu» during .b»ta. <."*»*' «. H» 

bands represent transitions irotn all these states. 

These bands are the subject of the present study. In order 

the vapour. The lamps are arrange.! close toge her^ on 

room ™»¥V TvZo Th^ 
vertical class tube containing the iodine vapour, li 
IS by an auxiliary, bv simply closing » switch, which is 

far more convenient tWn the older “ rm pS cm "j“ a 
luitir* was lighted bv tipping* fhe iodine tubes are 
r„ “ £ ft br 5 S. in dinner, blown ont •! lb. lop 

ta ibT'fonno!. .bin d«r bulb, „nd dni-n off .Mj,ly .. 
the bottom, to prevent reflexion and secure » g« 
around The oblique cone at the tattom is parted black 
§,e outside. Wit2 this arrangement it is jvoaotble to re 
photographs in the second-order spectrum of a b- .P 
^ratimr with a lens of over 3 metre* focus in about L» hours. 
g pi n fig. a, shows the spectrum obtained when the iodine 
i, to the* presence of helium at * mm pre^ura. The vitajj 

*»> ib.. 

£ W^ritkV-M. tl»t »• “«• 7 U "'7 

^x?i|Tn d ;?.23 slM 

kind suffer no change in n' *, some have n changed by 1. 

f ‘M&, oS^iS Pp |"\7“fX 1 STS 

sfasi ^— 
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interesting point, and the one with which we are here 
chiefly concerned, is that these hands contain fewer lines, in 
any given region, than the corresponding absorption bands. 
For instance, on Pi. II., figs, b »nd e, which are enlarge¬ 
ments of the (26, 1) and (26, 3) bands in fig. a, and still 
more distinctly in figs, c and j. which were made in the third- 
order spectrum, it is plain that there are only two lines within 
the doublets; whereas Loomis's analysis ,4) of the absorption 
spectrum shows that there are actually ten absorption lines 
in this region, five on the R branch and 5 on the P branch. 
Compare tig. 1, the upper part of which is a Fortrat diagram 
of the (26,1} band, and in which the circles, both full and 


Fig. 1. 



Above is n Fortrat diagram of the (26,1) absorption hand. Lines with 
even/ are indicated by solid circles, those with odd f by hollow 
circle*. («) i* a plot of the absorption lines having even values of 
/. (A) is e plot of the centies of the lines of the fluorescent bend 
* as it appears when iodine is wised with helium at 4 mm. pressure. 

hollow, represent absorption lines. It happens that this 
hind has not been measured in absorption, but its lines 
can be accurately calculated, by the combination principle, 
from those of the bands (26, 0), (29,1), and (29,0), which 
have been measured. The relation between the fluores¬ 
cence and absorption Imnds is shown in the lower part of 
fig. 1. Here the upper spectrum has been obtained by pro¬ 
moting down from the Fortrat diagram the lines with even 






234 Prof. B. W. Wood awf Prof. F. W. Loomis on Optically 

f (i. e., those represented by fall circles) ; while the lower is 
a plot of the centres of the lines of the same {26, 1) band as 
it appears in fluorescence. Clearly, the fluorescence lines 
correspond exactly to the absorption lines with even /, and 
the alternate lines are missing in the fluorescence band. It 
is true that each line in the B. branch happens to lie so close 
to a line in the P branch that they are not quite resolved ; 
but the spectra show plainly that the fluorescent lines far 
front the head are becoming broader. A special grating was 
therefore ruled for the work, exceptionally bright in the 
third-order spectrum. Only one or two satisfactory photo¬ 
graphs have been made up to the present time, owiug to 
troubles with the thermostat, for a more exact temperature 
control of the grating was necessary in this case. PI. IT., 
fig. /', shows the bund associated with the third-order doublet 
(26, 3), the lines indicated by arrows being clearly, re¬ 
solved. The lines of the third-order doublet are l'H7 A.U. 
apart, and the separation of the closest doublets marked by 
arrows is about <> l A.U. 

The lines marked by dots are “ghosts’' of the strong 
doublet, and some of the lines correspond to weak doublets, 
which appear also when the iodine is in raruo. 1 hev are 
“ main " doublets due to the stimulation of fainter absorption 
lines, which lie within the region covered by the green 
mereurv line. The band (25, 3) photographed in the third- 
order spectrum is reproduced in PI. II., fig. <1. 

Table I. shows the correspondence between the frequencies 
of the lines of the (26, 1) band in absorption and fluorescence. 

Tahi.E I. 



Baufl (20.1} in 

absorption. 


In fluortacettn^ 

■0.1011 ITT,.... 

E braneb. 

P branch. 

A verag*. 




V. 

/* 



r, 

Inimmif. 

hm& 

10107*43 


— 

— 

18107 4 

~~ 

10*,. 

I8H«H>2 

10 

18105*13 

18105 08 

052 

2 

17,.. 

OM5G 

It 

04*77 




IS*., 

04 20 

12 

0439 

04 32 

04*2 

3 

19... 

0380 

13 

03-95 




20... 

mm 

14 

0350 

0344 

034 

3 

21 ... 

02*91 

15 

0303 




22... 

02 42 

16 

mm 

0249 

023 

2 

23... 

01 Si 

17 

01*95 




24*.. 

01*32 

18 

01*48 

01*40 

0V3 

4 

20.,* 

00*74 

19 

mm 
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Table I. (continued). 



Band (26,1} in absorption. 


In fluorescence. 

.-.^ 

B branch. 

F branch. 

Average, 



/- 

r. 

/• 


V. 

p. 

Intensity. 

26... 

00 14 

20 

00-32 

00*23 

mi 

4 

•27... 

18099*50 

21 

18099-74 




38... 

98*63 

22 

99415 

18098*94 

18098-8 

10 

29... 

98*19 

23 

98 39 




30.,. 

97 40 

24 

9763 

97*54 

97*5 

4 

31... 

96-74 

25 

96*92 




32.,. 

95*89 

26 

9619 

96*04 

95-9 

12 wide 

33... 

95-14 

27 

95 40 




34... 

94 34 

28 

94-59 

94-46 

945 

20 f.d. 

36... 

93*53 

29 

93-80 




36,.. 

9261 

30 

92*93 

92*77 

92*7 

4 

37... 

9175 

31 

92-04 




38... 

90*85 

32 

91 11 

90*98 

909 

4 

311... 

89-84 

33 

9013 




40... 

88*92 

34 

89-25 

8914 

89*3 

10 f.d. 

41 ... 

87*91 

33 

a-23 




42... 

mvm 

36 

87*20 

87-04 

87*0 

5 

43... 

85*8*2 

37 

86-18 




44... 

84 76 

m 

8510 

84*93 

85*0 

3 

45... 

83-65 

39 

84*01 




46... 

8*2*52 

40 

82*89 

82*70 

82*5 

3 

47... 

81*36 

41 

SI176 




48... 

80 17 

42 


8o-3«l 

80*3 

4 

49... 

76*99 

43 

79 36 




60... 

77 73 

44 

78 13 

77*93 

780 

3 

51... 

76*45 

45 

76*88 




52... 

75*17 

46 

75-60 

75*38 

75*3 

3 

53... 

73*85 

47 

74-29 




64... 

72*51 

48 

72*97 

7274 

727 

3 wide 

55.,, 

71 15 

49 

71*59 




56., 

6974 

50 

70 22 

69-98 

702 

3 wide 

57... 

68*37 

51 

6879 




58... 

6688 

52 

67*36 

67*12 

672 

2 wide 

59... 

65*40 

53 

65*89 




60... 

63*89 

54 

64*41 

min 

641 

1 wide 

61... 

62 36 

55 

62*91 




m.„ 

60*80 

56 

61*34 

61*07 

612 

2 wide 

63..* 

59*22 

57 

59*77 




64,.* 

57*60 

58 

58*18 

57*89 

58*2 

0 busy 

65... 

55 98 

59 

56*56 





f.d.=fundamental doublet. 
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Table I. (continued). _ 



Band (26.1) in alworption. 


In fluorewenee. 

R branch. 

/• »*• 

P branch. 

/• 

Average. 

V. 

Inten*ity. 

66... 

67.. . 

66.. . 

70... 

54-31 

52-63 

50-91 

4917 

4739 

60 

61 

62 

63 

64 

5489 

5322 

51-51 

49*79 

48-02 

54*60 

51-21 

47-70 

HI 

dl*4 

46*0 

1 wide 

0 wide 

1 wide 


The absorption line frequencies are 
of other bands which have been measured, by the relation 
.. /ofi l) = v (26, 0) + v (29, l)-* (29,0). In some cases 
Jhev hu e **i» calculated by second-difference mterpolaUon 
between the Hoes calculated by the above equation. The 
fluorescent lines in Table I. are those which WW_£»“jjjjj 
mixed with helium at 4 mm. pressure. A few extra lines 

which do not belong to the (26, 1) band WJ^nd o/i’s 
tig. b, either interspersed among the lines of the band or 
iireguiariiies in the intensiir distribution. These are floor 
escent doublets, like the ** fundamental 

to the stimulation of absorption lines belonging to weak 
overlapping bands. They disappear entirely when the helium 
pressure is* raised to 4 mm. They do not occur m the 
Lnds With «'#26. They are of no interest in connexion 

W lt UevSS^ben*TlIt l the fluorescent spectrum contains 

iMCS "Ko^rtri -Cited 

molecules, just after absorbing the light Lom the raercun 
Arc ami before colliding with helium atoms, had/—34. It 
follows that, during collision* in which the electronic quantum 
Jmier is unchanged, the rotational quantum number of an 
iodine molecule can onlg dmngeby aneren «««*" 

This result, while incomprehensible on the classical Bohr- 
Lena tlieorv, is entirely in accord with the wave mechanics. 

wSTg » m. tbir, yi H.»a»N JSSSw 

io». .ymnwtric «d .0.. 

nositional coordinates of the two nuclei. Moreover, since 
the symmetric and anti-symmetric eigcn-functions correspond 

ST dTCZorirtstionsof the spin, of the two "ft"* 
since these spins are very loosely coupled to the rest of the 
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atom, it is to be expected that transitions between symmetric 
and antisymmetric states wilt be very infrequent. Also, it 
is to be ex}»ected fchnt the eigen-functions will retain their 
characteristic symmetry, or anti-symmetry, even in an 
electric or a magnetic field or the field of a neighbouring 
atom, so that transitions from symmetric to anti-symmetric 
states will not even take place during collisions. In fact, 
Dennison (<) has recently solved the long outstanding problem 


Fig. 2. 



R branch P branch 



A few of the energy-levels and transitions associated with the 
fluorescent bands. 

of the specific heat of hydrogen by assuming that such 
transitions do not occur in appreciable numbers, even during 
the time it takes to make a measurement of specific heats. 

The situation is pictured in fig. 2, which shows a few of 
the rotational levels near those which are associated with a 
fundamental doublet. The level /=34, which is the initial 
level for the emission of the fundamental doublet, is- 
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represented by a very heavy line, as are the two transitions 
from this level which correspond to the _ fnndamental 
doublet. The upper levels with even /, which are those 
having the same character, let us say, for convenience, 
symmetric, as the level /'=34, are indicated by continuous 
lines, lhelevels with odd/ will then be anti-symmetnc, and 
are indicated by dashed lines. Now Loomis’s analysis of the 
absorption spectrum has shown that each band consists of 
one P and one R branch, and that it is therefore of the 
type, with * +1. Since transitions only occur 

between levels of the same symmetry character, it Jbll»ws 
that in the lower state the rotational levels with mid /' must 
be symmetric, and they are so indicated in the diagram. 
The transitions from the upper levels with even / to the 
lower levels with odd i. *>. those between symmetric 
states, are also represented by continuous lines. These are 
the transitions which resultin’ the fluorescent spectrum. The 
transitions between anti-symmetric states are indicated by 
dashed lines. Titer occur, upward, in absorption, because 
both kinds of states'a re present in iodine vapour; but only 
those represented hv continuous lines occur in t he nuorcscent- 
spectrum, because the green mereury arc line happens to be 
absorbed by, and excite, a molecule in a symmetric state. 
Of course the words symmetric and anti-symmetric can 
equally well be interchanged in the above statements so far 

as we know at present. 

The writers bjiv# l>een tumble to detect uuy of 

alternating intensities in the absorption bands of iodine. 
This doubtless means that the nuclear spin ot the iodine atom 
is so high that the statistical weights of the symmetrical and 
anti-symmetrical states of the molecule are practically equal. 


Reference*. 

(1) B W. Wood, Pkv*. Zeitschr, xl pp. 119 &-J 190 ( 1910 ) ; Phil. Bag, 

xxxv. pp 239-252 (1918). 

(2) hem, Pktt*. XtUsekr. xxi. p. 091 (19*0), 
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Loomis* Fhra Her* xxix pp* 

Hitnd t Zeiteehr f* i%*. xhu p. 110-111JIM7K 
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XXI. Notices respecting New Books. 

Introduction to Contemporary Phytic*. By K. K. Dab bow. 

(Macmillan & Co., St. Martin’s Street, London. Price 25*. net.) 

'I'HE author has given an account of the state of present day 
L physics, theoretical and experimental, more particularly with 
reference to the structure of the atom, aud the phenomena of 
spectra. He has made accessible the theories and experimental 
results of recent investigators and provided an interesting and 
readable survey of these branches of modem physics. The earlier 
chapters of the book are devoted to the “experimental electron,” 
the “experimental atom," aud the classification of the elements 
and their properties, period, non-periodic, and irregular. The 
deflexions of alpha particles and electrons by atoms, the photo¬ 
electric effect, stationary states, and the atomic models, with the 
experimental evidence provided by the study of the X-ray and 
other spectra, are then considered. The electric discharge in 
ga*es, which ha* played so important a part in atomic structure, 
is treated in the final chapter. A useful index of subjects is 

appended. , , - . . 

Dr. Darrow has done a real service to students by introducing 
them to some of the problems of modem physics; for this reason, 
his book can be heartily commended to their notice. 

Lecture* on Theoretical Physics. By H. A. Lorestz. Yol. I. 

Aether Theories and Aether Models and Kinetical Problems. 

(Macmillan & Co. Ltd., St. Martin’s Street, London. Price 

I ‘2s. Gd. net.) 

Professor Lorestz’S lectures on Theoretical Physics at the 
University of Levden. edited by bis Dutch pupils, are here trans¬ 
lated into English and thus made available to a wider circle of 
readers. The subject of the first eouisa of lectures is Aether 
Theories and Models, edited by Prof. H. Bremekarop; theories of 
Fresnel, Planck, and others are brought under review, and one 
chapter devoted solely to the study of Kelvin’s model of the 
quasi-rigid aether. A brief treatment of the attraction and 
repulsion of pulsating spheres is given in the later sections. 

The lectures on Kinetical Problems, edited by Drs. Bruins and 
Beudler, are largely expositions of the classical researches of 
M. Knudsen and O. W. Ridmrdson, the former on surface 
phenomena and the flow of rarefied gases through narrow tubes 
and orifices, the latter on the emission of electricity from hot 
bodies. There are two indexes giving sources and references to 
original papers. 

The translators have accomplished their task with success and 
produced a readable English version of these important topics, 
English readers will await with interest the translation of the 
remaining volumes. 
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The Collected Papers of Spiniva*, 

H*h. nr P V. Sesho Aitah, and B. M. Wilson, rp. 

^ a. th. U.i.o»«J p»»- 192- 

30«. net.) , 

to publication of . <f £2T JSto 

able Indian mathematician, ^ , j* University of Madras, the 

by the aid of eontnbut rms to Cambridge. The Editor# 

Royal Society, and Trinity ege, tnaM 0 f unpublished 

* to ^XhTcnud. Si »l-icl. 

T^u^Jrtl.nly and published. For this purpose 

should certainly be eouea «* _ (HIU : re< j Bn( ] they express 

further monetary assista jjj en ; ov sufficient success to 

the hope that the present rolume will enjov sum e rf 

make farther P“^ ,c jJ*^ a |nSdled comment here unnecessary. 
Ramanujan * work to maB« oew. ^ singular quality 

but collected into one vo j t j # pleasing to recall that, 

cannot fail to u "P r ®?“ • , thirtV*third year, the merit of his 

Wt t r \ hi ; w 7 i^^ by hU *lTOtion to the Fellowship «* 

work had been recognised J Indian to receive this 

tlZiKfciLS* "9 - 

preceded b, Wo biopropbiwl »ot«««- Now 

s* 5 r~ 

Hardy. 

■a^*,S 5 * 3 i* 5 ?B 

f*° r ‘ to 

JJ** 

SfiS^VStST-* to «*d with profit the more advanced 

works on the aolgeet. chanter on the practical spplicn- 

For the preset edition*added, the chaptor in 
ti° n ® o{ eouihhnum between iron, carbon monoxide, 

previous editions on tlw equiliona uc for it . The 

Sod carbon dioxide being wnitteo to -„ —»«— 



^ Wen recast ^iroly 

include discussion* of^tha naturo« jJJ The remainder 

ftttsssf tsars* - **• 

ri*. Editor. * «o( »oM ltao.1"' r,.pooM,Jor <*• 

1 toio, tmpnmd h <*" r eorrevopr/nto.] 
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XXII. General Solution of the Equation VV = » in 
n-dimmxional Euclidean Spate. By A. J. Carr, M.A., 
formerly Lecturer in Mathematics, the Technical College t 
Bradford *. 

I N a paper, “Note on Green’s Lemma and Stokes’s 
Theorem,” which appeared in the Phil. Mag. for Sept. 
1927, I postulated the existence in Euclidean space of n 
dimensions of the formula analogous to Green’s Lemma for 
three dimensions in the form 

^ * 

Jj ... j 2 (iUJdx, . di r ( dx t ... dx m 
= 5J ...ji (-)*-* LW. .d«,d«.... <*«„_!, . (1) 

where 

J, =s B(ar,, ... *,_i, ... av)/B(«i, ... **»-i)* 

This was arrived at by comparison with the previous 
results of the same article', and without attempting further 
to prove it, I set myself the same month that the paper was 
published the.problem of finding a solution of the equation 
^ 7 *^r=a» by its aid. 

By pure but happy accident, two days after I had com¬ 
pleted my solution to my satisfaction I discovered a handy 
little book, 1 Vector Analysis and Relativity,* by Dr. F. D. 

. * Communicated by the Author. 

Phil. Mag. S. 7. Vol. 6. No. 35. August 1928. R 
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Mnrnaghan (The Johns Hopkins Press, 1922). Tb«e 1 saw 
a rigorous proof of the foregoing formula, which, ** very 
fortunately turned out, now stands without need of cor 
tion (save that dx x dx t .,. ^should be replaced by 

(£*]<&»>•• d«._ida,B(«j - ■•*») /B(«i » 

. . „ » nv «—l variables which serve to 

I^if v* theYn- lMimensional surface given hr u.*con- 
Sfottrwise this Japer might have had to be destroyed 
As it is I have made practically no alteration save tha 
have fallen into line with Mnrnaghan byyaking »ft 

ordinate “spread” and using d\ ,_i aud rfV. in place ot / 
andT as I had previously written them. 1 had also mtro- 
dutd Ifae idea oU direction-cosines and normals, which 1 find 
are the same as his direction-coefficients and normals , 

" 3 Vtew^nt wu di^rert from h,., 1 l»v, not 

f m a .l nd. « • 

comnlete exposition ot «-dimensional tensor analysts, I con- 

sW.-—> “ n r b „rt 

au=(-rxr^,..‘t>- X'. i» *. »«cnJ 
Site briU (»"te noution 

ul^rnatiiisy covarJ^nt tensor of rftnk it * ii * ,' r t 

advantage (for the purpose for which ! shall nse it) of t e 
form (if that the right-hand member can conveniently be 

written 

t* <*f> fya Of,_ 

1 cfai <Ju»-i 


(' 


-y-» i 


1 1 («/«.-»}, • (2) 


where, as usual, | a x h t ... 


denotes the determinant 
a,i, .. 

Oy&t 


and {A - r } s= l*|i* 3 ... 


Putting in (1) 


we get 


U, « . » » {2a) 
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-where the V„_i are the (n—l)-dimensional “spread#” 
bounding V„ the n-dimensional “region,” and 



denotes differentiation along the outward “ normal ” to 
V«_j. This result is also given br Murnaghan (p. 71), 
where his dV_j 

= SggrtJ jt 
= V£J.* 

here, since <?=1, « 7*=*1 or zero, according as /=*, or t jjfcs. 

I myself derived the latter result in the somewhat more 
naive manner which here follows. 

IfSt 

F(tj, tfj • • r,) ™ 0 ..... (4) 

lie the equation to an {« — l)-spread, and also, for brevity, 
let « be a dummy or umbral symbol (i. e. if it occurs twice 
in a term, that term is supposed to be summed for all values 
of s from 1 to », thus obviating the necessity of writing 2 
each time and at the same time clarifying the analysis) 
unless otherwise stated. 

Then, if the straight line given by 

x, sb x, 4- l,r (s = 1, 2,... n), 

and therefore having direction-cosines (/j, ... 4), where 

44ss 1, cut (5), we have 

o-r^....o+e.g+te(i.|Jr+.... 

The line is a “ tangent ” if • 

F(*j, = 0 

and 

.(5) 

which shows that («} lies on an (n — l)-spread, the tangent- 
plane-spread to (4). In this lie ail the straight lines whose 
n — 1 equations are 

SS zs - l * 

This gives an n~~l-ply infinite number of straight lines for 
the n—1-ply infinite choices of 

(4 * Vl-fi*-'.-A-t), 
E 2 
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all of which, if they satisfy (5), are tangent lines to (5) and 
therefore also satisfy the equation 


fat 


( 6 ) 


Multiply (5) by X, subtract (6) ; then, since all the l • 
(except say) are independent, the condition tl 




always, is that 

x ~ W/lfci ** P7d*j “ ” v'(P7§i*.XdF/S*<) 

Now assuming that, since the normal to on 

angle with the x-axis whose cosine is »'*• the 
the («- l)-coordinate plane-spread normal to that axis 

f/Vw_|, 3 * ^ ** 

wahin JV.-, = 

where i, th. coun..r,»rt in c ar^!,.»r c«°r.lm»<«. 

of the element </x, rfx, ... </x._i -- * , j 

Cartesian system, and is therefore expressed by the usual 

formula for change of variables, namely 


»-, B< j i, .•-£?! d»,.,, rf«. -1 


tt.-i) 

(s is not umhrall, 


dSn.u. - (— ) <)<„„ 

= (—)""* J,(d«,-l} 

rfWt = * *.^ 

-where the serve to specify the (»- lHpread. This, as 
has been before remarked, is also Murmighan s result. 

Thus, let us define a hypersphere whose centre n ut th 

point («»,«„...<*.) * nd " hose rmhm w U > h> 
equation 

F(x,... x,) s (x,—fl,){x,—«,) —R s * 0 . 

/. y, ss 0F/Bx,/ VbF/bxp. db.d-*/-)* 

ss {«,—e,)/R * d R/B»<; 

while the equations of the radius from the centre («) to («) 
give 

*rf§ — 

" h U 


... s It. 
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Hence l,—v„ and therefore the radios is normal to the 
surface of the hypersphere, so that B/dv can be replaced by 
B/B*'- The expression for dV m -1 will tollow later. 

We gather that, just as in three dimensions, we have 


i'(*EdTdW\ A __.r 

i Vd*i By* B- / P J 


(v,U+ v,Y +»,W) df, 


so here we always get that 


J(BU./3*.)dV. = = S^.XJ.dV^. 

Turning now to V*#=0, we find that a simple solution is 


where, if 

then 

since 


and thus 


4> — r . 


* 

f 


( 8 ) 


y.'= x,-a„ 

'■«’ = ,y y. ; 



r » 

_!L_r +n(n _ 2) 

7 n 


y. 

- *+a» 


V s (r»"" +a ) = —«(«—2)r,-» + n(n—2)r»~"- 3 y^f, 
= 0. 


Using this in (3), we find 



VV 


dV. 



dV.., 

- 3ii-4 7 
7 si 


(9) 


provided A (a) is a fixed point outside the region of inte¬ 
gration V,. 

If, however, A be inside the region, then, since r»“* +s is 
now infinite at A, we adopt the usual method of surrounding 
A by a small hypersphere of radius p and centre A. If we 
use (2), the right-hand member of (9) will be found to 
reduce to 

* * . (10) 


* It will now be seen why I deal only in Galilean coordinate* for 
which » m behaves as a vector. It does not do so in generalized curvilinear 
apace, nor ia rJ invariant Of* Eddington, ‘ Mathematical Theory of 
lielativity,* 174, p. 170, and § 84, p* 108* 
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since we have seen that p is negatively normal to the surface 
of the hypersphere. Here 
yi = p cos #i, 

y, p sin 6 X sin 0 t ... sin 6,.\ cos 0,. (* = 1, «” ) 

y n s p sin $i sin 8%... sin &*-% sin 8«-\ ; 

and thus 


Also 


A, = 



y-y> = />*• 


U\ 

y* 


By> 

b*. 

By* 

Bft 

By. 

•p, 

* * 

• * * * 

* ♦ « 

Byi 

Bft.- 

. JSj'L. 

, Bft-i 

By. 

'"P.-i 


tion. For, if we put 

t/n s y. cos 8n 

then 

A»+i s | y, 

By t 

B#i 

Byt_ 

P»-i 

Byi 

B£ 

y* 

Byi 

P, 


*/** 1 — i/* 1 


S V*s Bttt 


y* 


„V«t*t 

By* 

By.' 

Bvis-i 

Bft 

*P» 

Bft 

* * * 

By* 

By.' 

By.-.j 

p.:» 

***§Ci 

Bft-i 

By* 

By.' 

By.+j 

P. 

***P, 

P. 


y*-i 

By*~t 
‘ B^i 


COB 

||- COS ft. 

0#i 


gl^smft.. 


sin ft. 


B.vi cos ft, 

P„_i ’■ P«-i P»-* 

0 ...0 ~y»si nft, y.cosft, 

, ( —y.sin ft,) A. sin ft»+ (—)®*y»cos ft.A« cos 

y»A« = yj see ft.A». 
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Thus, if *_i 

y k = y k sec 8k — II sin 0 p , 

. psl 

then 

A, = y K - iA»_! 

= y*-i3» .3 ■■-h&t- 

Nov A) is calculated on the supposition that 
= p cos 6 U ih — p sin 0 ,. 

Hence 

A t = ! p cos 0i p sin 0, j 
I —psin 0, p cos 0i I 
= />*• 


A»/p“ = sin" -2 0i sin" -3 0 .... sin 2 0„_* sin 0*_ 2 . 

If, in (10), we now pot pa=0, then (provided d-^/Bp is 
finite always), since the hypersphere now becomes a point, 
the expression (10) reduces to 

2ir(—)*(«—2)^\* ^ sin"' 2 0id0i i sin" -3 0 s </0j ... 

a 0 4 0 

| sill 
, 0 


2»(-)■(,—2)+. 


’’(nr) 1 '© r ( !: r) r © 

r (i) r © r (iMi) 


r d) r (i) 


2w( -)*(«-2)t* [ra)j- a /r(n/2) 


where 


(—)"K, * 4***/(i»-2) t . (neveu) 

* (4v)<—» 2 (i^J) 1 /(n-3) ! (n odd). 

Finally, we get for a point inside the region that a solution 
of tho equation V*^ 1 = » is 

K.t. - ( e^;-s|’ on 

Jv»r" 2 Jv,.i QV r » 
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The equation (11) constitutes as complete a solution as we 
are ever likely to get without specifying further the nature 
of the («—l)-dimensional spreads. If, for example, « « 
different from zero inside a hypersphere of radius R, and we 
take its “surface” for the outer bounding surface, there 
being no surfaces enclosed, then 

as (—)*~ l -*dr n {d0n-\}i 

v ' r m 

and (11) becomes 

K.+. = (-)— 1 f*<W,-i 6 Bin"'- 1 ».i>. 

,-^®] (in 

£r °Incidentallv, this shows us that the element of 
a hypersphere of radius K is, comparing equations (11) and 

(12), given by 

• • • ( 13 > 

This result can also be proved directly by using (•)* For 
here J* if written down, will be found to reduce to 

Bvi dvj Bv.-i 1 By.+i d.v.** d.v« I 

p, * m *** d0,-i * I '** a*-> 1 ’ 

and by precisely the same method as that employed for A„ t 
the last determinant is 

where in A>+* we have 

y#-H — Rsin 0i sin 0 t ... sin 0 «cos 0,+ j, 
y #+8 =s R sin 0i sin 0% ... sin 0 ,sin 0,+*, 
and therefore 


. B(y#+1. .v 7 #**) 


S* ^441* 
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Finally, since 

— - /k+l ’ 

we have 

J.»(—•••y«y«?*+i£*+* — F»-i 

= (-)'- 1 y.. A,/R s - 

Tbns 

= . . . (14) 

from which follows (13). 

Also from this we SCO that 


= y./R... • (15) 


just as before. 

Or we can argue thus 
and (7)) 


We have always (comparing (2) 


Of course this aquation does not enable as generally to 
determine which is independent of the U». But if 

the surface he that of a hypersphere, then using (15), we 
get, putting 

U, * dR/d-r, ss y./R, 




R R 

i. *. dV„_, - (-).-iA.{rfH,_ l )/R. 

We also see that for the bvpersphere 

rfV 




and since &*=#,/R, this gives 


rfV. - 


* ciRdV,_„ 
analogously to three dimensions. 
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Finally, if + = 0(B -> (m > 1) 

ItS J{, —► aO j 

then 

If such be the case, we write 

f *>d\ „ 


~ , _4* 

K -*‘ " Jv„ r.-» 1 


where the region now extends to infinity. 

It would be both interesting and perhaps startling to dis- 
cover that in the four dimensions, .r, y, tet , this solution 
could replace Kirchboffs solution of 

□ * = 

Yet this actually appears to lie the case, as the following 
analysis will serve to show. 

Firstly, we observe that here 


where 


is of the form 


r 4 "* +s = *V S 

_ i i . y , 1 -i, 

ir \ r —d, r +- d i j 

r 5 as (x- Xiif + (y — yff + i : 

fj as t— tot 

<j> S= \ \ f(i — ct\) + fi r + d ,) \. 


a*) 


£«)* 


/ 

and is therefore a well-known simple solution of the wave- 
equation. 

Secondly, in (1), put 


Then 


a-* --1 *»*'*»• Ka-o-t,. 


f 




, (ft dutdu % d^ 

J d(«ii ll 3t 

-Ifcf* f 

»/**«* e.; ^ 3 


* As we era going to integrate with respect to a* firm, it seem* neces¬ 
sary to nut this bm in the JscoMan in order to ensure the correct equation 
fo/Stohes’e Gen era lised Lemma. tide Mnrnaghan, he- cit. p. aS. 
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where 

dv m JM&lll *L dUydUtdut 

«i) 


and 


u 4 sss constant 


is the equation to the two-dimensional bounding surfaces S 
of the now three-dimensional solid region. 

Also 

j — -> «*>) _ B(,v, j) 

1 £(»i, “»,«*») 

I _ B(*» ft tot t ) _ BQ, j) 

* B(«i* «*, ) B(«1, n,y 

B(.r, y, tct,) _ B(*, ,y> 




where 


t _ _ Itp B(y* _r) 

* di«i. «j. »>“ d(«i, M,y 


i = d.c dt x etc. 

For iuternal points (1), (2 a), and (11) now give ns 




•M*at 

— 

'''!*)*' 

t du t dut 

= 

]'£.(* 

a?~+ 

B<& 

B-r. 

r (K«l« "i- 

»5- «,) 


-fc i'{ 

V , 

^ m dv ^ 

dtj 

*V 

-s. 


S * 

tcS | 

* 

i - [(+ 


-4t» 





— 


y a<, 




B£ 

Be 


, B*\ 
’ Be ) 


K 4 b» (—• ) 4 4w 4/ */(4/2—2)! * 4w». 
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Here v is tbe solved part of ^ 
dimensional spreads or surfaces m tbe 

region. 

Also , _ 

. If J __?:- \ , 

♦ (f,-*7'c) (t, + rfc) J 


M _ J J _ 

dh ~ Zrclih-r/cf (*i + 


So, writing 
we get 


= ,W 




^ 2cTi \r — cti r+ <*i j 


B * 

Bfr 


<*<i Bd> 
T'Br* 


at to 


Henc «. can m..gr.« "*l»cl to '* ,r “*" 

+ * by tbe theory of residues . l‘>« s 

ic j + fi(ti)4>dl i 

_ihrrSK| . tl9> 

“I*. l,(l ' ) ti Jh 


* - £([/»'(<»)]*- Wit*)] 


j fs(*l) 


I?'"' 


-£ 1 [| 1 ("rM,.-[^tt')]-J- 2 ' tSR ' 

jwles of jfi( 1 ) x j. at those of /*».*»)• 

* By VJSto equation (18) becomes, after 

some reduction, 

• Whittaker & Wstson, j Aaaljii*,* S or MacRobert, 

* Functions of a Complex V arieWe, p. oo. 
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8v,fr A = _ | Wj! < fo + 8 1 +4c i ^rfr + 4c f^dS, 


s, 


fit 


1 Br B^ 


IB* 


i: 


where 
and therefore 


__±_+&7iY _ 

cr Bk <Mi T B p\r/ Y r B^, 

[F(<i)]i* = F(r/c) —F( — r/f), 


[Fi(0]i* =* F,(« 0 +r,/c)—F j( 4—r/c). 

Also SR f Sit* denote the sums of the residues of & and the 
integrand of S respectively, qua functions of t x at their poles 
in 1 1 , which are of the form a 4- 6t, where A is positive, 

I have written the first three terms in the surface integral 
so as to make it resemble KirchhofPs integral. It will be 
noticed that, neglecting the first substitution of r/e for t l in 
S s and also in the volume integral, and omitting the last 
three terms of S, and the residue terms in the previous 
equation, we get precisely minus one-half of KirchhofPs 
solution. 

The reason for this apparent discrepancy is that in place 
of KirchhofPs function 


I have written 


where 



fix) * I At. 


His l 1 (a*) possesses the rather artificial property of being*, 
together with all its derivatives* zero, except when ^=0, and 
of giving 

1 F (x) rf.r as 1, 


My f(x) arises more naturally, and although it has not the 
first property, which here is not necessary, it does give 



h 
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which is all that is required ; for then 

r £00 f(x)dx ass 1(0) + 2SB, 
mj-w t 

« p« formula (19). Tho "*|$h£fSoUS 

axis mast necessarily ap^r, a the 

be a constant, by Liouvi le render (20), and 

substitntions indicated by (, ]i | tioIJ G f the general 

generally zero, and this is not a solution ot R 

be regarded presumably as an extension oi u. , 
alternative one. 

Appendix. 

I, omitted to »t«te tl,»t, it V’+ is «»i» " A > 

. r »" 

_ taken over the small hypersphere of radius p. 

Fo^ clearly then, writing dm' for the surLe-eleme.it with 
pas 1, we have seen that 

rfV„ * r.—‘ dot' dr*. 

Hence, if V** £ *» « *«»*• q« aatit . v » at a11 ! ’ 0,nts *“ tk * 

u^iglibourbood of A, 

( P AV r ..-» ir p < W ^r. dr. 

Jfl r»*~* *» 

ass kw\p* —* 0. 

lim mr/< V, (F> 2 ) 


Again, if 


r,** * 


then. Hi being any finite quantity 
.v»«* w -- - *» 






*•.-<> r " 


^i«rsr»< 
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And the latter integral is 

|K„cir i i \ 

* p-2 \R/- 2 “ R*~ 2 J 

JK.01 1 

p-2 * KjP- 2 

as R->ao. Also this is* a finite quantity; so that under these 
conditions 

r "iv„, 

J r » 

taken over the whole of space, is a convergent integral, no 
assumption being made as to the continuity of m. 

Lastly, it is evident that the results throughout the whole 
paper entail that n >3. For n=*2, we proceed slightly 
differently, for then 



and formula (1) therefore becomes 




9( «!«'*) 


du x du. — 





In the event of confusion arising as to which sign to take 
in replacing dxdp by + ’d(x,y)[d{u l u i ) (hi x du t , we will 
consider a typical example of finding tlie area of the 
circle rasa. 

Here, put 

U, = 0, U* = l/, Vi = 0, u, as r. 


Then (21) becomes 



or 


( *' (-■Ja*) d$ m- 1 **a* %ia x Bd6, 
. o ,o 


which is seen to he true. Here, then, we replace the 
element of are* by - B(«, **). This corresponds 
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Z5b . f „ jv 0 f a hypersphere. 

ft—^ ^ 

rendering (21) a* 

mm + * % -1 (u, d, - o, * 0 , 

the oeml Gwen’. Theerem tor t.e din>«men.. 

For the solution of 

d '4> , ? ! <#> = o 
B*» + V 

we can take JV -.+s_ a ~«+* 


«~2 
*r3 ” * 


( 22 ) 


d> = iim 

SEE -—lOg# (?*« a )« 

Hence (3) becomes, patting a* 1, 

K„io*r*<t,-2jo.*.r.ay/ae-+/'’-a''» ' 
JLn-l potef. »"'>«- " “ k< 

circle of radius p, where 


dt-p d$, dvzx-dr. 
Iim rloge’r — t)» 


Since 

r« o 

, i r U »ero at A, while the right-hand 
the left-hand member is zero at 

member now reduces to 


■^ k \ 3W dd = 2mjri- 


Thi. i. r iiv no -«j;^; 
f.-bS.rU dene' here. <«». « «•* 

kj - 2w(~r[r{i)3'- 3 /r(»;2), 

and patting n*2, we have at once 

K,' - 2w. 

Hence, 

2-jnkd. s=?n“h>g* r **^ 

+2fc,(t/ r * B»-/Br-leg,r. Wd*)<**♦ 

wMek k the analogue of {H}* 
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We get Cauchy’s Theorem if m is zero, for this implies the 
existence of a function <f> conjugate to ^ and satisfying the 
same differential equation. 

Thus if 



then 

i?* =J C fyr . sin (f— 0)ds+\ c $/r . cos (£—0)ds. 

But 

drfdpzs’drfb-c ■ bxfbv + dr/"^v . <)y/B V 

*s {x,—a)jr . dy B**“(y — b)jr .^.tjds 
= cos $ sin f—sin ffeos f=sin (f— 0). 

So the first term is 

J c >jr r. Sr .dt. 

For the second terra we notice that 
0= [log(ri^)] *" = \ c ^(log (r<f>) Bi .ds 
~ jc$[« n f<J(log r)[dy + cos $Bfl°g r)R)x}ds 
+J« log r[sin fB<5/By+ cos £B$/B.r]d« 

=|c 5)/r*+cos f(j—a)/r»j 

+ | c log r[Bx ^e. -By/Bi'){ —d^3y)] ds. 

Hence ( c <£/r. cos (£— 0)dt — —j c log r . BV r /B*' * ds. 

So 27T^*=J C (^. Br/Br—log, r. 

This result is only to be expected since Riemann’s proof 
of Cauchy’s Theorem uses Green’s Theorem in two 
dimensions *. 

* MseRobert, he, dt. § T*. 


Phil . Mag . S. ?. Yol, 6. No. 35. August 1928. 
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XXIII. The Influence of the Solvent on the Mobility of 
Electrolytic Jons. By K, T. Lattky *. 

T HE theorem that Stokeses law cun !>e applied to the 
motion of an ion in a liquid electrolyte has been 
upheld by many authors, and notably by Walden and his 
colleaguest- It may be represented by the equation 

dwohj == i’V, {i.) 

where/=mobility, cr = ionic radius, i? as viscosity of solvent, 
F = Faraday charge, and ess ionic charge* if i liter** 41 and 
Debye and Huekel** 1 have shown that l must be corrected for 
the mutual action between ions of opposite sign, and that we 
must therefore deal with extremely dilute solutions if we 
wish to deduce the influence of the solvent on mobility. 
In what follows, onlv values obtained bv extrapolation to 
infinite dilution are considered. 

The evidence adduced in favour of the application of 
Stokes’s law i* of various kinds, but the two main proposi¬ 
tions put forward in its favour are :— 

l. For certain salts \ f t) is approximately independent of 
the solvent. 

2. For a somewhat larger class of salts though dif¬ 
ferent in different solvent*, is approximately independent of 
temperature in a given solvent. 

When, however, we review the data, it becomes clear that 
in the majority of cases X t ,tj only approximates to constancy 
in solvents whose dielectric constant is low; directfy we 
come to solvents like water, for wliieh the dielectric constant 
in high* then larger values of A^i? art- found. If is thus 
suggested that is a function of the dielectric constant. 
Now* Born m and Schmick have attempted to evaluate 
the forces acting on an ion when moving under the influence 
of nn electric field in an assembly of dipolar molecules. The 
main difficulty which they encountered in their analyses of 
the problem arose from the uncertainty of the value to be 
aligned to the dielectric constant of the medium separating 
the ion from dipole# at various distance# from it;and it in for 

* Communicated by the Author. 

f The data are assembled anddiscussed in Walden. * 1 #«dtvminaren 
der likSUDgim,' and in Ftieti, *Vvb**r die ffoweglicliLmt d«*r eleltfm* 
Ivtisehea Iotien/ (Borntmeiier, 102th) 
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this reason that their results can only be regarded as approxi¬ 
mations. Schmiok’s formula enables us to make estimates 
of the effective radii of electrolytic ions, but it does net offer 
a means of deducing the behaviour of a given ton in a given 
solvent front its behaviour in other solvents. In the present 
slate of our knowledge of the liquid state, it seems, therefore, 
that a semi-empirical line of attack h the only one open 
to us. 

It may be taken as a general rule that those solvents 
which yield electrolytic solutions consist of molecules which 
behave as dipoles in the gaseous state. If this is so, we 
should expect, m indeed we find to he the case, that in the 
liquid state these molecules would tend to form aggregates 
having comparatively small external fields; that is, the 
liquid would exhibit the properties characteristic of mole¬ 
cular association. As, moreover, thermal agitation would 
lend to break up these aggregates, the liquid should exhibit 
decreased association with rise of temperature, and the 
temperature coefficient of its dielectric constant should have 
a markedly higher value than that of a liquid whose mole¬ 
cules are not dipole#. 

An ion placed in such a liquid would tend to orientate the 
solvent molecule* round it, but this orientation would be 
destroyed by thermal agitation, and we have to consider the 
average condition of an ton as a case of equilibrium between 
electrostatic attraction and thermal agitation ; its mobility 
will therefore be a function of its charge (vc) and the 
thermal energy of a molecule at the temperature of the ex¬ 
periment { ’Ak0;2 )* But it will u!m> depend on the dipolar 
moment of the solvent molecules, and we have no means of 
intimating this directly : it is, however, clear that the 
dielectric constant (D) of the solvent is a function of the 
moment of its molecules, and we may thus use this to 
represent the required factor* 

Another factor which will influence the result is the size 
of the solvent molecules, and this, again, is unknown, for, 
•even where information is available as to the size of mole¬ 
cules in the gaseous state, this does not enable us to state 
their average size when the liquid exhibits association. The 
kinetic theory, however, indicates that the viscosity of a 
liquid is a function of the dimensions of its molecules, and 
we can therefore assume that the mobility of an ion will be 
a function of the viscosity of the solvent ( 9 )* It must also 
depend on the dimensions of the ion, and we will therefore 
introduce a quantity ^ which has the dimension of length 

S 2 
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.„d is chinwteristic of th. ion. W. tlm. .rrivo .1 «•» 
conclusion that _ , s; , 

l/Fe as/{ve,k0,D,fi,<r ...•(•/ 

Application of the method of dimensions shows th.«t the 
required fanctiou must have the form 

(Hi) 


l 1 , /3*0D«r\ 
2<r /’ 


, x indicates an unspecified function. Now, the fact 
where ^ . n ,i. as tetraethvlamuioniui« 

'“'"Ct r.'W ■” Xttadlv ituUp.mi.nt of I) 
gl ve Yalaes for^wlnt I „ ; on , e ml towards 

or B, and that (*) '‘“Jf* “ t that *t3WDw/*», may 

consmncy when D ij smalh - h und B are c0 n- 

showed that I, could be 

expressed with remarkable accuracy by the equation 


/ij s=i at +£(01!)*, 


(iv.> 


« i a constants characteristic of the ion. i>ata 

r here ;r„ , m« n .btuui.nl .!»» tin*. for mo. 

for conduct.Yt^ f wh ere/and V are the mobilities 

»^u r , ? j... — to.... 
equation in the first place in the form 

M = { , + ,' ) + (^^P)'. . - 0 »«.) 

„ r „ an d used in what follows have been 
no «>«• « « j»u o! Kohl™...cl, ''f and hi. collobo- 
deduced frw nt 18 ° Cm ttnd from the results 

«*<:? f ° r J1 Hartley and his colleagues for solutions 

? f S tWl alcohol at 25° C. In a comparatively small 
m methyl ul ^ >ho ‘ other 0 f these failed to give the 
numberof^8o8 0 o QO s „inhate is soluble in methyl 

required wf°r t ^ ; tt „d 0 have l*een so chosen as to 
alcohol. U s mi witb a it the reliable data available. 

01 V.lle 1 dve g s values for various salts in water at tempera- 
Table 1. g” . 156°C-, and also in methyl and 

**[*33^ in'manv eases the conductivity lias only 

f* 1 ? 1 ,“l„ r mined a" « f «" concentrations, and extrapolation 
*** n d !SZnf™tion is therefore somewhat uncertain. 
“ShTTeBU* apply to the value, forjodtam iodide 
• 8 ;i T«hTe II : hare also it most be noted that some of 
«ven |° 1* ovridine. are extremely hygroscopic, and 
£t R l U "ril knoiu that small traces of water tend to raiso 
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Table II. 

Sodium Iodide. 


«+<*’ = O' 

4783; 

e+& * r 

2468.10-*. 




X* calc. 

X v> CX|H. 

K*t> 


e 

0 

mm 

6515 

0**> 

H08 


IS 

109-59 

jo9-r»$* 

(SJ) 

1*1575 


25 


I28*si 

1*146 



Acetonitrile .****** 

25 

177*4 

173 

(»} 

06138 

Methyl alcohol ..••* 

25 

KMVGT 

1WV7 

<u;> 

0*5614 

Ethyl alcohol...* 

0 

31 40 

30-5 

UMOS 

25 

50-35 

48*2 

€# * 



so 

7614 

76 

<7* 

05328 

BeiifconitrUe .***** * 

25 

442 

£*l-« 

*-s 

(HVIV> 

Proprl alcohol . • 

0 

Htl2 

135 

<U 

0*5157 

m 

5021 

2* 2 

i * > 

04024* 


62 

57*4* 

54*2 

(T i 

0 4015 

Acetone ... 

o 

13471 

im 

CV) 

0 5477 




131 4 





t3P*» 



25 

im* 

1*4«S 

i3*> 

0 5*20 




1762 








50 

204 2 

227*3 

0 3825 

Meihjl-«thvi-l»etone.... 

25 

127i» 

130 

f •? 

0*33*47 

Met by i-phctty !-kct<»ne 

.. 25 

2M*5 

350 

«:* 

0*6400 

Pyridine...--... 

... 0 

36 34 

46*8 

(Ti 

06367 

25 

5666 

68*4 

ft* 

0 5**74 


40 

68*37 

88 i> 

0*12172 


80 

1072 

136 

m 

062H3 


or^r 

wr™rf«ig ? th*t the"" exporimental values given in such 
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solvents are higher than those given by the formula. In 
this table are given the experimental values of X$t? in order 
to emphasize the statement that X 0 -»? is wot constant for such 
a salt as sodium iodide. 

Table IIL 

Tetra-ethvl-ammonium Iodide. 


*+« » 0*5624 : $ + ~ 0*79*20* 10~*. 



o 

X. calc. 

X 0 espt. 

V,*. 

Water......... 

0 

561*7 

58*0 

c:i5> 

1*040 


25 

110*55 

112*5 

< 29 ) 

100*5 

Furfural ... 

0 

2*5 61 

m 

<») 

0*7426 


25 

4fr 17 

50 

<33; 

0*7470 

Nitrotsiettmue . 

25 

107 62 

113*8 

0-707B 

NitmbeiuKmc... 

25 

35-07 

40 

0-7318 

Acetonitrile ............... 

25 

187 46 

193-7 

( 85 ) 

0*6773 

Proptomtrile ............... 

25 

148 56 

165 

06816 

Methvi alcohol ............ 

U 

77*65 

88 

0*7189 


25 

115*23 

124 

<*) 

0 6756 

Kihvi alcohol .. 

0 

34 54 

345 

W 

0*6113 


25 

5577 

55*0 

(33), (29) 

0*5978 

Cy uiacetie ethyl cater ... 

25 

23*22 

28*2 

0*7050 

Betifconilrile ............... 

25 

48-80 

56*5 

07062 

Acetyl-neeume ............ 

25 

77*72 

75*2 

<*«> 

8i 

<29; 

0 5866 

0*44320 

Kpichlorbvclriti ............ 

25 

581*9 

62*1 

<35> 

0*6396 

Acetone ..................... 

0 

150*9 

166*4 

06592 


25 

187*8 

209*0 

0te» 

0*6599 


50 

2;r>7 

2462 

m* 

0*6556 

Metliyl-ethyi-ketone...... 

25 

145*6 

151*0 

W> 

06068 

Pyridine.... 

25 

65*60 

78*5 

( 33 ) 

0*6856 

Methyl thiocyanate . 

25 

90*91 

96 

<3§) 

0*6901 

Ethyl thiocyanate......... 

25 

78 91 

84*5 

( 35 ) 

06550 
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Table IV. 

Tetra-ethyl-am rmmiotn picrate. 

= 0*562T ; 0 + ff » 0*000. 





0 


Water.-. 

... 0 

580 


IS 

540*9 


100 

4255 

Methyl alcohol ... 

... 0 

104 9 


25 

82*8 


56 

70*9 

Ethyl alcohol ... 

... 0 

oer 


25 

553 


56 

41-45 

Acetone .. 

... 0 

40 7 


25 

38 75 


50 

15*75 


calc. 

X* expt. 

M* 

31*88 

31*0 

0*3668 

53*22 

53*3$ 

0*6643 

102*4 

m 

m} 

0*6659 

68*87 

72*5 

0*> 

102* 

(&' 

05923 

103*25 

0*8606 

150*1 

1534 

32 

%Wl 

05761 

31*75 

0*5670 

51*75 

515 

05598 

885 

88*7 

im 

0 6636 

142 8 

141*4 

i^i 

0-5601 

178 2 

1773 

0*5598 

2108 

218*6 

05594 


t»: 


Tables ill. and IV. give corresponding values for tetra¬ 
ethyl-ammonium iodide and picral*. 

Furfural is an Interesting solvent, owing to us compara¬ 
tively high dielectric constant (3*), but it is troublesome to 
investigate, owing to its rapid polymerization. Agreement 
with Getman’s results is fairly good, considering the 
experimental difficulties. 


ifi) * 67*1: 

Salt . lal 

Thy*!- ... 36*34 40*70 

Cmk . 3*3* 4 - 1! 


(CD)* = 

1*197 X 10*. 

K1 

Bhl 

Nli*X 

43*10 

4500 

46*10 

4601 

47*40 

mm 


SEt.t 

48-40 

44*10 


Results for some other solvents are collected below * (all 
at 25° C.). 


e Values in bracket. here «»d in Tsble V. aw experimental. 
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Aceto¬ 

nitrile. 

Epicblor- 

livdriu. 

Propio- 

nttrtie. 

Beoso- 

nitrile. 

Hitro- 

benzene. 

Jiitro* 

methane, 

El .. 

I960 

(203) 

— 

—* 

— 

— 

114*26 

(127-8) 

3f*I 

179-6 

(160) 

— 

— , 

44-24 

(50-3) 

— 


mi*,! __ 

199 6 

(205) 

66*27 

(?m 

135-0 

(185) 




3fEt 4 l ...... 

188-9 

(200) 

mm 

(668) 

148-5 

a«» 

48-79 

mb) 

35-72 

(40) 

107*6 

(113*8) 

KPr 4 I .. 

— 

31*42 

mj 

1420 

(H8) 

43*32 

(52-2) 

31*88 

m 


If A« 4 I...... 

158*4 

(163) 

— 

—. 

- 

3615 

(33) 


JS Me*Ci ... 

— 

84*71 

(70) 





KMe # Br ... 

— 

5709 

*73*7} 





KM*,CXS.. 

Wr 9 
(2*23) 

6648 

(747) 

1314 

(187) 




NMe 4 30,... 

mi 

(2au> 

— 

— 

— 

— 

1131 

(125) 


Finally, in Table V. are collected data for all those ions 
for which there are sufficient experimental results to justify 
their inclusion. 

If the empirical equation 

1*1 as *+£{0D)*.(iv.) 

is to be brought into tine with the suggestions deduced by 
the method of dimensions, then we must have 

If) * «+0(0D)* * FeA/oq + 9F*V,B(0D)*/4e*, (t.) 

whence 

a as 15*35 10“* A/ffj and $ =■ O'121 Btr,, . (vi.) 

and, as the values of «lie between 0*19 and 0*62, so <T|/A 
will lie between 81 x lO - * and 23 x 10“*, and <rj will be of 
atomic dimensions if A is a numerical constant of quite 
moderate magnitude. Similarly, the values of 0 lie between 
0*0 and 0*89x10“% so that Be* will lie between 0*0 and 
0*735 x 10“% and cr, can also represent an atomic dimension 
if B has a moderate numerical value. 

In fig. 1 three functions are shown plotted against atomic 
number; these are: (1) values of the atomic radius (cr) 
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deduced from measurements of crystalsand from the 
viscosities m) of the inert gases ; (2) values of 0i and 
(3) values of 1 /* from Table V. It will be seen that m 
«very case maxima occur at the halogens aud alkali inetat* 
with minima between, but that in the cases of a and 0 the 
maxima tend to increase in height with increasing atomic 
number. The reverse is true for Ifm ; here the maximum at 
2-9 i s much higher than the rest, and, by the tune a**5o 
is reached, fluctuations of 1/* with Z have almost died out. 


Fig. 1. 



In fig. 2 Bragg’s values fore are plotted (i.) against 0, 
and (ii.) against 1/a, and it is again evident that while £ and 
a antiear to be intimately related for these elementary ions, 
the relationship between l/« and <r involves some other 

It must not, however, 1» assumed tliat the quantities 
denoted by or t and a, in equations (v.) and (vi.) are mstnaj 
atomic radii; if they were, we should he led to the award 
conclusions (1) that the alkvl-ammonium ions have **f© 
radius, and (2) that the ions <’10, and CIO, are smaller than 
Cl. These considerations drive ns to the conclusions that «r, 
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represents some function of the dimensions of an ion which 
approximates to the radius in the case of elementary ions. 
This is not unreasonable when we consider that in compound 
Ions the effect of the ionic charge on the solvent is partly 

Fig. 2. 



screened l>v those parts of the ion which carry no charge, 
hr the U,H, groups round the charged* N-atom in 
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XXIV, Factors governing the Appearance of the “ Forbidden 

Line u 2656 in the Optical limitation of Mercury * By R. 
W. Wood and E. G a viola ** 

[Plata III*] 

rilHE appearance of the forbidden line 2656 of mercury 
JL til optically-excited vapour at room temperature in the 
presence of nitrogen at 3 or 4 mm. pressure has been 
described by Wood. Because of the importance which the 
appearance of this line has for the theory of spectra, a 
further investigation was made to determine the most 
favourable conditions for its development. 

The forbidden line appears on the long wave-length side 
of th« pseudo-triplet 2652,2654,2655, the relative intensities 
of which, if nitrogen or water vapour is present in the tube, 
are about 4:3:1. With dry nitrogen at a pressure of 3 to 
6 mm. in the resonance tube, the intensity of the 4i forbidden 
line ” is about equal to the intensity of 2655. That has 
been shown by Wood in pi. xiv. tig, 2, Phil* Mag., Sept* 
1927. In the course of the present investigation we have 
been able to increase the relative intensity of the ** forbidden 
line *' about live times, so that it can be obtained stronger than 
2652 ami nearly equal to the strongest line of the triplet 
2654, see PI. III. (In vacuo the relative intensity of the 
lim-s of the triplet is quit* different.) 

Wood has observed that the ** forbidden line % * appears 
only if nitrogen is able to bring up strongly the ” water- 
band,'’ which is due to Oil produced by the dissociation 
of water molecules. This circumstance makes it appear 
probable that the transition 2*/> 0 —P8 U is in some way con¬ 
nected with the presence of water vapour in the tube. The 
next step was to try the effect of different quantities of water 
vapour mixed with the nitrogen. 

To accomplish this the bulb containing nitrogen, which 
was connected to the fluorescence tube by a tine capillary, 
was supplemented by another bulb containing copper- 
sulphate crystals which are in equilibrium with water 
vapour at a pressure of about 3 mm. at room temperature. 
If the stop-cock is opened, small quantities of water vapour 
can be introduced into the tube. A series of photographs 
taken with 5 mm. of nitrogen and increasing quantities 
of water vapour in the tube showed that the intensity of the 
44 forbidden line ** increases at first rapidly, until the water 

* Coaimuivicated by the Authors. 
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vapour has attained a partial pressure of about $ nun., and 
the i more slowly np to a pressure of 2 or 3 nun. At these 
higher pressures the intensity decreases rapidly with time 
owing to the formation of hydrogen, as we shall see later. 
The OH hands follow a similar course, except that while the 
“ forbidden line ” increases its relative intensity 3 or 4 times, 
the water band increases about 10 tiroes. 

The next step was to try whether water vapour alone, 
without the co-operation of nitrogen, was able to develop the 
forbidden line. The result was that if 2 or 3 mm. of water 
vapour were introduced into the tube the whole fluorescence, 
including the OH band and the “forbidden line/* was at 
first very bright, but became rather faint in a few minutes. 
It was difficult to photograph the lines under those conditions, 
because it was necessary to renew the water-vapour charge 
every 2 or 3 minutes. Wood had observed in previous work 
that"something similar occurred with nitrogen. The fluor¬ 
escence intensity diminished with the time and the charge 
had to be renewed. He found that the reason for this was 
that hvdrogen developed in the resonance tube, which could 
be detected with a small auxiliary discharge-tube connected 
with the resonance system, and hydrogen is known to to 
verv active in destroying the fluorescence of mercury. \\ ith 
wafer vapour in the’tube hydrogen was developed also, but 
much more rapidly than in the ease of nitrogen, in which 
case the water vapour probably came from the walls of the 
tube. On the other hand, it was observed that if the Into 
was not completely evacuated before introducing the water 
vapour, so that about 0 1 nun. of air was left in it, the 
fluorescence remained bright for a much longer time before 
beginning to fade. Air was then able to compensate the 
action of hydrogen. To study the action of air a third very 
fine and long capillary was sealed in, in addition to the 
water and nitrogen capillaries. Its free end was sealed and 
could be opened to the air of the room by breaking its end. 
The capillary was made of such size that, with vacuo in the 
tube, it let pass in one minute a quantity of air sufficient to 
raise the pressure by 003 mm. Thus one could measure 
the quantity of air introduced by noticing the time that the 
capillary was open, from the moment when its end was 
broken until it was again sealed with a small gas flame. U 
was then observed that if, for instance, 2 mm. of water 
vapour had been in the tube, and the fluorescence became 
faint at the end of a few minutes if the air capillary was 
opened, the fluorescence intensity increased greatly until a 
maximum was reached. If now the capillary was sealed 
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the fluorescence remained bright for 3 or 4 minutes and 
then gradually faded again, returning, however, to its 
maximum on admitting more air. The quantity of air 
required to bring the visible fluorescence to a maximum 
was about 0*03 mm., and if the regenerating action of air is 
due to the neutralisation of hydrogen by combination with 
oxygen, forming HO or H*0, we see that about 0*012 mm, 
of free hydrogen was developed in the tube, since in 0*03 mm. 
of air only 0*006 mm. of oxygen is present. That such a 
small quantity of hydrogen is able to diminish the fluorescence 
at least 4 or 5 times is extremely interesting, and we shall 
see later the explanation of this fact. 

If the air capillary is not sealed when the visible fluor¬ 
escence Incomes a maximum, but is left open for a few 
seconds more, {permitting the entrance of an additional one 
or two thousandths of a millimetre of oxygen, fluorescence 
disappears entirely, and the tube is in the “ dark state.** 
If now it is left to itself, after a few minutes of darkness the 
fluorescence suddenly appears again and rises to a maximum 
value in a few seconds. The time that the tube remains 
** dark ” seems to be proportional to the quantity of free 
oxygen in it. This surprising action of such a small quantity 
of oxygen in destroying the whole fluorescence was traced 
to the fact that the oxygen oxidizes all of the mercury 
vapour, which deposits as HgO on the walls of the tube as a 
yellow layer. While the tube is in the “ dark state” no 
mercurv vapour is present in the region illuminated by the 
arc. As long as free oxygen remains in the tube all the 
mercury vapour that is evaporating from the mercury drop 
at the bottom of the tube is immediately oxidized when it 
enters the region illuminated by the arc. The free oxygen 
i* used so slowly by the evaporating mercurv that the 
phenomenon might W used for measuring the velocity of 
evaporation of mercurv. As soon as all of the free oxygen 
is consumed in this wav the evaporating mercury vapour 
again fills the tola* and the fluorescence reappears with full 
intensity. That the mercury vapour is really 44 cleaned up** 
by 0*001 mm. of oxygen has been tested by measuring the 
absorption of the line 253T of the arc across the resonance 
tube. As soon and as long as the tube is in the “dark 
state** 2537 is not absorbed at all. showing that no mercury 
vapour is present. 

For the “cleaning up” of the mercury vapour by a few 
thousandths of a millimetre of oxygen it is necessary that 
some water vapour lie present in the tube. If only mercury 
vapour is present and we introduce 0*001 mm. of pure 
PUL Mag* S. 7. Vol. 6. No. 35* August 1928. T 
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oxygen the fluorescence will diminish hut little. In the 
presence of water vapour it disappears completely. The 
oxidation of mercury seemed then to bo due to a catalyzing 
action of water vapou x\ and it was found that nitrogen is 
also able to catalyze that reaction, which explains why air 
destroys the fluorescence to a greater degree than oxygen. 
Now the principal and common action of nitrogen and 
water vapour on the optically-excited mercury is the bringing 
(by collisions) of a large number of excited atoms to the 
metastable condition with electrons on the 2*/^ level, where 
they accumulate, due to the long mean life of that state. 
The energy of the metastable atoms is probably the real 
catalyzer of the reaction. The conditions for the rapid 
oxidation of the mercury vapour are then (1) to have the 
necessary quantity of free oxygen, and (2) to have a large 
number of metastable atoms. 

The necessary condition for the appearance of the forbidden 
line seems then to be the formation of n large number of 
metastable atoms. Water vapour, if no free hydrogen is 
present, is more efficient than nitrogen in bringing atoms to 
the metastable level. Thi* has Imen proved by measuring 
the absorption of the arc line 4046, which is absorbed only 
by the metastable atoms, and 0*005 mm. of water vapour in 
the tube is sufficient to cause the reversal of 4046 if photo¬ 
graphed with the large quartz Lummer-Gehrke plate, while 
<)*5 mm. of nitrogen is necessary to do the same. 

On the other hand, the absorption line appear* very narrow 
with 0*1 to 0*5 mm. of water vapour (only the core of the 
4046 lino is absorbed), while with 0*1 to 1 mm. nitrogen it 
appears to la* much broader. For this reason a reversal of 
the line appears with water as soon as the absorption logins 
to be noticeable, while with nitrogen the absorption is at 
first nearly homogeneous for the whole width of the arc 
line, so that, in spite of the absorption, w reversal " does not 
appear. From the measurements of Smart * and others, it 
is know'n that water vapour is more efficient than nitrogen 
in diminishing the intensity of the resonance line. The 
result of the collisions in both cases is to bring atoms from 
2 $ pi to Water brings then by equal pressure more 

atoms to tne metastable level than nitrogen. The broadening 
of the level 2 a ;> 0 in the case of nitrogen can l>e interpreted 
m showing that nitrogen is more efficient than water vapour 
in shortening the life of that level, ami that collisions of the 
second kind with metastable atoms take place more often 

* Stuart, ZtiU. f. i%*. xxxiL p, ( lUgS), 
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with N* than with water. This diminishes the number o£ 
metastable atoms in the ease of nitrogen, and by shortening 
the life of the 2 s /% state broadens the absorption line 4046* 
K. Donat * has found that metastable atoms are more 
sensitive to collisions with nitrogen than with argon. In 
oar case water seems to act in a way similar to that of argon 
as observed by Donat. This may be the rent on for the 
stronger development of the ** forbidden line ” with water 
than with nitrogen* It is of theoretical importance to know 
if there is a small spontaneous transition probability of the 
2*p 0 ~~ I # S 0 transition, t\ e. 9 if the intensity of the forbidden 
line is simply proportional to the number of metastable 
atoms, or if it is necessary to 44 disturb” the metasiable 
atoms to obtain that transition, which otherwise would not 
-occur. So far we cannot give a conclusive answer to this 
question. If a spontaneous transition probability exists, the 
intensity of the 44 forbidden line ’* in fluorescence should be 
proportional to the total absorption of 4046 underall conditions. 

,• intensity of 2656 

If disturbances are necessary the ratio T -— 

ab>orption ot 4040 

should vary with changing conditions; for instance, if 
instead of nitrogen water vapour is used. This point will 
be investigated further. 

The use of water vapour for bringing up the “ forbidden 
line" has the disadvantage that under illumination it 
generates free hydrogen more rapidly than does nitrogen, 
and hydrogen is known to be very efficient in shortening the 
life of the metastable atoms as well as the intensity of the 
resonance line t. A very small quantity of free hydrogen 
diminishes considerably the intensity of 2656 and of the 
«0H hand. If water vapour is then used it is necessary to 
neutralize the free hydrogen every few minutes by admitting 
a suitable quantity of oxygen or air. On the contrary, a 
mixture of 2 or 3 mm. of nitrogen and 0*1 to 0*4 mm. of 
water vapour seems to very efficient in developing the 
“ forbidden line and it remains bright for a long time. 
The way to maintain the fluorescence at maximum intensity 
is to have some oxide, for instance HgO, in the interior of 
the tube* If then water vapour or water and nitrogen is 
introduced, the free hydrogen that might develop will 
reduce the oxide and regenerate the water vapour J. The 

e K, Donat, &&*./. Phy*. xxix. p. 345 (1924). Also S. Loria, Plivs, 
Her, xxvi. p. 573 (1925). 

t See Franck und Jordan, Amr^ytmg mm Qumntemprmn&n dmrth 
Sttme* p. 229. Dorgelo, Pkysika, v. p. 429 ? 1925). 

| Franck und Carle, ZeiU.J\ 1%*. xi. p. 161 (1922). 
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yellow deposit of mercury oxide that appears sometimes at 
the walls of the tube, absorbing strongly the ultra-violet 
light, can be re meed easily in this way. It is only 
necessary to introduce 1 mat. of hydrogen in the tube and 
to illuminate it for about 10 minutes* The yellow film 
disappears and small mercury droplets remain on the walls 
of the tube. 

PL III. shows the relative intensity of the ** forbidden 
line’* in regard to the pseudo-triplet 2652, 2654,2655, The 
photograph ‘ 4 a ** was iuken while 5 mm. of nitrogen and a 
little water vapour were in the tube, photograph u h f * while 
the partial pressure of water vapour was increased to 2 mm. 
The considerable increment of 2655*8 is plainly shown. The 
exposure times of the reproduced photographs were about 
7 minutes. 


XXV, On the Theory of the Pianoforte String* 

By Dr. KrtF.su Chaniula Kau *, 

I N recent years a number of interesting paper* have 
appeared on the vibrations of the pianoforte string, an 
account of which has been "iven in a previous article t by 
the author in collaboration with Messrs Ganguly and La ha. 
In that account we did not refer to the theory advanced 
some eight years ago by V, Hainan ami It Hanerji J, as 
we thought there were serious objection* against that theory. 
Nowadays there appears to be a tendency amongst the 
experimental workers on the subject, like W. H. George § 
and other?, to give more prominence to the theory than, w«* 
think, is due* In the circumstances it scents necessary to 
point out the mathematical errors that hitv## crept in, 
which arise out of their misconceptions stmut the eon- 
vergency of a Fourier's series* 

The writer regrets the article could not he made ready for 
publication earlier owing to pressure of work* 

Now, in their theory referred to above, Hainan and 
Ranerji have considered the motion of the string during the 
time of contact as that of a loaded string* Thus the motion 

* Comffittnicftted by the Anther, 
t Ear, Ganguly, sad !#fdui, Phil, Mag, v, p. 547 (1028). 

| Batumi and fiwwjh Proc. Hoy, See, A, vol. writ p. 100 (IttMlb 
$ W. H, George, Phil. Mag* vol. xlviii. p. 34 (1024); also Proc, Hoy. 
See. voi cfiii* p. SM (19M). 
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of the string during the time the hammer if in contact is 
given by the following equations of Lord Rayleigh* 
(Rayleigh* 4 Theory of Sound/ vol. i. p. 204) : 

— MX sin \a sin Xb^sp sin X/ (frequency equation)* (1) 

and y =s X P r »*n X^r sin X*a cos (cX r t ~£ r ) * * (2 a) 

r 

between *=0 and x—a, 

y st £ F r sin Xr(l — X ) sin Vft COS (cM — e r ) . (2 ft) 

r 

between *r«sa and 4?=:^ 

where P r , e r are arbitrary constants* a and b are the two 
parts into which the string of total length l is divided by 
the hammer or the load, e is the velocity of the wave along 
the string, M the mass of the hammer, and p the linear 
density of the string. As* however, the system if started 
into motion hy initial velocity at x~a by the hammer whose 
velocity just before contact is r, one set of arbitrary constants, 
say e r . will drop out rind the equations will take the form: 

y s= X IV sin Xr .r sin Xr( l — a) sin . . (3 a) 

r 

between x = 0 and .r = u, 
y * £ P, sin Xr(l — x) sin X^i sin . . ( 3 

r 

between *r=ru and x = 

and thus at *r=a 

2 IV sin Xr<i sin Xj* sin cXr*. . . * (3 c) 

*• 

The arbitrary constants etc. of the above series can be 
evaluated from the initial conditions either directly or with 
the help of Art. 101 of Lord Rayleigh 9 * 4 Theory of Sound/ 
vol. 1. The second method, which will be called Rayleigh's 
method, has heett followed by Raman and Banerji. In the 
present paper it seems advisable to give both the methods. 


Mayleiyh'e MethmL 

It follows directly from equation (7) of art. 101 referred 
to above (with present notations) : 


~ , P/ sur X*a Xrh » rA \ 

2 sin eXfi . — —-. Mr, . * (4) 

r eX r ^/nt/ci*r 


* Notations have been slightly change * 
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where M is the mass of the load, t. e. hammer, v its velocity 
before impact, and 

P r s sin 2 \r& sin 2 \J>da' 

-f p f P r 2 sin 2 X r (l —*r) sin 2 \r& * * (5) 

J** 

Taking the value of p\u r *Jx as given in (5), we have 
from (4), after a number of transformations, 


Vo= S—sinrX^, 

r C\ r 


.)• 


( 6 ) 


P / _ 

M \sin 2 Xra ^ siit s X^6> 
which is different from that obtained by Hainan and Banerji *. 

1 tired Method, 

From equations (3u) and (3/*) we have on differentiating 
and putting / = 0, 

(l/) t| £=r £ PrXrT sin X^r sin * * . • (J **) 

r 

between x = 0 ami rs=a t 
(y) 0 s= 2 PrXrCsin M./—*)sin X^i , . * *7b) 

r 

lx?tween jr = a and £■«=/, 

and hence, using the normal property of the function, we 
g et 

I p(y)a, sin \rxd* — IW^p sin M* I sirr X^tLr . ( 8 «) 

Jo Jo 

j" p(y) 9 sinX,(/— x)d**= PrX^psinX^iJ sin*X*(/ —x)dx. (86) 

Remembering now that (?/)„*=(» except at je—a, we have 
the left-hand sides of equations (8«) and (8 6) equal to 

p(y) 0 &inX^iaxi and p{;y) 0 
speetivel 

Tims we have from (8 a) and (8 6) 

gin X r /* t* 
sin Xrajt, 


respecti velj 

i we 1 

p(y)ad*i — PrX^-p 


- I »«i*X^n#x, 


(i»a) 


pifitAsh—VrXep. sili*X*(f—O') rfx, . (96; 

♦ If, howeirer, the Wed* #>., the hammer, h taken m part of the Hiring, 
then both the method# will give the mme equation m that obtained by 
ii&mitt! and Baneiji. 
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On adding (9 a) and (9 />), we get 


27$ 


MtfsssPA^p f s ! n ~™L i sin 3 Xrxdx 
Lain KruJ 0 

bin XfS ( ^ « * . /1 
+ “V 2 ^ 1 am* Xy(l - 


- .r) ct.rj 


( 10 ) 


Hence we have, after transformation, 
r . 2M r sin A*a sin \h& 


A*cp |^ci siirXyi-f 6 sin 3 Xex* 


sin X^a sin K r b sin A*i * 

Xr S 

* . . ( 11 ) 

Bubsiutituig the above value of P r in (3c), we have */o 
equal to that given in equation (6). Thus lioth the methods 
lead to the same result. 

Now the above equation (6) gives the value of y 0 as an 
infinite series. And if X’s in the different terms have simple 
ratios—in which case only is there great acoustical interest,— 
the sum will represent a Fourier's series. It is well known 
to mathematicians (rule Hobson, ‘Theory of Functions of a 

Heal Variable, etc./ p. 63 bet $r<j~) that S —between 

hr Xr 

—7r and + 7r is a nou-unifonnlv convergent series repre¬ 
senting a discontinuous curve. And therefore it cannot be 
further differentiated term br term. It can be easily seen 
that the right-hand side of equation (6) is exactly of the 
same form us above except the factor* 

1 


P 

M 


/ a h \ 

\sin r Ac* ^ s\n~\J*) 


cm 


i 


Now sin f X^f< s si«i 3 X#*& iti the ahgvc expression vary from 
0 to I. If we take the minimum value 0, then the whole 
expression becomes Kero. If, boo ever, we take the greatest 

M 

value, the expression becomes vg , where m is the mass 

m — M 

of the string. Thus the value of expression (12) cannot 

» M t , . M 

exceed - i, , and it has the same sign as ^« 


m* 


M 


The 


* Uatmiti and Buuerji have got the valuts 

l 
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value of (12) therefore varies between 0 and — M and 
does not change sign. If we take any possible value (mj k) 

between the limits 0 and ot the factor ^ 

the terms of the series, equation (6) becomes 

.... (M> 


.Vo' 


.. - sin cX4 

*2vtc 2, -—r * 

r <***• 


The right-hand side of equation (13) i8 ^ er f^' ohtetod 
differentiating term by term, the senes 

. TI <( tf n "\ ,/o ran not be obtained 
becomes divergent, lhus or 

bv differentiating equation l«) .. I.» 

previous writers (lor. ril.) to obtain the pressure ot tto 

r3rfsrfi==s 

nature of the function which the sum represents. llus 
difficulty may. however, l>e evade*!, etc. 

.Vote added n> proof. -Further results confirming the 
Above view have been obtained. They will be ie 
ready for the pr< as. 

Physical Laboratory, 

Preodencv College, Calcutta, 

March 19*J8. 


XXVI. X-Ray Analyst* of Silver Aluminium Alloy*, j 
Prof* A* Fa WK^TCKEK ami A. J* BHAI>LE>, l hJl 


% 


[Plate IV. 

T HE silver aluminium system has been investigated by 
Petrenko t, who arrived at the equilibrium diagram 
reproduced in fig. 1. According to this, there should be 


* Communicated by the Author**. 
f Zeitsthrift f. anory. Vhemtt, xlvi. P- 4# (»W61 
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two intermediate phases present in this system at ordinary 
temperatures, one corresponding to Ag s Al and the other 
being a ** mixed crystal '* phase made up of Ag*AI and 
AgfAl. Both should im formed through transformation in 
the solid state. 

In the following the former phase is called j3* and the 
latter y. The solid solution of aluminium in silver is 
denoted by and the aluminium phase by 8. 

In order to make an X-ray analysis of the system, we 
have produced a series of alloys by melting together pure 


Fig* 1, 

!*• 



>00 30 SO 10 60 50 40 30 10 tO 0 At, %Ai 


Equilibrium diagram of the Ag-Absystaiii according to Petrenko, 

silver with electrolytic aluminium in different proportions. 
The composition of the specimens was controlled by chemical 
determinations of both silver and aluminium* Small pieces 
of the alloys were filed or crushed into fine powder, v* hich 
was r©crystallised by heating in vaeuo for some minutes to 
a temperature about 100° C\ below the melting-point. 
From these powders, photograms were taken in a set of 
focussing cameras constructed by G. Ph rag men. 

| * From the series of photograms reproduced in PL IV. it is 
evident that Petrenko's statement concerning the number 
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of intermediate phases present at ordinary temperatures is 
correct. Each phase gives a characteristic pattern of lines* 
and specimens containing two phases give the patterns 
corresponding to each phase* superimposed one upon the 
other* The phases corresponding to each alloy can thus 
be picked out by inspection. Evidently the 0* phase 
corresponds exactly to the formula Ag s Al with a very 
narrow range of homogeneity* alloys with 24 and 26 atomic 
per cent, of aluminium both containing another phase. The 
other intermediate phase is homogeneous in the range 27-40 
atomic per cent, of aluminium. 


77ie a* and Phases. 

The o lattice parameter of pure silver was found to be 
4*079 A., in good agreement with the values given jbv 
W. L McKeehan * (4-0*0 A.), W. P. LWy t (4*079 A,)* 

and T. Barth k G. Lunde % (4*078 A.). In a homo¬ 
geneous *-phase specimen containing 19 atomic per cent. 

aluminium the lattice parameter had fallen to 4*056 A.* 
and in the saturated phase co-existent with 0' it had fallen 
to 4*053 A. 

The 8-phase had in equilibrium with y the same lattice 
parameter as pure aluminium, £.«. 4*042 A., which proves 
that the solubility of silver in aluminium is very small. 

The mean error of the parameter value* given may be 
estimated at 0*002 A. 


The Phase A gl AL 

The /ff'-phase is in equilibrium with * in the range 20-25 
atomic per cent. Ah ami with y in the 25-27 atomic per 
cent. At Its interference lines show no displacement, 
which proves that the phase is homogeneous in m range 
so narrow that it may be denoted by a mere line in the 
equilibrium diagram. An alloy, giving lines only of ff 
and showing interferences neither of * nor of y t contained 
exactly 25 atomic |*er cent. AL The phase must therefore 
be Ag*AJ. 

Its structure is of considerable interest, being the same 
as that of the so-eaHed ^modification of manganese, which 

* Pity*. Rev, (2) xx. f*. 424 (1922). 
t Pbvs, Men 12} xxv. p, 753 (1926), 

} Zettsehr. f. pAytik* CAem*e, exxi p. 78 (192fS). 
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is stable at higher temperatures *. A comparison between 
the X-ray data of Ag 3 Al, given in Table I., and those of 
/9-manganese, given by Westgren and Phragmen +, shows 
a close similarity in structure. 

In Table I. the intensity, I, of the interferences are denoted 
by st.==strong, tn.s= medium* \v.=^weak, and v.w.ssyery 
weak* hxh t h 9 are the Miller indices S/i* = + + 

and 0 is the deflexion-angle. The radiation used was FeA\ 
with the wave-lengths a* = 1*932 A*, * 3 «= 1*936 A.* and 
£« 1*753 A. 


Table I. 


Power Pkotogratmof Ag 3 AL 
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? 
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2 
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I f» 

a 

0097 

080940 

m. 

e 

« 

0117 
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m. 
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d 

0-1435 

04)1594 

w. 
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d 

mm 

04H600 
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f0*01944 

Hi, 

in 
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10411591 

Hi, 
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« 
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040950 

TO. 
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« 

o2I45 

001950 

III. 
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1 a 

02725 

040943 

W. 

1 is 

d 

0 2875 

00159; 

w. 

2o 

d 

0 3205 

0 01603 


17 

a 

033 ** 

040941 


18 

1 « 

O 3:0 

001944 

Hi. 

20 

<* 

it-389 

0 01943 

It, 

Of, 
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0 3995 

04)1598 
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21 
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0*408 
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»**. 

26 


0 413 

0 01596 
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22 


0 4275 

001943 

t, 

27 

; d 

0*4325 

040600 

m. 

29 

d 

0*4655 

O40605 

?w. 

30 1 

; d 

0*480 

040009 

m. 

25 1 

; a 

0487 

0*01948 


26 j 


0 5065 

040948 

m. 

27 j 

I « 

0520 

040948 

T.W. 

35 

d 

0*562 

04)1006 

«. 

29 

«i 

0;i*155 

040950 

m. 

1 29 ] 

v. 

0*568 

040959 

rt. 

m l 

d 

05785 

0*91607 

TO, 

39 1 

«T 

0*58*5 

0*01950 

nr. 

30 j 

a. 

0 587 

04)1957 

f.W, 

37 1 

d 

0*3945 

1 010605 

w. 

38 1 

d 

0*610 

11-01606 


j 


♦ A, Westgreu sod O. Phr*»gii*£n, ZeitscMftf. Physik, xxxnu p. 777 
(1925)* A* J* Bradley Phil. Mag. I. p, 1918 (1925). 
f Let r. cit 
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Table I. (tontimml). 
Power Programs of Ag 3 Al. 


i 



l . 

; Rudialio . 



{ 

v.w. 

41 

w. 

34 

f.W, 

34 

8 t. 

35 

TO* 

35 

*u 

36 

TO. 

36 

III. 

37 

W. 

37 

lit. 

38 

TO. 

38 

v.w. 

4<» 

Y.W. 

48 

TO. 

41 

TO. 

41 

v.w 

4 1 

w. 

43 

v.w. 

43 

V.w, 

53 

V.w. 

54 


45 

TO. 

45 

V.W. 

46 

V.W. 

56 

v.w. 

57 

w. 

58 

St. 

49 

TO. 

49 

#*« 

* m 



0-663 
0666 
0 - 68*2 
068a 
0702 
070a 
07*21 
072-1 
07405 
0-7435 
O 7SO 
0766 * 
0 708 
080*2 
0 8185 
0 838 
0 841 
0 8505 
08665 
0*76 
0-880 
0-896 
0*898 
0*914 
01M6 
0 954 
O { *58.5 
0 974 


. *8 


•in 


2‘ 


04)1610 

04)1050 

001859 

04)1849 

04)1958 

04)1950 

04)1969 

04)1949 

0*01956 

0491948 i 

04)1956 

001950 

0*01605 

0*01846 

04)1856 

0411949 

0411949 

001856 

»K)t605 

04)1605 

0411947 

001956 

0411948 

04)16)14 

O4)l«o4 

001604 

001947 

Oil* 85« 

001848 


nsrtLAV-p- J; ; d ,T A *' 

the elementary cube i» calculated to be *9 *« 

and the density of the phase is found to lo . thc*t«ud» of 

lation of the number of *iom* P*f amt cell on th< h»u 

th We?^ ,V and be phragm^ coaid' not definitely settle 

^intInterferences which P C ould > only lie explained if the 

atoms No interference# of this kind have been «N«rjred 
in the Ag»Al photograms, and from the dose analogj of 
this phase with*/8-mSiganese it may be concluded that the 
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latter substance has also 20 atoms In its elementary cube* 
The extra interferences observed were probably due to some 
oxide content or to some other slight contamination of the 
manganese powder investigated. 

Very little can be said with regard to the structure of 
the compound Ag 3 Al, which is probably too complex to be 
solved from a powder photograph alone. It is however 
clear that neither the 15 silver atoms nor the 5 aluminium 
atoms can form a group of equivalent points. It thus 
seems probable that the structure contains at least four 
independent groups of atoms, two containing silver atoms 
and two containing aluminium atoms. As an alternative 
solution, si Her and aluminium atoms may he distributed 
at random throughout the structure : in which case the 
reason for the exact ratio of silver and aluminium atoms 
would be that the structure was stable only at a certain 
concentration of valency electrons *. 


The y~ Phase. 

This phase is close-packed hexagonal, a type of structure 
common in alloys. The lattice dimensions change con¬ 
tinuously within the homogeneous range. As may be seen 
from FI. IV*. the interference lines are continuously 
displaced within this interval, but from 43 atomic per 
cent. Al and further on the* have a constant position. 
From 43 to 100 atomic per cent. Al the lines of the y- 
phase gradually decrease in intensity, while the Al-lines 
grow strong! r as the Al~eontent rises. The X-ray data for 
the y-phase fire given in Table II. 

The cit ten 1 a ted values of the intensity, I, given in the 
table are deduced from the product of the relative 
occurrence of the reflecting planes and the square of the 
structure amplitude. The constants of the quadratic forms— 
X f X s 

, and — s , —X as wave-length. <ij and a t are the lattice 
*)<i | *1.0*1 

parametors—are given in Table III. This also contains the 
density values, the lattice dimensions, and the calculated 
number of atoms per elementary parallelepiped. 

If the lattice dimensions given in the table be plotted 
diagrammatically against the concentration values, it is 
evident that the range of homogeneity of the yphase has 
the limits 2? and 40 atomic per cent. AL 

* Comp. Westarea and Phmgtn&u Arkir for matematik etc., 
Stockholm 19 B f No. 12 (1926); /. MeiMmmie, xviii* p. 270 

(192$). 
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TabI/E IX* 

Powder rhotognmi of the t^PIjssb* 
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S17 at. per emu 

Al 


Ob*. C*k. 
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hk 
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m. 

«, 

s*t. 

v.w. 

m. 

e*‘* 

w. 

T,W. 
ft. 
III. 
W. 
w. 
¥ 

St. 

TO. 


4 

18 


12 


Kadi*- 

tiotJ . 


d 

d 

a 

d 

€t 

a 

3 

a 

3 

3 




I 0 0 
0 0 2 
I 0 O 
I 0 1 
0 0 2 
1 o l 
1 O 2 
I o 2 
l I o 
1 O 3 
i i o 


42* at. per mnU 
Ah 

mu 1 ^. 


Ob*, 


Calc. 


Ob*. 


Calc. * 
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O20O 
#32* 
0 374 
0 444 
0 4 . 

#m; 


0-2668 

0324I 

03744 

04443 

#4551 

05104 


0 123 

01455 

0 1405 

04505 

0178 

01045 

02*50 

0*328 

#3095 

04545 
0 4405 
0-316 


-..i 

) 

i} 


04237 
O 1470 

04502 
04604 
04784 
0*1048 
02707 
0 3286 
0 3711 
0*4545 
0 4506 
05181 
#5316 
0 5517 
O 5544 
0 3874 
#6604 

omm 
0-0288 
O 6318 
0*0453 
06480 
0 7140 
1*7173 
# 77^8 
O #826 
0*8248 

0 81*41 

#8083 

09010 

0#382 


There is nothing in the photograins of the *y-phaso to 
indicate that the Ag or the Al atoms are arranged in a 
regular war. Thev are evidently distributed quite at 
random at the pointa of the close-packed hexagonal lattice, 
thn* forming a solid solution of a very simple structure . 
There is consequently no reason to believe that the Y-phaa© 
contains an intermetallic compound with a formula such as 
Ag 3 A) or AgfAl. 

* Comp. Phil. Mag. (6) k p. 311 (1036). 
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06273 
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o mirj 
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2 O 1 

IV652 

0-6525 
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0 01*0 
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0714 
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0 7792 

. o 7785 
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The Phase stable at Higher Temperatures. 

According to Petrenko there should be a phase present 
in the range 15-35 atomic per cent. A!, stable only at 
higher temperatures. The following observations have 
confirmed the correctness of this statement. 

When specimens of alloys having the said composition 
were polished and electrolytically etched with nitric acid, 
a maeroscopically visible granular structure was revealed. 
The size of the grains amounted to several millimetres. 
X-ray photograms obtained by reflexions against these 
surfaces showed, however, no single spots, as might have 
been expected, but continuous lines of a somewhat diffuse 
appearance, which is a proof that the large grains bad been 
broken up into a very fine structure by some transformation 
in the solid state. 

There are reasons for believing that the phase stable at 
higher temperatures has a structure analogous to the £-plmse 
of the Cti-Zn-, Ag-Zn-. Au-Zn-. Cn-Al- and t’n-Sn- 
svstems *, i. e. a body-centred cubic lattice ; bat to settle this 
it must be investigated in a camera designed specially for 
high temperature work. Attempts to obtain the phase at the 
ordinary temperature by quenching heated specimens failed. 

Summary, 

1 . An X-rav analysis of the Ag-AI-system has confirmed 
the statement of Petrenko that it has two intermediate 
phases at ordinary temperature, both formed through trans¬ 
formation in the solid state. 

2. As Petrenko also found, one of them is AgjAl. It is 
cubic, having an elementary cube with an edge of t>‘& 2 <* A., 
containing 20 atoms. It is intmorphaus with ^-manganese. 

3. The other intermediate phase, which is homogeneous 

in a range from 27 to 40 atomic per cent, aluminium, is 
a solid solution of close-packed hexagonal structure.^ Its 
lattice dimensions change continuously from a } a* 2*865 A., 
a, « 4*653 A., and 113 / 0 ,= 1*625 when saturated with silver 
to ai=»2*870 A., a»=4*573A., and *1*588 when satu¬ 

rated with aluminium. 

One of the authors is indebted to the Royal Commis¬ 
sioners for the Exhibition of 1851, for a Senior Studentship 
which enabled him to undertake this investigation, which 
was carried out at the Metallographic Institute, Stockholm. 

• Weatgreu and Pbmgmda, toe, At. p, 8, 
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XX VII. Radio Transmission Formula, ByQ.W. Kekrick, 
Sc.lJ., Moore School of Electrical Engineering, University of 
Pennsylvania, Pa., U.S.A* 

E ARLY studies of the problem of the propagation of 
electric waves over the surface of the earth considered 
the problem to be that of determining the field at any point 
on the surface of an isolated conducting sphere due to an 
oscillating doublet located at a given point P on its surface f. 
While these investigations were valuable contributions to 
theoretical optics, they led to a transmission formula giving 
an attenuation much greater than that experimentally 
observed. 

The explanation of the departure is, of course, to he found 
in the important role played by the conductivity of the 
Xennelly-Beaviside layer. 

M licit successful work has recently been carried out with 
a view to explaining the phenomena of short-wave trans¬ 
mission by means of a study of the reflexion and refraction 
of electric waves by ions and electrons in a magnetic field, 
but less attention has been given to modifications produced 
in the classical Hertzian solution for the field at a distant 
point due to an oscillating doublet when multiple-order 
reflexions are considered. 

G. N. Watson first attacked this problem in 1913 
and obtained a solution for two concentric spherical 
shells of finite conductivity and sharply-defined boundaries. 
Dr. Watson’s method of attack involved the setting down 
of Maxwell’s equations and an investigation of their solution 
in terms of series expansions involving spherical or zonal 
harmonics. 

While admirable from the point of view of the mathe¬ 
matician, the "method of Watson was too involved to adapt 
itself to extension to the consideration of the gradually 
varying conductivity of the upper atmosphere and other 
related problems of considerable importance in short-wave 
transmission. For this reason, perhaps, the work of Watson 
is not frequently referred to by engineers and physicists 

* Communicated by Dr. Baltb van der Pol, 

f H. M MacDonald* Free, Boy. See, Ixxii pp. 59-68 (1908); 
xe. tm. 60-01 (1314). Ok N. Watson. Proc. Roy* Soe. A, xev. pp. 88-93 
(1918-19). J. W. Nicholson, Phil. Mag. xx, p, 172 (1910). R. van der 
Pol t Phil. Mag* xxxviii. p, S85 (1919), 0, Laporte, Ann. d. Fhys Ixx. 
p. 696 (1928). 

F t CtJ. Watson* Pm, Boy, Soe. xcv, pp, 648-668 <1919). 

PUL Mag, S. 7- Vol* 6* Ho. 35. August 1928* V 
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working in ibis field, who hare adopted the optical point of 
view of directly-transmitted and singly- or multiply-reflected 
or refracted rays in their farther studies of this problem. 

A modification in the coefficient of the exponential in 
Austin's formula, suggested by Watson's analysis, has also 
apparently escaped attention, due, perhaps, to the fact that 
it is implicitly contained in Watson’s expression for the 
Hertzian function rather than explicitly set down in an 
expression for the field. 

Watson's formula involved physical hypotheses which 
while far from accurate in the general case, are nevertheless 
probably adequate to the treatment of long-wave com¬ 
munication, from which Austin's formula was originally 
derived. It is of interest to note that the results obtained 
by Watson mav also he obtained with slight approximation 
by an application of the optical point of view of reflected 
ravs. 

It will be the purpose of this paper to derive such an 
expression for the field between two concentric conducting 
spheres by a direct summation of the reflected waves, and to 
consider the application of the formula thus derived to the 
problem of long-distance radio communication. 


1 . tie view of Classical Solution for the Oscillating JtonUet, 

The classic *1 problem of determining the field at a point l* 
due to an electronic charge e vibrating at the origin, with an 
electric moment ACmmt (see fig. 1 ). gives for the electric 
and magnetic field intensities at the jxuni P * 

E*= — 1 Am s sin w( . . * (1) 

ip \ cj 

lb * ********* • (2) 

— M "^A«* stomp —Q. ... ( 3 ) 

It is not unusual, although not strictly rigorous, to 
this theory to the ease of a radio antenna f. Admitting this 

* G. W. Pierce, ‘ Electric Oscillations and Electric Ware*,' p. 432 
t*ev. (StcGmw Hill. »»20). 

f Pierce'* computations of radiation resistance for flat-topped loaded 
«ntennis make it possible to correct the results computed on the oscil¬ 
lating doublet theory if such a correction i* desired in a particular case, 
4 See text-reference above.) 
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approximation, we evaluate the constant A in terms of the 
antenna constants* 

Thus we may write, where * is the antenna current in 
absolute electrostatic units, 2 1 the length of the doublet, 
c the electronic charge (2is* A), 



If I represents the maximum amplitude of #, we may 
write 211 as Acs, und hence (with appropriate choice of the 
axis of 0 

EfS= — 5 ^^2/Icssinci>^--~ * . * (5) 

2we * 

Noting farther that ta =» ™~ gives 

sin $ itrcll . { p\ . 

E,.-JT TT »■>»('-')• ■ • (6) 

By the elementary theory of electrostatic images, the field 
4 s unaltered by the "introduction of a perfectly conducting 

plane in the horizontal plane {see fig. 1 ). The 

solution given in equation ( 6 ) is therefore the solution for 

U 2 
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the radiation from a doublet antenna of height 2 located at 
a point 0 on a perfectly-conducting plane where all quantities 
are expressed in absolute electrostatic units. For convenience 
we will let 

4sdl Ijr f *7 \ 

* X ~ * * * * • * * v/ 

At this point it is of interest to note that, expressed in 
practical units (amp., km,, volts), this value of K gives 
for E at the surface of the earth 

„ 120*21 

Ess—----- .(8) 

p\ 

where 

E = root mean square field in volts-kin., 

I as root mean square antenna currentin amp., 
p sst distance in km., 

X = wave-length in km., 

1 = height of antenna in km. 


2. Propagation of Hare* between two Perfectly-conducted 

Planes. 

We will now alter the conditions of the previous problem 
by introducing a second perfectly-conducting plane at a 

height h above the 8—^ plane of fig. 1 (see fig, 2). We 

require the field at a point F on the plane 6*=™ due to the 
doublet at 0. 

We may obtain thi* solution directly from optics in ferrk 
of a direct and a series of reflected rays, but it is perhaps 
more satisfactory to formulate the problem from the theory 
of images; i. e., we require a series of image doublets whieii 
will cause the tangential electric field at any jmint on the 
bounding planes to vanish. Such an infinite series of 
doublets is indicated in fig. 2. 

The resultant field at the point P is then obtained by 
taking the sum of the normal components of the electric 
fields due to each pair of symmetrically*located doublets* 

• It wifi be noted that tangential components of electric force vanish 

as required. 
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and gamming the components due to all the pairs of doublets. 
This gives for die resultant normal field at r 
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direct computation, as the terms in this case decrease in 

magnitude. For ? > 10, however, this procedure is evidently 
laborious. * 

It may be shown, however, that under these conditions 
the probability is small that the mean E at any point P 

0-3ss ah 

chosen at random will depart much from * | S E,* ; *. #.» 

E s ~iK*(^, +4 2^ • * ( ll ) 

where the units employed are absolute electrostatic units and 
K is as defined in equation (7). 

We will now proceed to some purely mathematical 
manipulation which may be used to sum tins infinite series. 
We begin by availing ourselves of the well-known identity 
obtained from product considerations t, *. e.. 


1 #5S* 

coth x ae - +2 S —4 

x , = l .r* + **»r* 


( 12 ) 


Changing variable, letting ^ = Jr, gives 

U 


coth 


try 

2h 


JL* V 

,r» »y 


try 

n 


4/t* 


+ r*w* 


or 


tr ( m/ 2 h\ 1 

4 yh V 2/« “ try / * pTW 

Letting y ss v'a?, we have 


4A 




l 


’,a- + 4r»/.*' 


(13) 


(H) 


(15) 


Differentiating both sides of this identity with respect 
to x gives 


Hh( V*)* 


coth 


rJ’ 

2A 


w 3 , ,ir V'j 

+ CSCil* 


KJ/iV 


th 


1 1 ^ ^ 

2 ^“ *r, (,6) 


V This, ia the optical analogy, amounts to taking the resultant 
intensity of the light as the ram of Its component intensities, 
t See E. B, Waeon’s * Advanced Calculus,* p. 454. 
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Differentiating again, we have 


295 


Sir 


16 /i(Vx) 
+ 


coth jrr-t- 


2 h 


37T S CSCh 2 ^~ 

Mi?x* 


32 h*( s/£) 


( rf ',T) (<=»*•>— 2 gr) -- 


1 

jr 


— s 


* 9 


,-i (x4-4j>*A*)* ^ ^ 

If, now, we multiply both sides of this equation by 2K***, 
set x=p*, reverse the order of the members, and subtract 

5! from each side of the resulting equation, we have our 

P 1 

required summation ; *. 




5 + ,r, cp* 


V 

+• 4**A 3 


,) 


K* 


(:w 


37T 5 csch* f 

*,~*2 -- UST 1 

<l8) 

Substituting the value of K from equation (8), we may 
write for the root mean square field E, in practical units. 


E 


1 20tt/I 
.X 


*1*0 

r „ Sir csch 3 .,, 

j dir wp 2 « 

l#h£ COt}% 2k + IGA*” 


1 i 


♦ • (19) 

in equation (8). 

For this equation becomes identical with equa¬ 

tion (8), and represents an E inversely proportional to p. 

This is, of coor*,.. it .held be, “ vl r 

not be of importance at distances from the transmitter very 

small compared with A- 



m 


Dr. G. W. Ken rick on 
Ait 


For ^ »1. however, the term coth ^ governs, and 
the value of £ given by the formula approaches 


E 


120wtl 


\A 


Air 

Up' 


1 


In other words, E decreases only with in this case. 

V/9 

3. Correction for Earth Curvature. 

Tn the previous analysis we have found intensity at any 
point at a distance p from an oscillating doublet located at 


Kg. 3. 



the surface of one of two perfectly-conducting planes. This 
analysis may, with slight approximation, be extended to the 
case of two concentric conducting spheres separated by a 
distance small compared with their radii. 

Thus, referring to fig. 3, showing two concentric con¬ 
ducting spheres, we require the intensity of the electric 
field E normal to the innner sphere at its surfaces at a 
point P* at a distance p from an oscillating doublet located 
at point Pj on the surface of the inner sphere. If R is 
approximately 0400 km. and A** 100 km., we may, to a very 
good approximation, neglect the curvature of the great 
circle in computing the paths of the rays, thus reducing the 
problem to much toe same form as in the plane case. 
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It does not follow, however, that we may likewise neglect the 
curvature of the small circles Rsin# or (R+ft) sin 8 on the 
surfaces of the inner and outer spheres respectively. This 
results in a focussing action in which the energy flowing out 
from the emitting doublet passes out, at a distance p from 
the doublet, through an area 2irR* * * § in0 as contrasted with 
an area* 2wR0in the plane case. Now, the total energy 
passing through these surfaces f must, in the absence of 
attenuation %■> he equal to the total emitted energy of the 
doublet. It follows, therefore, that for a given p,i£ E,* 
and E f * are the squares of the field intensities in the 
sphere and plane cases respectively, we have, with slight 
approximation §, 

E,* 2irpA_p_ 6 

E,,* m 2-jrH/i sin ft"" R»in0 ~ sin B' 

Hence the formula for the mean square field E becomes in 
this case 


E, 


120*71 / 6 , irp 

—r~v »! sv ® 






i«v( 0 ,oh, E)( eoU, a)-?J 

[km., amp., volts, radians]. (21) 


For this p «1 reduces to 


120*0 re 

Xp \' sin 0 


. . ( 22 ) 


Equation (22) is readily recognized as the coefficient of 
Dr. Austin’s transmission formula. Our analysis indicates 


* Neglecting higher-order terms in . 

li 

t We do not consider waves passing around the sphere more than 
once. Theta are not of practical interest, owing to attenuation. 

$ In cases of attenuation factors involving o only* this argument is 
still valid, as the same fraction of initial energy reaches the surface at 
a distance p, 

§ Our approximation consists in neglecting certain phase differences; 
t. e* f we assume that E*H, d* ~B* (area). At considerable distances 
from the transmitter, however, our wave is nearly plane, and this 
approximation hi not seriously in error. 
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that when reflexions are considered, a more appropriate 

form of the coefficient for | large would be 

10 irll / 3wd 

—V^- * * ‘ ' 1 ' 

Figs. 4 and 5 give plots of E as computed from equations 
(22), (23), and (11) * for the case 120w/I=10Ma constant 
determined at the transmitting station), A = 100 km. ine 


Fig. 4. 



Comparison of transmission formula* for infinite conductivity 

(p small )* 


interval p = 100 to psslOOO km. is shown in fig. 4, and the 
interval p=lO0O to 20,000 km. is shown in fig. 5. For 
values otp< 10*> (11) corresponds closely to (22), and for 
values ef p> 10,000 to (23). 


• Equation (11» moat, of coarws, be modified to take account of 
earth curvature, and reduced to comparable practical units. This give* 
for E, 


E« 


15XWI 

'"T 


\/iindii 


■ , ttsm 

' l +i 2 




(?+Wj 


(lift) 
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4. Modifications introduced by Finite Conductivity. 

Thus far we have considered the propagation of waves 
between two perfectly-conducting sharply-defined planes 
or concentric spheres. It is not, however, difficult to modify 
equation (11) in such a manner as approximately to take 
into account attenuation due to finite conductivity and a 
non-sharply defined boundary at the upper conducting layer. 


Fig. 5. 



Comparison of transmission formula? for infinite conductivity case 

ip large). 


However, the problem of the series thereby introduced is 
not in general as simple as in the infinite conductivity case. 

Thus, in the formulation of § 2, if we still consider the 
lower plane (corresponding to the earth) as perfectly con¬ 
ducting, and let r, be the reflexion (or refraction) coefficient 
of a ray incident on the upper plane at an angle of incidence 
$*• we have, for the plane case. 


E* 



P* r ' 


+ 4 .ft o> 3 + 1 wy 


>> 


(24 a) 
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It will be noted that § 2 w m mt limited in its application 
to long-distance long-wave communications* The approxi¬ 
mations of §3 et however, need further investigation 
'and modification before the above methods can be used to 
deduce a transmission formula applicable for short-wave 
communication over short or moderate distances. It will in 
particular be noted that the form of the reflexion coefficient 
of equation {24} distinctly does not hold under these con¬ 
siderations, although the possibility remains of employing 
a suitably-modified coefficient of reflexion, taking into account 
the non-metal lie nature of the reflector and non-sliarply 
defined boundary. 

Another correction of importance when transmission over 
short or moderate distances is considered arises in connexion 
with the correction for earth curvature. Due to the shadow 
effect of the earth, according to our approximate treatment, 
the directly-transmitted wave (and, at sufficiently great 
distances, lower-order reflexions) would be suppressed. At 
long distances the effect of these terms is relatively unim¬ 
portant. At short distances a term for term computation of 
equation (24) is possible. If, as an approximation, we 
modify the small direct!) ^transmitted wave-term to the 
form it assumes in the MacDonald-Watson diffraction seda¬ 
tion for the earth as an isolated conducting sphere, equation 
(24), modified further to tak** account of earth curvature in 
the reflexion terms, become* * 





' Va 


• v P'r* \ 
rnTip*+ 4 rW 


,v 


(2-U) 


The complete theory of the determination of the quantity r 
as a fuaction <ft,. the thickness of the conducting boundary, 
and the frequency involves the entire problem of the wave¬ 
length attenuation function of radio transmission, a discussion 
beyond the scope of the present article. 

It is of interest, however, to note that, on the assumption 
of an ohmic conductivity and a sharply-defined boundary t, 
the reflexion coefficient may be approximately written in 
exponential form. 

From nasal optical theory we have, for a wave with its 


Watson conclude* that for tin* case the 
t -aasoa-l 


which in 


• See reference t of page 289. 

Hertzian function is of the order of A f«n 0) 
our notation i* given above. A is a constant 

| A boundary may be considered a* sharply defined, protided reflexion 
take* place in an interval small compared with a wavelength. 
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electric intensity vector iu the plane of incidence, a reflexion 
coefficient given by * 

n*cos^,—\/n z ~ ein^i, (^ 5 ). 


where 


nr cos + y/ w* — si»‘ ! ^> t 


n = the relative index of refraction of the media ; 
<£,= angle of incidence. 

For a large index of refraction n and a correspondingly 
large y/~r this may conveniently be written, by ordinary 
algebraic division, in the form 


1- 


V /r ' = 


v/n 5 — sin d>, 
«* cos <p. 


1 + 


\/ -»in" fl>» 

cos 4>, 


/ sin*«f>, / , »in s $«\ 
/ 1_ .„* ' >? ) 


= 1 


! \ 


n COS <|> t 


COS’ «£.* 


(26); 


. i 

or to higher-order terms m ^ * 


.( 27 )- 

For Mj* 1 - «i* 1» Mr — 1 »» d * reflecting medium of 
specific conductivity 7 , n becomes, for a wave ot period I, 

«->/«, +*7- lTf-.(*#)• 

For largo, we have 

.=x/3?f/J£.(») 

and j 

i\/r,.~«” ( 3 °)- 

Suhstituting equation (30) in (24 a), we have, for the 

2 sh 

plane case, noting that cos£,* ^> + 4^*’ 

* P. Drude’s ‘Theory of Optic#' (Longman*, Green & Co., Ifl20> 
®, W. Pierce, * Electric Oscillation# and Electric Waves. 
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and from (24 b ), for the case of the earth as a sphere, 


E*= 


0 

sin 0 


£K ! 


(?• 


v**+4#ip 
* V^T 


Va +4 ,J, (f»* + 4**/« 


x A 
, ‘*)*/* 


(316) 


It is of interest to note that in equation (31) the attenua¬ 
tion factor of every terra (except that for the ground-wave) 
involves the inverse square root of the wave- length . For 
lower-order reflexions and p large, moreover, Vp a +4jr*A*^r/>, 
making this approximation for the series as a whole, the 
corresponding value of E for the plane case reduces at large 
distances, in the units of equation (18) (y measured in 
inhos./km.*), to 

_ e-issp 

E= ~: >7r/I A /i 4 ?/*** . . . . (32) 

X. \/ Xph 


Considerations of earth curvature are not essentially 
altered by the finite conductivity, since the exponential 
factor of attenuation is the same in both cases for equal 
values of p. With earth curvature taken into account, 
(32) becomes 


0!S3* 

p 1 20w/I / Atr9 ' 4 v * v > 

X \' Xph sin 6 e 


(33) 


Taking &= 100 km. (effective height), an exponent of the 
■order of 0 0015 is obtained for a y of the order of al»out 
one-thousandth that of sea-water, certainly not an extravagant 
assumption for the upper-atmosphere conductivity. 


5. Summary of Results and ('owtusions. 

It thus appears that, under the hypothesis of reflexion of 
the metallic type, an assumption quite possibly justified at 
long wave-lengths, the inverse square root of the wave¬ 
length in the attenuation factor of the original Austin 
formula has considerable theoretical justification. This 
theory, however, suggests the desirability of a modification 
of the inverse first power of the distance in the coefficient 
of the exponential to an inverse square root. A slight 
change in the numerical constant in this coefficient is also 
indicated. 

The writer has not the date at hand, nor is it within the 
scope of this paper, to enter into an elaborate statistical 
comparison of the closeness of accord with experimental data 
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obtained by this formula, the original Austin formula, and 
a modification recently suggested by Dr. Austin. It will be 
noted, however, that the above formula gives much larger 
values than the Austin at large distances where fields predicted 
by the Austin formula have in general been found to be too 


Fig.tf. 



Curves of received signal strengths between Toulon and Rlnnion. 
Transmission from Nantes on 9000 m. 

Fig. 7. 



11,000 metre transmission (Lyons). 


small to check with observed results. Some idea of the 
relative values of the fields predicted may be obtained from 
figs. 4 and 5, which plot the coefficients. Let us compare 
the formula with at least one piece of experimental data, 
however. Figs. 6, 7, and 8 show plots of some of the data 
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taken on the cruise of the ' Aldebaran ’ to the Antipodes *. 
The results obtained from the modified formula are plotted 
in the broken curves; the remaining curves are reproduced 
exactly as they appear in figs. 4 and 5 of the original article. 
The absolute scale of these curves does not seem to be 
available. The broken curves were obtained by multiplying 
the curve for the Austin formula plotted in fig. 4 of the 
original artiele by the ratio of the coefficient of the two 
form also obtained from this paper (see, for instance, figs. 4 
and 5). 

It will be noted that the accord of our formula is distinctly 
better than that of the original,. There is, of coarse, no 


Fig. a 



theoretical reason why the factor 0*001.5 in the exponential 
term should not be subject to modification, and it seem- 
indeed probable that the conductivity of the upper atmo¬ 
sphere is subject to <1 «i ! v and yearly variations. The 
results of this study indicate the desirability from a 
theoretical standpoint of seeking modifications in this 
constant and as indicated in the coefficient rather than in 
the power to which the wave-length appears in the exponent 
of the exponential, at least when long-distance Jong-wave 
transmission is under investigation. 

* “ Exploration* Hemiennwt entre Toulon et Tahiti/' Gmerrt Comjdm 
Benin de to SmtU I ranqmM dm Meetrkimu, pp. 24 T-MB (W20), 
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XXVIII. Steady Flow of Heat in a Rectangular Parallele¬ 
piped. By E. W. Chiveks, B.Sc., East London College*. 

W HILE considering a new method for determining 
Thermal Conductivities of Rocks, the necessity arose 
for the solution of the problem of the flow of heat in a 
rectangular prism heated at the top surface, and cooled to a 
fixed temperature at the lower surface, the other faces 
radiating beat to the surrounding air kept at the same fixed 
temperature. In Fourier’s ‘Theory of IIeat’t the problem 
is treated in a simplified form, the prism considered being 
infinite in length. Carslaw deals with the problem in its 


Fig. 1. 



most general form, but arrives at a solution, which, as he 
says, does not lend itself to numerical calculation, and is not 
suitable for the evaluation of the thermal constants J. 

Accepting Carslaw’s proof that the temperature may be 
expressed as a Fourier series, the problem of finding the 
coefficients of the terms of the series may be conveniently 
solved by the following method suggested by Prof. Lees. 
Consider a prism bounded by the planes 
f 4f=s0; se**b, 

\y=—«; y=+«» 

—a ; +a. 

* Communicated by Prof. C. H. Lees, 
f Fourier. • Theory of Heat’ {Freeman's translation), p. 311. 
j Carslaw, 4 Fourier Series and Integrals.’ p, 307. 

Phil. Mag. S. 7. Vol. 6. No. 35. August 1 928. X 
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Suppose the surface ar=Z> is kept hot at a constant tempera* 
tore V. 

Suppose the surface ar=0 is kept cold at zero temperature. 
Then if » is the temperature at any point (a?, y, s ) within 
the prism, 

d*t> _ m 

d** + B/ + B^ =s0 . (1) 

Boundary conditions are: 


xssO ; 

r=0, *.„***. 

(«) 

xs=b ; 

r=V. 

(b) 

y— ±a ; 

-K.f~=A* . . . . 

Of/ 

(**) 

z=s +a ; 

«—K .$ r * . * 

0~ 

(«0 

= thermal 

condncfctrity of snbst&nce. 



and A=emissivjtv of substance. 
Assume a solution of equation (1) of the form 
v = ae~ mU ~ t) cos tty cos pc. 
Differentiating and substituting in (1), 


rn , an , + f? 


m — + \ n s + />*. 

Applying boundary conditions {<■> and (d) we have 
— n sin ny 4- r? cos »* v = 0 when y— —a or -4-a. 


h 

-p sin pz+ „ cos p:=0 when z— —a or + a. 


ha . , ha 

rr = na tan na and 

K K 


-pa tan na. . . 


If now we put isnu or pa, « is given by the equation 

ha 

j£ setan e. 

This equation admits of an infinite number of solutions. 
Denoting these hy «„ e t , etc., we have values of « and p 
satisfying (2) infinite in number and given by 

«t 1* £* 

«* « * a ***** 
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Denote these by n„ n t , n t , etc. 

Hence the general value of v is given by : 

r= S (2 *^' f *& s **-*. cos cos «**. 

In this particular case are have at x—0, t—0, hence 
_ sinli . x \ 
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or 


n% \m x 8inh \/ n x * 4 n t m 

si nh x/ nf + n f « x 
sinb s/n? + nj* .b 




cos n$ cos n t t 


, smb y/n t * + n % * . x * 

4a ls . , . * . . , * cos n^y cos n t z 

sinh \/ «** . & 


- n/ . j ? 


4-ajj 




sinh \/« t *4 #i 2 *. jp 
sinh 4 »** . ft 

sinb v / «* 5 4 »t s . a* 


cos ?i cos iijr 


* cos cos 


sinh \/ «**+ * A 

-f .... % etc. 

By symmetry a l9 =sa« t * 

At *r = />, constant temperature V. 

\ V sk ti|j cos fi|y cos «jc 4 «i*(cos cos n*£ 4 cos cos rt^) 
4 %3 cos u*y cos >i^4 .... 

.... 4 cos u F . y cos n y . c 4 «^(cos n y y cos n q z 
4 cos n f y cos n^z) 4 cos cos « ? c 4 •. * * 


Jb determine the coefficients an, a JJt a sl , ♦ *. etc. 

To find the general coefficient a m multiply both sidles of 
equation by cosn,*.y «rfy, and integrate from —a to 4a. 

On left-hand side we hare: 


r*« 

v < 


j- 


cos np.g.dg. 


On right-hand aide we have a series of terms involving an 
integral of the form 


J* + *coa »y cosry. dg. 


X 2 
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together with two other terms, via., 

o„ f + ‘ COS* Orf . d 3 CO. V ^ 

Now 

f + *coo«ycooo 3 r.rfy !tt J* C0B ( n “ l ')i'- < ^ + J 9 co9 ( n +^y ,< ^ f 

= j_L_. s in(«-v)i/ + - + /n (« + *)?. & 

1 ( (« + v) sin f>. -v)a+ (n-v) ±f) a \ 

*2 | »*—*** * 

But every value of n satisfies ^ 

n tan • 

ti tan »a = r ton m, 

n sin na cos va - v sin va cos no = 0. 

Thus the foregoing integral, which minces to 

1 _ („ s in na cos va—v sin va cos na) 
n* —*' 2 

is aero except in the case when y| — p* 

vf + °cos n^.d^art^y^'W.dycm Hf s 


f +a 

cos* n„y. dy cos V 


Mnltiply both ride, by ™»" J ““•S r *“ “ 
before, then ^ ^ 

Yp 4 cos ntf. rfyf* COS n^. dk « ««J _ a cos *‘ dv 

f+* i*+* , 

+ a^, | cos* .rfyj # cos cos n,.*. d:. 

Second integral zero on integration, 

4Y J*cos rtfS • %cos n^.dz 

,a* J* (1 + cos tnp. y)dy (1+ cos 


**e £ 
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sin 


M 



=4V. N,N„. 




14^^ 1 + 

tfi, 

ia M «4.W f 
I =4 . V. NjNj, 

Substituting for constants in general expression for c 
s sinii v/»i* + n j * * 


^ i 1 sinli \/H\ +tii* * b 
/sinh 4 «**. x 


cos n$ cos nj 2 

. xt xt /sinh nf.x , \ 

4 NiN,( cos »jy cos 4* cos cos n** 1. 

\smhv«t 4 «* . o / 

v «sinh <%/« s f 4 #<•* . *r . « 1 

4N, f . t , 1 * , cosn*ycosn*s4 .... etc. > * 

sinb v «* 4 tif* . 6 1 


where n u % . . * etc., are the roots of the equation 

n tan «a« t v. 

K 

The solution of this equation is most simply performed by 
obtaining an approximate solution by means of a graph and 
then solving more accurately by '* trial and error.*' 

E. ih Suppose specimen is of granite ; 

a » 2*5 cm. h = 2*5 cm. 

/i sr 0*0003. K=iHX>6. 
na tan «a=0125. 

Solving and substituting we have : 


i* 


0404 


sinh v/ni s 4itj*.jr 
sinh\/«i*4 M|* . /» 


cos cos n t ^ 


—0*02487 “v ~ (cos iijv cos 4 cos «*y cos Wi-r) 

smhv«i 4 »» . 5 w 


40*000595 


sinh \/«**+ «,*. .r 


cos n*y cos %£ 4 ♦ * * * etc. | » 


sinh \/ « 3 * 4 «**. fr 
the coefficients all being expanded numerically 
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XXIX. Anti-Stokes Radiation of JFluoresemt Liquids. 
Bt, B. W. Woob* 


[Pla te T.] 


E XCEPTIONS to Stokers law in the caso of the 
fluorescing vapours o£ sodium, iodine, and other 
elements are the rule, ns has been shown in numerous 
preiious papers. 

In the case of solutions of organic dyes it is less easy to 
show the phenomenon ; in fact its existence was a matter of 
dispute for nearly a quarter of a centurv. Hie very careful 
photometric work of Nichols and Merritt established its 
existence, but the observations appear to have been extremely 
difficult, and so far as 1 know no photographs have ever 
been published showing the presence of antbStokes radiations 
in the ease of solutions. 

In preparing an article on fluorescence for the new* edition 
of the Encyclopaedia Britamtica it appeared to be of interest 
to secure photographs establishing the reality of the pheno¬ 
menon, and I was surprised at the ease with which results 
were secured. 

A very dilute solution of fluorescein (alkali-salt), rendered 
slightly turbid with a precipitate of silver chloride, was 
illuminated in a square bottle with the beam of light issuing 
from the slit of a two-prism monochromator. The function 
of the silver chloride was to scatter a small portion of the 
monochromatic light m that the narrow spectrum band of 
the illuminating beam would appear superposed on the 
fluorescent spectrum. The slit of the prism spectrograph 
faced the fluorescent track from the side. 

With blue light excitation the fluorescence was very bright 
and an exposure of half a minute was sufficient. A sodium 
flame was then placed behind the bottle for a few seconds 
for the purpose of securing a reference mark on the s|*eciro- 
gram. The result of this exposure is reproduced on PI. V. 
fig. a f the exciting monochromatic bind scattered by the 
stiver chloride is at the left, while the D lines are at the 
right, the green fluorescent spectrum lying between the two. 
In figs, b and e the exciting band has mined up into the 
region of fluorescence, and the spectrum is seen well 
developed on the short wave-length side. The intensity of 
the fluorescence was much less in this case, ^xjpoeure# of four 
and five minutes being necessary. In fig. d the wave-length 


• Communicated by the Author. 
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of the exoiting band baa increased to snob a degree that 
fluorescence no longer manifests itself, Keeping in mind 
the principles of the quantum theory, the question presents 
itself as to where the energy comes from that makes the 
anti-Stokes radiation possible. 

In the case of sodium and iodine vapours there is no 
difficulty. The absorbing molecule may be in states of 
vibration and rotation higher than the zero states, and after 
excitation may revert to the zero state. In this case the 
excess energy necessary for the anti-Stokes term or terms 
was stored in the molecule before it absorbed the mono¬ 
chromatic exciting radiation. 

Or when in the excited state, say the 27th vibrational 
level, it may, by collision with another molecule, either of 
the same or a different gas, be carried to a higher vibrational 
and rotational level, and thus, on its reversion to the lower 
initial state, release more energy than it absorbed. 

Both of the above processes will be facilitated by high 
temperature, for in the ease of the first process there is a 
greater chance of a molecule being initially iri a state higher 
than zero, and in the second case the energy which can be 
delivered bv the colliding molecule will be greater. High 
temperatures favour the development of anti-Stokes lines in 
the ease of iodine vapour excited to fluorescence by the green 
mercury line, as was shown by Pringsheim* 

We might therefore expect that heating n fluorescent 
solution would favour tin* production of anti-Stokes radiation. 

To test this point the monochromator was set to deliver 
radiation as in the case of fig. I* (PI. V.}, i. <*., to excite with 
a wave-length inside of the fluorescence band* A t**st-tube 
was tided with fluorescein solution at 0% and the ripper part 
heated to boiling with n hunseti flame. On holding the 
test-tube in front of the slit of the monochromator, and 
moving it up ami down, the upper portion (at 100°) was seen 
to fluoresce with much greater intensity than the lower 
{at 0°). This was not the case with excitation by blue light, 
in general the effect of high temperature is to decrease the 
fluorescence of organic dyes. Some samples of rhodattiine 
are non-fluorescent at 100° while shining brightly at room 
temperature. 

There is another factor, however, which must be considered 
in this connexion. The absorption band advances towards 
the region of longer wave-lengths as the temperature is 
increased. This is a verv general effect, and very obvious in 
the case of some coloured glasses. In the case of fluorescein 
the upper part of the solution (at 100°) is, by transmitted 
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light, of a slightly different tint from the lower (at 0°), 
the change of tint being from pale yellow to pale orange, 
jellow. 

Interpreting this in the language employed in the case of 
iodine vapour, we might say that at the higher temperature 
the molecules were in a partially excited state, and that 
consequently less energy (as supplied by a radiation of longer 
wave-length) would be necessary to carry them to a definite 
upper level* Gar knowledge regarding the absorbing 
mechanism in the case of these complicated molecules is too 
scant at the present time to warrant much speculation* 


XXX* The Measuring of Lags in Discharge. By WlMJAM 
Clahksok, Ph.I).. M.Sc. t International Julumiion Board 
Fellow, Physical Institute of the University of Utrecht*. 

1* Introductory . 

XTtTOHK on lags in the occurrence of discharges through 
▼ ▼ gases involves the determination of the dependence 
of the lag on various factors* of which* for example, voltage 
is one* Since fully to determine the relations sought 
numerous and comparable measurements must l*e made, 
quick and simple method** must be possible* They should 
also be utilizahle at high voltage** and he non-selective, 
recording all lags impartially. The present account de- 
scribes two such methods used by the writer which fulfil 
the required conditions admirably. 

t. ** Lags/* 

As a rule condenser, or 44 dynamic,** discharges are studied, 
and indeed they present the most general ruse for this 
purpose* The sequence of events in the initiation of all 
dynamic discharges is the 44 striking** of the discharge fat 
some point on or beyond the threshold current charac¬ 
teristic), the subsequent 44 building-up # * of the current with 
a traversal of the build-up region of the characteristic, till 
another point on the characteristic is reached and * 4 extinc¬ 
tion’* occurs. Single condenser discharges exhibit these 
phenomena in the simplest form, and their study provides 
all the material essential for the elucidation of the problems 
involved* 


# Communicated by Professor Onmein. 
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Two types of lag must be distinguished, an interval 
between the application of the potential and the initiation 
of build-up, §\ a lag in “striking/* and an interval between 
the discharge striking and the maximum current being 
attained—*. e., a lag in 44 build-up/’ A lag in build-up is 
always present. 

Since the voltage is a highly significant factor in lag 
variations it Is necessary for their exact study that they 
be measured under definite or comparable voltage-time 
conditions. Normally the voltage throughout a lag in 
striking will be constant; its variation during the build-up 
period demands investigation. 

It has been shown that during build-up of a condensed 
discharge the current increases continuously with time, very 
slowly at first, but subsequently at an ever-increasing rate, 
i. in a somewhat exponential manner, until extinction takes 
place. In discharge-tubes the current, even after as much 
as 90-95 per cent, of build-up has transpired, is only some 
10 /*A, This means that for all but small condensers the 
voltage-fall in this period is almost negligible unless for 
very great lags, and that we commit but small (say at the 
most a 5 per cent.) error when we assume that the potential 
is constant, at its initial value, throughout build-up, and that 
then its fall to the extinction value is instantaneous. 

3* Principles of Methods* 

Two methods utilizing the foregoing properties of dis¬ 
charges have been developed. In each the quantity diverted 
by a system in parallel with the discharge-tube during the 
interval between the application of the condenser and the 
end of build-up being reached is measured. 

With the applied potential being assumed constant (at V*), 
this quantity is determined by :— 

(A) The charging-up of a capacity K through a high 
resistance It, the increase in its voltage from v the initial 
value, to V«. the final value, being found. The time 
extinction t is given by 

t = K R log, y“ ~~ y ® ; . . . . (1) 

(B) The throw of a ballistic galvanometer (throw 4>) °t 
known constant K, the deflexion 0 for the steady current 
produced by V* being found. In this case 

«*k|.. • (2) 
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Both arrangements satisfy the following essential con¬ 
ditions : the quantity diverted from the discharge system is 
so small that the conditions of discharge are unmodified; this 
can be checked by the fact that on no-discharge V K attains 
the value of V*, and that they can be made insensitive to all 
voltages less than the extinction voltage in value, otherwise 
the “clear-up” lag and the remaining charge in the condenser 
would add to the throw of the galvanometer, or increase the 
value of V K . 


4. Electrostatic- Voltmeter Method. (Fig. 1.) 

Method .—The diagram is practically self-explanatory. 
A condenser C is connected to a source of steady voltage. 


Fig. 1. 
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here diagrammatical!/ a potentiometer 1*, and a voltage 
measuring device, here given as the voltmeter E,. It can 
be discharged through the discharge-tube T hv closing the 
key 2,1. 

An electrostatic voltmeter K, shunted with a small con¬ 
denser, forming a system of capacity K, is connected in 
parallel with the tube through a diode 1), as valve, and a 
nigh resistance R. 

Ej is initially at V^, C* »*t V*. On closing 2, 1, t* remains 
at V* up to "the end of bnild-up E, meanwhile charging 
on to V*. The voltage of 0 then fall* to its final value ; 
E‘'remains at V*. 
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Precautions .—The following conditions must be ob¬ 
served :~ 

a* V K must be higher than the extinction value. This can 
be obtained by choosing V 0 of suitable value. {To vary V 0 
close 3* 4, adjust P.) 

A. The diode resistance must be small compared with R 
and should be constant, that is, the filament current should 
be large and constant. In the writer’s experience the 
correction for the valve resistance and characteristic could 
be neglected. 

t+ With R large ;tnd K small the quantities of electricity 
diverted from the discharge are negligible and the diode 
resistance relatively insignificant. The value of It should 
be the maximum consistent with K being great enough to 
he unaffected by the change of capacity of E on deflexion, 
and with \\ having a value such that the relation 
V* — Vo/V* V K (see 1) is determined with sufficient 
accuracy. The writer has used circuits with R= 10-50 
megohms and K =0*001 gF. For resistances even pen¬ 
cilled ebonite may 1 h* used ; some of the better grade 44 grid 
leaks/’ however, prove to lie the most reliable. 

d. The leakage* of the system should be small. This is 
antagonistic to e. If it is constant, however, the rate of 
leak at \\ may be found and the correction applied for the 
interval Ian ween the discharge taking place and the reading 
of Yfc, i.*.♦ for a period of the order of 5-10 secs. 

5, St ring*Electrometer Method. 

The foregoing arrangement has been found to possess two 
sources of error in practice—the resistance of the voltmeter 
contacts, an incurable fault in most cases, and the 44 soaking- 
in effects of the condenser at K. Substituting a string- 
electrometer for the electrostatic voltmeter avoids these 
errors. 

The string is coupled with the diode side and the plates 
connected through suitable batteries to the other arm of the 
circuit. The siring can be made quite taut, as but little 
sensitivity is needed, and thus the system, though relatively 
sensitive, is practically dead-beat. The capacity and the 
leakage of the electrometer being quite negligible, K is the 
capacity of the condenser in parallel, i. e., lVconstant, and as 
this may be a small air condenser, leakage effects may be 
eliminated and the eoaking-m effects are quite avoided. 
Farther, the value of R may be increased to almost any 
extent* 
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It was found that the new difficulties introduced were 
(a) determining the values of RU, and (&} measuring V 0 
and V*. For RC it was found easiest to calibrate the 
system directly with a contact of known duration ; for (If) 
the electrometer was coupled through 3, 4 to the voltage 
supply* as shown. V 0 could be kept constant at a known 
value or determined afresh from E Jt and a few readings of 
V K from E|* while giving their values, also served to calibrate 
the instrument in this region. One advantage was that all 
voltages were read on the same instrument. 


6. Ballistic Galvanometer Method . (Fig. 2.) 

Method.—G is a ballistic galvanometer which can be 
shunted by a variable resistance 8. One side is connected 
to the discharge*tube through a diode with variable 6lament 
current. In order to make the system insensitive to voltages 
less than the extinction value, the other terminal of the 
galvanometer was maintained at a higher potential than 
this by making its connexion through a battery B # as shown. 
Alternatively it may be connected permanently to a suitable 
point on the potentiometer. 

With 8 out of the circuit ( i.e. 9 open) and the tube in 

(*. e. 5. 7 closed), a discharge is sent through T hv momen¬ 
tarily closing 6, 5 and r adjusted until the diode conductivity 
Is such that the throw $ of the galvanometer is of suitable 
value* ue. 3 some few cuts. ; the smallest throw consistent with 
accuracy is best. The diode is now permitted to attain a 
constant state before final readings are made. 

The tube T is now cut out of the circuit (5, 7 opened) and 
the shunt S included (6* 9 closed). 8 is now adjusted until 
the galvanometer deflexion on closing 6, 5 (i.e. tor a voltage 
V M ) is of suitable proportions. 

Knowing the values of the resistances of 8 and G> the 
values of the u throw ” <f>, and the deflexion 8. and the 
constant of the galvanometer system K, the duration of 
the discharge t may be found* m previously shown. 

Precautions. —a. The more sensitive the galvanometer the 
less the charges diverted ; the lower the resistance, however, 
the better. Extremes are unnecessary. 

h The diode must he welt insulated so that the back- 
voltage due to B produces no deflexion of the galvanometer. 

c. it is easiest to determine the constant of the galvano¬ 
meter directly by giving contacts of known duration. This 
gives the constant for working conditions. 
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d. Measurements of $ and 6 must only be made with the 
diode in a quite constant state. This necessitates waiting 
some minutes after varying r. On the other hand, once the 
diode is constant a range of throws of from 2 or 3 to 50 cm. 
is possible, L e. f a corresponding range of lag-values covered 
for the one filament current. 

c. The method had one fault not contained in the pre¬ 
ceding ones; on no-discharge or only a corona-discharge 
taking place the whole charge of C is thrown through the 
galvanometer. The effect has been found not to be serious ; 
normal Iv the probability of ibis occurring is absent in most 
cases. It is obviated in any case by making the contact 
at 6, 5 the minimum possible. 

7. Concltmon. 

Both the given methods fulfil the conditions for the study 
of lag phenomena. They are quick and reliable and nor¬ 
mally give results under constant voltage conditions. They 
are accurate to the limit the dynamic characteristic allows,, 
and if necessary may be corrected for the (say 5 per cent.) 
error this implies. Corrections, however, are superfluous ; 
for one thing the readings are relatively correct, and in any 
ease the lag under ‘‘constant** conditions shows greater 
variations. 

Though for many purposes direct methods based on 
commutators, &e., or on the peak-voltage variations, are 
quite suitable, they determine only the extreme values of 
the lag and are not easily applicable to single discharges. 
The above methods record all lag variations impartially. 

Further, by changing the minimum voltage to which the 
systems are sensitive the whole dynamic characteristic has 
Ihwi studied, the ** clear-up** lug as well as*the “ build-up** 
lag* This is an interesting field. 

The ballistic galvanometer method is suited to work at 
high voltages, the limit being fixed merely by the strength 
of the diode. 

It is possible to combine both methods and to measure 
the quantity diverted into a condenser by the galvanometer 
throw. This method, however, is more complicated and has 
no obvious advantages. 

The writer baa great pleasure in recording bis obligation to 
Professor Ornstein, ana also to the International Education* 
Board, 



[ 318 1 


XXXI . A Method of Determining the Absolute Zero of 
Temperature. By 3. B. Cotteh, M.A.* 

T HE determination of the absolute zero is, from the 
theoretical point of view, not an experiment in thermo¬ 
metry, but in accurate calorimetry. This is pointed out in 
Lord Kelvin’s article “ Heat,” in the ninth edition of the 
Encyclopaedia Britannica. In that article Kelrin suggests 
that the thermodynamic scale might be realised by means of 
what he calls a steam thermometer, that is,a vapour-pressure 
•hermometer containing a mixture of water and steam. 
Using Clapevron’s equation for the calculation, he required 
to know the pressure of saturated steam at various temper¬ 
atures, and the latent heat, as well as the density, of steam, 
and the ratio of the densiues of steam and water. He 
believed that Regnault’s values for the vapour-pressure and 
latent heat would be sufficiently accurate, but had no data 
for the density of steam. He was unable to form an 
opinion whether this method would be more accurate than 
the use of the hydrogen or nitrogen thermometer, but he 
expresses confidence that the steam thermometer, once 
standardized, would be much more accurate and more easily 
reproducible than any other thermometer whatever. 

Bv a modification of Kelvin’s method and the use of 
electrical calorimetry, the position of the absolute zero 
-could, I believe, he found with a great degree of precision. 
In fig. 1, A is a small bulb which is connected to the much 
larger bulb B, and also to a small manometer M. The lower 
exit of B is connected to a tall mercury barometer capable 
•of measuring a pressure of two or three atmospheres. A, B, 
and M are surrounded bv a glass vessel, which can lie 
exhausted. Tli* whole apparatus is supposed to be enclosed 
in an accurate thermostat. 

Now suppose that B is filled with mercury up to the 
mark C on the stem, and that A contains nothing but a 
liquid and its vapour, and that M contains the same liquid 
and its vapour in the closed limb. Water might lie used, 
but pro b a b ly a more volatile liquid such as benzene would 
he hotter. A naked heating-coil (not shown in the figure) 
is immersed in the liquid benzene in A. When all is at the 
temperature of the thermostat the benzene in the t» o limbi 
0 f M are at the same height. The vapour-pressure is then 
read off on the mercury barometer. 

* Communicated by the Author. 
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To carry out an experiment the mercury is run out of B 
at a constant rate, the current in the heating-coil in A being 
simultaneously started. If the current-strength is properly 
adjusted to the flow of mercury the whole of the heat 
supplied by the coil will be employed in causing the mixture 
of benzene and its vapour to go through an isothermal ex¬ 
pansion. Any lack of adjustment between the heat-supply 
and the change of volume will be at once revealed by the 
differential manometer M. When the mercury reaches the 
mark D the current is switched off and the outflow stopped 
simultaneously. 


Fig. 1. 



If r, is the volume of M and A down to the mark C, 
Oj the volume of M, A, and B down to the mark D, Q the 
energy communicated in ergs, and T the (unknown) absolute 
temperature, then, exactly as in Clapeyron’s equation, 

dT (v t — 

T* Q » 

so that if a series of experiments is carried out at tempera¬ 
tures ranging from the freezing-point (T 0 ) to the boiling- 
point (T 18 o), we can find Q as a function of p and integrate 
equation (1), getting 

l0gj£ * (fjTjt) | 
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The advantages of this method are that only one volume, 
that of the bulb B from 0 to D, has to be measured; that 
the calorimetric conditions are ideal, since there is no radia¬ 
tion correction and no correction for the thermal capacity of 
the containing vessel; and that the heat-energy is directly 
obtained in ergs, so that Joule’s equivalent is not required, 
as it wonld be in the method suggested by Kelvin. The 
only correction, beside the electrical ones, is that for the 
expansion of the globe B due to pressure and rise of tempera¬ 
ture, and the usual barometer corrections. 

In order to bring the mercury back from D to C it would 
be convenient to have a heating-coil wound round B. On 
warming B, and admitting air to the exhausted space, 
causing a cool current of air to pass in at E and out at F, 
the vapour in B would be dried, and the mercury could be 
slowly raised to C. 

With this instrument the whole thermodynamic scale 
down to the lowest temperatures could be reconstructed by 
using a succession of suitable liquids. Some modification 
would be necessary below the freezing-point of mercury. 

At present, the exact position of the absolute zero seems 
to be uncertain to about 0° l. Kamerlingh Onties obtained 
the value —-273°'09, while Henning and Heuse give —273°*2. 
Other calculations lie between these values. 


XXXII. Hamilton-Jacobi’t Differential Equation in 
Dynamics. By G. 8. MahaJasi *. 

1. TS his note, published in the January number of this 
JL Magazine, Kunz claims to have derived the Hamitton- 
Jacobi equation directly from Euler’s differential equation of 
the calculus of variation. This note is somewhat misleading, 
for, instead of deriving the Hamilton-Jscobi equation, what 
is really done is simply to verify that a particular function 
is a solution of it. 

2. That the equations of a dynamical system are included in 
the single principle of least action is well enough known. In 
fact, as has been sometimes said, the test of any system being 
“ dynamical ” is the existence of some function which remains 
stationary. And because “ the Lorentz ” field-equations can 

• Communicated by E. Cunningham, M.A. 
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be derived from the least-action principle, some claim that 
“electron theory” is notliing bat the dynamics of the 
electron. Hence, every dynamical equation—in particular, 
therefore, the Hami 1 ton -Jacobi’s equation—must be capable 
of being derived from the differential equation of calculus of 
variations. 


3. The logical order of steps in this process is as 
follows :— 

&\‘.Uq,q,Odt = 0; .... a-) 


from this we come to 


d /3L\ dL 
dt 


and from this to 


• • • • <IL) 
r — (1, 2, 3 ... n) 


whence 


. bh 

. BH 


(in.) 



bs 




= 0 . 


• (IV.) 


Now all th*-se four systems are completely equivalent to 
each other, ami the significance of the las: is this :— 

If we can find any solution for S of that equation, with 
the necessary number of constants, say 

^ = *'i 0* 

then the solution of the problem is 


;v 

-Br 


: B/ 

b’Jr i 


where “ ” are also constants. 

It must be remembered the integration constants {*), and 
the other constants {0) f do not in general bear a simple 
interpretation. But there is one particular solution of the 
equation in which the constants appear significant. That 
Phil. May. 8. 7. Vol 6. No. 35. August 1928. Y 
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particular function is what is known as the Principal 
Function of Hamilton* vis.; 

fh 

S=1 hdt. 

What Kxmz has done is simply to show that this function 
satisfies the Hamilton equation. But that certainly does 
not establish that any solution of the equation solves the 
dynamical problem—which, in fact, is the main point about 
that equation. 

4. Whittaker has shown in his book on Dynamics that 
**all the differential equations which arise from problems in 
the calculus of variations with on#* independent variable can 
he expressed in the Hamilton form” (Article 110). We 
can. therefore, dispense with the Lagrangian Equation and 
get the Hamiltonian system directly from the Euler equation 
of Calculus of Variations* Ami then we establish the 
complete equivalence of (III.) and (IV.) above. 

5. I shall conclude by provingithat ibe Principal Function 

ft, 

of Hamilton, l L dt, satisfies (IV.) in a way which clearly 

brings out the significance of the constants. 

Consider the trajectory in the n-dimensional space ;— 



Lai the system b? projected from O with velocity 

(Urn Vxh • • 'Ml- 

hdt is a definite function of the 2n initial constants 

* . . * 

{$rm iro) and l. Alternatively* we can express it in terms of 

(?fo? ?r» 0» 

and in this form we denote it by 

ft 

0 385 t kdfc. 
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mz 


Consider, now, an adjacent varied path having one-to-one 
corresponding hut contemporaneous jiosittons of points. Then 


SS 


which reduces to 


since 


ft 

: \ SL dt 


<i j c)L\_3L_ 0 

dt ' S-/ r / B?r — 

SS = lp r &< Jr ft* Sf,,0, 


: bs 

\ Br 

!£-■ 


Pr 




But, now, if we suppose t also to vary, we «;»t 




</f ~ b*fr ^ 

B< c?f 


BS 

13d 


+ -P,'fr- 


BS 

B< 


+ L> s* 0, 


BS ,t _ n 

#*. 4 li ^ v* 

Qt 

ft 

Thus wo see that 1 Lift is a solution of the Hamilton- 

Jacobi equation, ami that the constants (qn*) define the 
initial position of the system, and (p*®) g* ve initial 
momenta* 
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XXXIII. The Application of a Valve Amplifier to the 
Measurement of A-ray and Photo-Electric Effects. By 0. E. 
WIKN-WILL1 AMS, M.Sc.* 

I N a previous paper t a valve amplifier for ionization 
currents was described which could conveniently be 
used to replace an electrometer for the measurement of 
ionization currents of the order of 10 ~ 18 ampere. Such 
an instrument, it was shown, possessed certain advantages 
over other methods of measurement. Its usefulness, how¬ 
ever, was limited in that it could not always be operated if 
an induction coil or similar impulsive high-potential appa¬ 
ratus was at work in its neighbourhood. For this reason, 
its use for the measurement of the ionization current* 
produced by X-rays was ruled out. 

Subsequent investigations, however, have shown that, 
under certain conditions, and provided that suitable pre¬ 
cautions are taken as to screening the apparatus, the 
difficulties in the way of using it for X-ray measurements 
can be overcome, and that, in addition, when employed in 
conjunction with a photo-electric cell, it can be used for 
photometric work. The object of the present paper is fo 
explain how this can be done, for the guidance of any who 
desire to employ the amplifier either in connexion with 
X-ray measurements or photometric work. 

In addition, the modifications of the amplifier deserilted 
in the present paper may be found helpful in applications of 
the amplifier other than for X-ray measurements and photo¬ 
electric work. 

For a full discussion of the theory of the amplifier the 
original paper| should be consulted. Here, a general 
account will suffice. Referring to fig. I, C and D are two 
three-electrode valves whose anodes are connected, through 
resistances and R s , to H, the positive pole of the high- 
tension battery, the negative end of the latter being con¬ 
nected to A, the negative end of the valve filaments. A 
galvanometer 6 is connected across the two anodes. 
Considering only the plate currents i t and and regarding 
the system as a Wheatstone bridge, balance will be obtained 
when Rj/fi^ssXi/Xt, where X t and X* are the impedances of 

• Communicated by Prof. E. A- Owen, M.A., D.Sc. 
t C. E. Wysat-Wiuiams, Proc. Owab. Phil. Sac. zziiL f. 811 (1927). 

% Loc. cit. 
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the valves. The effect of driving an ionization current on to 
one of the grids—the other being left free, or “ floating ”— 
Is to raise its potential, positively or negatively, and so alter 
the value of X t (or of X,}. This results in the bridge 
becoming unbalanced, and it can be shown that, provided 
the amplifier is operated with suitable values of high-tension 
and low-tension voltage, a small change E in the potential of 


Ffcl. 



Ex 


£ % 

2X + G(l + *)‘ 


As the electrostatic capacity of, and leakage current from, 
the grid of a valve is usually very small, a small ionization 
current can raise the grid potential' by an appreciable amount, 
and a current amplification factor—representing the ratio 
of the galvanometer current to the ionization current driven 
on to the grid—of the order of 10* can be obtained. The 
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amplifier may therefore be used to replace an electrometer, 
or extremely sensitive galvanometer, for certain t> pe^of 
work. To convey some idea of the sensitivity» 
characteristics of different valves of the same type vary 
considerably, in a particular case, using a reflecting ga^ 
vanomoter of sensitivity 200 mm./microamp., the system 
could be regarded as a quadrant electrometer of sem.tmtj 

about 6000 mm./volt and shunted by a ieak of about 
360 megohms. In this case the smallest current tha c< 
be meafured (governed by the steadiness of tlw J*™*.**' 
between 10 » and lO' 5 * ampere. The sciile was ^ 
linear, but, if desired, could be calibrated without 
For small jiositive ionization currents, however, the«■ 
introduced by assuming a linear scale could * 

great advantage lay in the portability of the instrument, •» 
also in the fact that high insulation of the ionization chamber 

* ^Unless two valves, identical in all respects, 

were used, such a bridge would be useless for the “t**” 11 . 
meat of verv small currents, owing to the flnctu.itio n. 

potential of the batteries producing eontinuous a»d > „»it! 

different changes in the two plate currents and M' »«*. «■« 
to a verv unsteady zero. As the probability of obtaining a 
pair of valves—even of the same make and ' r”' 1 ’ 
Ire identical in every r-pcct («-c.as r ^7 ! \ ' e . s 
characteristic curves! to the degree required m ibe W™ 1 "* 
is extremely small, an artificial method o nw * b 
ordinary valves has to he resorted to before a ste.uh * 
can he assured. Swh a method was attained in the amphh.*. 

descrilied in the original paper. , . , 

This can he accomplished very simplv by the ndju. tt 
of the two series filament resistances I* B and 
which are actually the two portions » , l . **• 

The tbeorv, and the practical method of ccjn| »-*«- 
the amplifier (or of rendering it immune t tom haHt rv 
voltage fluctuations), are described in the original - 

H«r/it is sufficient to say that, for any given .ilament 
vX«e, there will usually he found one or more Jf os,turns of 
Iho sHder B on the wire at which a 'mall change in the 
Ztterr voltage produces no change in the galvanometer 
ZfieSon. and that it is a simple matter of trial and error to 
find a suitable combination of the position of the slider B 
and the filament voltage, the latter being adjusted by means 
of the rheostat K ami the voltmeter V. 


* JLoc. et£* 
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Electromagnetic Disturbances. 

Such a combination of amplifier ami galyanometer can 
advantageously be substituted for an electrometer 
types of work- In particular, it is very use u , , 

activity work. If, however, an induction coil be operated 
near it, or high-frequency surges are prevalent m 
laboratory, the zero is rendered very unsteady by di - 

from oil induction coil, radio... .» 
electromagnetic wave, which induces an alternating Premia 
on the insulated leads to either of the grids, resulting m the 
latter becoming charged alternatively positive y an g* - 
tivelv. During the positive half-cycle, on account ot the 

electron stream to the grid the leakage enrrent is greater 
than during the negative. Hence the grid acqn n s a me a 
negative charge during the « reception of the d,st r ^; 
which leaks away after the wave-tram has pa^ed, behav ng 
in this way like the “cumulative grid reetthet u.ed 
radto-telegraphv or telephony. , , wa __ 

In the original apparatus the valves and grid leads \ ere 
enclosed in an earthed screening-box, whicli proved sufbcient 
to protect the grid from hand-capacity effects. ien, 
ever, an induction coil was operated near the arophfie . 
zero, in spite of the screen, was unsteady. In tins case, as 
portions of the apparatus (i r. batteries, resistances etc i 
were outside the box, the iiiMtluted leads entering ** 
served to eonvev the potential surges through the elect 
sUttic screen. Before the amplifier can therefore be used in 
a laboratory where high-frequency surges art preva • 
further attention must he paid to the screening. 

Greater care is needed in screening a v.ove bin ge IJ 
the case when working with an ordinary electrometer. because 
of the rectifying action of the grid current. m 

case of an electrometer, the high-frequenev alteriia mg 
surges mao find their way to one pair of quadrants, ‘*e»pi - 
the fact that most of the apparatus is enclosed m an earthc.l 
ease, the mean value of the alternating potential wifi be xen , 
and will not cause any movement of the needle 11 ' 
course, the electrometer is being used idiostaticallv). n 
the other hand, in the case of high-frequency surges finding 
their wav to the grid of a valve, the rectifying action ot the 
grid current results in the mean value of the grid potential 
rising negatively and causing a change in the galvanome er 
current. Investigations were therefore made to ascer a 
whether, by careful screening, and ensuring that no wires 
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or leads remaiaed ,<*“*%“ ^'Tin.'S 
from induction coils ami transforme rent i e r the zero 

•ciently eliminated from *PP j X-ray ionisation 

steady enough for the measurement ot a raj 

currents. . , . . 

Arrangement of Apparatus. 

In the original apparatus 

consisted of plug-m resistance resistances in the 

As it was necessary to ,^ 9 ^ce, controllable 

screening case, some torm of a _ arrangement of 

necessary and the resistances le tin^^ ^ ,* 

As the change in resistant . -• * , j, on j y portions 

small compared with the va.ues o j jj y’ from outside 
of the latter need be variable an i con f fixed 
the case. The remaining portions can conasi 

resistances. , resistances con- 

Jn the arrangement^adopted, the^an w5re 

sistcd of three parts * (IJ * / u * 2500, 5000, and 

resistances of 10,000 ohms eae , U. /9\ A series of fixed 

7500 ohm», the - iiudS' comae. 

resistance coils, o< about - j wiper ar ms— 

studs—connexion being made to the •»««' L A con . 

serving to obtain an approximate balanc^. , ied 

tinuously variable 400 ohm resistances of the 

for use as potentiometers m wire r.. were adjusted 

a fine balance to be obtained. <2) 'rod*, 

from outside the box bv means - purpose, but 

Metal rods could, of course, bo used tor tlm purp . 

unless earthed to the case into the 

r.' ib 'Lr r th!. , °^on "he writer Zoii'i .boaito or 

ta ^l r it“r e d r;™ i i»^ w-1* 

lne circuit e» I - ^ h bus two wiper arms, A and 

be observed that the stud swucn u r ^ ^ 4 00- o bm 

B, to which ar « c 7"^ n f a e ny i nW cutive pair of 200-ohm 

potentiometer, tlius^ndg g ^*htamoot 200 ohms, having 
high-t.n..on hotter,. B^ t- to g ^ g 

rtorf?hf Wdp «n theVefor. he bataaced. A. total 
• As supplied by M«.». Variej k B. !• <°* work ’ 
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resistance of the coils F, G, H, K,.... should be a little 
greater than 1250 ohms. Eight coils of 200 ohms each 
should therefore be suitable. 

A simpler arrnrgement is shown in fig. 2 (l>), which has 
the advantage that only one wiper arm is required on the 
stud switch. In this case the resistance of the coils may be 
increased from 200 ohms to a little under 400 ohms each, 
their sum being just greater than 2500 ohms. Other 
arrangements could be devised, but the one shown in 


Mg. 2. 



fig. 2 {«) will probably be found the most suitable. With 
the arrangement of fig. 2 («), balance can be obtained in a 
few seconds w ith far less trouble than when plug-in resis¬ 
tance boxes are used. As a refinement, a smaller (say 
10-ohm) resistance of a similar type to the potentiometer 
could be placed in series with the latter, to obtain a still 
finer control over the galvanometer, though this will not 
usually be found necessary. 

It should be observed that it is not necessary to have the 
bridge actually balanced before use. Any arbitrary aero 
position of the galvanometer spot may he used. By slightly 
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debalaticing, the zero can be moved to the most convenient 
position on the scale. 

No other important changes were made in the circuit 
arrangements. The bridge was compensated as described 
on p. 817 of the original article, and used after a steady 
state of equilibrium was attained. The type of valve 
employed was, as in the original apparatus* 4 * Osram 215/* 
operated at a high-tension voltage of tJlb 

The valves, fixed and variable anode resistances, and leads 
to the grids were enclosed in one metal box, while the high- 
and low-tension accumulators, compensating slide-wire, and 
filament rheostat wore enclosed in another. The connecting 
leads between the boxes passed through metal tubes soldered 
into the latter. The galvanometer—a reflecting pa fern, 
fairly well damped, and of sensitivity about 200 mm micro- 
amp.—was enclosed in a third box with a wire grid window, 
the leads from the galvanometer to the anodes passing, as 
before, through soldered-in metal tubes. The three boxes 
were close to one another, and were electrically bonded 
together in several places. All wires were completely 
enclosed In the boxes. The outer casing could he connected 
to earth, or left tree, as desired. This wa- found to make 
no observable difference in the readings. 

ProHi r, tl Pt**t #o n* . 

The effect of -uhsf if filing the valve bridge for the ordinary 
electrometer of an X-ray installation was investigated by 
connecting the collector of the ionization chamber, through 
its guard-tune*, to the grid of one of the valves. It vu<* 
found, however, that the galvanometer zero was ext remedy 
unsteady whenever the Induction coil supplying the X-ray 
tuba was operated* regardless of whether the X-ray beam 
entered the ionization chamber or not. On disconnecting 
the lead from the grid, but leaving the apparatus in the 
same position relative to the coil and X-ray tube, the z**ro 
was found to he steady with the coil and tube in operation. 
This proves that here again the guard-tubes enclosing the 
leads to the ionization chamber, while providing sufficient 
electrostatic screening for ordinary electrometer work, * ere 
quite inadequate to prevent high-frequency surges from 
reaching the grid of the valve and causing unsteadiii***. 

To overcome this difficulty a simple ionization chamber 
w m built into the side of the valve box, the high-tension 
electrode twdng connected to the positive pole of the 60-volt 
battery supplying the plate current of the valves, thus 
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dispensing with an extra battery and lead, "while the eol- 
lector was connected directly to the grid. An earthed m 
tube with a copper game end window covered the whole 
chamber, leaving no wire or metal parts exposed that were 

not earthed to the case. ._ A 

With this arrangement the zero was found to be unaffected 
by the operation o£ the coil and X-ray tube, while a large 
deflexion was obtained when a beam of X-rays enteieu the 
ionization chamber. If, however, the metal tube surrounding 
the chamber was not in perfect contact with the rest ol the 
screening-box, the zero was very unsteady. Tin-foil hat 
be used to make a good joint, as soldering, while de.ira , 
was not convenient with the particular arrangement used. 
This emphasizes the importance of ensuring that all metal 
parts of the screening-boxes etc. are in good contact with 
another. For this reason the writer suggests that, 
rather than have the various parts of the apparatus m 
separate metal boxes, and the latter bonded togvti tr, it 
would la* preferable, and more convenient, to enclose the 
whole amplifier, batteries, galvanometer and 
chamber Ho.— m one large metal ‘as. and to dmct tie 
beam of X-rays into the chamber He. through lead slits m 
the case. 


JUirsults ofttnoi?il truth veins* 

To obtain some idea of the nature of the results to be 
expected, the following test was carried out. A t ooUUge 
tube, operated bv an induction coil, was so arrange! a 0 
direei a beam of 'X-rays into the ionization chamber. U « 
intmudtv of flu* h»*aui was adjusted . *p v ** f 1 ^ 

deflexion of fIn* pihummiflFr. As the pul * a,l l ia 6 

(ami lienee rim collector of the ionization chamber? mo>t not 
i»e earthed, the u>uul electrometer method ot taking 11 
zero reading hv earthing tin* collector cannot he emp oy e* * 
Instead, to obtain a zero reading the X-ray beam 1,111 * ** 

ear off, either hv means of a lead .-hotter or b\ cutting o 

the coil. . t , * .. 

A series of aluminium plates of various tmckne>>e> 
then interposed between the tube and the ionisation < nun >er t 
and, in each ease* the ratio of the galvanometer «e extoo 
with the aluminium in position* to the deflexion with tne 
full beam entering the chamber, was measured. t was 
found that there was a slight unsteadiness in the deflexion* 
due to the fact that the output of the tube was not quite 
constant. This* however, was only of the order of « p 
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positive)* the deflexions doe to ionization currents* and those 
doe to high-frequency surges picked up by the lead from the 
grid to the collector* are in opposite directions, a fact which is 
useful in deciding whether the amplifier is sufficiently well 
screened or not. 

The effect of substituting a gas-tube supplied from the 
Mine coil for the Coolidge was next investigated. It was 
found that the output of the former was far too variable to 
give a steady deflexion* fluctuations of up to 100 per cent, 
being obtained. For work w ith such a tube some form of 
“ integrating” indicator* such as an insulated electrometer 
etc.* is evidently preferable to the valve bridge. The latter* 
however* might be useful for demonstrating the variation in 
the output of a gas-tube. 

In the above tests* while the X-rav tube was close (about 
2 feet) to the valve bridge, and in dbe open* the induction 
coil was -ev**ral feet away. It is possible that* if the latter 
were situated near the amplifier* slight unsteadiness of the 
zero might be occasioned from the magnetic field of the coil* 
despite tin* most careful screening. Fortunately, however* 
in most X-ray installations it does not matter where the coil 
or transformer is situated, and it should not be difficult to 
arrange that it is several feet from the amplifier. 


Photo-electric Effects. 

Tests were carried out to ascertain whether the amplifier 
was * tillable for measuring photo-electric currents. As a 
rough qualitative test* the apparatus and ionization chamber 
was set up as previously described, and a polished zinc plate 
attached to the collector of the chamber, the other electrode 
of the chamber being, ns before* maintained at a potential of 
plus 60 volte by connexion to the high-tension battery sup¬ 
plying the anode currents. On allowing a imam of ultra¬ 
violet light from a mercury arc to enter the chamber* a 
large galvanometer deflexion was obtained* showing that the 
amplifier can be used to demonstrate the phenomenon of 
photoelectric emission. 

For quantitative tests a potassium photo-electric cell was 
employed. The anode* or collector of the cell* was 
connected to on© of the grids of the amplifier* and a suitable 
potential applied to the cathode from a separate battery, 
through a safety resistance* The cell was enclosed in a 
metal case* which was connected to the screening-case of 
the amplifier* and also to the guard-ring of the photo-electric 
cell. In thin particular case the battery supplying the 
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potential to the photo-electric cell was outside the screening- 
'ease. If, however, trouble Is experienced from high- 
frequency surges in the laboratory, it might be advisable 
to enclose it in the case also* 

Light from a 60*watt metal filament lamp was admitted 
to the cell through a narrow slit in the outer screening-case* 
On gradually closing np the slit, by decreasing its length by 
means of a metal wedge placed across it and plotting the 
observed galvanometer deflexion as a function of the area ot 
the slit remaining exposed, a curve was obtained which was 
practically a straight tine, showing that the relation between 
the galvanometer deflexion and the current to the grid was 
approximately linear for small currents. This is the method 
of calibrating the scale referred to in the previous section. 

Using this simple apparatus, it was possible to locate the 

E ositions of X-ray spectral lines on a photographic negative 
y moving the latter slowly across the slit and observing the 
galvanometer deflexion. Tins suggests that the amplifier, 
in conjunction with a corn pa naively low-sensitivity galvano¬ 
meter, may be used with advantage to replace the elec¬ 
trometer, or high-sensitivity galvanometer, usually employed 
for photometer work in connexion with photo-electric cells. 
The advantages to he gained in such a ease are : (1) high 
insulation of the leads etc. is unnecessary, (2) readings 
could probably betaken more quickly, and (3) the amplifier 
is much more portable and easier to set up than an 
electrometer* 

It should be observed, however, that with such an 
arrangement, in taking xero readings the grids (and hence 
the u collectors ”) must nal he earthed. Instead, to obtain 
the zero reading the beam of light entering the cell should 
be cut off by means of a shutter, as described in the previous 
section in connexion with X*nivs. It is also ad visible, in 
choosing a galvanometer for the bridge, to see that it has a 
fairly high damping factor, m this will tend to mask any 
slight unsteadiness of the aero. 

In conclusion, the writer desires to express his sincere 
thanks to Dr. B. A* Owen for offering facilities for carrying 
on this investigation at the Physics Laboratory of the 
University College of North Wales, Bangor, and also for 
the valuable suggestions made by him and his interest in the 
work. Further, he wishes to record his thanks to the various 
research students of the department for their assistance in 
carrying out teste of the amplifier with their X-ray and 
photo-electric apparatus. 
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XXXIV* Note* on Aeihe Nitrogen, By Arthur Edward 
Ruabk, Ph.D.i Mellon Institute of Industrial Research, 
University if Pittsburgh * and Gulf Oil Companies *. 

R ECENTLY Okubo and Hatnada f have published a 
paper on spectra excited by active nitrogen when it 
comes in contact with metallic vapours. Some of their 
results do not agree with those previously obtained by Roark, 
Foote, Rudnick, and Chenault J, and it seems of interest to 
examine the causes of this discrepancy. Okubo and Haiuada 
used a discharge-tube which they describe as being similar 
b* those used by Strutt and Fowler § and by Mulliken |* 
The pressure-range in which these tubes were operated is 
not stated, but It may be inferred that it was of the order of 
several tenths of a millimetre, since this is tl e pressure which 
ordinarily gives the brightest afterglow* when the Geissler 
tube is used to produce active nitrogen. On the other hand, 
Roark, Foote, liudnick, and Chenault used an electrodeless 
ring-discharge in a pyres sphere about 30 cm. in diameter, 
because this discharge can Im run at much lower pressures, 
of the order of *01 tmn. (see p. 19 of our paper}. Under 
these conditions, with a pressure ten to thirty times smaller 
than that which gives the best results in the ordinary 
discharge-tube, secondary effects are minimised. It is felt 
that this difference of pressure explain* why we recorded 
fewer lines of thallium than Okubo and Hamada, and that it 
accounts, at least in part, for the fact that we obtained only 
the resonance line of cadmium at 3261 A*, and did not 
observe any spectral lines of sodium under the conditions 
described. 

Because of possible secondary effects in the discharge used 
by Okubo and Hamada, such as collisions of the second kind 
between metal atoms and excited nitrogen molecules, it 
seems reasonable to snv that their observation of the lines 
2 *P — 2 *P # of magnesium does not prove conclusively that 
two electrons can he displaced simultaneously to higher 
energy levels by the primary process which gives rise to 
metallic spectra at much lower pressures. 

The writer and his colleagues recorded the mercury line 
2 a P|~~ 6*Dj f which has an excitation potential of 10*0 volte* 
On the other hand, Okubo and Hamada state that they could 

* Communicated hr the Author. 

t Phil. Mm v. p. art (i»t8). 

t X O. & A. & It. S. t *iT. \x 17 (1027). 

$ Pme. Roy. Son. lxxxw 377 (1HII). and Rxxvi. p. 108 (1911). 

|| Rhys, Rev. xxxvt. p. 1 (into), and previous papers. 
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XXXV. The Graphical Representation of the Stimulation of 
the Retina by Colours. By Frank Allen, Ph.D., LL.D 
Professor of Physics, and A. J. Fleming, M.A., University 
of Manitoba , Winnipeg, Canada *. 

PTTHE theory of colour vision formulated by Yonng is 
X based upon ihe assumption of three fundamental 
colour sensations, red, green, and violet. Later exponents 
of this theory, such as Maxwell, Helmholtz, Konig, von Kriea, 
McDoogali, and Abney, have greatly expanded its scope, and 
applied it with more or less success to the explanation of the 
enormously varied phenomena of colour vision. All sup¬ 
porters of the trichromatic theory have agreed upon red and 

f reon as two of the primary sensations, but opinion has been 
ivided between bine and violet as the third. The general 
principle of triehromaay is obviously not disturbed by such 
a change, though it is of course important to discover which 
of the two colours elicits the sensation in question. 

Great and prolonged controversy has ensued on the 
number as well as the precise designation of the funda¬ 
mental colour processes, and in particular many theorists 
have insisted upon the primary character of yellow and white. 
Indeed, some supporters of the three-components theory of 
Young, such as McDougall, and to some extent Abney, have 
felt the necessity of recognizing white as a fundamental 
sensation, largely i»ecause a greater or less amount of white 
is invariably associated with all colour perceptions. 

If the judgment of consciousness alone is invoked, it would 
have to be admitted that the claims of yellow, blue, and white 
to equal recognition with red and green as primary sen¬ 
sations are well founded. These claims, however, are 
disturbed, if not refuted, by the experimental evidence that 
has accumulated. The yellow colour, for example, may 
be matched, except in saturation, by proper mixtures of 
spectral red and green lights. Experiment also has shown 
that spectral vellow will appear tinged with red or green 
according og the retina lias previously been stimulated with 
green or red, respectively. As a sensation of yellow can 
also be obtained from the binocular mixture or fusion of red 
and green, it is clear that yellow cannot be a simple funda¬ 
mental sensation. While' Edridge-Green has presented a 
long series of reasons favouring the primary character of 

* Comm antes ted by the Authors. 

Phil. Mag . S. 7. Vol. 6. No. 35. August 1928. 


Z 
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yellow, more formidable evidence against that view bas been 
collected by McDougall and by Parsons 

In the case of white the evidence is also disturbing. 
White light may be dispersed into the spectral colours, and 
the colours may in turn be recombined to give white. Not 
only is this true for steady light, but it also occurs, as 
Newton originally showed f, in intermittent illumination by 
the spectral colours in succession, through the jpersistence! 
of vision. Complementary colours also will give a white 
sensation devoid of any chromatic tinge. AH colours, when 
excessively bright or verv dim, approach whiteness in 
appearance. Flashes of wfiite light may also give rise to 
chromatic effects of various hues. 

In order to satisfy the claims of consciousness for the 
simple, and of experiment for the compound nature of 
yellow and white, some writers distinguish between psycho¬ 
logical and physiological primaries. Both colours would 
therefore be recognized at once as psychologically simple 
and physiologically complex. Even should this distinction 
tie admitted, the physiological complexity is of more funda¬ 
mental importance ami is far more, if not alone, susceptible 
-of laboratory investigation. 

To deckle between blue and violet as the third primary 
involves different considerations from those affecting yellow 
and white. Young | originally assumed blue to he the third 
sensation, but subsequently chose violet in its place. Burch 
believed his experiments indicated loth colours to be primary 
sensations, thus making four. In his measurements to 
determine the sensation curves, Abney § used violet oxperi- 
menfcaily, and afterwards resolved ibis into red and blue 
components. The investigations of one of the writers jj 
have clearly shown the blue of the spectrum to be a com¬ 
pound sensation and violet to be simple. Reasons will 
shortly be given whereby the confusion may be satisfactorily 
elucidated* 

Both Yo nng and Helmholtz assumed that every colour 
stimulated the three primary sensations but in unequal 
amounts. The latter 1 represented his assumption by the 
well-known diagram in fig. 1. 

* * Colour Vision,* fad ed. pp. 276 k $11. 

t 4 Opticks/ Second Ed. p. ifi; else. Am. Joum, Physiol. Unties, 
irol. vii. p. 440 (1920). 

1 Parsons, foe, «/. p. 209. 

5 * Researches in Colour Vision/ pp. 230 k 2#). 
jj Allen, Jours. Op. 8, A. k R. 8.1. vol. vii. p. $88 (192$). 
qf 4 Physiological Optics/ English ed. vot ii. j*. 14$. 
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Abney * dissented in part from this assumption. H The 
Ted,” ha says, w stimulates only the red sensation in one part 
of the spectrum, whilst the violet stimulates both the red and 
blue, and not the green sensations, A green colour not only 
stimulates the green sensation, but it stimulates the red and 
bine sensations as well, as is shown in Helmholtz’s diagram.” 
The experimental evidence adduced by Allen, however, 
clearly showed that stimulation with all colours from the 
extreme red to the extreme violet invariably influenced the 
three colour sensations. 

Abney t represented his conclusions by a different type of 
diagram from that employed by Helmholtz. He used three 
parallel vertical lines to represent the primary sensations, 
and a horizontal line to represent equal stimulation of 


Fig.l* 



Helmholtz* tvpre*eutian of the colour s4*n$atiotif$. 

ill** three sensations to which, in conformity with his 
measurements, the white sensation is due. 

A somewhat different graphical method has been used by 
the writers which seems to be very serviceable in representing 
the facts of colour perception* 

In fig, 2 A* the action of red light upon the three sensations 
is shown bv three unequal elevations, the highest represent¬ 
ing the ml, the next the green, and the lowest the violet 
sensation. The relative heights in this and the other 
diagrams, which represent relative degrees of excitation and 
not luminosities, are not drawn to any exact scale, though 
in many cases these could be obtained from the ordinates of 
the sensation curves of Kdntg. Exner, and Abney. 

Thus from Abney’s measurements of the 44 percentage 
composition of spectrum colours in terms of equal stimulus 
of sensations to form white/* the exact scale of heights of 
the elevations can be found for the part of the spectrum for 

* 1 Research*# in Colour Vision/ p. 531. 
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which bis measnrements *re giyen in Wf Abw n £d 
rreen and bine colours. In bis experiments^ Abney nsm 
thTviolet colour *425 /* and afterwards reduced this to eqm 
valent amounts of red ond blue- 







Yellow 

Whit* 

Yellow 

White 

i 

, Creen 

„ Ydlow 
. Whit 







Cym Bit;; 
White 

5r. 

Purp-c 
. Ws.ie 


Deep Bh 
Whnc 


Violet C rt cr* 

Colour Sensations 


A few typical selections are quoted here from his* 
oi Colour Vision ’ (p. 368) 


VS. 

OS. 


47*2 

61-2 

1*6 

m 

62*1 

8*2 

m 

47*1 

3fri 

&‘7 

14*1 

80*2 

2-32 

0-15 

87%> 








. Representation of Stimulation of the Retina % Colours . 341 

If now a horizontal line is drawn parallel to the base al a 
height equal to the lowest elevation, which in this case is 
violet, It will represent equal degrees of stimulation of the 
three sensations, which cause the white sensation associated 
with the red colour, by which the saturation is reduced. 
A similar horizontal line drawn at the height of the neat 
highest elevation, the green, will represent equal amounts of 
stimulation of the red and green sensations, which will be 
perceived together as yellow. For according to the sensatiqn 
curves the intersection of those for red and green occurs 
between the wave-lengths *570/* and *580/*, which is the 
narrow yellow region of the spectrum. This means that equal 
stimulation of the red and green sensations is the cause of 
yellow. The remaining portion of the third elevation pro¬ 
jecting above the yellow level represents the colour jierceived 
;n* red. 

Thus the perception of red rests upon a stratum of yellow 
and a substratum of white. The white diminishes the 
saturation, and the yellow confers on the red colour an 
orange tint. These recognized facts of colour vision, there¬ 
fore, are fully represented by this diagram. 

When the wave-length of the stimulus is shortened, the 
relative heights of the elevations are changed, both the violet 
and green lieing raised. The white and yellow levels will 
also l^e raised indicating the perception of a red colour with 
a diminishing saturation and an increasing orange tint* As 
the wave-length of the stimulating colour is made still 
shorter, a colour will be found which will excite equally both 
the red and green sensations. This may be represented by 
fig. 2 B, where there is no projecting part of an elevation 
above the yellow level. Yellow will therefore be perceived 
mingled only with the inevitable white. 

After the yellow point of the spectrum is passed, the 
colours will stimulate the green sensation more than the red, 
as shown in fig. 2 C. As the red sensation is evoked more 
than the violet, a yellow line can still he drawn. Green, 
therefore, is perceived tinged with a yellow hue, mingled 
with the unsaturating white. 

As the wave-length of the colour stimulus becomes 
shorter, its effect on the red sensation becomes less, while 
the violet is increasingly stimulated. A wave-length 
will therefore be found which will give equality of stimu¬ 
lation of the red and violet sensations, with a preponderance 
of green which is represented in fig. 2 D. The stimulation 
of the violet and red sensations will give a purple colour 
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which, when mixed with a proper amount of the«"»!*£ 
mentary green, will appear white* Eviden }» * 

occurs green will be perceived mixed only with white. 
Abney found this to be the case with the wave-length 

^Traversing the spectrum still farther towards the more 
wtaSSEto 5«l. • bL colour will be found * 

the green and violet sensations equally and the red to a 
smaller extent. This is shown u» fig. 2 E, and represent 
the perception of the cyan blue of the spectrum. 

With the violet colour the relative stimulation of the 
three sensations is somewhat altered. 1h»s » rajWMjntod 
in fitr. 2 F. In this case the red sensation is stimulated 
much more than the green and therefore a purple lme can 
be drawn representing a stratum of this colour upon whmh 
the fundamental colour is superposed. As violet is the wort 
saturated of ail the colours*, the green elevation must be 
verv low and in consequence tbe white line must lie v« r 
clo*e to the base. The excess of the real fundamental 
sensation represented by the par* of the "ff 
above the purple level is not sufhcientiy powerful to do more 

whether blue or violet is the third primary sensation r roni 
consideration of this graphical method ot representation oi 
the facts of colour vision, it occurred to the writers that the 
question could quite readily l»e settled m the satisfactory 
way of reconciling Imth points of view. .... 

f„ the more refrangible half of the spectrum the colour 
changes from green to blue, then, at least in some eves, to a 
much deeper blue or indigo, and finally to violet. It seems 
probable that if our sensations were only individually 
stimulated, the shortest visible wave-lengths would ar«u>« 
only a sensation of still deeper blue instead of violet. These 
wave-lengths, however, possess the power oi stimulating the 
red sensation as well as the deep blue, and hence w* perceive 
a mixture of the two as the violet colour, which is repre¬ 
sented in fig. 2 F. As additional evidence for this statement, 
the experiments of one of the writers f have shown t hat the 
wave-length 410/* is quite as powerful in enhancing the 
green and red sensations as yellow, which is fully seven 
mmdredi times as bright* 

• Helmholtz, * PI,ysiologtmlOj^; Km*. f 

t Alien, Journ, Op- 8. A* k H* 8.1, voi. nt* p* (1&28)* 
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Houstoim * quotes Prof* S, P. Thompson as saying that 
u indigo was more akin to green than to violet/ 1 and adds 
that *4n this opinion, 1 think, everyone will concur/ 5 

In testing the vision of a number of observers Houstoim 
found four who saw indigo as a special colour; “they all 
objected to the word indigo, and chose dark blue as a more 
suitable name for the new colour ; they ail said it was more 
like blue than violet. They estimated the boundary between 
it and blue at 4650 A. U/* 

These considerations appear to justify the conclusion that 
the third fundamental colour sensation is excited by the 
shortest visible wave-lengths at the violet end of the spec¬ 
trum, but that the deep fundamental blue which is evoked in 
normal eyes is masked by always being mingled with a 
considerable portion of the more luminous red. 

In this connexion it is important to note, according to 
Helmholtz f, that when the part of the ultraviolet spectrum, 
extending from the line L to K (*3179/a), is rendered visible 
it is indigo-blue with low, and bluish-grey with higher, 
intensities. 

Should this reasoning be correct it would appear to follow 
that if the red sensation could be inhibited from action 
the violet colour would then be perceived as a deep or a very 
dark blue. Possibly this might be accomplished by experi¬ 
ments involving fatigue of the red sensation, or by intermittent 
stimulation at such a rate that only the blue sensation would 
have time to be excited. Indeed, one of the writers, Allen, 
recalls that when experimenting on the critical frequency 
of dicker of the violet colour, a brilliant dash of pure blue colour 
was sometimes visible for an instant as the sectored disk began 
to rotate, which quickly subsided into the normal violet hue. 
This phenomenon appears to la* a combination of the pure 
blue sensation, excited before the red becomes active, with 
the live-fold w overshooting or enhancement of its bright¬ 
ness that was shown to occur by Broca and Suker. 

A readier method of testing this reasoning is afforded by 
the response of the colour blind to stimulation by violet* 
With this idea in view the recent book on 4 Colour Blind¬ 
ness/ 1 by Dr* Mary Collins, was examined in the hope that 
observations covering this point had been made. This work 
contains the exceedingly detailed study of fen cases of colour 
blindness, concerning nine of which it is definitely stated that 

* 4 Light mi Colour/ pp. § & 9. 
f ' Physiologic*! Optics/ Eog, <*L vol. it* p. 66. 
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violet was always matched with or perceived m 
it is remarked that the tenth case confused theje.two colonr. 
when they were separately viewed. In ^* { 

of anomalous trichromatic vision were des f”^“’ h ’ ! ha t 
whun also matched violet with blue. It is »<tewort«vthat 
on viewing colours this person’s eyes alniostiromedwteiy 
became strongly and even painfully fatigued. This conforms 
to thTsuggeftin of Holtenberg * that colonr bUndoes^ 
partly doe to the inhibition of the enhancing reflex nenou^ 
Impulses, leaving the depressing impulses nn"PP® 86 fc 0 

significant also that all the colour-blind eases,w«th one 
JLotion perceived violet as dark blue, which n wmt 
wo «fd occur should the much more luminous red sensation 
fail to be excited. The exceptional case matched violet 

W * So *0 ni form 'and complete is the evidence from tins lnjk 
that the writers feel great confidence m ^, e 

third primary sensation is a blue of a deepe . . ^ 

than anv found in the spectrum, and that 1 * *. j t j 

short violet waves between the wave-length ^ ? l d th 
wnd of the euectruni. In this manner, therefore, the n 

of violet and Hoe n» tile il.ir.l |inotary volonr womtioo 

“Ytta/iZ'^rved that when the ioteoaitv of the .pec- 
tram is verv high, onlv two colours, yellow and hl»e,are seen, 
which at still higher'intensities aba disappear leaxin#r th 
spectrum white in every par*. These facts may be thus 

Ter wz:'t :*.«•* -c: tzi 

zzz' 

This is due to a gradual approach towards equal 1 tv of m-tion 
of the stimulus upon the red and green sensations. If, for 

example, the coioor j, after the primary rod ton “ 

excited to a certuin degree, the green sensation 1 
stimulated disproportionately, with the result that ,b * l ‘ u ^ 
the original red tight becomes yellowish. Ihe deep blue 
sensation wool.! also be increasingly stimulated. The pro¬ 
portion of white and yellow in the resulting sensation won 
consequently 1* gracLlly increased. In the diagram thm 
condition would he represented by increasing 
the violet and green elevations more rapidly than the red, 
and The white and yellow levels in fig. 2 A would pro- 

* Jon nt* Op. HL A. & R* Si I* P* (1994). 
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grossivelv be raised leaving the projecting part ol the red 
continually smaller. 

In the same way the part of the spectrum from some 
wave-length in the green to the violet would gradually be 
seen as bine of diminishing saturation. In other words, 
under intense stimulation the spectrum would gradually 
appear to be composed of but two colours, yellow and blue, 
the red, green, and violet having disappeared *. With still 
mere intense stimulation the yellow and blue colours will 
also disappear leaving only white; that is, the heights of the 
three elevations in the diagram would become equal and the 
white level would rise to their summits as in fig. 2 G. When, 
on the other hand, the intensity of stimulation is greatly 
reduced, the yellow and blue colours fin-t disappear leaving 
only the fundamental red, green, and violet. Ultimately 
these are equally stimulated, causing every colour to appear 
white. This effect may be represented d^grammatically bv 
greatly reducing the heights of the elevations in fig. 2 G, so 
that the yellow and blue levels cannot be distinguished from 
the white with which they finally coincide. 

The peculiarities of colour perception in the peripheral 
regions of the retina have called forth for their explanation 
the theory of zones, which is based upon the assumption that 
the fundamental colour sensations in the periphery differ 
from those in the centre. The analysis of colour perception 
is sufficiently involved already. To complicate it still further 
by different hypothetical mechanisms in different parts of 
the retina can be justified only when every other explanation 
of the facts has failed. Since nowhere on the periphery do 
new colours unknown to central vision appear, it seems most 
reasonable to conclude that it is not.the fundamental sensa¬ 
tions that differ from zone to zone, hut their relative 
excitations by the same stimulus. In the een're. red, for 
example, stimulates the red sensation in excess of the green 
and deep blue or violet; in the so-called yellow-blue zone, 
red stimnlates the green sensation equally with the red, 
just as it does in the centre with high intensities, and thus 
yellow and not red is perceived ; in the extreme periphery 
the red stimulus excites the three sensations equally ami 
causes a resultant sensation of white. Similarly with all 
■other colours, except that the more refrangible portion of 
the spectrum excites the deep blue and green sensations 
equally, and finally all three, 

* Rivers, in .'Chafer's ‘ Text Book of Physiology,* voL ii. p. 1079. 
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Phis explanation of the differences between central and 
peripheral colour vision is confirmed by the existence of 
four colours*, whose fanes remain invariable, except in 
saturation, in whatever part of the retina they are viewed. 
Since, for example, in the periphery a considerable mage of 
wave-lengths will elicit the sensation of yellow, the very 
narrow* band of wave-lengths in the spectrum that excite 
yellow in central, can scarcely fail to do the same in peri¬ 
pheral, vision. 

Despite the fact that the theory of zones has received the 
support of a number of eminent investigators f t the present 
writers are unable to see wherein the facts of peripheral 
vision are irreconcilable with the principles of the trichro¬ 
matic theory of Young. 

The unequal boundaries of the retinal colour fields are 
simply the limits at which colours cease to stimulate one 
sensation in excess, and begin to stimulate two equally. Nor 
is there any reason to expect, on the trichromatic theory* 
that the limits of such actions of one wave-length will coin¬ 
cide with those of another. As the relative degrees of 
excitation of the three sensations by anv stimulus vary 
with the intensity of the colour, it would follow that the 
boundaries of the colour-fields would not be the same for all 
brightnesses. 

Whet* two colours fall simultaneously upon the same 
retinal area, their effects may also lie graphically represented. 
If, for example, the colours arc properly selected hues of red 
and green, the graphical representation is a combination of 
figs. 2 A and 20, which will give equal heights ot them* 
and green elevations and a higher violet elevation as well. 
The white level, consequent!v, w ill be raised denoting a less 
saturated yellow than the yellow* of the spectrum with which 
the colour mixture may be matched in hue. ft follows, 
therefore, that in order to obtain a complete match Imt-ween 
the composite and spectral yellows, the latter must be mixed 
with white light. Since stimulation with two colours will 
doubly affect the three sensations there will always he 
associated with mixtures a larger proportion of white light 
than with individual hues. Colours formed by mixtures will 
in consequence always be paler than the spectral colours 
with which they otherwise match. 

In order to obtain a sensation of white, the three primary 
sensations must be equally stimulated. Since a single 

♦ ¥mmm* 1 Colour Vision/ faded, n. To. 
t Helmholtz, * Vhytmlopml Option* Eng. ed. vel, *1. p. 4hl . 
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colour cannot do this at moderate intensities, at least two 
colours must be chosen. From the diagrams it is evident 
that the two colours must be on the two sides of the green 
sensation. The complementary of red* for example, mud be 
capable of raising the violet elevation to the same level as 
the others* and therefore it must have some blue in it; that 
is, the complementary of red must he a bluish green. If the 
hue of the colour of longer wavedength is changed to orange 
and yellow* the red and green elevations become more 
nearly equal in height, and in order to obtain an equal height 
of the violet elevation the wave-length of the second colour 
must become shorter, thus making the complementary a 
deeper blue. 

It is apparent from the diagrams that green cannot have a 
single spectral complementary, since no spectral colour can 
raise the red and violet elevations to the level of the green. 
This can only Ik* accomplished by a combination of red and 
blue or violet. The complementary of green is therefore 
purple. 

Helmholtz has thus summarised * the general effects 
obtained in colour mixtures. 46 Lastly/* he says, ** there is 
still to be considered the effect of mixing colours that are not 
complementary. Concerning this matter the following rule 
may be given : When two simple colours are mixed that are 
not m far apart in the spectrum as complementary colours, 
the mixture matches one of the intermediate colours in hue ; 
being more nearly white in proportion as the two compo¬ 
nents are further apart, and more saturated the nearer they 
are together. On the other hand, the mixture of two colours 
that are further apart than complementary colours, gives a 
purple hue or a match with some colour comprised between 
one of the given colours and that end of the spectrum. In 
this case the resultant hue is more saturated when the two 
components are farther apart in the spectrum, and paler 
when they are nearer together ; provided, of course, that the 
interval between them always exceeds that of a pair of 
complementary colours. 

u For instance, when red* w hose complementary colour is 
greenish-blue, is mixed with green, the result is a pale 
yellow, which for different proportions of the two compo¬ 
nents may pass either through orange into red, or through 
greenish yellow into green. A mixture of orange and 
greenish yellow may also match pure yellow, but it is more 

♦ 4 Phpidbgkal Optics,’ Eng. ed. voh ii. p. 128. 
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saturated than that produced by red andWnale 
other hand, by mixing red and cyan-blue, we get .pink (P** 
purple-red); and by changing the proportions of,«»« ^ xtor | 
we can make this pink pass into red, or trough violet and 
indigo-blue into cyan-blue. But red mixed with iud.go-bIu« 
or. fetter still, with violet gives a saturated l>«rple-red. 

“Incidentally, too, it appears that in these 
degree of saturation of the colours of the ^1*®!'“®' ** 

dilerent. Thus red mixed with green of equal brightaes. 

gives a reddish orange; and violet mixed witl g 
equal brightness gives an indigo-blue close to the violet. On 
the other hand, when equally saturated colours of the Mine 
luminosity are mixed, the resultant compound colour is about 
midway between the two components. 

“No new colours are obtained by mixing more than two 
simple or homogeneous colours. >*'«*■*«•***««* 
colours is exhausted by mixing pairs of simple colours .. 

“ Accordingly, with all possible combinations ol s\ stems 
of fether-wa ves of different frequencies of ▼jhrat.on, thera » 
after all a comparatively small number of differe.it stet, 
stimulation of the organ at vision which can be retognwed 

as different colour sensations. ’ ,• 

These results can readily lw interred from the diagrams 
which have been considered. The three-fold nature ot the 
response of the visual mechanism prohibits the ex^nenec o 
a saturated colour-sensation except po*sib!v, w Mclhmga 

has pointed out, by subjective vision in the case of after 
imaces" With all colour mixtures the three primarj 
sensations must be more evilly stimulated than with Singh, 
colours, and hence the white level will be higher, or the 
saturation will he diminished. The farther *^rt 
spectrum the two component co ours are, until Y . 
coroplementarv, the more nearly equal must be the stimu 
lation of the ikree sensations, and in consequence the less the 
saturation. When the distance between the components 
becomes sufficient, equal stimulation of the sensations fotbus 
the white level touches the tops of the elevations and be 
distinctive bne of the mixture vanishes leaving oil) the 
Jhite. When this complementary stage » passetl the two 
Iter sensations, red and violet, must 1* stimulated more 
Jfen the green, if the components still recede from each 
other, witf the result that the hue 

mixture of these two, which is pnrpte. The intermediate 


* Parsons, he, at. f. 122. 
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sensation, green, will be less and less excited as tbe com¬ 
ponents get farther apart, the white level will fall, and 
the resultant hue, as Helmholtz says, will appear more 

saturated* % * . 

Tb# relative degrees of stimulation of toe sensations 

must vary with the intensities of the components, and hence 
the specific results that Helmholtz gives iu the second para¬ 
graph of the quotation can be fully accounted for and 

^nU^ied b’y Helmholtz that violet mixed with 
green of equal brightness gives an indigo-blue close to violet* 
may be thus represented. The relative excitations of the 
three sensations by violet are shown by thecontinnonsl.ne m 
fie 9 H The violet, or rather the fundamental deep blue 
sensation, is stimulated most, the red next, and the green 
least. It will be recalled that Abney goes so fares to stete 
that the green sensation is not at all excited by violet. The 
most hminom part of the violet colour is obviously! the red 
component. Hence, if the green sensation be excited to the 
same degree as the red by the addition of green light, the 
effect of which is to bring the excitations up to the level of 
the dotted lines in the figure, the white level will touch the 
summits of the red and green elevations causing these hues 
to disappear, leaving only the real fundamental deep blue to 
be perceived, as Helmholtz observed, with a small admixture 

° f Transitivity of the three primary sensations has been 
shown* to lie under the control of the efferent nervous 
Kvstem through visual sensory reflex actions, which result 
Som stimulation of the retina by all colours. By taking 
into account these induced changes in sensitivity manv 
hitherto obscure phenomena of vision may be elucidated. 

The most difficult problem in colour-vision has un¬ 
doubtedly been the explanation of the mutual modification 
of colours by simultaneous contrast. The difficulty has 
been much increased by the discovery that binocular con¬ 
trast exhibits the same modifications of colour as are found 
in uniocular observations. When two patches of colour fall 
upon contiguous retinal areas each appears as if it were 
mixed with nearly the complementary of the other. Ibat 
is. if green and yellow are the two contrasting colours, the 
yellow appears as if it were mixed with red, which is one iff 

* Allen, -On Reflex Visual Sen«tio«/ Joum. Op. Sec. Am. voL 
til. p. 583 (1923); also M. voL xih. p. 383 (1936). 
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the component* of the purple complementary of green, and 
ZL n appear* as if it were mixed with bine, which is the 
Emnlemrnuary of yellow. The two colours thus appear as 
U Sy werTmov^away from each other in the spectrum 
Helmholtz believed that the effect was an illusion due to 
8V8 temLtic deception of the judgment. Bering considered 
tLt the assimilation of one retinal substance on one part of 
the retina under the influence, for example, of green hghti 
caused or facilitated the opposite process of dissimdatiou f 
the same substance in the adjoining regions. No etbrnl 
was suggested by which these opposing processes could thus 

Fig. a 



W brought into action, while the phenomena of binocular 
«LList g were ignored. The explanations provide.! by all 
^^Twries of colour-vision, of which over sixty have been 
‘iertLd have lien equally unsuccessful. The reflex theory 
“of the writers affords a dear physiological ex¬ 
planation which rests not upon hypothesis but upon abundant 

^K aMUeatSn^the principle of reflex inductive action 
to tibe problem of contrast is easily indicated by the aid of 


• All*,. - On Reflex Viaaal geaeadoas and Colour Contrast/’ Jour®, 

^S^4VVol.vibi,018(l^). 
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the diagram in fig. 3. If two contiguous patches of green 
and yellow colours upon a neutral grey background be 
observed, a similar pattern will be formed upon the retina. 
The direct action of tlie greeu light stimulus upon tbe three 
fundamental sensations red, greensand violet is shown at tbe 
ieftof tbe diagram. Each primary sensation is stimulated 
to an amount represented by the relative heights of the 
elevations as shown by the continuous line. The efferent 
nervous impulses caused by the refl*.t inductive action of 
the adjoining yellow light are represented by the arrows 
acting under the elevations, by which their sensitivities are 
increased. Since experiments show that the visual reflex 
actions elicited by a colour act upon all, but predominantly 
upon its complementary, sensations, the violet and green 
sensations, which together make bine, which is the comple¬ 
mentary of yellow, will be much enhanced in sensitivity. 
The direct action of the green light will thereby stimulate 
them more than is normally the case. The degree of stimu¬ 
lation of the enhanced sensations may be denoted bv the 
dotted line in the diagram. Blue will therefore be added to 
the green, thus modifying tliat colour by mixing it apparently 
with the complementary of yellow. 

Similarly, yellow directly stimulates the three sensations 
in the manner indicated by the continuous line at the right 
side of the diagram. The reflex action of green enhances 
predominantly the complementary red and blue (purple) 
sensations, of which red is visually the more prominent. 
The yellow colour therefore stimulates the red sensation 
more than normally, as indicated by the dotted line, therehy 
causing yellow to become orange in appearance. 

Thus by contrast green appears bluer and yellow more 
orange than they will ordinarily appear : or, in other words, 
they will assume the appearance of colours situated farther 
away from each other in the spectrum. As reflex inductive 
actions are not confined to one sensation hut extend in 
varying degrees to all, tbe contrast modification will not be 
exactly, but only predominantly, the mixture of green and 
yellow with their complementary. 

As the reflex actions are transferred from one eye to the 
other with precisely the same effects, the explanation also 
holds for binocular contrast. In both cases the contrast 
effect will be seen as quickly as the ocular nervous mechanism 
can act. 
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XXXVI. Photo-electric Thresholds of Potassium. 

By Mi® Jessie Bcttekworth, B.Sc.* 

U nfortunately, in plotting the graph# of log ^ 

against ^ and in computing the thresholds, in my 

recently-published paper t, centigrade temperatures were 
inadvertently used instead of absolute temperatures. The 
re-calculated thresholds are 7100 A.U. and 21,000 A.U., 
with a somewhat doubtful indication of a threshold^ at 
10,000, A.U., and they are independent of the numerical 

value of n in log at any rate, in the range of values 

^TliT'experiments have recently been repeated with a 
tube which was lined with a thick silver him, formedI bv 
redaction of silver nitrate. The film was in contact with 
one of the electrodes, and the potassium was debited on it. 
This form of apparatus made it possible to verity that any 
positive emission from the glowing platinum 
Lull to 1ms detected by the galvanometer. The curve 

obtained by plotting log £ f was very similar to 

the earlier one. and yielded the values X — 98#0 A U. and 
X = ->0000 A.U. The highest temperature reached was 
unfortunately too low to bring out the threshold, which 
probably exists at about 7100 A.U. 


wv vtT Thf Power Relation ot the Intensities of the Tines 
Zcitauon of Mercury, By R. W. Wood 

and E. GAVtoLAj. 

I N orevion# work on the optical excitation of mercury by 
one of n# §, it was observed that the line 3650 of 
mercury behaved in a qnite anomalous way. It# relative 
toSSStv with regard to 3654 or 3663, for instance, could be 
v»ri«Tov.’ ,uT|e range by changing lb. condition, ot the 

• Communicated by Pr°f'' id**® Wilson, Kli.8. 

5 _ 

| K W- Wood, Pbil. Mag., Oct. 1925, Sept 1927, 
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excitation, bat it was difficult to reproduce at will a given 
ratio of the intensities. It was found, £or example, that the 
application of a magnetic field to the exciting lamp, to avoid 
reversal of the arc lines, increased the intensities of all of 
the lines of the optically-excited spectrum, but especially the 
line 3d50. The increments of the lines due to the pressing 
of the arc discharge against the wall of the quartz tube by 
the magnet were : 

Line 2537, four-fold; lines 3654, 3663, 5461, etc., 
eight-fold ; line 3650, sixteen-fold *. 

In the paper above referred to it was pointed out that the 
anomalous behaviour of 3650 was probably due to the fact 
that the line appears in fluorescence as the result of three 
successive absorption acts. Its intensity must then be 
proportional to the product of the intensities of the three 
exciting lines producing it, the absorption of which originates 
3650. If the ratio of the intensities of the lines in the arc 
is constant, the product of the intensity of three arc lines is 
proportional to the cube of the arc intensity. 3650 should 
vary then with the cube of the intensity of the exciting 
light. On the other hand, nearly all of the other lines that 
appear in fluorescence are originated by two successive 
absorptions. Their intensity must then be proportional to 
the square of the intensity of the arc. And finally the 
intensity of the resonance line 2537 should vary directly 
with the intensity of the arc. This prediction has now been 
proved quantitatively in the course of the present work. 

To observe the changes of the intensity of the different 
fluorescent lines as a function of the intensity of the arc 
exciting it, it was necessary to avoid the presence of foreign 
gases in the resonance tube, which have been found to 
influence the relative intensity of the lines. For that reason 
the measurements were made while the resonance tube was 
in communication with the pump, so that only mercury 
vapour at room temperature was present. 

It was necessary to vary the intensity of the exciting light 
in a known amount, and in the same amount for all of the 
lines of the arc. Absorption filters cannot be placed between 
the arc and the tube because all filters absorb selectively. 

One might vary the distance of the arc from the resonance 
tube, but in the case of a long narrow source of light in close 
proximity to the tube it is not easy to calculate the reduction, 
accomplished in this way. 

♦ K. W. Wood, Phil Mag., Oci 1925, p. 784. 

Phil May. S. 7. VoL 6. No. 35. August 1928. 2 A 
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Tbe rotating sector cannot bo used, as was pointed oat in 
the earlier paper, since there is no actual reduction of tbe 
light-intensity, except as integrated over time. A fine-wire 
gauze, used as a niter, accomplishes tbe desired result, 
however, since it is non-selective in its action. We employed 
a sheet of gauze which reduced the intensity of the light to 
one-fifth or its original value. The gauze can be employed 
only under such conditions that the illumination produced 
behind it is uniform, i. e. not with a point-source, in which 
case the field would be bright, but traversed by dark lines 
(the shadows of the wires). If the gauze is placed between 
the resonance tube and the spectroscope, all lines will be 
reduced to one-fifth of their original intensity; if placed 
between tbe arc and the tube, lines varying as tbe square of 


Fig. 1- I 



the intensity of the exciting light will be reduced to 1/25, 
and lines varying as the cube to 1/125 ef their original value. 

It was found that, if the gauze was held between the eye 
and the prism at the top of tbe resonance tube, the green 
fluorescence was still fairly bright (reduced to 1/5), while, 
if the gauze was held between tbe arc and the resonance 
tube, practically no fluorescence was to be seen (reduced to 
1/25). When this method was applied with tbe spectro¬ 
graph, we found, as was to bo expected, that the lines 365© 
and 3021 (three-stage absorption processes) were reduced to 
1/125 of their initial value. 

Method of Measuring and Remit*. 

Pig. 1 shows the experimental arrangement. An image 
of the cross-section of tbe resonance tube was thrown upon 
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the slit of a large quartz spectrograph by an achromatic 
quartz fluorite lens of 43-cm. focal distance. A photograph 
of about 20 minutes’ exposure was taken, while a fine copper 
gauze that reduced the intensity of the arc 5 to 6 times 
was placed between the arc and the tube. On die same 
plate a series of exposures of increasing duration was then 
taken while the wire gauze was removed. By matching the 
photographs of the same line on the plate, with and without 
gauze, and noticing the corresponding times of exposure, 
one could calculate the decrease due to the gauze for each 
line. The following table gives the results obtained by using 
different gauzes and in different positions. The first column 
gives the number of times that 3650 decreases if the gauzes 
are introduced. The third column gives the same for 3654, 
which was selected on account of its close proximity to 3650, 
but any other of the lines that appear, as a result of two 
successive absorptions, conld have been used as well. The 
second and the fourth column give the cube root of the 
decrease of 3650 and the square root of the decrease of 3654 
respectively. If 3650 changes with the third power of the 
arc intensity, and 3654 with the second power, the numbers 
in the second and fourth columns should lie equal and express 
the change of intensity of the exciting light. We see that 
the agreement is quite satisfactory. 


Change of 
3650. 

o 

! 

Change of 
3654. 

VChange. 

130 time# 

53 

30 times 

55 

1200 „ 

HM1 

120 ^ 

n*o 

240 

6*2 

40 

6*3 

150 „ 

5*3 

30 „ 

5*5 

2441 „ 

6-2 

40 „ 

6*3 

400 

74 

30 „ 

71 

480 „ 

7*8 

£6 „ 

7*7 


The second and fourth columns of the table give at the 
same time the decrease that one should expect for the 
resonance line 2537. We convinced ourselves that 2537 
changed apparently with the first power of the arc intensity; 
but accurate measurements were not made, because that line 
is very easily absorbed in the air of the room if especial care 
is not taken’in keeping it free from mercury vapour. 

Summing up, we can say that the intensities of the lines 
that appear in fluorescence are proportional to the square of 
the arc intensity, with the exception of 3650 and 3021, that 
change with the third power, and of 2537 and 2656 (forbidden 

2 A 2 
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Hue 2*p ( r-l'S 0 ), that increase with the first power of the 
exciting light. 

W e saw at the beginning that Wood had found that the 
application of a magnet to the arc increased 2537 four times, 
3654 eight times, and 3650 sixteen times. It is now possible 
to explain those changes. The four-fold increase of 2537 
shows that the reversal of that line in the arc has been 
reduced by the magnet so as to increase four times the 
intensity of the core of the line. Only the core of the line 
is absorbed by the vapour at room temperature. This increase 
of 2537 brings four times as many atoms to the level 2*pj, 
The line 3654 appears when no foreign gases are present, 
mainly as a result of the absorption of 3125. The fact that 
3654 Increases not only four times but eight shows that the 
intensity in the core of 3125 lias been increased two times 
by the magnet. The same is true for 3650. The reversal 
of 3125 and 3650 in the arc without the magnetic field seems, 
then, to be about half as strong as the reversal of the 
resonance line 2537. This result is quite plausible. 


XXXVIII. .1 Suggested Method for extending Mieratco/de 
Resolution into the Ultm-Micrmeopic Region* fig E. H. 
SVXGK*. 

I T is generally accepted as an axiom of microscopy that 
the only way to extend resolvmg-power lies in the 
employment of light of smaller wave-lengths. Practical 
difficulties, however, rapidly accumulate as light of increas¬ 
ingly small wave-length is brought into service, and probably 
little hope is entertained of arriving at a resolution much 
beyond *1 /*, with, perhaps, *05 g. as an extreme limit. 

Yet a method offers itself which lies a little outside the 
beaten track of microscopic work and raises various technical 
problems of a new kind, but which makes the attainment of 
a reeolation of *01 g, and even beyond, dependent upon a 
technical accomplishment which does not seem impracticable 
at present. The idea of the method is exceedingly simple, 
and it has been suggested to me by a distinguished physicist 
that it would be of advantage to give it publicity, even 
though I was unable to develop it in more than an abstract 
way. 


Communicated by the Author, 
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I propose, therefore, to give a sketch of the method in 
principle, and will add something regarding the technical 
difficulties which seem to await the experimenter. Here, 
too, I only propose to deal with the principles involved in 
4he various difficulties, and it mast, of course, lie with the 
practical experimenter to say whether the suggestions I can 
offer really contain the solutions of the difficulties. 

We shall suppose that a stained biological section, em¬ 
bedded in an ordinary medium, such as Canadian balsam, is 
attached to a microscope slide in the usual way, but not 
protected by any cover-glass. The exposed surface of this 
section is ground so that, over a small area, its divergence 
from a true plane does not anywhere exceed a fraction of 
10 -8 cm. The preparation of such a surface on Ihe section 
is one of the technical difficulties which will be considered 
later 

We shall suppose, also, that a minute aperture, whose 
diameter is approximately 10 "• cm., has been constructed in 
an opaque plate or film and that this is illuminated intensely 
from below, and is placed immediately beneath the exposed 
side of the biological section, so that the distance of the 
minute hole from the section is a fraction of 10~® cm. The 
light from the hole, after passing through the section, is 
focussed through a microscope upon a photo-electric cell, 
whose current measures the light transmitted. The section 
is moved in its plane with increments of motion of ID -8 cm., 
so as to plot out an area, the intensity of the light-source 
being kept constant. The different opacities of the various 
elementary portions of the section, which pass in succession 
across the bole, produce correspondingly different currents 
in the cell. These are amplified and determine the intensify 
of another light-source, which builds up a picture of the 
section, as in telephotography, upon a moving photographic 
plate, the motion of the photographic plate Wing synchronized 
with that of the section. One would most simply plot out a 
square area of the section, with a side of, sav, p in length, 
by passing up and down in successive strips 10"® cm. wide. 

* If it proved more convenient, the relative positions of the 
section and the plate containing the hole might be reversed, 
and the latter placed between the section and the objective 
of the microscope ; but, in any esse, it is essential that the 
hole and the exposed surface of the section should be as 
close to one another as possible. In the arrangement first 
described the section is, of course, beneath the glass slide to r 
which it is attached. 

This description will sufficiently indicate the principle of 
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the method. It remains to comider die 
technical difficulties. These seem to he four in number 

(1) The source of illumination, which must be of very 

great intensity. 7 

Tim rankin'? of small adjustments of order 10 om.» 

(2) ^thich would be required in the vertical mter^ u , t 

rnents of the section and the opaque platc and the 
making of regular increments of motion of 10 cm. 
n the® Plane of the section, the conditions in both 
cases being** such that friction cannot be entirely 

eliminated. , 4 .. 

(3) The planing of the biological section so that it P***” n *- 
( ) a surface which does not diverge from a plane by 

more than a fraction of 10 * cm. 

(4) The construction, in an opaque plate or him, of a hoi 
whose diameter is of the order li cnu 

{11 The source of illummatiou .—An ordinary carbon arc 

#jrjE3r*i£JSSSS£ 

tfwm«irm“uire a Hghl oF* g^terJ^iS a 

irt the ^mnlovment oC an utc enclosed in a , 

x 

times as ereat as an ordinary arc, using a pressure of ) 

** j i> .i ji l4i qJvantii ,/ <^ of liaht prufluctHi in 

S‘“ST^-» A- Iff- Iron 

For tl,/v.ry liisli urnwrntm* » iH movo ‘J* 
mum of tlte spectrum down towards the , 
photo-electric effect of the light is greatest l do «ot l « 
whether the method has yet been hrm£d to • * I™** 1 " 
util ere Bat it seems certain that on* can * 

requiring only technical improvements, to be available tor 

the method of microscopy suggested. . f . « ; » t 

It is of course, essential that the intensity of the light 

reaching the section shall 1*« kept constant 'unng " 
which might last two or three hours, v arious 

«•“. *“> 1 n,,eJ 

the question here. 

( 2 ) Th* inahinq oj rerj, small 

bility of eliminating friction rem« * . . 8Uf .oMted 

impracticable, and the simplest arrangem m t w K* 
itself to me was a differential screw having an e xceedingly 
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small difference between the pitches of the two nuts. If the 
pitch of one not were 1 mm. and of the other inch, the 
screw would advance *016 nun. for each tarn of the screw- 
head, and a worm and clicking spring arrangement, giving 
one click for each a rotation of the screw-head, 

would give increments of motion, of sufficient regularity, of 
10 ’* cm. each. I do not know whether the metric and ineb 
units have ever been put together in this way, but I have 
been informed by a well-known firm of instrument makers 
that they could construct such a screw without difficulty. 

For adjustments of the order of I 0 ~ 7 cm., pitches of j mm. 
and 15*0 inch, or hatter inch, would probably be advisable. 
All parts of the instrument, where practicable, would be 
constructed of Invar, pieces being selected, if possible, with 
a zero coefficient of expansion. 

( 3 ) The planing of the biological section .—Plates of quartz 
glass can be ground, polished, and tested in pairs by means 
of interference fringes until the surface of each shows a 
divergence from a true plane of less than -j of a wave¬ 
length. Disks of 25 centimetres in diameter, of this degree 
of accuracy, were prepared by the U.S. Bureau of Standards 
in 1927. If ultra-violet light were used for the interference 
tests the practicable limit of accuracy would seem to be 
about 2 X 1 ()~ 7 cm. 

For obvious reasons, one could not apply such a method 
to produce a correspondingly plane surface on a biological 
section. But it seems possible to use plates ot glass prepared 
in this way, which need not of course be as large as those 
mentioned, as the points of departure for a grinding device 
u Inch should produce similar surfaces on a biological section 
embedded in any ordinary medium. 

In principle tJie problem will be solved if we can construct 
a plate covered with emery grains, fixed in cement, in such 
a way that the summits of ail the grains lie in the same 
plane, or do not rise above it by more than a fraction of 
10 ** cm. in any case. 

If we have such a plate and can move it in various 
directions in its plane, the emery grains will grind away 
any surface on which they impinge to a corresponding 
planarity* In fact, if we carry on the process for a long 
enough time, provided the emery grains do not break down, 
an even higher degree of planarity should be attainable in 
the section. 

As regards the movement of the emery plate in the plane, 
it would probably be best that it should roll upon small 
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quartz spheres, which bed themselves been ground and 
tested by interference fringes to a similar degree of accuracy 
—that is, to a fraction of 10'* cm. The total inaccuracy 
might then be about 10* * cm., but even so, if the process is 
carried on for long enough, a planarity to within a fraction 
of 10~* cm, should be attainable in the section. 

To prepare a grinding plate of this kind, it seems possible 
to make use of a gla*s plate which is accurately plane to 
within a fraction of 10"* cm. If we take such a glass plate 
and, keeping it parallel to the base-plane of the emery plate, 
press it down very gently upon the emery particles before 
the cement hardens, their summits, if they do not pierce the 
glass, will lie in a plane to the required degree of accuracy. 
It would seem necessary to find a cement which does not 
alter its volume upon setting, and it might be advisable to 
use a plane plate constructed of a harder substance than 
glass, if it should be found difficult to avoid the emery 
particles piercing the glass. One would use only fine grains 
of emery, averaging, say, 5/t in diameter, and as it would 
only lie necessary to grind away very small thicknesses of 
the comparatively soft material used in embedding the 
biological section, there should be little or no breaking-down 
of tbe emery points. 

(4) The construction of a hole of approximate diameter 
10"* cm. —One finds boles in chemically deposited films of 
silver on glass, which approach this size, anti these stem to 
indicate ttie way in which the problem may be dealt with. 
In the case of such films of silver the boles are presumably 
due to the presence, on the surface of the glass, of colloid 
particles of substances on which deposition of the silver does 
not take place. The extreme fragility of these silver films 
and the difficulty of cleaning them would, however, make 
them hardly suitable for the purposes in view, although it 
might be possible to use them. 

When one turns to the question of employing films of 
more resistant metals *‘ sputtered ’’ in vaeumn-tulies, it 
appears that minute holes do not here present themselves in 
the same way. The cathode particles, in fact, will not 
select their target, hut will cover everything equally. We 
may suppose a number of colloid particles of some trans¬ 
parent substance, averaging 10~* cm. in diameter, to ba 
sprinkled on a plane glass slide, and that a film, about 
10”* cm. In thiekness, of some metal with a high opacity. 
Is then spattered on the slide. Each of the transparent 
particles will he represented by a little tnontide of the 
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metal, rising about 10~ 8 cm. above the general level of the 
film surface, and to obtain the holes which we require it will 
be necessary that we should plane down these little monticles. 
Hare the method which has been proposed above for planing 
the biological sections seems to be again available. In fact, 
the differential screws should make it possible to approach 
the sputtered slide to the emery plate by stages of about 
10 -J cm., and thus to plane down the monticles by successive 
thicknesses of similar amount. As we proceed in this way 
the larger of the transparent particles will he first exposed 
and these will provide us with holes whose advantages will 
depend upon the shapes of tie particular particles. A 
particle which is pyramidal in form, or which consists of a 
congery of smaller particles forming a little pyramid, will 
obviously he the most suitable if the opacity of the film is 
sufficient. 

The thickness of the film has been assumed to be I0~ 8 cm., 
and in the case of a metal as opaque as silver this should be 
just sufficient to allow of a hole It) -6 cm. in diameter Wing 
used. The light coming through a small area of the film 
around the hole will, of course, come to the same focus as 
the light which actually passes through the hole, and it will 
therefore be an advantage that the film should be sufficiently 
thick to make this accessory light of little consequence. 
Otherwise we should have to use a very high-power objective 
(so as to reduce this area), and this would have various in¬ 
conveniences. If the film were 2 x 10“* cm. thick we could 
disregard this accessory light to a large extent in the case 
of silver films. But in this case we should have to use 
larger transparent particles, and to obtain holes of diameter 
10** cm. we should be dependent upon pyramidal particles. 
Since, however, some thousands, or even millions, of trans¬ 
parent particles might well be deposited on the slide 
initially, there would be no laekof holes to choose from, and 
if even a very small proportion of the particles or congeries 
were pyramidal, oar requirements would be satisfied. 

The final limitations of the method seem, indeed, to depend 
solely upon the limitations to the opacity of the films for 
light of various wave-lengths. For a film having the opacity 
of silver with respect to ordinary light, the practicable limit 
of resolution would seem to be about "005 p, or 004 p where 
a pyramid occurred in the most favourable configuration.^ 

Since this degree of resolution should bring all living 
organisms within our scope an attempt to overcome the 
technical difficulties would seem to he justified. It appears 
to me, indeed, that most of these difficulties are reducible to 
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the question of sufficient funds. The most formidable, apart 
from such considerations, might be the preparation of the 
plate of emery grains. 

jXote .—So much depends on the attainment of absolutely 
true surfaces that it seems worth suggesting u method for 
testing these, which would make a still higher degree of 
accuracy possible than by the use of interference fringes. 

If total reflexion is taking place at a surface, and if auotber 
surface is brought sufficiently close to it (i. a distance 
from it of the order of a wave-length), the reflexion ceases 
to be total, a sensible part of the light passing through the 
second surface. The intensity of this transmitted beam is 
derivable, in the case of grazing incidence, from the 

expression '* t and since a change of intensity of 

one part in a thousand is measurable bv photo-electric 
apparatus, a difference of less than 10"* cm., or even 
10~® cm., in the distance between two parallel surfaces 
should be measurable, provided, of course, that they are 
sufficiently close together. An ordinary reflected l*eam 
would probably serve as well as One within the angle of 
total reflexion (although the formula would not he the same), 
and it would be much more convenient to work with. By 
making a constant beam of light travel systematically, at a 
constant angle, over the two plates, when placed parallel a 
fraction of a wave-length apart, a picture might be built up 
automatically in a few minutes, as in telephotography, the 
reflected beam affecting a photographic plate directly or 
through the medium of a photo-electric cell. The relative 
intensities of shade in this photograph would obviously 
indicate the relative distances apart of the plates, since 
different intensities in the reflected beam correspond to 
differences in these distances. If an apparatus for producing 
this kind of chart were j»erfeeted—and it seems to present 
no difficulties—the production of quartz plates and spheres 
to an accuracy of 10" 7 cm. could lie placet! upon a commercial 
basis, and this should make the whole microscopic apparatus 
a practicable instrument of the laboratory as far as expense 
was concerned. 

An adaptation of the first part of the idea in this not ,♦ 
wonld also serve for estimating the distance of the section 
from the opaque plate, as they come very close together. 

Dublin, 

Say m, m 
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XXXIX. Notices respecting New Books. 

LehHtwh der Physikalischen Chemie , von Dr. Kakl Jellinek. 
Fitnf Bonds. Brster Band : Grundprinzipien der PhysikaUschen 
Chemie. bit Lehre von Flviden Aggreyatzustand reiner Stoffe . 
ZwmU n volUtiindig umymrbeitete An flay e. [Pp. liii 4-966, mit 

162 Tabellen utid 337 Textubbildungeii.j (Stuttgart: Ferdinand 
Enke, 1028. Preis, geh. M.82; geb. M.86.) 

T HE first edition of this volume appeared in 1014, shortly 
before the outbreak of war. The complete work was planned 
in four volumes, but owing to the conditions resulting from the war 
it was not found possible to publish the last two volumes. The 
two volumes which were published have been out of print for some 
time and a new edition has become necessary. At the same time 
the whole work has been replanned and is to appear in five volumes; 
the extensive recent developments in atomic theory, theories of 
crystal structure, quantum theory, relativity, etc., having 
necessitated increasing the size of the work. Not only so, but 
judging by the size ol the first volume, the size of the volumes 
themselves will be increased. The second edition of ¥oL I. con¬ 
tains 234 pages more than the first volume. This is due in part 
to the rapid growth of the subject—the volume covers the 
literature up to the end of 1926 —and in part to the transference 
of a certain amount of material dealing with the fluid state from 
YoL If. to YoL L, m that the whole of the material concerning the 
fluid state is now contained in the one volume. 

The author’s summary of the contents of this volume is as 
follows: — 

** Ailgenieitiste Gesetz des Stuffes utid der Knergie. Die 
Lehre voiu fluiden Aggregates land reiner Stoffe (ganz 
verdunnto Gaso, massig verdtinnie Gase, verdiehtete (rase, 
Fliissigkeiteii), ex peri men tel), thermedynatiiisch und kinetisch 
behandelt*” 

Although it would not ho possible to summarise the contents 
more briefly yet precisely, this description does not com ey an idea 
of the comprehensiveness with which the work has been planned 
both from the theoretical and from the practical viewpoints. 
Mathematics is not avoided where necessary: for those who can 
appreciate it, it is there; those who cannot must accept the 
formula* which are proved. Full descriptions of experimental 
methods and apparatus are given. Keferenees to the literature of 
the subject are included throughout, and detailed author and 
subject indexes amounting to 00 pages make it easy to obtain 
information on any particular point which is dealt with in the 
volume. 

Because of its completeness and detailed treatment and in spite 
of—or perhaps also because of—its size, the volume is one which 
no physical chemist can afford not to have available for reference 
purposes* 
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The Higher Ooa&rTar Hgtit'omr?Mtns. By Authub JSttHasr KvmttBsr, 
D.Se., Ph.D., F.I.C. Pp. xiii + 334. (Loudon: Longmans, 
Green A Co* 1927. Price 18$. uet.) 

Thb importance of the derivatives of coal-tar hydrocarbons, as a 
source of synthetic colouring matters and because of the thera¬ 
peutic value of some of them, has resulted in extensile investi¬ 
gations and an immense mass of literature. Most attention has 
been given to the derivatives of benaene, toluene, xylene, naphtha¬ 
line, and anthracine. Comparatively little work has so far been 
done on the higher coal-tar hydrocarbons, and they offer a wide 
field for careful systematic research. The volume under review 
is concerned very largely with three groups of the higher hydro¬ 
carbons, the aeenaphi bene group, the fluorene group, and the 
phenanthrene group. These groups have not up to the present 
yielded many derivatives which are of commercial importance m 
a source of colours and intermediates. The aim of the author 
has been to collate the known facts concerning these groups in 
the hope that the many virgin fields for research which they offer 
may stimulate systematic work in them. 

Spectroscopy By E. C. C. Balt, C.B.E., M.Sc., F.RA Third 
Edition. (In four volumes .} Vol. 111. [Pp. %iii+6*l2, with 
(5 plates and (50 figures.] (London : Longmans, Green A Co., 
1927. Price 22s. 6d. net.) 

Titi: third of the four volumes into which the third edition of 
Prof. Baly’s text-book on spectroscopy is divided is concerned 
mainly with those developments of the subject which are the more 
immediate results of Bohr's theory. The *ixe of the volume is a 
testimony to the remarkable development* in 8peeim*€op% within 
recent years. SpertrinwopUta. both practical and theoretical, are 
under a debt of gratitude to Prof. Jlaly for the detailed descrip¬ 
tions of experimental work and the numerous tables of experimental 
results which are given in the \ohmte. But although the practical 
aspect of the subject predominates, the principal advances in atomic 
theory are adequately described. 

The volume is divided into four chapters of which the first, on 
series of lines in spectra, fills more than half the tom! number 
of pages, it contains ati account of the early work of Bydberg, 
Kayser and Bunge, Pasehen and Kitx, of Bohr's theory and of the 
subsequent developments leading un to modern work on series, 
the select ton principle, doublets and multiples, etc. A summary 
of results connected with X«ra? spectra is aim included. The 
second and third chapters are devoted to the Zeeman and Mtark 
effects respectively, which are discussed both from the theoretical 
and practical viewpoints: the anomalous Zeeman affect, Land«T* 
rule of intensities, and the Past-hen-Back effect are amongst the 
subjects dealt with. The fourth and final chapter contains an 
account of work on emission band spectra. 

References to original publications and complete author and 
subject indexes increase the value of the volume. 
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A Treat*** on the Analytical Dynamic* of Particle # and Right 
Bodies ttdilt an Introduction to the Problem of Three Bodies* 
By Professor E. T. Whittaker, LL.D., Sc.B.', F.E.S. Third 
Edition. [Pp. xiv. + 45fi.] (Cambridge: at the University 
Press* 1927* Price 25#. net.) 

Thu new edition of Prof. Whittaker’s Treatise on the Analytical 
Dynamics of Particles and Rigid Bodies is, with the exception of 
the last two chapters* a reprint of the previous edition* with some 
corrections and additional references. The two chapters in which 
changes have been made are those dealing with the general theory 
of orbits and with integration by series. In view of the 
developments of this portion of the subject during the ten years 
which have elapsed since the publication of the second edition* 
these two chapters have been entirely rewritten and the new* 
matter incorporated. The additions enhance the value of the 
treatise, which has proved invaluable to the more advanced 
students of theoretical dynamics during the past generation. 

Jhe Electrical Conductivity of the Atmosphere and its Carnes, By 
Victor F. Mess, Ph.D. Translated from t he German by L. W. 
Conn. M.A. Pp. xviti-f 204 with 35 figures. (Loudon: Con¬ 
stable A Co. 1928. Price 12#. net.) 

A eoffciats but adequate account is given in this volume of the 
present state of knowledge of the ionisation of the atmosphere 
and its causes. The apparatus and methods for determining the 
conductivity of the atmosphere, the average mobility of the ions* 
and the number of ions are described. The various phenomena 
which contribute to the observed ionization, both those of radio¬ 
active origin and those of non-radioactive origin, are considered 
in some detail* The processes which result in the destruction 
of ions are then dealt with. The question of how far the known 
causes of ionisation are quantitatively sufficient to bring about 
the amount of ionization actually observed is then discussed for 
the layers of air near the earth over dry laud* for the lower layers 
over the sea* and for the free atmosphere up to the neighbourhood 
of the upper limits of the troposphere. It follows from this dis¬ 
cussion that the observed ionization is in all cases satisfactorily 
accounted for by the known causes of ionization. Finally* a 
section is devoted to the phenomena of the conductivity and 
ionization of the tipper layers of the atmosphere. 

A detailed account is given of the penetrating radiation (lichen- 
strahlung), including the original work up to the beginning of 
1927. For the present translation, the sections dealing with this 
and with the phenomena in the highest layers of the atmosphere 
have been rewritten by the author and brought up to date. 

The subject of the volume is of interest to those concerned 
with geophysics, meteorology, astronomy, geology, and radio- 
telegraphy. To all of these the present account will prove a 
valuable summary. References are given to the more important 
theoretical investigations and experimental results. 
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X-Rays: Past and Present. By V. E. Pun UN andW. J. Wn/rsiUBK. 
229 pp., with 43 illustrations. (London: Ernest Bonn. 1027. 
Price 12#. 6*2. net.) 

Is tbe thirty years or so which have elapsed since their discovery, 
X-rays have exercised a very profound effect on physical and 
chemical investigation and have found many practical applications 
in medicine and surgery and in various branches of industry. 
They have always been of great interest to the general public, and 
the telling of their story in a manner that would interest the 
inquiring layman who is not possessed of any scientific training 
was well worth doing. This is a task which the authors, both 
radiologists with wide experience, have accomplished with 
conspicuous success. 

After an account of early experiments, the researches of Crookes 
and others with the electric discharge tube are described, leading 
to an account of Kontgen’s discovery. The early controversies as 
to the nature of X-ravs are recounted, and the investigations of 
J, J. Thomson and others which led to the discovery of the 
electron are summarised. The development of modem ideas as to 
the nature and structure of the atom which has resulted from 
these and other investigations is explained in lion-technical 
language. The phenomenon of the diffraction of X-rays by 
crystals, which finally settled the vexed question as to tlie nature 
of the rays, is then discussed. The remainder ©f the book deals 
with the numerous practical applications of X-rays and with the 
modern developments of X-ray tubes and apparatus. 

This well-written account will bring home to the layman tin- 
important results which mav accrue from research in pure science 
and will leave him with the conviction that there are many 
avenues as yet unexplored in which X-rays will be found to have 
practical application. 

The Theory of Functions of a Ileal Variable anti the Theory of 
Fourier's Series. By E. W. llowsos, Sc. II., Lh.U., F.K,S. 
Vol- 1. Third Edition. Pp, xv + 73«. (Cambridge: At the 
University Press. 1927. Price 45s. net.) 

Tub second edition of Prof. Hobson’s treatise on the theory of 
functions of a rail variable was double the sire of the first edition, 
which appeared as a single volume in 1907, and was substantially 
a new book. Volume I. of the second edition appeared in 1921, 
Volume IL in 1926. Tbe first volume has now gone into a third 
edition. The previous edition has been thoroughly revised, 
certain sections rewritten, and new matter, amounting in all to 65 
pages, ha« been added. These additions have been made without 
the numbering of tbe sections, so that tbe references in 
Volume II. to sections in Volume I. are still applicable to the new 
edition. 

The work as * whole is too well known to call for detailed 
comment. The present volume deal# with numbers, the 
descriptive tad metric properties of sets of points, transfinite 
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numbers and order types, functions of a real variable, the 
liiemann integral (in which the section on the Riemann-Stelltzes 
integral has been rewritten and enlarged), the Lebesque integral 
(in which the sections dealing with the indefinite integral ot 
a function of two variables have been considerably added to), and 
non-absolutely convergent integrals. 

Prof. Hobson's treatise is the standard treatise on the subject 
in the English language, and he is to be congratulated upon the 
revisions and additions which are incorporated as new editions 
become necessary, so keeping the work thoroughly up to date. A 
list of additions and corrections to the second edition (1926) of 
Volume II. is given at the end. 

The printing of the volume is in accordance with the highest 
traditions of the Cambridge University Press. The price of the 
new edition remains the same as that of the second edition. 

Chemiml Affinity. By L. J. Huolbsto^, M.C., B.Sc., A.I.C. 

[Pp. vii+138.J (London: Longmans, Green & Co., 1928. 

Price 7s. OtL net.) 

This new volume in Messrs. Longmans, Green & Co/s series 
of Monographs on Inorganic and Physical Chemistry deals with 
the important subject of the application of thermodynamic con¬ 
siderations to questions of chemical affinity. The treatment is 
elementary and assumes no previous knowledge on the part of the 
reader: it is therefore suitable as an introduction to the subject 
and to the study of more advanced treatises. 

After preliminary considerations about energy, its conservation, 
degradation, and availability and about reversible and irreversible 
processes, the conception of entropy is introduced and explained. 
The importance of the heat content and free energy (following the 
terminology of Lewis) is then introduced and the measurement of 
free energy changes is discussed. The next chapter is devoted to 
reactions involving solutions, the important conception of 
** activity ” introduced by Lewis being explained. In the 
following chapter, Nernst's heat theorem and various applications 
are dealt with. The final chapter contains a large number of 
illustrations of the application of the principles explained in the 
preceding chapters to practical problems. The author states that 
it is in this chapter 44 that the main purpose lies, and if this serves 
to assist research workers to learn how to survey their problems, 
to estimate the most favourable conditions for experiment, and to 
study the possibility of disturbance by side reactions, this purpose 
will," indeed, have been fulfilled.” There am many to whom 
mathematical symbols have little meaning until translated into 
numerical data: all such will be grateful to the author for the 
variety of practical applications discussed in this chapter. 

The vslume is wen written and clearly expressed, and the 
author has been judicious in his choice between what to include 
and what to exclude. The volume is well printed and the type is 
very clear. 
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Cambridge Tracts in Mathematic* and Mathematical Physics; 

No. 23- Operational Methods in Mathematical i%*»- 

By Harold Jeffreys, M.A., D.8c., F.E.8. [Pp. fii+101.] 

No. 24. Invariants of Quadratic Differential P 0 ™**- 
By Oscar 'Vbri.es, Professor of Mathematics, Princeton 
University. [Pp. viii+102.] . 

(Cambridge: at the University Press, 1927. Price 6»- 6 d. 
net each volume.) 

The two new volumes of the series of Tractsin Mathematic and 
Mathematical Physics, published by the Cambridge lDiversity 
Press are welcome additions to a valuable senes. 

X eTemenLy connected account of Heavis.de s powerful 
operational methods for solving differential equations in 
bw hitherto been available. Dr. Bromwich and several other 
investigators have published papers dealing with HjMirMt «is 
methods and some of the applications, but the fact that more 
general use has not been made of them is due ' to 

lack of a connected summary such as Dr- Jeffreys has 
provided. The principles of the methods are briefly and *»»PU 
explained, and the manner of applying them to practicalPf 1 ® 1 
is illustrated bv a wide variety of applications—to electrical a a 
other problems’ involving one independent variable, to v *^j***V"|: 
to conduction of heat, to problems with spherical or cylindrical 
svmmetrv to dispersion, and to problems involving hr,ml 
functions. These illustrations bong home to the 
eomueliitig manner the power of the method and its peculiar 
Utility fof physical problems in which the initial conditions are 

**1^1© Tract bv Professor Veblen bears the same title as No. 9 in 
the series by the late J. E. Wright, which ba* *“"• 1 

out of print. The earlier tract was published m 190», before D^e 
development of the generalised relativity attracted widespread 
attention to the subject. The new orientation thereby given to 
the subject has to a large extent shaped the contents of this tract. 
practical applications to relativity, electromagnetic theory, 
dynamics, and the quantum theory have been omitted. 8ueb are 
easily accessible to the student of physics. W hat be requires and 
^b«t he is provided with in this tract is an account of the under, 
lying differential invariant theory but oriented with a '>«» 
practical applications. The treatment has bren na^e as element¬ 
ary as the abject permits, and fundamental definitions have been 
oifeMy formulated * 
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XL. The Direct Current Couduetiritg of Insulating Oils 
% D. H. Black , PhJ).. M.Sc.,‘Research Laboratory 
or International Standartl Electric Corporation *. 


I I ims long been known that, in general, when a difference 
of potential is applied across two electrodes immersed 
in a liquid dielectric, the current falls off with time, the rate 
of fall depending on various conditions. As distinct from 
most solid dielectrics this absorption current in oils is not 
reversible, and 1ms been called the irreversible anomalous 
current.” Although the absorption effect is not reversible 
there are in some eases traces of a small back-effect. Thebe’ 
however, are usually attributed to chemical polarization of 
the electrodes, and their effect can be allowed for when 
Liking measurements* 

The purpose of this paper is to give a simple theory which 
seems capable of explaining the observed phenomena", and to 
show how this theory is strongly supported by experimental 


An absorption current can conceivably be caused in two 
ways: (l)n chauge in the resistance between the electrodes : 
and (2) the formation of polarization potentials due to an 
accumulation of charges in the dielectrie-a kind o. space- 
charge effect. From the irreversible nature of the absorp- 
tion, and more particularly from the form of the enrrent/tune 
relationship observed on reversing the applied potential, it is 
considered that (2) above plays little, if any, part in the 

* Communicated by Sir E. Rutherford, F.U.S. 

Phtl, May. b. 7, Vol. b, No. 36. Sept, 1926. 2 B 
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phenomena. Reasons for this are given towards the end of 
the paper. 

Assuming, then, that absorption is doe to an increase 
of resistance, the question arises as to whether this increase 
is due to the building-up of a resistance at one, or both, 
of the electrodes (** contact resistance **), or whether it is 
due to the withdrawal of the conducting particles from 
the liquid itself. It is well known that conducting particles, 
especially water, can be removed from a liquid dielectric 
by the application of an electric field. These effects are, 
however, chiefly observed in more or less impure liquids. 
While it is not denied that a similar action may take place 
in reasonably pure dielectrics, it is here assumed that the 
predominating factor is the formation of a contact resistance. 

Hie phenomenon of contact resistance has been observed 
by several workers when dealing with solid dielectrics *, and 
Hartshorn f put forward a theory to account for the usual 
absorption effects and power losses on these grounds. 
In the case of liquid dielectrics it seetm to have been 
assumed that such contact effects are not encountered ; but 
in the light of the present work this seems to be far from 
correct. Various workers have recorded the presence of a 
contact or transfer resistance with ordinary electrolytic 
solutions and the action of the electrolytic rectifier is 
thought to depend on such an effect §. More recently 
Bryson |, when working with molten glass, observed a 
similar effect, the resistance being largely due to the 
formation of a gas layer at one electrode. Therefore, even 
without further experimental support, the assumption that 
a contact resistance is formed in liquid dielectrics seems quite 
justified. 

Any building up of a contact layer at an electrode is 
most probably due to the transportation of materia) by the 
current flowing, the rate at which it is being formed being 
proportional to the current. It is observed that if a film of 
ml which has had a voltage applied to it for some length 
of time is short-circuited, the extra resistance which has been 
built up gradually disappears and the oil returns to its 
initial state. Thus it is evident that there is a force which 
is tending to remove this contact resistance, and this may be 

• R.g. Jofffc, Ann. der Pky$. Ixxii. 6, p. Ml (193$). 

t Proe. Pbys. Soc. vol. xxxnu p, 215 (1925), 

} See, for example, Newberry, Roy Soc, Proe. A, cxi p. 182 (1926); 
Crowtber and Stephenson, Phil. Mag. vol. 1. p 1966 (1925). 

JSee Mesem.Fbys. Rev. xxx. p. 215 (1927), 

8 Jonm, Soc, Glass Tecbn. xi p. 331 (1927), 
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termed its tendency to recombine. From the analogy with 
the case of chemical mass action it is reasonable to assume 
that the rate of recombination is proportional to the 
magnitude of the resistance layer present. 

Let Rq be the initial resistance of the oil between the 
electrodes; R, the final steady value of the resistance after 
the application of a potential B ; R the resistance at time t 
after the application of the potential ; I«, L> and I the 
corresponding valnes of the current; and r the increase in 
the resistance. Then lt=R fl -+ rand R,=R*+r,. Applying 
the assumptions made above, we get 

drldt*skl-lr ,.(1) 

k and l being constants. When a steady value has been 
reached, drfdtssQ, and so 

r.^kljl; 

hence R,= Ro+nl,,.(2) 

where «=/•//. Therefore, if the valnes of R, for different 
values of £ are measured and graphed against the corre¬ 
sponding valnes of the current, the points should be on a 
straight line, cutting the axis 1=0 at the value of R 0 *. 
Eliminating I by means of Ohm’s law, we get 

R, - 1V2+ ✓*K + (K (J /2p.(3) 

If, by suitable switching arrangements, the time available 
for recombination is greater than the time the potential is 
applied, then the resistance ought to be decreased. A method 
is described later in which a commutator connected the 
potential across the film for a fraction of each revolution, 
the film being short-circuited for the remainder of the cycle. 
This was rotated at a speed which was sufficient for it to be 
assumed that the resistance remained constant throughout the 
cycle. If » is the fraction of one revolution during which 
the potential is applied, then 

= «il—lr,...... (4) 

and when dr/dt=0, 

R,= R^-fnal,,.(5) 

*1, representing the average current flowing. Thus, while 
keeping the potential constant, values of R, can be obtained 

• It is of interest to note that Meserve (loc. sit.) obtains a similar 
relationship for the aluminium cell. 

2 B 2 
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for different values of the average current by varying a. 
The relationship should still be linear. 

If the absorption current observed in oils is due to the pro* 
cesses given above, then the value of R$ obtained bv varying 
the applied voltage should be the same as the initial value of 
the resistance obtained in taking an absorption curve, due 
allowance being made for the true capacity current. That 
is to say, both should give the true resistance of the oil 
itself. This has been found to be approximately correct in 
some cases ; but in others the value of R 0 was found to be 
greater than the resistance observed fifteen seconds after the 
application of the voltage. The explanation suggests itself 
that R 0 is not the true resistance of the oil, but that there is 
a permanent contact effect at the electrodes which is 
independent of the passage of a current. The capacity 
and resistance effects of such a layer would conceivably give 
rise to absorption currents as outlined by Hartshorn 

Whether K 0 is the true resistance of the oil or not. the 
values obtained for it bv varying the thickness of the films 
by equal steps should differ by equal amounts. Also, since 
k and l would be expected to remain constant, the points 
obtained by graphing It, against I, should He on a scries of 
equidistant parallel lines. 

If these deductions are correct, then on reversing the 
applied potential after the current had previously reached 
the steady state, the initial resistance would 1 *e the value <>f 
R* before reversal f. The contact layer which had been 
built up at the one electrode would be removed while 
a similar one was being built up on the other. The rale of 
removal of the previously-formed layer would he greater 
than the rate of formation of the new one, since in the 
former ease the current and the forces of recombination 
would be both tending to remove the layer. Such a slot** of 
affairs does not lend itself to simple mathematical treatment, 
but it is evident that one would expect the current to rise to 
a maximum and then fall off to the value of I* before 
reversal. 

So far, it has been assumed that a contact resistance is 
built up at one electrode only, but it is quite possible that 
one is formed at each electrode. It can easily be shown 
that in the latter ease the relation between the resistance 
and the final current would still be linear* On reversing 
the applied potential, the rates at which the two films break 

* Loc. mt. 

+ The effect of the true capacity charges mi discharge* are mt 
considered, as they would take place in a veiy small interval of time. 
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ap might differ, and in that ease one would expect to observe 
two maximum points. It is worth noting here that snch 
a state of affairs is observed in some cases. 

A comparatively simple equation connecting the resistance 
with the time of application of the potential can be found for 
the case in which a contact resistance is assumed to be 
built up at one electrode only, and the initial resistance is 
that of the oil itself. This is 


1 



( 6 ) 


Fig. 1. 



Theoretical absorption curve, (Broken curve shows initial pert of fig. 7.) 


Fig. 1 shows the form of the curve obtained for 
the relationship between conductivity and time when 
R, a= 3*33, lt 0 = 1*66, and fas 0*06. The broken curve shows 
the experimental values obtained on an oil as shown in 
fig. 7. By suitably adjusting the undetermined constants 
and l, a closer agreement between the observed and 
calculated values could be obtained. It is, however, felt 
that the above simple case is the exception rather than the 
general rule, and that the mathematical complications 
involved if contact effects take place at both electrodes and 
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if permanent contact, effects are present make exact com¬ 
parison between calculated and observed values extremely 
difficult. 

Most workers on the subject seem to be of the opinion 
that the conductivity of liciuid dielectrics is electrolytic 
in character. If such is the case, then the liquid may 
be considered as an electrolyte of practically infinite 
dilution, so that “ionic ” dissociation may be considered as 
being complete. The conductivity of an electrolyte is 
proportional to the number of ions present and to their 
mobility. If dissociation is complete the number of ions 
will not change with temperature, and the conductivity 
should vary in the same way as the mobility. That is to say, 
one would expect the resistance of the liquid to be pro¬ 
portional to the viscosity. This applies to the resistance of 
the liquid itself; but should resistances he built up at the 
electrodes, one would not expect the measured resistance to 
vary in such a manner. It seems reasonable to assume that 
the value of h in equation (1) would not vary greatly with 
temperature ; but one would expect the value of / to Increase 
with temperature, just as the rate at which ordinary 
chemical reactions are known to increase. This would 
mean that the relative absorption would decrease as the 
temperature increased, and that the ratio of viscosity to 
final resistance would increase with temperature,* the 
viscosity/temperature curve being much less steep than that 
for the resistance/temperature relation. Also, the value of the 
resistance measured at short time intervals after the applica¬ 
tion of the voltage and the value of R 0 obtained hv varying 
the voltage across the film should change at a slower rate 
with the temperature than the ordinary final resistance 
measured under voltage. 

It should be noted that the values of k and ( are not to be 
expected to be similar for different liquids. In general 
it seems that for oils the greater the resistance of the oil 
itself the greater the value of the contact resistance built up 
for any given voltage. Thus the value of t seems to depend 
on the conductivity in such a way that the more ions there 
are present in the liquid the greater the tendency for the 
contact resistance to recombine. The reasons for'ibis are 
not evident, but they may be connected with the results to 
lm mentioned later dealing with the addition of moisture 
to oils.- However, it is interesting to note that C'rowther 
and Stephenson * observed a similar effect in ordinary 
electrolytes. 


• Loc, at. 
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Experimental. 

The theory put forward above was developed from the con¬ 
sideration ot experimental results obtained from insulating 
oils. The work, which is still in progress, was undertaken 
with a view to attempting to discover the fundamental nature 
of the electrical conductivity of liquid dielectrics, A great 
deal of time has been taken up in overcoming experimental 
difficulties, a description of which is too lengthy to be 
included here; and, so far, the results obtained have been 
mainly concerned with what may be termed the 44 anomalous 
effects ” rather than with the conductivity of the oils 
themselves. 

The oil under test was contained in a conical vessel 
forming one electrode and having an inner concentric 
electrode which was guarded at top and bottom. The vessel 
was sealed off from the atmosphere by means of two ground 
joints, and it was capable of being evacuated to compara¬ 
tively low pressures. The film thickness could be accurately 
varied without opening the vessel in any way. The vessel 
and electrodes were constructed of brass, using bakelite for 
the necessary insulation, and the actual surfaces exposed 
to the oil were tinned to lessen any tendency to form sludge. 
The testing vessel was placed in an electrically-heated oven, 
the temperature of which could he regulated to keep the 
temperature of the oil hlui constant to within 0*1° €., and 
by taking particular care the variations could he kept to 
0*02° V. In general the resistance of the oil was measured 
by direct deflexion methods, using a sensitive moving-coil 
galvanometer *. 

the liquids used were all oils of the paraffin series, and 
these were usually supplied in a carefully purified state. 
The only further treatment they received u as vacuum drying 
when in the testing apparatus, this being usually carried out 
sit a temperature of d0° 0.-40° C. The idea may be advanced 
that the vagueness of the constitution of the oils used detracts 
from the scientific value of the results; but it is very difficult 
to obtain liquids whose chemical constitution is definitely 
known and which are of sufficiently high resistivity to oe 
considered as insulators. Moreover, since the effects studied 
do not deal with the nature of the oik themselves, bat with 


* it is obviously important to be able to measure the resistance of 
the oil films at very short intervals alter the application of the potential. 
So far it has not Jteen possible to do this, but it is hoped that a string 
galvanometer will be available in the near future when such observa¬ 
tions will be attempted. 
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the electrode phenomena, it is thought that the constitution 
of the oils is, in the present case, of secondary importance. 

Fig. 2 shows the straight-line relation between current 
and resistance for medicinal paraffin oil, and fig. 3 shows the 
same f or a thin engine oil taken at several film thicknesses *. 
The curves were taken by varying the voltage in steps and 
leaving an interval of one hour at each change of voltage 
before taking a reading. In the latter case it will be 
observed that the points line on a series of equidistant 
parallel straight lines as indicated by the theory. 


Fig. 2. 



CURRENT (AttPSMO*) 

Beiation between resistance and current for paraffin <>il. 

Fig. 4 is a diagram of the method used for increasing the 
proportion el the time of recombination to the time of current 
flow. The commutator consisted of a pice#* of heavy copper 
tubing,ubeut 7 inches long and B inches m diameter, which was 
divided in two by a diagonal mw~cttu The two halve* 
were mounted on a wooden cylinder supported on ball 
bearings. Two fixed brushes made contact with the two 

♦ The film thicknesses, when given, arc «?Xjpn*s*cd In division* of the 
rotating head which varied the distance between the eh’Ctrodes. The 
head was divided into 100 divisions, and &W5 divisions on the head 
corresponded to 0*1 inch film thickness. 
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Fie. 3. 



Connexion* tor rotarv commutator. 
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segments, and a third brush could be adjusted so that the 
proportion of each segment which came into contact with it 
could be altered. The resistance K prevented the battery 
from being short-circuited while the movable brash made 
contact witti both segments at once as it passed from one to 
the other. The value of it, 50,000 ohms, was small in 
comparison with the resistance of the oil film, and so did not 
affect the readings. Pure capacity and other reversible 
effects were eliminated, since both the charge and discharge 
currents passed through the galvanometer, but in opposite 


Fig, 5. 



directions. The commutator was run at a speed of from 
1000 to 1200 revolutions per minute, and this gave a steady 
galvanometer deflexion. The method of obtaining the 
resistance values was quite straightforward, and fig. 4 shows 
that the resistance graphed against average current gives the 
same straight line as that obtained by varying the applied 
voltage. 

While the general tendency seems to be for the resistance 
to have a linear relationship with the current flowing, yet 
such a simple state of affairs does not always exist. This is 
especially so in the case of freshly-prepared oil films, and 
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fig. 6 shows the resistance/curren t relationship for the same 
sample of oil as in fig. 5, bat taken soon after the oil was 
introduced into the tester and also at different temperature 
and film thickness. It will be observed, however, that the 



a to vO sc 40 so eo 70 so eo too no tsa 
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Relation between conductivity and time for tianefomier oil. 


resistance values obtained bv means of the rotary commutator 
lie approximately on the same curve as those obtained by 
varying the voltage. 
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Fig. 7 shows a typical absorption and reversal carve, the 
liquid being a transformer oil. It will be noticed that the 
carve obtained on reversal rises to a maximum and then falls 
away as indicated *. Fig. 8 is a similar curve showing the 
double maxima sometimes obtained on reversing the applied 
potential. 

The resistance of an oil film sometimes varies according 
to the direction in which the current is flowing. This is 
easily explained by the theory, since the two electrodes may 
not have exactly similar surfaces, thus altering the values of 
i and l. This accounts for the fact that the two reversal 


Fig. 8. 



Conductivity-time curves showing double maxima on reversal. 


curves in fig. 8 are not coincident. The phenomenon is 
shown more definitely in fig. 9. Curve 1. shows the relation¬ 
ship with the current in one direction, and curve II. that 
with the current reversed. On reversing the current a 
second time the points obtained lie on curve I. once more. 

Fig. 10 shows the ratio of viscosity to final resistance for 
medicinal paraffin. The points are plotted on a logarithmic 
scale for the sake of convenience. The Fact that the 
resulting graph is a straight line may be of importance, but 

* Similar curves have been obtained for liquid bromine (Anderson, 
Fby*. See. Proc. xl. p. 02,1928} and for liquid sulphur (Black, I’roc. 
Catnb. PhtLSoc. xxii p. 398,1924). 
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Fig. 9. 
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the main fact to notice here is that the resistance decreases 
much more rapidly than the viscosity. Fig. 11 shows the 
difference in the rate of change of resistance with temperature 
of an oil film of 0 46 inch thickness when measured 15 
seconds after the application of the voltage and after a steady 
deflexion had been obtained; and in addition the values of 
IL, obtained from the resistance/cnrrent relationships are 
shown for the different temperatures. It will be noticed 

Fig* 11. 



ISffeet of temperature cm resistance and ri«co«tj of on engine oil. 


that the resistances measured after 15 seconds are less 
than the values of R« in each case, suggesting the presence 
-of a contact resistance before the application of any voltage. 
Tho viscositv/temperature curve is seen to be more nearly 
parallel to the lower curves than to that obtained for steady 
values of resistance at 144 volts. 

Some experiments have been made in an attempt to 
determine tbe effect of moisture on the resistance of an oil, 
and some of the results are of interest in tee light of tee 





Current Conductivity of Insulating Oils. 383 

present theory. Moisture was brought into contact with the 
oil in the form of water vapour, at the same temperature as 
the oil, by connecting a small flask of water to the testing 
apparatus. The amounts absorbed were very small, and it 
was not found practicable to measure them with an ordinary 
chemical balance. In fig. 12, curve I. shows the resistance/ 
voltage relationship before exposure to moisture, curve IL 
the same after 60 hours’ exposure to moisture, and curve 
III. after 16 boars’ vacuum drying after the exposure. 



Curves IV. and V. show the resistance/time relationships at 
144 volts corresponding to curves II. and III. respectively. 
The main effect of the moisture seems to be to reduce the 
value of the contact resistance built up without changing the 
resistance of the oil to any great extent, since all the five 
curves appear to out the ordinal* at approximately die same 

^ifmay be assorted that the above phenomena could also 
be explained by the assumption that space charges are set 
up in liquid dielectrics. However, this seems to be negatived 
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by two main facts:—(1) Th* absorption curve of an oil may 
take some hours to reach a steady value. If this were due 
to the gradual formation of a space charge, one would expect 
that, on removing the applied voltage and short-circuiting 
the film, the charge would take a similar length, of time to 
disappear, and would give a residual current timo curve 
comparable with the original absorption curve. Such is not 
observed in oils. (2) If a space charge is built up giving 
an opposing E.M.F., then on reversing the applied potential 
this space effect should be acting in the same direction, giving 
a larger current than that observed at the Wginning of the 
original absorption curve. That such is certainly not the 
case is indicated by the reversal curves shown. 

No mention has so far been made of the probable nutute 
of the contact resistance. There is a certain amount of 
evidence to suggest that it exists in the form of a gas layer 
on one or both electrodes ; hut until further experimental 
support is obtained it must he regarded as a imitative 
suggestion only. 

Finallv, it should he pointed out that, when a contact 
resistance is built up. the layer so formed may have a large 
capacity, and thus, when the final -T-ndy current In- Wen 
attained, th« combination of oil and contact layer may act a* 
an ordinary two-layer dielectric, following ordinarv 
Maxwellian theory. In th« case of ordinary insulating oils, 
however, the residual effects so obtained would W -mad in 
comparison with the change in the resistance «>; the •■ontaet 
layer. It is conceivable that such an effect might he detected 
with an oil of very high specific resistance. 

Siwiman/. 

A theory is put forward to account for the absorption 
eurrent in liquid dielectrics. It is assumed that contact 
resistances are formed at one or With electrodes hv the 
passage of an electric current, this causing the well-known 
decay of current with the time the potential has been applied 
across the electrodes. Experimental support of the theory 
is given, and it seems capable of explaining in a simple 
manner the anomalous conductivity phenomena ohservodm 
liquid dielectrics under D.C. stresses. 

My thanks are due to the International Standard Electric 
Corporation for permission to publish these results. 

Iam also indebted to Mr. J. 1). Cockcroft of the Cavendish 
Laboratory for much helpful criticism. 
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XL l* The Ait ion of X-Rays on Colloidal Ceric Hydroxide* 
By J. A. V* i\*!f*8ROTHEIi, B.Se* 
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I X a previous joint papor with Professor Crowtber t wo 
reported upon the action of X-rays on colloidal Iron* 
Copper, Sim*r, and Gold. It appeared that cationic sols, 
that is, sols in which the particles are attracted towards a 
negative pole, are coagulated, whilst anionic sols become 
more stable. Since then we have irradiated many more 
positive and negative sols and have found no exception to 
this ruhn From the numerical investigation of a Bredig 
copper sol, it was suggested that coagulation was due to the 
destruction of the electrokinetic potential by ionization 
produced by the rays in the diffuse double layer surrounding 
the particles. 

By measuring the viscosity changes produced in a viscous 
sol by X-rays, it was hoped to study and follow the changes 
taking place in the electrical state of the particles. The 
researches described in this paper were undertaken with this 
end in view. 

Smoltiehowski hat develojxwl the following formula for the 
viscosity of a colloidal solution ; 





1 + 2*5* fl + r---5 

L M«r> 



ft, and /*. are the viscosities of the sol and water respec¬ 
tively* 

<5 is the volume of the particles in unit volatile of the 
solution. 

r is the mean radius of the particles. 

X the specific conductivity of the sol. 

D the dielectric constant. 

f the elect rokinetic potential. 

If it be assumed that X, and r remain constant, we can 
deduce a very simple relation between the viscosity of the 
sol and the electrical charge on the particles. 

F ° r & * l+2*5*s-K{* 

where K is a constant. 


* Communicated by Professor J. A. Crowtber, Sc.I>. 
f Crowtber & Fairarvtber, Phil. Mag. tv. August 1927. 

Phil. Mag. S. 7. Vol. 6. No. 36. Sept. 1928. 2 C 
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If viscosity of tl.e sol when the electrokinetic 

potential on the particles is destroyed, then 


V+m l+2*5d>. 

M* 


M« 


Now ?, the charge on a particle, m |.r= portions « £ It 
will also be proportional to X-x, wW X *J »* **«? 
dose required to discharge the particle completely, and * 
the dose which it has actually receive,!. 

Therefore 


^_^0C(X-4)*.<-> 

/^r M «r 


AYe may conclude 

(1) That the curves obtained by plotting ^ against *, 

the X-ray dose applied* should be parabolic in form. 

(2) That when all the particles have S»*en discharged, the 

viscosity should be given by formula (1) above. 

This formula is the one developed by Einstein relating the 
viscositv of a sol to the numlier of particles in unit volume, 
a formula in which no account is taken of the electrokmetic 
potential. If <£► is small so that 2 ', <f> is negligible compared 
with unity, then 

Me = M** 


and the viscosity of the sol should equal that of water. 

Fernaii and* Pauli * have coagulated a postitvo ceric 
hydroxide hydrosol and denatured albumen with tin* rays 
from radium. This second observation has Iwen repeated 
with X-rays t. In the case of ceric hydroxide hydrosol, 
thev observed that the viscosity first decreased to a minimum, 
then rose rapidly, and that the sol finally set to a gel. This 
particular sol appeared well suited for such a research as we 
bad in mind. Preliminary investigation showed it to 1m* very- 
susceptible to X-rays and to give marked viscous ch-.nees 
with varying doses. 


e Fernau & Pauli, Kolhid. Zeit, xx, p. 20 (1917); Hid. xxx. p. 6 
<1922). 

t Fairbrother, ‘ British Journal of Radiology,' April 192*. 



X~Ray$ on Colloidal Certe 

Exvm,mmkstal Details. 

The experimental arrangements were similar to those 
diescrtlwd in the previous paper. 

The source of radiation was a Shearer tube with a 
molybdenum aofieathode, run at a P.U. of 55,000 volts and 
a current of 4 m.a. by means of a large induction coil 
anti mercury break. The resultant beam consisted largely 
of molybdenum K-radiation with a mean coefficient of 
absorption in aluminium of 4*0. 

The liquid to be exposed was contained in a small quartz 
boat 28 mm. by 9 mm. and 9 mm, deep. The beam com¬ 
pletely filled the dish. 1 e.e. of liquid was always exposed, 
and filled the dish to a depth of 5 mm. An equal volume 
of the sol was placed in a similar dish and treated in exactly 
the same way. Both the exposed and control samples were 
sealed down under boxes, the tops of which were closed with 
thin glass cover-slips 0*2 mm. thick. By thus hermetically 
sealing the liquids* any changes brought about by exposure 
to the atmosphere were eliminated, and by comparing the 
exposed sample directly with the control, any changes 
brought about in the actual sealing process were eliminated 
also. 

The viscosimeter consisted simply ot a vertical capillary 
tube with an intermediate bulb of 1 e.e. capacity and a 
reservoir at the base. The liquid was sucked up from the 
reservoir, ami the time taken for it to fall from a mark 
on the capillary above to i* mark on the capillary below 
the bulb gave a measure of the viscosity. The instru¬ 
ment stood in a thermostat kept constantly at 20° i\ The 
difference between the times taken by the exposed anti 
control samples divided by the control time clearly gives 
the fractional change in viscosity. In these experiments 
the control time remained so constant that it was quite safe 
to assume that the changes in the exposed sample were cine 
entirely to the radiation. 

The intensity of the radiation was measured by means of 
an air-gap ionization chamber, so constructed that the 
volume of ionized gas between the plates was J e.e, 
A standard 1 inf. condenser was connected to the insulated 
plate #f the chamber, and the radiation necessary to charge 
the condenser to a P.D. of 1 volt was taken as the unit of 
dosage, and will be referred to as a mieroeouiomb, or l me. 
X dose of 1 me. corresponds to a dose of 3000 c in the 
ionization chamber, where e is Fried rich*s unit of dosage. 

The window of the chamber was distant 10*75 cm. from 

2 C 2 
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the focal spot of the tube. If the surface of the liquid is 
distant x cm. from the focal spot, the dose given to the 

exposed sample is ) u,c * ^* e t ‘ m ® ta ^ el1 1,1 

a unit dose varied with the condition of the tuW. hut was 
usually about 20 minutes. In all seta of readings different 
doses were applied to the sol by varying the distant of the 
surface of the exposed sample from the focal spot. 1 lm 
dose measured in the ionization ehaiulwr was the same 
throughout any set of readings, so that the time taken to 
apply different doses was constant. 

PrtEPAHATiOK OK THK SoL. 

About 5 gm* of ceric ammonium nitrate ervsUtU were 
dissolved in 50 e.e. of distilled water. The solution was 
immediately poured into a glass bell-shaped diairser covered 
with stiff parchment, and the whole stood in a dish of 
distilled water. Two factors are genual for suceessiul 
preparation. First, dialysis must take p«act# sis mdlWinly 
as possible throughout the sol. This i* ensured h v tiding 
a large memhrane surface. Secondly, flu* dialysis must lie 
slow. For this reason, rather than remove the dialysate 
with a stream of running water, the dialv>er stood in a dish 
of distilled water, which was removed every four or *ix 
hours. Under these conditions and after about three days 
a beautiful lemon-coloured viscous sol of eerie hydroxide is 
obtained. If this is now stored in a hard gh**s or quarts 
flask, a spontaneous increase in viscosity ensues, and the 

a uid eventually sets to a clear stiff gel. if this stock is 
uted before gelling takes place, the viscosity emit hums to 
increase, though less rapidly, and by repeating the dilution 
a sol is obtained which is quite thick, and the viscosity of 
which may be considered to remain sensibly constant for 
a number of hours. 


Resilt*. 

A. Susceptibility of the ml to X-my$ mik aoeimt, 

(Figs. I & 2.) 

A solution of 5 gm. of ceric ammonium nitrate in 50 «\c. 
of distilled water was dialysed from November 26th to 29 th, 
and the resultant sol stored in a quartz flask. When irradi* 
a ted, it showed an increase in viscosity, the rate of increase 
becoming rapidly larger with increasing doses. Finally, the 
sol set to a gel. A similar viscosity increase take* place 
with age although two or more weeks elapse before the sol 
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** t8 - If /<. and fi„ represent the viscosities of the exposed 

and control samples respectively, then j s the per- 

eentage change in viscosity. In tig. 1 are plotted values of 

^ against the corresponding X-ray doses for the same 
Me 

sol on three different days* 

< 'urvc? L was taken on December 1st, three days alter 
completion of dialysis. Initially* the viscosity increase is 


Fi*. 1. 



The behaviour of the same sol on December 5th and 6th is 
given incurves II. and III. respectively. On December 5 th 
it w set to a get by a dose of 22 * 1 mc. t and on December 6th 
by me. Thus* as the sol ages, its viscosity continually 
increasing, it becomes very much more sensitive to X-rays. 
The water value of the viscosimeter used was 7*2 seconds, 
and the control times on the three days December 1st, 5 th, 
and 6th were 6*0, 10 * 3 , and 11*0 seconds. If m* denotes 

the water value of the viscosimeter* then ——— is the 

/** 
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percentage excess) of the viscosity of the control over that 
of water. Throughout the experiments there was never 
fonnd any appreciable difference between the viscosities of 
the stock sol and the control, so that the control time may 
he taken to mean as well the stock time. 

The data for these curves are collected in Table I. 


Tabus I. 


Control time 

jPafe, 

0riling do#*. 


(seconds). 

(me»% 

$*w 

av 

itec. 1st 

01 1 

ill 

10*8 

Dee. Sib 

22*1 

4SH) 

11*0 

Dee. 6th 

74 


Time taken to apply lu trneb dtm zz 40 minute. 


Water value of the riecoaimeter = 72 eeeonda. 



The straight line I. in fig. 2 is obtained by plotting the 
dose required to set the sol to a gel against the days. 
The fact that this dose decreases linearly with time suggest# 
that the ageing effect and the action of the radiation are 
additive. 
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In curve II. — — is plotted against the time. The 

relation is almost a linear one over the period studied, but 
the curve begins to curve upwards, and would continue to 
do so more and more rapidly until finally the sol gelled. 

R. Change in viscosity produced by the rays in sols of 
different concentrations , (Figs. 3 & 4.) 

Portions of a fresh and rather viscous stock sol were 
diluted with distilled water to give solutions of one-half, 
one-third, one-quarter, and one-eighth the concentration. 
It the strength of the stock sol made by dialysing a solution 
of 5 gin. of ceric ammonium nitrate in 50 c.e. of water is 
denoted bv S f then the concentrations of these new sols can 

* g g g S 

be represented by —, and ^ . Samples of these sols 

were placed with the surface of tire liquid distant 2*8 cm. 
from the focus of the tube, and a dose of 1 me., as measured 
in the ionization chamber, given to each. Since the distance 
of the chamber window from the focal spot on the tube 
was 10*75 cm., the dose actually incident upon the surface 

/10* T5* 

of the liquid exposed was f J = 14*75 me. This was 

the same for each sample. The percentage change in 

viscosity produced by this dose in each solution was 

plotted against the concentration. The resultant curve is 
given in hg, 3 and the data in Table II. 

Table II. 


Concentration. , ** c » . 

imeoua*). 


(seconds). 


——"“*** m* 





Water value of viscosimeter = 10*5 seconds. 
X-ray dose given 14*75 me. 

Time taken to apply the dose=20 minutes. 
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Sols of low concentration show quite a marked decrease 
in viscosity with a dose of 14*75 me., whereas the stock 
solution from which the more dilate ones were prepared is 
set to a gel by the same dose. 

In fig. 4 ~ elpo * * si is plotted against varying X-ray doses 

for sols one-third, one-fourth, and one-sixth the stock 

s s s 

concentration. These soles are denoted by g, j, and ^ . 

Each one was made on the day of investigation by diluting 
a portion of the same stock. Curves I. and IV. apply to the 



g 

sol of g , bnt carve IV. was taken two weeks after curve 1. 

The data for the carves of fig. 4 are set out in Table III. 

According to the theory discussed in the introduction to 
this paper we should expect the curves obtained by plotting 


-■3 ^ - against the X-ray dose to he parabolic in form. 




Instead, the value of ~ decreases rapidly at first and then 

gradually approaches a limiting value. In the case of 
Curves I., It., and III. the limiting value is almost equal to 
unity, whilst that of curve IV. is not greeter then 1*85. 
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Distance of ionisation chamber window from the focus of the X*r.»y tube = 10*75 cm. 

Water talue of tiecost meter « 10*20 seconds. Time taken to apply each does = 90 minutes. 

Along this hue p *xj><*e 4 m p the control time. t Time taken to apply this dose=60 minutes. 
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Table IV. gives the approximate dose, as deduced from 
the curves of fig. 4, necessary to produce the majamum 
decrease in viscosity in each of the sob investigated, and the 
date on which each curve was obtained. 

Tablb IV. 


I. 

Jan. -4th, 


Bose in me. producing 
maximum decrease 
in riscusitv ... 


Concentration ... 


II. 

III. 

IV. 

Jan. 

Jam 27th. 

Feb, 6U>. 

m 

35 

13 

8 

S 

S 


3 

4 


FUr. 4. 




If we regard the difference between the doses producing 
the maximum decrease in corves II. and III. as 
insignificant, the difference lying within the hmit of the 
error in reading the minimum points on the curves, then we 
can say that the dose required to produce the maximum 
lowering of the viscosity decreases with the age of the stock 
sol from which each of the solutions were made. This u in 

agreement with the observations made m Section A. 

The fact that the curves are not parabolic must be due to 
a variation of one of the factors X, and r the mean radio* 
of the particles, which, in the theory, were assumed to rei^m 
constant. Experiments described tn Section C showed that 
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the mean radios of the particles was decreasing up to dm 
position of minimum viscosity. 

0. Change in size oj the particles with varying doses of 
X-rays. (Figs. 5 & 6.) 

In order to study the changes, if any, in die average size 
of the particles, use was made of the Tyndall meter, an 
instrument devised by Mecklenburg for comparing the 
intensities of two beams of light. 

A parallel beam of light A (fig. 5), in this case a pointolite 
projected with Zeiss projecting apparatus, is allowed to pass 


Fig. 5 



through the solution contained in a cylindrical glass tube 0, 
closed at the ends with thin plate-glass. Half of the beam 
is diffusely reflected upwards by means of a plaster-of-paris 
slab B, and again made parallel to the original beam by means 
of a right-angled prism P. This beam then passes through 
two Nicol prisms NJS and through the central spot of a 
Lanimer-Brodhun cube LB, into the telescope T. The light 
scattered in the tube C is collected by the lens L and 
reflected as a parallel beam into the telescope. By rotating 
one of the nicois, the intensity of the upper beam can be 
cat down until equal to the lower, in which case a uniform 
field is seen in the telescope, the central spot disappearing 
entirely. The intensity of the upper beam is reduced by 
suitable filters until it is nearly equal to that of the beam of 
scattered light. In this case the principal planes of the 
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nicols make an angle of about 45° with one another when a 
uniform field is seen in the telescope and the accuracy of 
comparison of the beam is then a maximum. If 0, ana 8 t 
are the angles between the principal planes of the nicols for 
beams of intensities Jj and J* when a uniform field is seen 
in the telescope, then 

J, cos 
3* “eostf,” 


Fig. 6. 



The intensity of light scattered is given by 


J * 


»c* 
X 4 • 


n is the number of particles per e.c. 

0 s the mean of the squares of the volumes of the 
particles. 

X the wave-length of the incident light. 

The concentration c of the sol is 


c — n ,v.p. 
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where p is the density of the particles, and for the same sol 
c remains constant, so that we may write 


Jj sc 


*>l c 

\y 


JjX 


H*L 

XV 


J, tj cos 

*££L -«*. SJg ^ gsws r s r W UMMlpri ii i’ . 

J s r s emfff 

In fig, 6 the percentage change in the average size of the 
particles and the percentage change in viscosity of the sol, 
which, in this case was one-fourth the concentration of the 
usual stock solution, are plotted against the X-ray doses. 
The data are given in Table V. It is rather surprising 
that the percentage decrease in the size of the particles from 
the origin to the minimum viscosity {mint is proportional, 
and, in fact, almost equal, to the fractional change in viscosity. 
After the minimum point is reached gelling sets in, and the 
particles show a maximum increase of about one and a half 
times their normal size. 


Table V. 


Dtetem** 
of liquid 
surface 
from focal 
•pot. 
(cm ) 

c 

]>u*« | » 

; tuie.i. (Mrondt i. 

1 

8 control 

(seconds). 

j 8 wn. 

5 

i 

f 

t 

®et. j ®«on. 

j 

«**«. 
<*»*«*a. 

i 

f 

Percentage* 
change in * 
j siie «d 
■ part kies. ; 

w 

ri *m 

. } 

| 24*0 

\ -133 

fil S 5 57-5° 

m 

• -i. j 

28 

\ 29*5 17*2 

j 24*6 

-m 

70 S 3 j 62-2° 

n 

I - 2 * 1 

| : 

23 

! 430 1?*8 

| 24*3 

i 

m*\ 

*80 

j _20 1 

2i 

j 78-C - Just set. 

24 3 

r 

j * 

33® ; 58° 

1*39 

[ +M j 

! i 

..... ... __ 

.. .. . 

.... ... . . . 


! __.. . 

... _ _ 



Water value of viseosimeter = 10*2 second*. 
Time taken to apply each does = 30 minutes. 


# Time taken to applj this dose ss 45 minutes. 


D, Gelling after the imUdm point ka$ been reached. 

‘ (Pig. 7.) 

Although it has not been definitely proved, it ia reasonable 
and will be assumed that the position of minimum viscosity 
of the sol corresponds to the stage at which all the particles 
are discharged; that is, when die sol is at the isoelectric 
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point. The spontaneous setting which takes place after this 
point has been reached is not nearly so rapid as might be 
expected. Observations were made on a sol one-third the 
concentration of the standard stock sol. The percentage 
change In viscosity was plotted against the X-ray dose 
(curve I. fig. 7). The samples with which this curve was 
obtained were kept and measured again 21 hours and 
52*5 hours after exposure (curves II, and III.). It is seen 



that a sample which had suffered the maximum decrease in 
viscosity had only exceeded its original value by 4 per cent, 
after 21 hours. The sample with a dose of 29*5 me., which 
was a little in excess of the completely discharging dose, had 
just set after 21 hours. It is quite safe to my that in the 
case of these sols of low concentration, the spontaneous 
setting which ensues after the minimum viscosity point has 
been roadbed takes at least several hours for completion. 
On the other hand, if irradiation is continued sufficiently 
beyond the isoelectric point, the sol sets immediately to "a 
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clear stiff gel. Tbe rays most be regarded therefore as 
accelerating tbe gelling process. 

Data for tbe carves of fig. 1 are given in Table VI, 


Table VI. 


Dht&nce 
of liquid 
surface 
from focal 
spot (clear), 
(cm.) 

Dos© 

(me.). 

| 

MejEpoted ! 
(seconds), 

! 

! 

P control 
(seconds). 

j 8 n.^ew. 9 . 

|| * 

\ Pooh. 

! 

• Percentage 

* change 

after 

21 to. 

Percentage 
change 
after 
92*5 hrs. 

6 30 

8*24 

1633 

1905 

- 183 

i 

j —fi'73 

4-43*8 

330 

: 21*28 

j 14*37 

19*85 

| - 27*4 

S +4*44 

1 

dust set. 

2*80 

22*50 

1401 

19*98 

? - 25*4 



2*30 

j 43152 

f 10*80 

1996 

- 15*8 



P*8 

6620 

4175 

j 19 95 

4-108*5 




Tim© taken to appl j each dose — 44 minute#. 
Water value of the viscosimeter as 10*2 seco nd§. 


Discussion. 

It was pointed out in the previous paper that the effect of 
the radiation on the solution is to liberate a number of fast 
/9-particles, eaeh of which produces several hundreds of pairs 
of ions. On account of the intense electric field surrounding 
the particles, the ions produced in the electrical double layer 
wilt be drawn out of tbe field before any appreciable re¬ 
combination has taken place. Jf the manlier of /9-particles 
lost by a colloidal micelle is less than the number of ions 
captured, its charge will be neutralized, Calculation shows 
that this condition is satisfied. The particles will therefore 
be discharged by the rays with a consequent decrease in tbe 
viscosity of the sot. In the case of a hydrophobic sol, 
coagulation and precipitation begin directly tbe isoelectric 
point is reached. The stability of hydrophilic sols depends 
also on a second factor, the hydration'. The particles of such 
a solution must be regarded as being surrounded by a ring 
of attached water molecules. When their charges are 
neutralized, this hydration persists and prevents them aggre¬ 
gating and precipitating. Instead, they cling together, 
producing an increase in viscosity, eventually forming a 
rigid framework or lattice when the solution sets to a gel. 
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Tii® spontaneous gelling which sets in directly the iso- 
electric point is reached tor any number of particles will, 
in more concentrated sols, mask the initial decrease in 
viscosity. This is happening in the curves of fig. 1. ma 
less concentrated sol, however, the time taken for a dts« barg 
particle to find a partner will be very much longer, and it 
the exposure is not too prolonged we may expect to study 
the initial viscosity decrease before coagulation has set in to 
any appreciable extent Such a study is made m Section ». 

The ageing of the sols is due to a gradual diminution of the 
charges on the particles with consequent slow coagulation. 

Since the size of a colloidal micelle mast be taken to 
include the surrounding ring of hydrating water molecules, 
the decrease in size op to the isoelectric point may be due to 
a decrease in hydration. It seems probable that the hydration 
will depend upon the charge on the jmrtietc#, and that toe 
smaller their charge the smaller are the forces binding 

tiie water molecules. . , , •, , , 

Discussing tbe coagulation of a ceric hydroxide sol by 
radium radiation, Freundlieh * states "that only the discharge 
and the decrease in viscosity appear to be caused by tfte 
radium radiation, for the rise in viscosity also occurs when 
the radium preparation is removed from the sol at the 
moment when the viscosity is at a minimum. In this 
research X-ray doses sufficiently in excess of that requires 
to produce complete discharge will coagulate the sol imme¬ 
diately, and can be regarded as accelerating the gelling 
process, which in the case of the sol investigated in section D 
would have taken several hours for completion. 


Summary. 

(1) A quantitative study is made of the viscosity change# 
produced in ceric hydroxide hydrosol by X-rays. 

(2) a . In sols of low concentration and with increasing 

X-ray doses the viscosity decreases to a minimum, 
then increases rapidly and the sol sets to a rigid 

gel. 

b. In more concentrated sols the spontaneous increase 
in viscosity which takes place when the particles 
are discharged masks the initial decrease. 
e. The sols become more sensitive to X-rays with age, 
and the doses required to produce the maximum 
decrease in viscosity and to set the sol to a gel 

* * Colloid and Capillary Chsmistty/ f. 486. 
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become very much smaller. Indicating that the 
charge upon the particles is decreasing. 

(3) a. When the position of minimum viscosity is reached 

the sol sets spontaneously to a rigid gel within 
the course of a few hours. 

h. An X-ray dose sufficiently in excess of that required 
to produce the maximum decrease will set the sol 
to a gel immediately. 

(4) In a particular sol studied the particles decreased in 
size up to the position of minimum viscosity. The percentage 
decrease in size was almost equal to that in viscosity: 
Beyond the minimum point the particles increased in size, 
reaching a maximum at the setting point of 1‘6 times the 
normal value. 

In conclusion, I should like to thank Professor Crowther 
for his particular interest, kind help, and advice. He has 
intimated his intention, in a future paper, to review and 
comment upon the researches carried out in this laboratory 
daring the past two years on the colloidal state of matter. 
I should also like to express my indebtedness to the Board of 
Scientific and Industrial Research for a grant which has 
made this work possible. 

Jtejiartinent of Physic*. 

University of Heading, 

June Htb, 1928. 


XLII. On the Thermal Measurement of X-ray Energy. By 
J. A. Ckowthkr, M.A. f Sc./)., F./nsi.P., Professor 
of Physics in tfw University of Beading, and W. X. Bond, 
M.A., D.Se., F.lnst.P., Lecturer in Physics *. 

Introduction, 

rpHE experiments described in this paper were com- 
X menced early in 1926 to determine the relation 
between the ionization produced by a beam of X-rays and 
the energy of the beam. The matter is of importance both 
from a theoretical and a practical aspect. In the first place, 
early experiments, as for example those of Rutherford and 
Mo< Hung, indicated that the work spent per ion during 

• Communicated by the Authors. 

PUL Mag. S. 7. Vol. 6.No. 36. Sept. 1928. 2D 
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ionisation by X-rays was considerably greater than the 
ionising potential of the gas ionized, and it is desirable 
that this result should be tested further. In the second 
place, it is generally agreed that the most suitable method 
of measuring quantities of X-rays is by the ionization they 
produce in some suitable form of ionization chamber, and 
It is clearly desirable that experiments should be made to 
determine exactly what it is that an ionization chamber 
measures. At the time when we commenced our work 
there seemed to be no adequate data on this |»oint, and if 
was hoped that such data might be supplied by the experi¬ 
ments we bail in mind* 

Neglecting secondary effects which may l*e produced 
by the presence of the electrodes used for measuring the 
ionization current, the number of electrons produced per 
emit volume of air by the passage of a beam of X-rays can 
depend only on two factors, the energy conveyed by the 
beam, and the wave-length of the radiation* and can be 
written in the form I = ${E, X). If the values of E and I 
can be determined for a sufficient number of values of X* 
the nature of the function can be determined* The ioniza¬ 
tion, 1, can be determined in some suitable ionization 
chamber, and the energy E by absorbing the radiation 
completely in a calorimeter and measuring the energy in 
the form of heat. This is what we set out to do. 

The necessity for such measurements seems to have 
become apparent to other experimenters at about the same 
time, and during the progress of our experiments a number 
of such determinations have been published, amongst others 
by Kriegesinatm *, Kircher and Schmitz t, Knkmktimpff $, 
and Rutnpf. It appeared at first sight that further work 
on our part might be superfluous. Unfortunately, however, 
there was such strong disagreement between the values 

f ublished by the different authors that further investigation 
eeame imperative. Thus Kriegesmann finds that the work 
spent in producing a pair of ions varies from X7*8 volts for 
X-rays of mean wave-length 0*897 A.IT, to 132 volts for n 
wave-length of 0*166, and states that the “volts” required to 
produce an ion-pair increases as the wave-length diminishes. 
Kircher and Schmitz, on the other hand, give a value of 21 
volts per ion-pair, and find that it is independent of the 
wave-length* Kulenkampff, in a very long amt elaborate 

# KmgeMmnm, Zeitfur f%#, xttil, p. 
f Kircher X Schmitz, Zeit fur /%#, xxxvi. p* 4#J tlgg&g 
t Ktihmkauipff, Ann. tier /%#, Ixxix. p. ny {WMh 
| Rump, ZmtjTur /%*, xBu p, 264 (1927), and zliv p. mm itM?h 
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paper, agrees that the energy spent is independent of the 
wave-length, but gives its value as 35±5 volts per pair of 
ions* Finally, Bump gives values for the same quantity 
ranging from 300 volts for long wave-length radiation down 
to about 40 volts for filtered radiation from a hard tube* 
It was clear, therefore, that in spite of much recent work, 
the constant required was still in very considerable doubt* 
It was also clear that its determination was full of pitfalls, 
and that great care would be necessary to avoid both errors 
of measurement, and errors in evaluation of the constant 
from the measurements taken* 

General Plan of the Experiment * 

The radiation was produced by a Shearer tube working 
on a two-kilowatt transformer, and having a molybdenum 
anticathode. Two windows in the tube* closed with 
aluminium foil 1/20 mm* thick* allowed two narrow pencils 
of rays, one vertical, the other horizontal, to leave the tube. 
The horizontal b mm passed through a small ionization 
chamber A, having parallel plate electrodes of aluminium* 
This chamber was used for comparison purposes only, as a 
means of eliminating the effect of fluctuations in the output; 
the actual measurements used in calculation were all made 
on the vertical beam. The tube was controlled by adjusting 
the supply of air to it by means of a micrometer air-leak. 
As the tube is self-rectifying its condition cannot be 
determined with any accuracy bv means of a spark-gap, 
since the spark-gap measures only the peak potential in the 
circuit, which, in the case of a self-reetifving tube, occurs 
in the half wave which does not pass through the tube. 
The peak potential, when the tube is taking a current, will 
clearly be less, and may bo considerably less than this* 
To overcome this difficulty a mtllsammeter with an open 
scale was inserted in the tube circuit, and an AT. voltmeter 
was connected across the primary terminals of the trans¬ 
former. It was found, experimentally, that a given pair of 
readings on these instruments corresponded to a definite 
state of the tube. If, for example, the voltmeter was set, by 
adjusting the primary resistance, to read 155 volts, and the 
milliatnmeter, by adjusting the leak, to read 3 milliampores, 
the output from the tube was of definite quality and inten¬ 
sity, which was found to be reproducible at any time to an 
accuracy of at least 1 per cent* This method of regulating 
the tube is much more convenient than the use of a spark- 
gap, and seems to be at least as accurate* 

t D 2 
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Xhe anticathode end of the tube was efficiently water— 
cooled. It was, however, of the utmost importance to 
prevent any thermal radiation from the tube from reaching the 
calorimeter in which the X-ray energy was measured. 

A “water-sheet” was therefore introduced between the 
tube and the calorimeter. This consisted of two parallel 
sheets of stout brass with a space about 1 mm. thick 
between them, through which a constant stream of water 
oould be passed. A circular hole, 1*007 cm. in diameter, 
was pierced through the double sheet, the holes being 
covered with thin celluloid sheets to make the system water¬ 
tight. This hole came immediately below the window of 
the tube and served as the stop limiting the vertical beam 
passing into the calorimeter. Thus all ihe energy passing 
through tiie “water-sheet” passed directly into the calori¬ 
meter. Since it is convenient that the horizontal anil the 
verti cal beams should be of the same composition, sufficient 
thickness of cellophane w introduced into the horizontal 
beam to equalize the absorption of radiation in the vertical 
beam due to the water-sheet. The efficiency of the water 
screen is discussed in a later section. , 

After penetrating the water screen the vertical beam 
passed either into the calorimeter, which is describe*! later 
or into the ionization chamber which was used as a standard 
for the experiment. This chamber was furnished with a 
' shutter, actuated bv a carefully graduated micrometer screw, 
which limited the beam entering the chamber. Ihe col¬ 
lecting electrode of this chamber could be connected, when 
desired, to the same electroscope as that attached to the 
comparison chamber A. A standard mica condenser could 
also be connected to the electroscope when necessary. 
The details of the iomssation measurements will be disowned 
more fully in a later section. 

The coarse of the experiments was as follows. 1 he calori¬ 
meter was inserted in the path of the rays. The standard 
ionization chamber was cut out of the electroscope system, 
leaving the comparison chain her A attached to the electro¬ 
scope and to the standard condenser. The tube was then 
excited, and kept working in its standard condition until the 
deflexion of the electroscope indicated a rise in potential 
of approximately one volt. The actual voltage wa» then 
measured by means of a potential divider in the usual way. 
The total charge which the X-rays had allowed to pass 
across the comparison chamber during tin* run could thus 
he measured. The condenser used was a subdivided micro¬ 
farad, and the charge conveyed across the ionisation chamber 
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in a single ran was usually of the order of a mieroeoulomb. 
As evidence of the certainty with which the tube condition 
coaid be reproduced, it may be mentioned that the time 
taken to produce a charge of one microcoulomb on the 
condenser for a given setting of the tube did not vary 
by more than a few seconds in about eight minutes, over 
a period of some months. 

In this way determinations were made of tlie heat pro* 
doced iu the calorimeter in relation to the charge eouveyed 
across the comparison chamber. The calorimeter was now 
removed and the rays allowed to fall on the shutter of the 
standard chamber, which was now connected to the electro¬ 
scope system. The standard chamber was charged to a 
potential of opposite sign to that of the comparison chamber, 
and the area of the shatter wal adjusted until a balance was 
obtained in the electroscope with the rays passing through 
both chambers. In order to increase the sensitivity, the 
condenser was removed from the system during balancing 
experiments. It was possible to balance the two currents 
to an accuracy of one part in a thousand. Balances on 
different occasions, however, were only consistent to about 
one per cent* These variations probably indicate the limits 
of certainty to which the tube conditions can be controlled. 

Assuming the whole area of cross-section of the vertical 
beam in the plane of the shatter to be known, the ionisation 
which would have been produced if the whole of the X-ray 
energy which is absorbed in the calorimeter had passed 
through the standard chamber, is equal to the ionisation 
as measured in the comparison chamber multiplied by the 
ratio of the cross-section of the whole beam to the aperture 
of the shatter. The result# of these determinations are 
given in Tables III. and IV., and a more detailed account 
of the observations in the following section. 

The Energy Measurement*. 

The accuracy of the energy measurements depends on 
oar being able to absorb the whole of the incident X-ray 
energy, and to transform it into heat at the proper place. 
Owing to the phenomena of scattered, fluorescent, and 
corpuscular radiation, it is impossible to find a surface 
which will do this. The only reliable method is to pass 
the radiation into a box, the aperture of which subtends 
a sufficiently small angle at the surface on which the 
radiation actually falls. From the point of view of ease 
of measurement a thermocouple made of thin foil presents 
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many advantages. A suitably designed thermocouple will 
show a rise of one or two degrees wl»«n placed in a powerful 
beam of X-rays. It seemed, however, to be practically 
impossible to ’determine with any certainty what fraction 
of the X-ray energy would be lost by secondary radiation 
from the surface, using, as we were, heterogeneous beams. 
The fraction so lost would depend on the character of the 
radiation used, and from our estimates might conceivably he as 
high as 10 per cent. The calibration of such a thermocouple 
aim presented difficulties. We decided, therefore, in favour 
of a calorimeter, using oil as the absorbing medium. 


Fig.l. 



X-ray tube, “ water-sheet,” and calorimetric apparatus. 


Calculation showed that, with the dimensions employed, tit* 
proportion of the energy lost was of the order of l per 
cent. Its exact determination was thus not of any great 

importance. . , , 

Actually, a pair of similar calorimeters was employed 
(fig. 1). Each calorimeter consisted of a vertical cylinder 
of thin plated cop|*>r, 2*8 cm. diameter and 2 cm. high, 
closed at the base by a plated copper sheet 1 mm. thick. 
The calorimeters, supported on short ebonite legs, stood side 
by side in a brats box B, 3 mm. thick, the top and one end 
of which were movable. The top of this bos was pierced 
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by a pair of holes, each vertically over one calorimeter the 
holes being covered with thin tissue-paper. The whole of 
th,s box could slide aside on rails R, S0 P tLt the W ^ 

cL'nWb'^rTo^' b “ tmMed toft ionra- 

abSSt^i°c 2 J Tr’ Each calorimeter contained 

2S** c.c.on.ght^i (such as is used in oil-immersed 
transformers) in which was located one of the thermo- 

th« * J le wire f°. r a 8hort distance on either side of 
the junction was wound into a horizontal helix, which, being in 
oil, should make the temperature of the junction at the centre 
fairly representative of that of the calorimeter. The eureka 

ZZ fir** Upwanis oat of one calorimeter through a glass 
tube, thence over an ebonite support and down through 
second glass tube into the other calorimeter. The copper 
sldlloT ^ insulated, passed, without any joins, side*by 
of ill Y* ^ lvanometer terminals. To avoid any possibility 
of the X-ray apparatus disturbing the galvanometer the 
latter was situated in an adjoining room. ’ 

ior purposes of calibration, a single-layer pancake coil 
o covered eureka wire, 0 27 mm. diameter, was fastened 

ThemU^F tT° tb V n * ide of base of each calorimeter, 
lbe ends of these wires passed through ebonite in the base 

iLft r r mt ° n ' at a dii««w» outside were 

t® «b«n copper wires, which passed through ebonite 
bushes m the side of the brass box B, and there joined stout 

be^e^pliedT* 1 ,POU * 1 wb * cb a 8,Ha ^ measured current could 

« T® *^* re * D * be brass h®*’ containing the calorimeters, from 

“I* 1 *" ° f h * at > ifs « d «* *ere covered with 

ST^JSr 1 Vi T!° n - WOoI > ” nd its t°P with a cardboard 
sheet. (It rested below on a wood block.) Further to 

screen its top and especially to prevent heat radiation from 

*7k 7 . tub ® {r ™ through the tissue-paper 

wvered hole into the calorimeter, a « water-sheet *' screen 

,] *** plac ad above. This consisted of two plates of brass 
r ,ck h separated by a rubber edging, between 
w . Holes drilled in the brass sheets 

r. _? °r ar<,d wtth thin celluloid, so that a window was 
termed for the pas&ige of the X-rays. Unlike the metal 
f ’ \ *“® water-sheet ' was not movable, and its window 

*Wffl»d a permanent stop, Kmiring Die width of the X-ray 
oeatn. Any screens used to filter the rays were placed 
oetween the X-ray tube and this “ water-sheet.'’ 
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tbe copper wires from tbe thenno-junctions JJ were 
connected directly to a galvanometer of about 115 obm» 
resistance, giving about 23 mm. scale deflexion per micro* 
v ? ^ deflexion of mm. corresponded to 

aoout IU O. difference in temperature between tbe two 
calorimeters. In any experiment, the heating due to X-rays 
or to the current through the pancake coil was continued 
for about 7 minutes, and resulted in about 1$ cm. galvano¬ 
meter deflexion. Owing to tbe lag of tbe galvanometer and 
to tlie time required for beat diffusion in the calorimeter, tbe 
galvanometer did not attain its final rate of motion till about 

if n l ma i e8 * fter the x_ra )' s were started, or 2* minutes after 
tee seating current through the pancake coil was started. 
10 avoid tbe difficulty thus introduced, and to minimise an? 
effects due to any slight fluctuation in the running of the 
A-ray tube, the total galvanometer movement, corrected for 
f°, , f’ was deduced in each case. (At the same time, the 
total charge passed across the comparison ionisation chamber 
was measured.) 

Hhen no heat was being supplied, the difference in 
temperature between tbe calorimeters decreased to half 
its value in about 8 minutes. The rate of moling was, 
however affected by slow beat waves, chiefly due to the 
A-ray tube and pumps. Therefore all suinidiarv apparatus 
was put m action about an hour before any experiment, and 
rac galvanometer reading was noted aliout everv minute 
from considerably before till well after the experiment, 
v | fc yP ,caI mi o{ results is shown in fig. 2.) Tiie rates of 
galvanometer movement before and after tbe test were then 
used to deduce tbe total galvanometer reading corrected for 
cooling. The uncertainty in the value of any one cooling 
re c on (the correction amounted on the average to about 
JO per cent.) was minimized, and shown not to be large, 

\° . ,ave tl)e ini | ia! difference in temperature 
# l , “ 6 calorimeters vary ing in value and even in sign 
thronghout a set of experiments. * 

For tbe heat calibration the resistance of the pancake coil 
(in the calorimeter in which X-rays were absorbed) was 

ThTr^nn^ 'f ®® mmaocen ?« nt *» d en«l of the experiments. 

W ‘7 tbat *?. * ff(ictiv * in P«>d«eing 
heating of the calorimeter was able to be estimated to at 

least an aeeuraeyof { per cent, (see Table I.), The heating 

23nL:“:r ,led hy * 2 ' VO ii. 8 econd " r 3' ce», with about 
230 ohms resistance in senes. The current was measured bv 

connecting a standard cell and table galvanometer across l 
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known part of this resistance ; checks were obtained by 
changing the standard eel!, changing the resistance box 
used, and by reversing the connexions of 2-volt and 
standard cells. The heat was supplied at about the same 
rate as in the X-ray experiments, and for aboot an equal 
time. A cooling correction was applied as in the main 
experiments, the pumps etc. being run daring some 
tests and not during others. The corrected galvanometer 
deflexion for a joule of energy supplied to the calorimeter 
was thus estimated at various times during the course of 
the experiments, enabling the energy supplied during any 
X-ray absorption experiment to be deduced. 


Fig. 2. 



Thermal measurement of energy supplied by X-nty beam. 
(Duration of X-ray heating indicated by arrows.) 


The result of these experiments was:— 


Table I. 

Resistance of Calibrating Pancake Coil. 


Eureka wire in calorimeter. 9*46 oh re*. 

„ „ „ ebonite. 008 „ 

« »outdid* calorimeter ......... 0*81 .. 


Assumed effective r esistan ce producing beating of Calorimeter, 
9*40+006/2 * 9*80 ohm*. 
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Table II. 

Heat Calibration Experiments. 

Heating current 000848 amp. (». e. drop in potential across 120 ohms 
arranged to equal e. ui. f. of standard cell* 1*018 volte). 

Bate of energy supply to calorimeter, 9*50(0*00848) * = 0*000684 watte. 


Duration 
(min.). 

8 I m 

7*08...... 2 29 

7. 2*20 

8*........ 2*68* 

7......... 2*28 

. H>2 S 

5.. 1*68 

7......... 2*37 4 


Corrected galvanometer 
deflexion (can.) per joule 
supplied to calorimeter. 

80S 
788 
7*63 
817 
712 
781 
8*18 
8*26 

Mean...... 7*99±0‘06 


Galvanometer deflexion 
(cm.) corrected for 
cooling. 


Table III. 

Thermal Measurement of Energy supplied by X-ray Beam 


Series, 



i^jj i 

I'ali'S 




! 1*SS 0542 

1-62 0-545 

1*43 0567 

U-30 0*546 


21*2 i 

2-ST7 f 1)346+ ‘>*00® 

2*52 I <0341;* 

275 j 


n„... 


2'15 

2*07 

2-00 

201 


1*045 205M 

1*045 1-0S 1 0248±<H)03 

1*03 1*04 \ (0-244)* 

103 1*55 J 


ni. 


( 150 110 

137 1*105 

1*37 1-075 

1-25 1*036 


136,1 

124 1 0150 ±0003 

1 27, f <0*151 f 

121 J 


* The number* In bracket* are after applying a 1|-per-cent. correction 
for beat radiation, described in the next paragraph. 
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The above experiments seemed largely to have eliminated 
any error due to slow heat waves affecting the calorimeters 
unequally. It remains to test whether heat radiation in any 
appreciable amount was passing through the celluloid and 
flowing water that formed the window. The temperature 
attained by a screen of aluminium foil (A- mm. thick) that 
had been placed above >he “ water-sheet ’ to filter the X-ray 
beam was therefore measured. After copper-plating part of 
the lower face of the foil near the centre, a thermo-junction 
was soldered on. The running of the X-ray tube was found 
to cause the lower face of the foil to rise in temperature 
between 1° €. and 2|° C.. according to how good a thermal 
contact there was between the aluminium and the “ water- 
sheet.” That the measurement was not affected appreciably 
by heat conduction along the thermo-junction wires was shown 
by obtaining an almost identical result using much finer 
wires mm. diam ). The aluminium foil was then heated 
electrically by a small coil placed above, and the heat 
reaching the calorimeter for a known temperature of the 
aluminium foil was measured (the X-ray tube not being 
run). When the foil was 19°C. above the temperature of 
the room, the amount of beat reaching the calorimeter was 
quite small compared with that received in the X-ray 
experiments, it was finally deduced that the heat radiation 
received from the foil during an X-ray absorption experi¬ 
ment amounted to rather less than 2 per cent, of the total 
heat measured. 

Measurement of the Xumher of Ions produced. 

As Die experiments progressed, it became more and more 
clear that the real difficulties in the experiment would be 
concerned with the measurement of the ionization and not 
with the measurement of energy. The difficulty arises from 
the fact that the radiation from the auticathode of an 
X-ray tube is a mixed beam containing components of very 
different wave-length and absorbability. The beams used 
in our experiments, for example, contained components with 
a coefficient of absorption in cellophane ranging from more 
than 2*1 to something less than 0*4. Let ns assume, as 
seems probable from the results of these experiments, that 
the number of ions produced by a beam of strictly homo¬ 
geneous radiation is proportional to the energy absorbed 
from the beam in _ the ionization chamber. Since the 
coefficient of absorption is proportional to the cube of the 
wave-length, the ionization produced by the long-wave com¬ 
ponents in a mixed beam will be many times greater than 
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that duo to the shorter wave-lengths, lor equal intensities in 
bean, Suppose, now, that to measure the absorbability 
5 the rSmtion^ insert a thin sheet of absorWng material 
in front of the ionisation chamber. This will produce a 
marked absorption of the longer wave-length rad, f^"’ a ."^ 
therefore, a large decrease in the measured lomxanon. 

The more penetrating radiation w . iU . h . ave small 

absorption in the sheet; but as its ionising power w * n ‘“ 1 
the presence of this penetrating radiation in the b«“® 
not compensate for the loss of the softer radiation. In other 
worTX taxation mrtboJ wBl ovare.tim.te th. u,.ou.,t 

enemy absorbed from the beam. Consequently, any 
°4,r, r 5 JXfmcti.. of tb. .».r*y .taorbrni ,u M 
ionization chamber, mini. from .oefficl.nl. of .bmirytlou 
determined, will be seriously in error- , - v ] v 

We were able to demonstrate tins effect quite conclusively 
from o” ridinct. It *« found tlmt lb. introdovtion o 
0 ™ m r«u!omh.iom into the beam from o»r tab. rmlocml 
0,1 rn.tei.rmi ioi.iz.tio.. hr 45 per 

The enersv of the beam as measured caionmetr callv was, 
£Lv« ® f T reducml W » ,*r «n, Th. d^m.-ncy 
under actual experimental conditions may thus be very 
l.roe The point mav seem to be so elementary as to 
be hardlv worth making. It is however, easily overlook^, 
and, in fact, several ot the calculation, m the W*" £ 

X rav enerev already mentioned are made on this bast , 
or on the b£is of a mean wave-length calculated from such 
absorption measurements. This probably accounts for at 
least some of the differences in their results. ^ ben* « 
beam is a mixed one the attempt to translate coefficients of 
absorption into mean wave-lengths can serve only as a roug 
indication of the quality of the rays. Any calculations 
on this method are liable to serum* error* t 
As the fraction of the energy absorbed in the ionisation 
chamber cannot be deduced from absorption ex^runents, 

we are reduced to determining the total num *er o 
formed by the complete absorption of the radiation. As a 
i ltmn 0 j -i r j metre long would only absorb some -a per 
cent at most of the radiation employed, this determination 
Snnofbe made directly. We can, however, arrive at it 
indirectly as follows. If I is the intensity of the X-mdia 
tion^he'ioniration in a chamlier containing air of mas* per 
nnlt area dm will be I. dm. The total ionisation produced 

by the complete absorption of the beam is thus j 1.1m. 

If 1 4 is the initial intensity of the radiation, the ionisation in 
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the ionization chamber, as measured in the energy experi¬ 
ments, is 1 0 . Am, where Am is the mass per unit area of 
the air in the chamber and is equal to Ip, where p is the 
density of air, and l the length of the path of the rays 
through the chamber. The value of I, the intensity of the 
radiation, can be found in arbitrary unite by using a 
small ionization chamber and measuring the ionization with 
gradually increasing thicknesses of the absorbing material 
between the chamber and the source of radiation. The area, 
«, of the curve obtained by plotting I against m will be the 

required integral, and j* | I.dm the required correcting 

factor. 

In practice it is not possible to use air as tbe absorbing 
material, and the experiments were actually made using 
cellophane sheets. Cellophane is a convenient form of 
cellulose, and from its comfwsition we might expect tbat its 
properties as regards X-ray absorption would not differ 
markedly from those of air. To obtain the true area of 
the curve, however, the ionization must be plotted not 
against tbe mass of cellophane employed, but against the 
mass of »ir which would produce the same absorption. 
This involves a knowledge of the relative absorbing powers 
of air and cellophane. 

According to the makers, cellophane is pure cellulose, and 
the ratio of the mass absorption of cellophane to tbat of air 
should thus be calculable from the atomic coefficients of 
absorption. This calculation gave the value 0*84. Owing 
to the marked influence of traces of impurity of high atomic 
number on the absorption ithe argon in the air accounts for 
12 per cent, of the total absorption), it was deemed wiser 
to measure tbe required ratio directly. Tbe rays were 
accordingly passed through a wide tube one metre in length,, 
with thin cellophane windows, the tube being evacuated to 
anr desired pressure. The ionization in a suitable chamber 
placed at the far end of the tube conld be balanced against 
that in the standard chamber, by means of the adjustable 
shutter. A balance was first obtained with the tube full of 
air at atmospheric pressure. Five sheets of cellophane, each 
of mass per unit area 0*0243 gtn./cm. s , were interposed in 
the beam, and the chamber evacuated until the balance was 
restored. The reduction in pressure required was found to- 
be 67*3, 67*3, and 67*5 cm. for the three classes of radiation 
used in our experiments, at a temperature of 19°C., giving 
a ratio of air to cellophane of 0*880, independent of the 
quality of the radiation. The experimental value was 
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employed in the calculations. The difference between the 
calculated and the experimental values is no doubt due to 
the presence of metallic impurities in the cellophane. This 
suggestion was confirmed by an “ash” test on tne substance, 
which was found to yield about (1*4 per cent, ash, containing 
principally sodium and calcium as its metallic constitaents. 
Each absorption curve was continued until the ionization 
had been reduced to 3 per cent, of its initial value, so that 
the true area of the curve could lie determined without 
uncertainty as to the nature of the end radiation. The 

1 r* 

values so obtained for the factor - T 1 I.dm are given iu 

■*«,' o 

the fourth column of Table IV. 

A farther correction is necessary to allow for the radiation 
scattered out of the direct beam. The ionization dne to the 
scattered radiation is clearly not included in the ionization 
measurements. If E is the energy of the primary beam, 
p the mass coefficient of absorption, and or the mass 
coefficient of scattering, then the total energy S scattered out. 
of a narrow pencil of rays is given by 

S = I arEe~ 0m dm as ° - E. 

• o * 

Unfortunately, we cannot apply this relationship directly to 
our measurements, For, as we have already pointed out, the 
mean wave-length, however calculated, is only a very rough 
test of the quality of a heterogeneous beam, and the 
coefficients of absorption, as deduced from an absorption 
curve, are liable to be in very serious error. 

The only adequate solution of the difficulty is to analyse 
the radiation spectroscopically. When the distribution of 
energy among the varions wave-lengths is known, the 
relation already given can be applied separately to each 
constituent of the heterogeneous beam, and the value of S 
for the whole beam can thus be determined. Fortunately, 
Mr. L. G. Treloar has been engaged for some little time in 
this laboratory in analysing the radiation from a Shearer 
tube under different conditions, and we have been able to 
select from his results, which will shortly be published, 
distribution curves eorresfxmding to the conditions of 
working In our experiments. In this way values were 
obtained for 8/E for the three types of radiation used in our 
experiments. The total measured ionization is due to the 
absorption of B—S units of energy, instead of the E antis 
measured in the calorimeter, since S units have been 
mattered from the beam and produce their ionization 
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elsewhere. To obtain the true value of the energy spent per 
ion we must therefore multiply our measured energy by 

—jg—. The calculated values of this ratio are given in 

column 5 of Table IV. 

Although the method seems sound, the calculation of the 
scattering correction is probably the least satisfactory part 
of the work. The values for the scattering coefficient tr and 
the values of y. the mass absorption coefficients for different 
wave-lengths have been calculated from tables of values 
collected by Compton. In spite of the large amount of work 
which has been done on the subject, the values given by 
different authorities are not in very close agreement, and we 
have not felt justified in giving this correction to more than 
two significant figures. An error of 10 per cent, in 
estimating S/E only introduces an average error of about 
3 per cent, into the correcting factor, and we consider that 
the latter should be correct to this amount. It may be 
mentioned that the coefficients used in calculating the 
scattering correction are the only data employed in our 
calculations which have not been directly measured in our 
experiments. 

Measurements and Results. 

It will be appreciated from the previous sections that the 
determination of the energy spent per ion for radiation of 
given quality involved a very considerable amount of 
experimental work. On the other band, owing to tbe 
possibility of deterioration in the tube with prolonged 
usage, it was desirable that the experiments should not be 
uuduly prolonged. It was decided, therefore, to concentrate 
on three standard beams : (I.), with the tube running at the 
highest potential at which it was possible to secure steady 
working, about 55,000 volts, and filtering the radiation 
through 0*3 mm. of aluminium ; (II.), with the tube as in 
(1.), but with a filter of only 0*1 mm. of aluminium ; and 
(III.), with the tube running at the minimum potential 
which would give a beam of sufficient intensity to measure 
calorimetrically. This radiation was also filtered through 
0*1 mm. of aluminium. The water screen was, of coarse, 
present in all experiments. These limits were fixed by the 
capacity of the apparatus, and the average quality of the 
radiation in the three beams did not differ very widely, though 
the difference was appreciable. The initial mass coefficients 
of absorption in cellophane were 1*0, 2*0, and 2*6 respec¬ 
tively, but as we have already pointed oat, the coefficient 
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of absorption Is not a reliable index of the average quality 
of the radiation. A better estimate may perhaps be obtained 
from the area of the absorption carve. For homogeneous 

radiation the value of j-jj* I. dm is equal to If we 

write i-if 1we can perhaps regard as a 
A* lo»Jo 

kind of mean coefficient of absorption, and the corresponding 
wave-length as a mean wave-length.. The values of /i in 
air deduced in this way are respectively 0*86, 1*12, and 
1*48. The wave-lengths which would correspond to these 
absorption coefficients if the radiation were homogeneous 
are 0*60, 0*68, and 0*75 A.U. The range is not a very wide 
one. It is hoped to extend it in the near future, when more 
powerful apparatus is available. 

The calculation of the energy expended by the rays for 
the production of a pair of ions was made as follows. The 
calorimetric measurements recorded in Table III. give the 
energy in joules collected by the calorimeter during 
the passage of one microcoulomb across the comparison 
chamber. This corresponds to the passage of one micro- 
coulomb across the standard chamber when the aperture 
of this chamber is adjusted for compensation. The shutter 
reading, a, for this balance is given in column 3 of Table IV. 
The area of the aperture is the shutter reading multiplied by 
the width, d, of the aperture. If tile whole bean, had passed 
through the ionization chamber, the ionization produced 
would be increased «n the proportion A fad, where A is the 
cross-section of the beam at the level of the shutter. This 
area was determined geometrically, the necessary readings 
being made with a cathetometer. The value obtained this 
wav was 12*96 cm.* Measurements made by exposing a 
photographic plate to the beam gave a value of 131 cm.* 
The two methods are thus consistent to l per cent. 

The ionization produced in a layer of air of unit mass per 
unit area is obtained by dividing by the length, l, of the path 
of th* rays in the ionization chamber, multiplied bv p, the 
density of the air. The total ionization which would have 
been produced by the complete absorption of the beam is 

V 111 ’" 
obtained by multiplying by f | ) I.dm*T, the values 

of which are given in column 4 of Table IV. The 
ionization is thus obtained in microeoulombs. The fraction 
of the whole energy used in producing this ionization is 
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—jj—. Hence, since 1 ionic charge is equal to 1*591 x 10" u 
tnicroconlombs, we have finally 

joules per microconlomb = x . ~ . 

VI/ A L K Qu * 

ergs per ion pair = X 1*591 x 10~ u x 10% 

If* 

or “volts” per ion pair® ^ x 10*. 

The values of the various quantities are given in Table IV , 
In calculating the last column, a small additional correction 
has been applied for the absorption of the beam in the 
column of air between the calorimeter and the standard 
ionization chamber. This correction varies from 1*5 per 
cent, in set I. to 3*6 per cent, in set III. 


Table IV. 


Seri**. 

Joule* per tn e. 
f manured) 

1 mih 

Aperture of 
»nuttcr (u ? 

^ | L dm 

V* ^ 
*T. 

6ou taring 
vorrvtiian 
(E~ BjflL 

Energy per 
too p*ir tu 
“ volt* * 

i .... 

cwm 

l'VJ£ 

im 

071 

442 

If. 

0-2*4 

vmii 


073 

42t> 

III. 

0157 

1292 

0*673 

im • 

433 


A sraix* of bmm at *h utter— 12*96 cm.* 
i/sk width of shutter=0*663 cm* 

l — length of path of ray* in ehnmH*r ^3 % 1'23 cm. 

pzs&mmty of air at 1£°€. and 760 mm. prettur* ^0*00120 gm^rn*. 

Discussion of Results. 

The results of the experiments are collected in the last 
column of Table 1V., and, on the whole, are in very* satisfac¬ 
tory agreement. There is no evidence that the energy 
abstracted from a beam of X-rays for the production of one 
pair of ions varies with the quality of the radiation over the 
range of our experiments, and we are justified in combining 
the results of the three sets of experiments. The measure¬ 
ments of the constants for the apparatus are certainly 
correct to well within 1 per cent., and tho same applies to 
the measurements from which columns 3 and 4 of Table IV. 
Phil. May. S. 7. Vol. 6 . No. 3& &/*. 192*. 2 E 
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calculated, as these measurements were made by the 
balance method, which, for comparatively large ionization 

S, r» w. tad to d,.l !ritb, i. ,u«.ptibl. .« «pr 

(*- a ni).- tr"f ?r 

Skto^tta weighted’ mean ot these ob«wvelie»e «e obtain 
as onrfinal result 42 5 + 0*4 volts per ton P 8,r - 

There are however, two factors which might affect the 
v _l ue ’ Th e first is the scattering correction which 
ready*been discussed in detail. Ae nmss coeffi. ieut 
of scattering for air was taken as 0 164, and the coefficients 
of absorption for various wave-lengths were taken from the 
table of mean values given by Compton. Any errors in 
Sese coefficients would affect the three greeting facers to 
very much the same extent. Fortunately, the <»<»Ueri g 
correction is not a very large one, so that the accepted 
values used in the calculations would require to he m \ety 
considerable error to produce any appreciable error in ot.r 

m The remaining factor which has to be considered is the 
«fficiencv of the standard ionization chamber. It mu) He 
de.tr.bK therefore, to describe it eoniowhet more mmnte y. 
The collecting electrode we. en .lumtn.itm pi.«, 
souare furnished with an aluminium guard ring 9 * 

Z«e’ The charged electrode was an aluminium pbte, also 
placed parallel to the first at a distance of 
2 cm. The field across the centre of the electrodes was thus 
uniform to a high degree, and the mass of gas from which 
the electrons were collected could be determined wit 

radiation passed centrally between the electrodes, the 
width of the beam being 0 8 cm. at the centre of the pl» *»• 
The apparatus was so adjusted that any radiation which 
mightmTseattered from the water-cooled stop, which limited 

tb<f beam would not be able to reach the electrodes. It was 

tond experimentally that the ioniration current across the 
. i tjt m lmr became saturated with a potential of about 350 volts 

| , ?;![ t * 2 r ct 

during i Ibe experiments, giving a field of 25 ^ v°lts per em 
To obtain the foil ionisation produced by the rajr» f it li 
farther necessary t hat the photo-electrons ejected by the 
radUtion from tL air shall be completely 
reading the electrodes. As it was somewhat difficult to 
obtain any reliable data on the range of the photo-electrons, 



419 


Thermal Measurement of X-Ray Energy 

the matter was tested experimentally, the ionization current 
being measured, by the balance method, with different 
distances between the electrodes. It was found that the 
ionization current remained constant as the distance between 
the plates was increased from 1’9 cm. to 3*0 cm. At 
distances greater than 3 cm. the current began to diminish, 
owing to the iinposibiliiy of producing complete saturation 
with the potential available. We can assume, therefore, that 
there was no detectable loss of ions through photo*electrons 
reaching the electrodes before producing their foil ionizing 
effect. Further experiments indicated that the ionization 
current was independent of the material lining the wails of 
the chamber. As far as onr tests go, they indicate that the 
chamber was completely satisfactory. 

It is interesting to compare the value obtained in these 
experiments with those obtained in other recent investi¬ 
gations. The very variable values obtained by Krieges- 
inann *, ranging from 282 to 87 volts per ion pair, are 
probababh' ascribable to the unsatisfactory method of 
computing the results. The very low value of 22 volts 
given by Kircher and Schmitz * is completely out of accord 
not only with our own results, but also with those of all other 
observers. We cannot suggest any explanation of this low 
value. Knlenkampff *, after a very elaborate and careful set 
of observations, suggests a value of 35 + 5 volts per ion pair, 
and his work deserves consideration. The energy measure¬ 
ments were made by allowing the radiation to fall on a thin 
silver foil, the temperature of which was taken with a set of 
thermocouples. There is much to recommend this method 
from the experimental point of view. The reduction of the 
thermal capacity from the 2 or 3 grams required for a 
calorimeter, to perhaps Vo gram or even less of the bare 
thermocouple, makes the temperature readings much easier. 
We abandoned it deliberately for two reasons : firstly, the 
impossibility of knowing what fraction of the incident 
energy might be re-radiated as scattered, fluorescent, and 
corpuscular radiation ; and, secondly, the difficulty of cali¬ 
brating such a system. 

Both uncertainties seem to attach to Kulenkampff’s work. 
Apparently no correction is applied for the re-radiated 
energy, though this might possibly amount to as much as 
10 per cent. Two methods of calibrating the thermocouple 
system were tried, and differed by 10 per cent. The mean 
of these results was used in the calculations. If the higher, 


* Zac. cit. 


2 E 2 
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»„d apparently the more reliable, estimate had been token, 
the final value would have been increased by about 5 per 
cent. These possibilities are probably covered by the very 
generous mar|fn of ±5, which]Kulenkainpff.;J»J» S 
mean value. The points which we have raised, however, 
indicate that the true value should lie somewhere near the 

UP fhei"rem«!in finally the experiments of Rump *. 
values range, as we have already mentioned, from ateut 
300 volts per ion for very soft rays, down to round about 
42 volts per ion for heavily-filtered radiation from a bar 
tube. The large values given for the soft radiation are 
undoubtedly due to his umatisfactory method of dealing 
with his observations, as we have alreadv ported oot in an 
earlier section of the paper. It is only fair to Rump to 
state that he recognizes this in the concluding paragraphs 
of his paper; but as be bad not taken the measurements 
necessary tor a proper calculation, he has to be satisfied 
with suggesting that the lower values obtained with the 
filtered filiation are probably the more correc t. The efleet 
of filtration is to concentrate the radiation towards the shot« 
wave-length end of the spectrum, and thus to reduce its 
heterogeneity. His values for filtered radiation range from 
about 39 to 44 volts per ion pair, with a probable mean «f 
about 42 +• Thev are thus in close agreement with nor 
results, although they apply to a very different part of the 

"humming up the discussion, we mav conclude that the 
energy abstracted from an X-ray beam for the formation of 
a nafr of ions is not very far removed from 42 volts and 
that there is no evidence that this value- vanes with the 
wave-length of the radiation, though further ovtduiw n 
this Point is desirable. Since the ionization produced by 
X-rays i- ascribed to the action of the photo-ceci tons 
produced bv it, it is interesting to note that Mettm-r found 
for the energy spent per ion bv ^-radiation a ui.ue of 

'The ionization potential of the nitrogen and oxygen 
molecules is about 17 volts. The energy necessary to 
produce ionized atoms of nitrogen and oxygen from the 
molecule ia, according to Smyth 4, respectively *• **** 

23 volts. It is evident, therefore, that a very considerable 
portion of the eneigy of an X-ray Warn is not spent m 

i fTutr(&c.«*.) rd«c« hi*^estimate w* per ion pair. 

X Smyth, Bros. Roy. Soc. ov. A, p. 121 (1928). 
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producing ions, but degraded in some other way. The 
most probable method seems to lie in the production of 
{•radiation, the very low velocity electrons which are given 
off in considerable quantity from the surface of a solid 
on which a beam of X-rays falls. If we assnme that the 
process of ionisation commences with the projection from 
the molecule of a i particle, the average energy of these 

E articles would be (42 — 17) volts, or 25 volts. Our 
nowledge of {-radiation is very limited, bat the velocities 
of the particles escaping from a solid surface are of this 
order of magnitude. Investigations on this point are now 
in progress in this laboratory, and may throw farther light 
on the mechanism of X-ray ionisation. 

In conclusion we may consider, very briefly, the applica¬ 
tion of these results to'the ionisation method of measuring 
X-radiation. Assuming that the energy spent per ion is 
independent of the wave-length, the number of ions 
produced in an air ionization chamber is directly pro¬ 
portional to the energy absorbed in it, each pair of ions 
being accompanied by the absorption of 42*5 “ volts ” or 
6*76 x lO -11 erg. The transference of 1 e.s.o. across ihe 
chamber thus indicates the absorption of 0*141 erg. Thus 

T—0*141 rfE, 

where I is the charge collected in e.s.o., and dE is the 
energy absorbed. If t is the ‘* true ” mass absorption 
coefficient of the radiation, and dm the mass of air subjected 
to the rays in the chamber, 

1=0*141 E. t .dm, 

or for Ic.c. of air at l$°<\ and normal pressure 

Ir= 0-141 x E.t x0*00120*as 1*70x 10“ 4 Et. 

It must, however, again he pointed out that this result can 
only las applied to homogeneous radiation, as measurements 
made in the usual way on the ** coefficient of absorption “’of 
a heterogeneous lieam do not give even an approximately 
correct value for the energy absorption of the itcam. 

Summary. 

(!) The energy of a beam of X-rays has been measured 
by converting it into heat in a calorimeter. 

(2) The energy absorbed from the radiation for the 
formation of one pair of ions in air is 42*5 ** volts.” 

(II) This value is constant over the range of wave-lengths 
employed in the experiments. 
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U) The quantity of electricity, I, measured in electro¬ 
static units across 1 c.c. of air at 18° 0. and normal pressure 
is given by 

I s= 1*70.10~ 4 Et, 

where E is the total X-ray energy in ergs 

through the mis, and r is the « true mass coefficient of 

absorption. ¥& relation cannot be npphnd l to 

geneous radiation, owing to the impossibility of determining 

t for such radiation. 

In conclusion, the authors wish to express their obligation 
to the Government Grants Committee of the Royal Society 
for a gmnt made to one of them (J. AAX) for the purchase 

of essential apparatus. 

Department of Pbjstcs, 

The University, Reading, 

June 9th, 1928. 


XLIII. Selective Adsorption from iiasems Mixtures by a 
Me rcury Surface formed in the Mixture. I p • '• 

Ouphakt, 1851 Exhibition Research Student . 

Introduction. 

T HIS paper presents experimental evidence which indi¬ 
cates that an expanding mercury surface selectively 
adsorbs carbon dioxide from a mixture of carbon dioxide 
with an excess of hydrogen or argon. The ineasurements 
show that within the limits of the experimental error the 
carbon dioxide so adsorbed forms a monotnolecuiar myer 

over the snrface of the mercury, * • 

When a mercury surface expands or is crcatea* iresn 
atoms of mercury ’find their way from the interior or the 
liquid to the free surface. It is improbable that the atoms 
of mercury are absolutely symmetrical in the sense that the 
forces on neighbouring atoms are independent of their 
orientation, and it is unlikely that the fresh atoms of 
mercury which enter the surface are all oriented in the same 
wav. A surface which is freshly formed in mem will 
sneediiv rearrange its constituent atoms in sneb a way that 
tlieenergy in the surface is a minimum. This rearrange¬ 
ment will take place very rapidly, so that it is impossible to 

• Communicated by Sir K. Rutherford, O.M., IAS. 
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measure the resulting rapid fall in surface-tension, after the 
formation of the surface, by any ordinary means. However, 
when a surface is expanded in contact with a gas, a mercury 
atom which comes into the surface with an active enu 
outward will possibly remain in such u condition for some 
time, as it is able to form a “ compound ” with a gas molecule 
which may have a life of several minutes. Thus the re¬ 
arrangement of the surface to form one of the lowest energy 
will be delayed by the adsorption of a gas layer, and it 
becomes possible to measure the decrease in surface-tension 
from a very high initial value to a lower final value which is 
approached nsymptoticallv. The changes in the surface- 
tension which measure directly the decrease m the tree 
energy of the surface are accompanied by concomitant 
changes in tbe other surface properties. Thus Popesco 
has shown that five seconds after ihe formation of a large 
drop of mercury in contact with a gas the surface-tension is 
above 500 dynes/cm., and that this falls exponentially to a 
final value of about 400 dynes/cm., the time taken varying 
with the gas. He has also shown that the photo-electric 
effect obtained at the surface with a given source of light 
shows changes which follow the same general 
Perucea t has demonstrated that the contact potential of the 
surface against platinum shows changes of the same character. 
He has ob-erved that the time taken to reach equilibrium is 
longer with carbon dioxide than with hydrogen, indicating 
that the former gas is the more rigidly held at the surface. 

Ou the other hand, Harkins$, using the “drop-weight 
method*’ for measuring surface-tension, does^ not observe 
any large difference between the surface-tension of a drop 
formed in pacuo and one formed in a gas. This would 
indicate either that the gas is not adsorbed at the surface so 
as to interfere with it? orientation^ or that the assumed 
abnormally high initial surface-tension doe to the random 
orientation in the fresh surface does not actually exist. One 
of the methods for measuring the surface-tension roost give 
the wrong result, and the following experiments have been 
carried out in order to test whether tb# adsorption of g*» 
does take place at an expanding mercury surface, tbe 
problem of the surface-tension of mercury remains unsolved, 
hut these results give definite evidence in favour of 
“large-drop method” as opposed to the “drop-weight 
method ’* for measuring this quantity. 

• Popesco. Ann. d. Phys. Hi, p. 402 (1925). 

f Perucca, C. Jt elxxv. p. (1922). 

t Harkins, J. A.C.S. 1920. 
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Langmuir* lias measured the adsorption of gas at plane 
surfaces oE mica and glass carefully packed into a vessel 
and separated so as to avoid capillary spaces, in t«ns way 
he obtained a large arc in a moderate volume, and was able 
to measure the fall in pressure of the gas when admitted at 
low pressure into the vessel maintained at very low temper¬ 
atures. It is obviously not possible to apply this method to 
mercury, for there is no conceivable method by which a large 
surface of perfectly pure mercury could be created in contact 
with a very small volume of gas. for this reason use has 
been made of a comparative method only, whereby the 
change in composition of a mixture of gases is measured. 
Owing to the fact that some gases are apparently held to 
the surface by greater forces titan those holding others, a 
surface which is exposed to a mixture of gases should become 
covered with an almost complete layer of the more closely- 
held gas, that is the gas whose life on the surface ta longest. 
Thus, if a stream of mercury drops be allowed to fall down 
a column of a mixture of two gases, the more easily adsorbed 
should be largely removed from the top of the column and 
given up where the drops collect in a pool at the bottom. 
If it were possible to eliminate the effect of diffusion back 
and of the stirring action of the falling drop, it should be 
possible to deduce, from a knowledge of the change in com¬ 
position of the gas at the top. or the bottom, and the total 
surface of the falling drops, the amount of the one gas 
transferred per square centimetre of surface. This yields at 
once the adsorption in molecules per square cm, 

Schofield t ha* developed an ingenious mot hod by winch 
the disturbing effects may be eliminated and the adsorption 
measured in the case of liquids (ion adsorption from solution); 
and this is the basis of the method by which the present 
problem has been attacked. 

Method. 

Consider a stream of mercury drops falling through a 
column of gas and collecting together at the bottom. As the 
drop forms at the top, it* surface is continually expanding 
so that the surface in contact with the gas i* always one 
freshly formed. Gas is adsorbed at such a surface very 
readily, and if the atmosphere is a mixture of gases, one will 
in general adsorb} nriort* readily than thy otharn» for 
instance, as we shall see later, car lion dioxide is selectively 

* Langmuir, Pbys. Rev.-vhi. p. t M> {191«( : J. V. C. S. xl. p. J86J 
^ t'fiebofieW, Phil. Mspr. 7,i. p- «41 (192«). 
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adsorbed from a ««ixture of this gas with hydrogen or 

8T *When the drop separatee, it carries this carton e lio^de 
down with it andgives it up when it merges withthe PgjJ 
of metal below, for there the surface^contracts; to aero.^ Tb« 
concentration of ibis gas at the bottom therefo«inc^s, 
while that at the top decreases, but a limit is soon reached 
Xn this concentration gradient ceases to g^owmg 
the mixing action of the falling drops. This 
largely eliminated by using Schofield s flow ^ 1 * 

already been mentioned. A stream of the mixed gases, lee 
into tie colnmn at the middle, divides there into nn upward 
and a downward stream of equal velocity, which flow out 
from the immediate vicinity of the points at which the d op 
form and where they coalesce. This stream is quite slow 
hot is sufficient to sweep away the carton di«s>d* « 
down hv the drops as fast as it is given up M T h« effect 

upper stream is correspondingly impoverished >* 

'iuzsrt u pi -“r r5 

that the concentration change is thereby rendered very much 
smaller than when the gas is at rest, and it becomes necessarj 
to use a very sensitive method for measuring it. An 
attempt to detect it hy means of the difference m beat 
conductivities due to the difference in composition in the 
c ise of a mixture of carbon dioxide and hydrogen proved 
abortive, and this method was abandoned for an improvised 
Itavleioh eas refractometer with tubes two metres long. At 
a concentration of 2 per cent, carbon dioxide m hydrogen 
this proved capable of detecting a change of (K 1 per cen 
ami except at the verv highest concentration*, proved 
entirely satisfactory. The change measured is the 
in concentration of carbon dioxide m the two limbs ol the 
apparatus, that is twice the change in concentration of either 

If V be the volume of mercury falling ns drops in one 
second and N the number, the surface exposed to the gas 
per second is 

A “ 4 ’ N (i Jn)'- 

.f 
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second will be nA. If the volatile of gas traversing the 
apparatus at a temperature T and pressure P he v, the total 
number of molecules passing per second will be 

c. rV 6-06x10” 273 P 

° x 22-4x10* x T x 760' 

The transferred molecules will constitute part of the stream 
traversing the lower limb, and a correspondingly smaller 
number of carbon-dioxide molecules will traverse the upper. 
In either case the concentration change will be very nearly 

given by C— —■ x 100, expressed as a percentage of the 

total volume passing. C is obtained from the interferometer, 
and knowing the other factors, n may be calculated. The 
measurements are carried out in practice in the following 
manner. 

Experimental Details. 

The apparatus was arranged as shown in fig. I. 

Mercury from the reservoir A, maintained at a constant 
level H, is delivered through a regulating tap Tj to the 
stainless steel nozzle N fastened over the end of the glass 
tube with sealing-wax. This nozzle is perforated with 
twenty-five holes, each of which delivers about twenty drops 
per second. These drops fall down the tube F and collect 
in a pool at the bottom, whence the mercury flows out 
through the siphon S. finding its wav through P, to the 
pump which returns it to the reservoir. The design of a 
pump which would circulate the mercury without contamin¬ 
ation has proved th * most tedious part of the investigation. 
An all-steel reciprocating pump proved unsuccessful, as it 
seized almost at once, owing to the impossibility of using any 
lubricant whatever. Abortive attempts at substituting a 
liquid (distilled water) piston for the steel were followed by 
a rotating design, which, after modification, worked very 
satisfactorily. 

A drum D (fig. 2) of mild steel, lined throughout with 
sealing-wax after boiling in caustic soda and heating to a 
dull red, is mounted on the shaft of the motor M, and rotates 
at about 1400 revolutions per minute. The incoming stream 
of mercury is fed through the space between the inner and 
outer tabes of L, and falls through the hole H into the 
drum. The bent tube S scoops up mercury from the 
rotating shell of the metal which line* 1), anil delivers it 
through the axis of L to the reservoir. The compound tube 
L is clamped securely in a wooden block so that it jmsses 
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through the hole in the drum axially. Thia arrangement 
secures great rigidity and permits the construction of these 
parts of pyrex glass. The scooping action of S gives rise to 


Kg. 1 



Fiif. 



a spray of mercury drops in D, some of which escape though 
he clearance space between L and the drum. To avoid 
this a baffle B is stack to the tube with sealing-wax and 
enclosed in a chamber P, a shallow glass dish, also fixed 
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with sealing-wax to the dram, and with a hole bored through 
the bottom. A small hole T is bored throagh the face of 
the dram at the periphery of this dish, and allows the 
nierenry which collects in P to find its way back to the body 
of the pomp. This circulating device runs smoothly and 
silently, and does not give rise to vibration of the bench to 
the extent that the reciprocating types did, while it possesses 
the great advantage of supplying a continuous stream ef 
mereary whose rate of flow automatically adjusts itself to 
the rate at which mercury is supplied to the pntnp. In this 
way the level of the reservoir is maintained very constant, 
and the rate of dropping from the nozzle correspondingly so. 

The mixture of gases which is to be used is fed at a 
constant rate into the centre of the fall tube F (fig. 1) by 
means of a Sprengel pomp 0 with a fall of about 25 cm. 
The mercury for this pump is also supplied from the 
reservoir A through T s , and after use is returned to the 
pump. The excess mercury supplied by the pump escapes 
down the overflow P,. 

The stream of mixed gases divides at the centre, half passing 
upward and half down, thence through Q! and Q* to the two 
tubes of a Rayleigh interferometer. After traversing the 
interferometer the stream* pass through two glass tubes 
down the axes of which fine platinum wires are sealed. 
These wires are heated by a current and balanced on a 
bridge, and they serve to maintain an equal rate of flow in 
each limb of the apparatus, any want of balance being 
rectified by adjusting the rate of flow. The difference in 
conductivity of the two streams, due to the slight difference 
in composition brought about by the adsorption, is not 
sufficient to affect the balance. The two stream* then unite 
and are conducted back to the inlet I. A reservoir of the 
mixed gases is connected by a T-piece just before the stream 
reaches I and serves to maintain the pressure in the system 
at a constant vain-. A two-way tap connected at the same 

K int allows the rate of flow to be observed at any instant 
measuring the volume of gas collected in a burette tn 
10 seconds. The gas reservoir and the burette are filled 
with pure paraffin-oil in place of water in order to avoid loss 
of gas by solution. Just before entering at I the gas is 
thoroughly dried by passing over P,0*. A plan of the 
whole system showing the path of the gas throagh the 
apparatus is given in fig. 3. 

The whole of the glass parts of the apparatus are of 
“ pvrex,"’ thoroughly denned with hot chromic acid and 
distilled water before assembling. The connexions and the 
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gas tubes are thick-walled pressure tubing wbicb had been 
boiled in caustic soda and distilled water, and rubber-grease 
wus smeared over the ends of all the glass tubes before 
pushing the rubber over. The mercury to be used is purified 
in the manner described by Burdon *, and is of similar 
auality to that, used for other work on mercury surfaces in 
this laboratory. The apparatus was washed through with 
this mercury till that which escaped through S was good 
enough for distilled water to spread on it. In order to avoid 
effects due to temperature changes, the whole was assembled 
in an underground constant-temperature room. 

The first mixture of gases used was one containing a 

Fig. 3. 



small proportion of carbon dioxide in hydrogen. Before 
commencing an experiment the apparatus was washed 
through with a slow stream of hydrogen for several hours, 
and then with the mixture of gases until the fringes in the 
interferometer showed no movement after one hour. During 
the preliminaries the mercury was not dropping in F. 

Then the mercury is allowed to fall from the nozzle. The 
rate of dropping is determined by observing when the drops 
appear stationary and properly spaced at the nozzle when 
stroboscopicallv examined by means of an ** Ashdown 
itotoseope.” This setting can ho made an average for all 
twenty-five streams, and it can be reproduced to about 1 per 
cent. In most of the experiments the rate of flow of gas 

* Burden, l*ruc. Phys. See, Load, xxxviii. p 148 (1936). 
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was about *24 cubic centimetre per second in each limb of 
the apparatus, and this remained constant for hours. Some 
time after commencing dropping the fringes begin to more 
and attain a constant deflexion after two hours. As this 
shift became greater than a few fringes, it was compensated 
by turning the compensating plate of the interferometer. 
The latter was calibrated for small variations about the 
particular composition used, so that the percentage com¬ 
position change can be at once deduced from the fringe 
shift. By slightly warming the wax joint at P| ffig. J) the 
collecting-tube could be slipped to one side and the mercury 
from 3 allowed to collect for a period of 10 or 20 seconds 
in a measuring cylinder. From the volume thus collected 
and the number of drops which have fallen in the period, 
the volume, and hence the area of a single drop, can be 
calculated. The total area of mercury surface exposed to 
the gas per second is therefore known, and the number of 
molecules adsorbed per square centimetre can be obtained 
from the other factors in the manner which has been indicated 
in discussing the method. 


Results. 

A typical set of observations is tabulated in Table L 

Table I. 

Atmosphere 2 per cent. CO, in H,. 

Temperature of mercury 16°*1 0. 

Total pressure of gas inside apparatus: 79*0 cm. (P;. 
Temperature of gas 14° C. 1 


f 

' Time. 

(Hi*., mine,) 

Kate of 
flow. 

{*.) 

Rate of 
dropping. 

w 

Volume of drop# 
m 1 second. 
(V.) 

Composition change 
{from fringe shift). 

(O*) 

j 0.0 

*24 cx. 


1 54 c.c. 

0 % 

0S0 

— 

— 

— 

*002 , t 

0.40 

*25 „ 

20-1 „ 

im „ 

■033., 

1.0 

— 

—* 


•1« .. 

j ' I SO 


— 

1 

*371.. ; 

j 2.0 


2M H 

F 

400 „ | 

j 2.30 


— 

1 

[ 

400 „ ; 

1 3.0 

1 


20*1 „ 

| 1*58 „ 

■#» „ | 

j Average ......j 

*24 c.c. 

ggg 
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Substitution of those quantities in the equation given 
earlier gives for the number of molecules of CO* adsorbed 
per square centimetre of mercury surface, at « temperature 
of 16°-1 C., from a 2 per-cent, mixture with hydrogen : 

n—'5 X10 1B . 


Simitar measurements have been made 
50 per cent* mixtures of the same gases, 
measurements made on these mixtures 
Table IL 

Tablk II. 

with -5, 5,10, and 
The whole of the 
are tabulated in 

\ Per cent. <X>, in B a . 

'j «. 

Temperature. 

i * . 

•3x10“ 

1 b° a 

i a .... 

' -5 

16 „ 

i * . 

*7 

36 „ 

1 w . 

■7 

165 „ 

1 m ..... 

•8 .. 

16 „ 


The observations on the 2-per-cent, and the 5-per-cent, 
mixtures were repeated on different days and yielded identical 
results. The others are the result of only one experiment 
for each concentration, but it should be remembered that the 
factors which enter into the calculations are verified several 
times during any one run. Owing to the very ranch reduced 
sensitivity of the interferometer at the high concentrations, 
the last measurement is probably in error by as much as 
20 per cent, either way, but it serves to indicate that the 
layer adsorbed is approximately the same, even at very high 
concentrations, namely about *7 x 10 u molecules per square 
centimetre. 

For comparison with these, some experiments were carried 
out. with similar mixtures of CO s and the inert gas argon 
in place of the hydrogen, and the results obtained are 
tabulated in Table III. 

Table III. 


I*er cent, of CO, 
in argon. 

*» 

Temperature. 

5 . . . . 

*6x10** 

14° 5 C. 

16 ... . ... 

6 „ j 

15 w 

10 .... 

*h 

10 * 


j 
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Discussion of Results. 

It is evident from the above that at all concentrations 
abore about 2 per eent. carbon dioxide is adsorbed at a 
mercury surface to give a layer o£ very nearly the same 
belt.™ -6 .ml -TxlO'- mol« n I«. 

given in the ‘ Smithsonian Physical lables, is 4 2 x 10 cm,, 
and if we assume the molecules on the mercury surface to 
occupy a square with this length of side, then “ ° 

form a monomoleenlar layer over one square eentimetie, 
*6xlO l * molecules (very nearly) would be required. It 
therefore seems reasonable to assume that a monomoleeu ar 
kver of CO* is normally formed at atmospheric pressure on 
a freshly-prepared mercury surface in a mixture of this gas 
with a much less easily condensable gas such as H, ® r 
provided that the concentration of the CO* exceeds . 

2 ¥b« C preLent work definitely establishes that adsorption 
does take place on an expanding mercury surface, and 
indicates that the forces involved are quite large, for the 
gas is retained while mercury drops fait through about 
fo cm If is improbable that the adsorption of this gas 
has a negligibly small effect on the surface-tension, and 
hence a method* for measuring the surface energy should 
give very different values in a gas and m a vacuum. As 
has been’pointed out. the ^large-drop method for measuring 
the surface-tension gives a very high initial value m a , 
which falls rapidly to a value considerably lo« er than th** 
vacuum value. On the other hand, the ‘drop-weight 
method of Harkins does not show these differences, I 
therefore seems probable that the values given by the former 
are more reliable than those given by the latter method. 
The results obtained bv Perucea, who measured the change 
in the contact potential of a mercury surface against 
platinum in vacuum and after exposure to various gases, 
also support the view that the surface energy is very different 

in the t wo eases- . . t ^ 

In this connexion it might be mentioned that measure¬ 
ments of the surface-tension of water and of aqueous 
solutions of salt bv the capillary rise method, using a spemal 
technique for obtaining the height of the memscu* at very 
.hurt intervals after the surface has l^en formed, have tan 
made by Kleinmann * and others. These indicate that the 

• Kleinmann, Ann. d. Phy*. Ixx*. p. 246 (1026). Schmidt and 
Shyer, Ann. d. Phys. Ixxis. 
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initial sarEace-tonsion in contact with gases in considerably 
higher than far older surfaces. 

These experiments were carried oat in the Physical 
Laboratory of the University of Adelaide daring 1927. 
The departure of the author for England interrupted the 
work at this stage, but it is hoped to be able to present at a 
later date further results obtained with a greater range of 
concentrations and with other gaseous mixtures. 

In conclusion, I wish to express my sincere thanks to 
Mr. R. S. Bur don, to whose inspiration and continued help 
the success of these experiments is largely due. 


XLIV. Evidence of the A nisotropy of the Carl>on Atom. My 
Kathleen Lonsdale (n4e Yardlet), D.Sc.(London), 
Amy Lady Tate Scholar *. 

[ N a recent paper a> the writer has given the results of an 
X-ray examination into the structures of the fully- 
halogenated ethane derivatives, and has shown that in the 
solid state the molecule C,01«, far example, has only one 
plane of symmetry and n pseudo-centre. This one sym¬ 
metry plane passes through both carbon atoms and two of 
the halogen atoms, the other four being arranged in pairs 
at equal distances from the plane. 

1. Assuming a truly tetrahedral distribution of the 
carbon atom valencies, the possible symmetries of the C,C1« 
molecule would be : 

(a) Cm (rhombohedral), 

(6) Da (trapezohedral), 

(<•) Dsu (ditrigonai scalenohedral), 

(d) Cat (trigonal bipyramidal), 

(e) Dm (ditrigonai bipyramidal), 

according to the symmetry* of the chlorine atoms and the 
relative arrangement of the two carbon atoms. 

If, on the other hand, the four carbon valencies are not 
assumed to l*e alike, the symmetry of the molecule 

may be reduced. 

2. Assuming that there are three similar A valencies and 
one B valency, then combination between two similar carbon 

* Communicated by Prof. K. WEiddington, F.RJ3. 

Phil.May. S. 7. VoL6 No.38. Sept. 1928. 2 F 
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atoms and six similar chlorine atoms could take place in 
«[.“/« to give tbo Jnolooolo »oy of .ho .W »ym- 
metrics or else one of the following * 

(«) A plane through both C atoms (i.e. parallel to the 
v J C—o bond) 4* & centre of symmetry* 

(V) Two planes, one parallel and one perpendicular to 
the C—CJ bond. 

M A ,«r.ll.l to tW O-C Und (+ • pooudo-plono 

perpendicular to the bond). 

(d) A plane parallel to the C— C bond (+ a pseudo- 
eentre). , 

<*) A plane perpendicular to the C—L tend. 

(fx A dvad axis perpendicular to the C—C bond ( + a 
^ ' n^eudo-plane perpendicular to the bond). 

<</) A dyad axis perpendicular to the C—C boud (Hh a 

pseudo-centre). . , . 

(h) A dyad axis perpendicular to the L— C bond (no 

pseudo symmetry). 

(i) A centre of symmetry. 

0) symmetry. 

It will he seen that one of these, (d), corresponds to the 
symmetry actually found. _ 

■i Assuming that there are two similar A valenc.es and 
two similar B valencies in the carbon atom, then the t*l U 
molecule might possess any of the symmetries («)-U) 

given for 2. , 

4 The same symmetries could exist if only two of the 

four carbon valencies were alike. 

5 If all the carbon valencies were different the l ,U* 
molecule could onlv have one of the symmetries 2 (/.)-- 0) • 
m TK« e xnerimental evidence, so far as this particular group 
of^nolecules is concerned, therefore point* to the arrange 
melrt 2(d), 3 (d), or 4 (d), in which the molecules would he 

° f the si^'e^ond be* ween the carbon atoms is 

for" dbv the mutual sharing of two unlike valencies. 

?; Tb^'ZSSSFSZ 

Tff t” Jmhfclv in a ceoinettical sense, although such a 
tS if would probably imply further differences in 
Ihyrical and possibly in chemical properties. It is possible 
E hrcompJunds where very heavy or extensive groin* 
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are attached to a carbon atom the lack of symmetry of the 
carbon atom might easily be either masked or enhanced. 
There is a considerable amount of evidence, however, from 
other fields of work pointing to an anisotropy of the carbon 
atom. 

In 1923 Main Smithpublished a table giving extra- 
unclear electronic configurations based on chemical con¬ 
siderations. According to his arrangement two of the 
outer electrons of neutral carbon would occupy (2,1) orbits 
and the remaining two (2, 2) orbit". In 1924 Fowler w 
showed that the emission spectrum of C 4- (0 II.) is similar 
to that of B(B I.), and concluded therefore that their 
electronic arrangements are similar; that is, that of the 
three outer electrons in €+, two move in (2, 2) orbits, 
while the electron which generates the spectrum traverses 


Fig. 1. 



a (2, 1) orbit. Independently of Main Smith, Stoner w 
compiled a tible similar to his, based principally on such 
spectroscopic evidence. The structure of neutral carbon 
was fully confirmed the following year by Millikan and 
P.owen il> \ who examined carbon spectroscopically as (J+, 
Cr+,C+++,C+ + + +, and showed conclusively that 
in neutral carbon there are two (2, 2) and two {2, 1) 
electrons. 

Tilts evidence shows that in all probability the carbon 
atom is of the type 3, possessing two A and two B electrons, 
rather than of the other geometrically possible types 2 or 4. 
These A and B valencies must surely be closely related to 
the existence of the two (2, 2) and two (2, 1) electrons 
in the neutral atom. 

The structure of methane and of its derivatives has 
occnpied considerable attention on the part of various 
workers. Metlwme crystallises in the cubic system below 

2F2 
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~ 185 o# 80., but at a lower temperature still there is an 
enantiotropic transition into a uoubly-refracting modifi¬ 
cation { *K Similarly C01 4 , which is cubic below — 22° (\ 9 
becomes doubly-refracting at —47° C. m , being presumably 
isomorphous with CBf 4 , which is cubic above 46° 0* bat 
monoclinic (pseudo-cubic) below that temperature m K 
Bridgeraan m has found three solid modifications of 00l 4 
and of CBr 4 , one stable at atmospheric pressures (the 
regular form) and the other two at considerably higher 
pressures. This indicates that the useful symmetry of the 
carbon atom, in combination with other atoms in the solid 
state, may vary with temperature and pressure. 

No complete X-ray analysis of the crystal structure has 
yet been given for any of these substances, hut Ali*rk ay> 
has investigated the regular modifications of (JBr 4 and ti 4 
by means of the powder method, ami lias placed them in the 
space-group IV (he xak is tetrahedral), there being apparently 
one molecule in c u unit cell, of side 5*67 A. in the case of 
CBr 4 , and 5*81 A. in the case of (JI 4 . For monoelinie CBr 4 , 
Mark found that the unit cell contained eight atoms of 
carbon ami thirty-two of bromine, so that presumably 
polymerization bad taken place, the molecule being at 
least C 2 Br g . C(X0 2 ) 4 , C(OH 3 ) 4 are also cubic fll> with low 
temperature doubly-refracting modifications. The regu ar 
forms of both of these have been examined hv means of 
X-rays {W . The molecule C(N(> 2 ) 4 apjiears to possess 
trigonal symmetry, one NO t group being unique ; C (CH S ) 4 
possesses probable molecular symmetry *JV Other sym¬ 
metrically substituted methane derivatives crystallize with 
tetragonal or lower symmetry (l3) . In 11*23 Mark and 
Weissenberg (l4) published an X-rav examination of penta- 
erythritol, 0{0H t OH) 4 , the results of which (supposedly 
confirmed by Huggins and Hendricks* 1 * 1 ) have aroused 
much interest and controversy. These authors accepted the 
class C 4r given by Martin m \ being unaware that Haga and 
Jaeger (l7) bad shown by means of an excellent Lane photo¬ 
graph that the planes of symmetry supposed to intersect in 
the tetrad axis were non-existent. Various papers referring 
to this point followed X-rays can, in general, give 

no evidence as to the polarity of a crystal. Mark mid 
Weissenberg assumed, after Martin, that penta-erythritol 
is polar, and then showed that in that case the only possible 
symmetry of the C(CH f 0H) 4 molecule is C 4 . Thus the 
molecule would he of a pyramidal shape, the four valency 
directions of the carbon atom pointing along the edges of 
a tetragonal pyramid. Liebiseh bad affirmed that ih# 
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pyro-electrie test gave positive results for these crystals, 
and Giebe and Scbeihe (21> had recorded a positive result 
for the piezoelectric test. Armed with this evidence 
Weissenbarg m> end Reis m> developed » new stereo¬ 
chemistry for the carbon atom, based on its possible non- 
tetrahedral for in. Mark and Weissen berg’s conclusions 
have not, however, remained unchallenged, 1. Nitta (24) has 
repeated the X-ray investigation, and has shown that the 
results obtained are consistent with either a pyramidal (C 4 ) 
or a sphenoidal (S 4 ) symmetry of the 0{CH*GH) 4 molecule. 
This result has been confirmed by S. B. Hendricksand 
by A. Kehmitz { **K The latter believes that the X-ray 
intensities observed favour the sphenoidal symmetry. On 
the purely crystallographic side I, E. Knaggs {loc ciL) and 
later Scbleede and Schneider if7) have been unable to detect 
any evidence of polarity in the crystal habit or by means 
of etch figures. Scbleede and Schneider grew a number of 
crystals which appeared to show definite S 4 symmetry, the 
basal faces (001) and (001) Wing rectangles whose long 
sides were crossed. Finally. H. Siefert m) has very carefully 
reinvestigated the crystallographic properties of pema- 
erythritoL He obtained crystals which closely simulated 
C 4 * symmetry, but which might might have been formed by 
twinning of a lower class of symmetry. By cutting sections 
parallel to (001) at both ends of these bipyramids and 
etching on each of the four faces so obtained, be was able 
to prove that the hi pyramids were formed of two inter¬ 
penetrating bisphenoids anti that the true crystal class is S 4 . 
He remarks that he obtained an apparent pyroelectric effect 
with the crystals, hut that, since true pyroelectricity is 
impossible in the bisphettoidal class, the effect is probably 
only a manifestation of the piezoelectric effect, and quotes, 
in this connexion* the example of quartz {see R. E. Gibbs, 
Science Progress, Ixxxviih p. 613 (192$), for a brief 
summary of the properties of quartz), for which the 
existence of a true pyroelectric effect is also doubtful. 
Hettieh and Scbleede* 1 ** have shown that piezo-electricity 
is compatible with S 4 symmetry, since its presence only 
indicates a lack of eentro-symine*ry. 

Cooley m} examined the fine structure of the band 
spectrum of methane, and found for the band at approxi- 
A 

mutely 3*31 m a* 9*77 cm." 1 , whereas for the band at 

» A A* 

7*7 5*41 cm. -1 . Dennison wl> discussed these results 

on the basis of a tetrahedral molecule, and showed that the 
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A 

observed difference in ^ for the two tends may possibly be 

explained by the assumption that the CH 4 molecule possesses 
a resultant angular momentum fixed in direction in the 

j, Guillemin^**, however, 

used Cooley's results Io calculate the potential energies, 
(1) of a tetrahedral CH 4 molecule, and (2) of a pyramidal 
UH 4 molecule, and came to the conclusion that the pyra¬ 
midal arrangement would be the more stable of the two. 
He assumed that the carbon was — Y * fund therefore polariz¬ 
able) and the hydrogens 4 an hypothesis which is by no 
means justified. He also accepted Grimm's im value of the 
CH 4 radius, which is about 10~ s cm., whereas Wasastjerna iu \ 
whose calculations for other atoms have teen fully confirmed 
by the latest X-ray results, gives as the radius of o Kr, and 
therefore approximately of CH 4 , the value 1*76 A. For 
GO*, however, the tetrahedral arrangement is considered to 
be the more stable, and Guillemin suggests that a change 
from the pyramidal to the tetrahedral configuration may take 
place on substitution. Havelock im has used Guiliemin’s 
figures for the 0—H distance to calculate the molecular 
refractivitv and depolarization factors on the Imsis of a 
tetrahedral and a pyramidal arrangement of the methane 
molecule. In each case the values found are smaller than 
the experimental values, and Havelock suggests that is 
because Guillemiivs figures are too small. Van Arkel and 
de Boer 1W) , independently of Guillemin. have made calcu¬ 
lations for a CH 4 molecule in which the hydrogens, being 
—are polarizable, and the carbon is -p and they have 
shown that the tetrahedral form is the more stable, both for 
CH 4 and also for CCi 4 . 

Carbon tetraphenvi forms rather poor crystals, and its 
symmetry is not yet fully ascertained. Wahl <,7) has placed 
it in the orthorhombic system as the result of an ♦ lam¬ 
ination of its optical properties. W. H. George i$$i has 
examined it by X-ray photographic methods, and has shown 
that the structure approximates closely io the tetragonal 
space-group D^. The molecular symmetry is either S 4 or 
a dose approximation to it. Ho other crystalline modifi¬ 
cation 1ms been found at temperatures above —200°(l 
Gerstacker, Molier, and Reis im have examined the com¬ 
pounds penia-erythritol tetra-nitrate and pentu-erythritol 
tetra-acetate. They place the first in the space-group Dj* 
and the second in Cf*, with two molecules per unit cell in 
each case. The former compound could therefore only have 


molecule of the amount 

2 \2w 
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S 4 symmetry and the latter C 4 or S 4 symmetry. They give 
reasons, based on the crystal habit, for believing that the 
molecules of penta-erythritol tetra-acetate are pyramidal. 
I. £L Knaggs, however, has subsequently pointed out <40> 
that the space-group of the hitter substance is most probably 
not Cl*. Her examination of the crystals by ionization and 
by photographic methods failed to reveal any trace of odd 
orders of (001), and thus {minted to Cl* as the true space- 

f rottp and to S 4 as the only possible molecular symmetry^ 
he writer, at Miss Knaggs’s request, also examined the 
crucial plane very carefully by the ionization method, and 
confirmed the absence of odd order reflexions. It appears, 
therefore, that no case of a pyramidal arrangement of the 
carbon valencies has as yet been satisfactorily substantiated* 
The X-ray results so far obtained indicate that the carbon 
atom may be tetrahedral, trigonal, sphenoidal, or a close 
approximation to one of these symmetries. 

Ebert and von Hartel (4l> have shown that many com¬ 
pounds of the type C« 4 , such as 0(0CH t ) 4 , C(0CfH*) 4 , 
0{OH». 0*0. CHj) |f have measurable dielectric orientational 
polarizations in dilute benzene solution, and they have cal¬ 
culated the dipole moments of the molecules. They and 
Weissenberg im take tic se positive results as proof of the 
pyramidal structure of the molecules in question. It should 
be pointed out, however, that the existence of a dipole 
moment only shows that the molecules are not truly tetra¬ 
hedral. It is difficult to see how they can even be truly 
sphenoidal, as indicated fin the ease of 0(CH*. 0*0. CH 5 ) 4 ) 
by the X-ray results. A carbon atom of the type postulated 
by the writer, having two A and two B valencies, would, 
however, possess a small dipole moment, which would 
probably be greater the more ** elongated ” the substituted 
group*. Williams and Krehma im have shown that the 
dipole moment of 0CI 4 is negligible. 

Further evidence for the anisotropy of the carbon atom 
comes from a consideration of the polarization factor 
for light scattered by methane, tetrachlormethane. etc. 
According to theory, if these substances were completely 
isotropic the depolarization factor should be zero. Cabannes 
and his collaborators WfcW and Rayleigh.**** have found 
small depolarization factor, even for the rar*>-gas atoms 
He, He, A, Kr. Xe ; for 0H 4 Cabannes found im p = 0*015 
and for CC\ 4 im p - 0*0087, Other investigators w 
have obtained higher values for C01«, but Cabannes is the 
only worker who has given results for both, and he states 
that the depolarization factor is definitely bigger for CH* 
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than for 001 4 * This he takes as conclusive proof that it is 
really the carbon atom which is anisotropic, since when the 
less refringent atoms of hydrogen are replaced by the much 
more refringent atoms of chlorine, the relative importance 
of the carbon atom and the consequent degree of aniso- 
tropy of the molecule will therefore he diminished, 

A summary of much of the work in this and other fields 
has been given by V . Henri m \ who, however, has quoted 
Oabannes's results in support of GuiHomin'* pyramidal 
model for CH 4 and tetrahedral model for CCl r 

Application to Simple Crystal Structures. 

It is of interest to see how such a carbon a tom as that 
suggested by the X-ray work on the C 3 (/lg scries, having 
two A and two B valencies, will fit in with the X-ray results 
for other carbon compounds. Diamond, of course, suggests 
itself first, Grimm and Soimnerfeld CS3) have pointed out 
that C, Si, Ge, and Sn all crystallize in the dimiiond type 
of lattice, and that, according to the Main Smith-Stoner 
classification, each of these contains two complete sub-groups 
of two electrons each, and requires an extra four electrons in 
order to reach the (2, 2, 4) grouping characteristic of the 
inert gases. The suggestion implied, that the electronic 
configuration must be similar in each of these crystal¬ 
line substances, has been vigorously attacked by Hume- 
Rothery {U \ who points out, however, that in diamond itself 
all the properties of the crystal indicate that the forces 
joining the carbon atoms in the lattice closely resemble those 
which bind together the atoms of a molecule. Thus the 
diamond is extremely hard, infusible Moiv 3000° and 
possesses a specific resistance of about JO* 14 ohm-cut. 
The present writer im has shown that if C—C bonds in 
diamond are taken to resemble that in the inoleeu e 
the cubic symmetry may he explained on the assumption that 
the (AB) electrons forming or contributing to the bond are 
absolutely mutually shared by the two carbon atoms in 
question. Carbon atoms of the AAAB or ABCO types 
referred to earlier could not fit into a strictly cubic lattice 
of the dimensions found, and even if a larger unit cell were 
assumed, the bonds linking the atoms together would not lie 
all of one kind. 

Graphite is a more difficult problem. The accepted 
structure, given independently by Basse] and Mark m and 
by Bernal ( * 7> , is one in which the carbon atoms lie in planes 
in which they form hexagonal nets. Half the atoms In one 
net lie normally above half the atoms of a net in the plane 
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beneath, while the other bull lie normally above the centres 
of the hexagons of this net* Alternate nets lie atom for 
atom normally above each other. The tetrahedral sym¬ 
metry of the carbon atom is thus lost, three of the valency 
direction* lying in one plane, while the fourth is directed 
apparently at right angles to this plane. As Bernal points 
out, this result is inevitable in any graphite structure. 
Cleavage sheets of graphite possess considerable hardness 
and tenacity in their own plane, and it is therefore justifiable 
to assume that the linking between carbon atoms in this 
plane is similar to that in diamond (fig. 2)* consisting 
entirely of (AB) junctions. 

If the sharing is mutual, that is, if an (AB) junction is 
exactly equivalent to a (BA) junction, then the nets will be 
truly hexagonal. Bernal mentions a further difficulty. 
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which is that the carbon atoms in graphite fall into two 
classes, according us to whether their nearest neighljonrs 
along the [0001} direction are at a distance 3*41 or 6*82 A., 
and. moreover, even the distance 3*41 is extremely Jarge 
compared with o the normal C—C distance (1*54 A. in 
diamond, 1*42 A. in the graphite cleavage planes). These 
difficulties are capable of explanation if the structure given 
in fig. 2 is correct; the projection of the structure on a 
plane at right angles to that of fig. 2 is shown in fig. 3 (a) 
or (ft!. The two types of carbon atoms are now dearly seen 
to be those which have an A-valency direction normal to the 
cleavage plane and those which have a B-valency direction 
normal (or jiossibly inclined) to that plane. 

It is not known to what class graphite belongs, and 
therefore the space-group cannot definitely be fixed. Hassel 
and Mark give a list of possible space-groups, reducing 
them by means of arguments based on observed intensities. 
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Lane photographs and X-ruy methods in general cannot 
distinguish between the classes D», €#, D«, and 
Hence it is impossible to ray whether graphite is polar or 
non-polar. If it is non-polar, then the fourth valency or 
electron orbit must somehow be symmetrical about the 
cleavage plane. This is indicated by the dotted lines in 
tile diagrams. The argument, of course, applies to any 
graphite structure. The junctions between atoms in 
successive cleavage planes are likely to be extremely weak, 
and, in fact, half of the carbon atoms may practically be 
regarded as nnsaiurated. Hence, probably, the ease with 
which graphite can combine with hydrogen to form a weak 
chemical compound and the tendency of various atoms to 
attach themselves to the surface or charcoal (which is 
hydrogenated graphite in a fine state of division). 
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Another substance the crystal structure of which require* 
a closer investigation is ethane, C|H g . Wahl showed im 
by the optical behaviour and the rhornbohedral cleavage 
that at the temperature of liquid air ethane crystallizes in 
the hexagonal system. Mark and I’obland m> pursued the 
investigation by means of the X-ray powder method, and 
showed that the unit cell, of size 4*46*X b‘19* A., contains 
two molecules, characteristic points of winch are approxi¬ 
mately in the “ close-packed ** positions. The C—C bond 
lies along the principal axis, the distance between the 
carbons of one molecule being about 1*55 JL The positions 
of the H atoms could not be located. Hiven^ has 
suggested that in ( jH* all tbe (2, 2) electrons and two of 
the (2, I) electrons of the carbon atoms are taken by the 
six hydrogen atoms to complete their (I, 1) orbits, while 
tbe remaining two (2, 1) electrons form a closed system of 
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two, thus making a boiui between the two C atoms. If, as 
is almost certain, however, ethane is similar to hexachlor- 
otbane in the arrangement of the carbon valencies, the bond 
between the two C atoms would be formed by two unlike 
valencies. We mast therefore see how such a molecule, 
having a plane through the two C atoms and two of the 
H atoms, together with a pseudo-centre, will fit into the 
structure recorded bv Mark and Pohland. It is found, by 
examining every geometrical possibility, that m order to 
retain the hexagonal symmetry the unit cell must be at 
least three times the volume of that given by Mark and 
Pohland. This is not incompatible with their results, for 
thev themselves say that the method they used was not 
sufficiently accurate to exclude the possibility ot a umt 
cell larger than that given in their paper. Two possible 



structures then present themselves, either of which is in 
agreement with the results found (fag. 4 («> and to))* 

The cell indicated bv the powder method is show'll «■> tuu 
lines. The height of the ceil remains unchanged, but its 
dimensions arc new 

(4:4b X ✓3)*X8-1»A.\ 

and it contains six molecules, each possessing a plane of 


8> TiTthe case <«*) no reflexion would he really absent, bat 
planes of indices (m»»2»«i) where ( » odd (referred1 to tfie 
Mil given by Mark and Pohland) would 1» Jf** 
odd £d«r*. 'In the case <£) those orders would actimll} he 
absent, f In the true cell this « ould correspond to a hah mg 
of planes (mOw l) where I to odd ] Now nn e^ ; mnatio» of 
the experimental remit* that on } o * - j 

is recorded, that from (1123), and even tins weak reflexion 
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is very doubtful, since it coincides well within the limits of 
experimental error (given as 3 per cent.) with the reflexion 
from the (2022) plane. Until experimental data of much 
greater accuracy can be obtained using single crystals 
of ethane, it is not possible to say which of the above 
structures, if either, is true to the facts. 

Another hydrocarbon which is of even greater importance 
is benzene, unfortunately. X-ray results relating to crystal¬ 
line benzene are most incomplete. Broome (6I> has used 
powder and Lane methods to show that the unit ortho¬ 
rhombic cell contains four molecules, and Markquotes 
a dissertation by Schneefusz (Berlin, 1224—not available 
to the writer) in whieh the dimensions are verified and 
the space-group is given as Q* 1 , Qi‘\ Ql*, the molecule 
being apparently centro-symmetrical. Schneefusz has also 
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used X-ray methods to prove that C*t‘i s , C'*Br„ and <’*!* 
are centro-symmetrical, crystallizing in the monoclinic 
system. Similar results for and Qilr g were arrived 

at independently by Plummer M> . If the benzene ring of 
six carbon atoms (wrsists with more or less distortion just 
as it exists in diamond or graphite, then again we must 
expect that the C —C bonds will consist of (AB) junctions. 
The existence of centre-symmetry definitely eliminates 
the Kekule model with its three double bonds. Centro- 
symmetrical models, having no further symmetry, may be 
built up either on the Laden burg or the Armstrong-Bacyer 
models (fig. 5 (a) and ( h)). 

By an extension of the fourth (internal) valencies, so that 
actual linking takes plat*# within the ring, fig. ft (A) could 
be made to represent the Clans model. 

In conclusion, it may be stated that the structure here 
suggested for the carbon atom, in which two of the valencies 
are geometrically different from the other two, agrees with 



Anisotropy of the Carbon. Atom. 445 

the crystallographic determinations on various substances as 
least as well as, if not better than, the ordinary tetrahedral 
model, and is able to explain the curious lack of symmetry 
of many simple carbon compounds. 

The writer wishes to express her indebtedness to the 
Council of Bedford College, London, for a scholarship 
enabling her to carry on research work at the University 
of Leeds. 


Summary. 

The possible symmetry of the carbon atom is investigated 
in the light of X-ray results on crystals of C,C1« and 
isomorphous compounds. A model is obtained having two 
A and two B valencies, geometrically different, and a 
comparison is made with the Main Smith-Stoner atom. 
Work in other fields is also quoted in favour of a non- 
tetrahedru! carbon atom. A critical account is given of the 
controversy concerning pentaerythritol and other symmetri¬ 
cally .substituted derivatives of methane, and it is shown 
that no ease of a pyramidal carbon atom has yet been 
satisfactorily proved. It is found that the model now 
suggested will explain the symmetries, as determined hv 
means of X-rays, of other simple carbon compounds, in 
some cases throwing light on anomalies revealed by such 
determinations. 
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XLV. On the liadiatioti * from the Iruide of a Circular 
Cylinder. — Part II. By H. Booklet, M.ScF.I ntt.P. 
(From the National Physical Laboratory *.) 

I N tlfe Philosophical Magazine for October 1927 t it was 
shown that the radiation per unit area from the inside 
of a uniformly heated infinite circular cylinder at temperature 
T°, taking into acconut multiple reflexions, was given by an 
integral equation of the form 

4>(«i)=eoT*+—<t>0)F(*i —*)dx 

+ J„ 

where x and ,r t are measured from the end of the cylinder 
in terms of the radius, e is the emissivity of the walls, and 
ir/ 2.F(.r) is the radiation from a disk of radios sanity and 
brightness unity to a parallel coaxial disk of radios unity at 
a distance x away, where 

F(x) = { J J + 2-x(^ + 4)*}. 

This equation merely expresses the fact that the radiation 
from any point of the cylinder is <qual to the directly 
emitted radiation plus the reflected portion of the radiation 
received from the rest of the cylinder. Solutions of this 
equation were obtained by taking an approximation to the 

kernel ~ ^F(j-) in the form where all the 0's are 

negative $. The approximation was also adjusted so that 

C 5 s? PW 1. 

t.c., Xy(Bj0 m ) S= - 1. 

The case considered was when »*»2, but the extension to 
higher values of n is easily made and la obvious. It was 
also shown that for values of the emissivity greater than 
0 25 («'. e., reflectivity less than 0*75) the approximate solu¬ 
tion obtained with n*=2 was quite satisfactory and that 

* Communicated by Sir J. E. Petavel, K.C.B., F.R.S. 
t Buckley, Phil, ata iv. p, 7&H (1987). 
t Whitaker, Proc. Hoy. Sec, exiv. p. 807 (1918). 
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even with n=l the approximation was quite good, 
approximate expressions for the kernel were 


and 


J S *■(*)=*~ 


for I 
for n = 2. 


The 


The solutions in these cases were found to be 
<&(#) ss 1 -f A t e*** + 

and <J>(*r)=rl—(1— \/€)€~ v ' fX , 

where each side has been divided by <rT 4 . 

It is the purpose of this paper to consider the case of 
a finite cylinder, and also to apply the results obtained to 
deduce the brightness of the inside of a non-radiating 
diffusing cylinder of reflectivity p when illuminated by an 
infinite plane of brightness B and reflectivity zero at an 
infinite distance from the end of the cylinder. This is the 
problem of the brightness of a vertical circular shaft or light 
well illuminated by a uniform skv. 

A solution is also obtained of the problem of the radiation 
from the inside of an infinite circular cylinder which has an 
infinite longitudinal slit parallel to the axis. This problem 
is of interest, since it approximates to the platinum black 
body primary standard of light employed by Ives *, except 
that emission and reflexion are considered to be perfectly 
diffuse instead of specular. In this case the solution is 
exact. 

The Finite Radiating Cylinder. 

The equation to he solved is 

* art J 

where l is the length of the cylinder. It is obvious that the 
solution wil! be symmetrical about the mid-point of the 
cylinder, so that 

This suggests that 4>(.r) is of the form 
4>(a?) =rAo+ A t e ait + A t e a ^- X) + A,e°» r + 

* Ives, Joum. Frank. Inst, cxcvii, pp. 147,359 (1924). 
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On substituting this expression in the equation above, 
performing the integrations and equating the constant terms 
and the coefficients of e** e**, and *** on each side 
of the equation, it is found that 


A 0 =*e— Ao(l— f) ( ~ -f 


-Ml j. B A l 


0_ A# __ Aj 

i *i— A 


A, A,e°‘ * 

*s — A «i+A 


Os 


A® A, 


Aj 




A *1~A A <*1 +# 


A*?! 1 * 

**+A ’ 

A**®** 

«»+A* 


Four identical expressions are found from the coefficients 
of *“*<*-*», *«,<*-*»>, **«<*-*»>, and as is to be expected, 

r urthermore, for /—►» these equations become identical 
with^those obtained in the previous paper for the case of the 
infinite cylinder. 

The first of these equations gives A 0 =l, since 



The second and third show that «i and «j are given by the 
square roots of the roots of the quadratic in z. 



which is independent of i, so that the indices of the expo¬ 
nential terms in the solution for the finite cylinder are the 
same as those for the infinite cylinder. It can also be shown 
that e | 8*j— •/ cjSjjS]. 

The coefficients, however, are different, and are given by 
the fourth and fifth equations when the values of a* and a* 
are substituted in them. 

The numerical values of the approximate solutions for n —2 
in the case of a cylinder whose length is eight times the 
radius are given below for various values of the emissivity. 

Phil. Mag. S. 7. Vol. 6. No. 36. Sept. 1928. 2 G 
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«=o-5o. •w-i^fgg ::r;°„s 

€_0 25. 4»( ) + Q. 00g0 e -3«o* + o-0080 «-***<*-«>, 

£=0'10. < D (*) = 1-0-6680 £-0^-0-6680 

W +0-0055 £-«- to +0 0080 


Kg.l. 



Distribution of radiation from tbs inside of* uniformly bested 
finite cylinder. 


The approximate solution for «=1 is given by 

4>(.r) ss 1 — * - «. ^ # | * 

(14* V*)+ V*) e 

^hicb, when i-*so becomes 

4>(x)=l-(l- Ve)e“ v ", 

and agrees with the value obtained previously. 

These results are shown graphically m fig. 1. As before, 
the agreement between the two approximate solutions is 
Quite good for values of e greater than 0*25. It is to be 
jScipated that the solntion for a three-term exponential 





451 


from the Inside of a Circular Cylinder. 

1 

approximation to ^ F (x) will be very close to that given 

by tbe two-term exponential approximation for the reasons 
discussed in tbe previous paper. 

Circular Cylindrical Shaft or Light Well illuminated 
by a Uniform Sky. 

Infinite Cylindrical Shaft. 

The results obtained previously give the value o£ the 
radiation from any point x, of the infinite cylinder as 

d>(x) = 1 + + A,e a * 

or l — (1— V'«)«"* v * z . 

If the end of the cylinder is closed by a circular disk of 
emissivity unity, and consequently of reflectivity zero, at the 
same temperature as the walls of the cylinder, the cylinder 
will approach the thermo-dynamic ideal of a constant 
temperature enclosure. Hence the radiation from every 
point on the walls of the cylinder is complete or black-body 
radiation. Thus, if 0(x) is the radiation from any point 
x in the cylinder when the end disk is in position, 0{x) — 1. 

Now let #(.r)—<l> (x)=(.r). 

But 0(x) — d>(r) is merely the difference between what the 
walls radiate when the end disk is in position and what they 
radiate when it is not in position. What they radiate in 
each case is the radiation corresponding to the emissivity 
increased by multiple reflexion from the walls alone, since 
the disk at the end has zero reflectivity. Hence the differ¬ 
ence P' (x) is the radiation from the walls due to the radiation 
received by them from the end disk, increased by multiple 
reflexions from the walls. 

Hence ’PC*) = — 4- Agt?"**) 

or (1— v«)<r 

The same resnlt is obtained if tbe end disk is replaced 
by an infinite disk having tbe same properties as the end disk 
but removed to an infinite distance. It also holds if the 
cylinder is not self-radiating, since what the walls radiate 
due to the presence of the disk is independent of wbat they 
radiate on their own account. 

If, now, the infinite disk of unit emissivity be replaced by a 
uniform sky of brightness B, tbe sky can be regarded as 

2Q 2 
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having zero reflectivity, so that ike same result still applies 
u Zv u ”pl.c.d by wB, »»d lb. reflwjUrity »r the ojr »der 
fl-.j*rL«i by l H«c lb. rotation from lb. «ybnd« 
when illuminated by a uniform Ay of brightness B, *. s. die 
brightness of the walls of the infinite cylinder, is given by 

= —wB + A t e°**) 

or wB(l— 


Finite Cylindrical Shaft . 

The similar problem for a finite cylinder does not submit 
to such general treatment as is given above, and resort must 

be made to calculation. ,. , . . 

The radiation directly received by a disk of radius r at a 
distance * from a radiating disk at the end of a cylinder of 
radius r is given by 


^{x* + 2r»-*(r» + 4r a )‘} 

or -*(* 4-4)1}, 

where E is the radiation emitted per unit area of the 
radiating disk and * is expressed in terms of r. 

Hence the radiation received per unit area by an elemen¬ 
tary annulus of width dx at x is given by 

-rs< i>+2 - :r( ' s+4) ‘ 1=_ iS r<,,) ’ 

tat \ or iB,r»' + B^-l : 

••• 

Consider, now, a finite cylinder of length l, emissivity e, 
closed at one end by a disk of emissivity unity, both disk 
and cylinder being at tbe same temperature. Then the 
radiation emitted at any point * on the cylinder is the 
radiation directly emitted, together with the reflected portion 
of the radiation received from the disk and from the rest of 
the cylinder. 



from the Inside of a Circular Cylinder. 


453 


0{xy)=e 


4 

l-« 


•{J 

x v )dx j- . 

For the single-term exponential approximation the 
aquation becomes 

0(.»i)s:€+ ^ J 0(x)e^ (x ^ x) dx 

+ J 1 e(x)e~^~^dx^ . 

Assuming that 

0(x) ms A* +A,s*>*+A l V , ‘< i-x) 

after substituting in the equation, performing the inte¬ 
grations, anti equating on each side of the equation the 
constant terms and the coefficients of e** 1 ', e~* 1 , and 

*-</-*!> respectively, it is found that 


0(*)=1 + 


(l-e)J(l(1 -e-y/e)e-^- J >} 


which, when l-r*>, gives d(or) = I as before. 

But for the finite cylinder without the end disk, 






¥(*) = 0(*)-<*>(.«•) 

(1"+ Vej*- (1— ✓•JV* 55 ' ‘ 

which, when !->», gives 

'F(jr)=(l— ^e)e~ v '* x , as before. 

Thus the brightness of the walls of the finite cylinder 
when illuminated by a uniform sky of brightness B at one 
end is given by 

,wBp{(l+ ^-{1- s/'jZr p) - ^-* \ 

( 1 + ‘ 


**(*) 
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For th. t-.o-t.na .*po"."ti*I .ppro.iai.tioa Urn »1atio» 
can be found by assuming that 

0(z) =A 0 + A^* + +A^**+ A *'^ <,_X> ’ 

“nCffenote's;*, .ppro.im.1. 

,L Z, cylinder is not 

those obtained when ^ e a 2 ‘d bv toking the difference 
the former problem is * olv ® , ? , t f ne j 8 an approxi- 

SST When the difference becomes small it may be 
considerably in error. 



The Infinite Circular Cylinder with an Infinite 
Longitudinal Slit* 

Consider .a infiait. cylind«r .10.i »n 

ti.er.di.Uon 

emitted will be the same for all points on an elements y 

uZL g omSit 

th/Vadiation from an infinite strip of width rd$ m the 
togMt pUn, It e to th. point «, in tb. Ungent plan. « 
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Now, « is the angle between the tangent planes at 0 and B u 
so that it equals it — (0, —0), while 6 and 8\ are situated at a 
distance r cot*/2 from the intersection of the two planes as 
shown in fig. 3. , . „ 

The radiation to 0, from the area rdddy in the strip 0 at 
a distance y from the plane normal to the axis of the 
cylinder and in whieh the receiving point 0 X is situated is 
given per unit area by 

<t>(8) r d6 dy r* cot 1 a/2 . sin* a. 
vr(4r*cos*a/2 •+• y*) ' (4r* cos* «/2 +y*’ 

where &(0) is the total radiation per unit area from the 


Fig. 3 . 



elementary strip at 0. The radiation from the infinite strip 
is therefore 


9Sil cot * a /2. sin* a d0 (* + “ 

7T * !-*» I 


dy 


(4 r* cos 3 a/2 

On potting cos a/2 * tan this reduces to 

<s>(0) S. a <t>(0) . 0 x -0 , a 

—^ cos —sm ~ 


Hence the integral equation giving the required solution 


is 




* ^ 




I 


.in 
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On differentiating twice with respect to 0j, it is found that 

4O' / (0i) s =*-**O{0t)> 

so that 

<£(0j)=1+A cos +Bsin-^ 1 , 

Where A and B are undetermined constants. Bnt from 
considerations of symmetry 

Q?(B)=.&(iir—6). 

Hence B=A tan Vcr/2. 

Since the integral equation holds for all values of 8'; 
w < ^ < 2ir—co it holds for Bi—ir, so that 

1+Acos v / 'en-/2 + Bsin v'«r/2=e+~~ 


J (1 + A cos ^e0/2 + B sin V«0/2). cos 0/2. d$. 

On integrating this equation and putting 
B=A tan V«r/2, 


it follows that 


■(1—e) sinw/2.cos * / W/2 


e cos w /2 . sin ^ e (7r— w ) /2 + sin w/ 2 . cos ^((v —a >)/2 

— ( 1 —e) sin &>/ 2 .siii s/ fit /2 _ 

^ e cos a/ 2 .sin ^ e(ir—®)/ 2 +sin®/ 2 .coa*'’e( 0 —a )/2 


Hence 
0 ( 0 ) = 1 - 


(1 —e) sin ®/2.cos */ ,e(ir—0)/2 __ 

v'ecos w/2.sin V'e(7r—«)/2+sin a/2.cos ‘/eji t—u)J2 * 


0(0)® 1-Coos v^(w-0)/2, 

where 

_ (1—e) sin ®/2 _ 

v' ecos«/2.sin v' e{ir—(o)/2 + sin ®/2.eosV' e(ir~u)/2 

Hew, 

Ceos \/ e{tr—6)j2 

is the “ defect ” from black-body radiation as a function of 
0 and of m, the semi-angle of the slit. This is shown 
graphically in fig. 4 for values of the emissivity of 0*10, 
0*25,0*50, and 0*75 for 0®w, t.positions directly opposite 
the centre of the slit. 
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The solution of the inverse problem of the brightness of a 
similar cylinder of reflectivity p, illuminated by a uniform 
sky of brightness B, is easily obtained as 

¥s(0)s* 

__ vBp 8in«/2.coa y/l—p(w—fl)/2 __ 

l/l —p cos w/2.sin %/1 —p(jr —»)/2 + sin m/2.ooa\/l—p(ir—m)j2 ' 


Fig. 4. 



Defect of black-body radiation opposite slit in infinite cylinder. 


Summary. 

The paper is a continuation of a previous one in which 
the effect of multiple reflexion from the walls of a uniformly- 
heated infinite cylinder in building up black-body radiation 
is considered. The method is now applied to the case of a 
finite uniformly-heated cylinder, and an approximate solution 
is obtained. The results are of interest in showing how 
closely a uniforiuiy-heated cylinder can approach the ideal 
black-body radiator. 

It is also shown how the brightness of the inside of a 
non-radiating cylinder illuminated by a uniform sky can be 
deduced from the solution of the problem of the self-radiating 
•cylinder. This is the case of a light well. 

The problem of the radiation from the inside of a uniformly- 
heated infinite cylinder having an infinite longitudinal slit 
is also solved. In this case the solution of the integral 
equation is exaot. The results are of interest in showing 
how closely a radiator of the type of Ives’s primary standard 
of light approaches the ideal black-body radiator. 




[ 458 ] 


XLYI. A Quartz Fibre Electrometer. By D. K- BaRBEK, 
B.Se., AJnst.P ., Research Student , department of Physics, 
University College of the South- West of England, Exeter . 

1. Introduction. 

fl^HE quantity o£ electricity which escapes from a charged 
J. body is very small, and it is necessary that the capacity 
of the instrument used to measure it should be suia • 
condition makes it advisable to use a small gold-leaf electro¬ 
scope. It has been found that the gold leaf may bo reptaee* 
bv a single fibre of quarto, rendered conductive by the deposi¬ 
tion of a suitable metallic film. In preliminaiy e*^nm«nts 
the fibres employed, approximately 1 mil (2*5x10 m -1 
diameter, were silvered by chemical deposition, 
method ultimately proved unsatisfactory, the films bee 8 
discontinuous a short time after their formation. Ca 
disintegration of the metal “in racuo was finally^adopted, 
and the “sputtered” fibres obtained by this method baie 
proved verv satisfactory. At first the electric Md was 

applied between a single insulated plate and the containing 

case, the vertically suspended fibre being illuminated late J 
and viewed through a microscope against a dark backgroun . 
An “ earthed " metal cylinder provided with windows formed 
the case of the instrument. It was found, however, that 
this tvpe of electrometer suffered from two serious detects . 
(a) an erratic displacement of the fibre, which was in e- 
pendent of the electrical condition of the instrument, an 
was eventually traced to thermal radiations from the ig i 
source, incident upon the fibre, causing the metal film and 
the quartz to dilate by unequal amounts, This effect was 
apparent even when reflected sunlight was used as the 
illnminaiit; (b) there was a non-linear relation between the 
P.D. applied to the fibre, and the resultant deflexion, except 
for very small field values. Under these conditions U would 
thus be necessary to calibrate the instrument over the e»tir# 
working range. * The design of the electroscope was there¬ 
fore modified by using two parallel plates and direct 
illumination, i. e. the fibre was viewed against a bright 
background. The latter method, since it requires only a 
fraction of the illumination necessary in the former, does 
not give rise to any extraneous thermal effects. 

• Communica ted by Prof. F. H. Newman, D.Sc., F.lnat-P. 
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2. Description of the Instrument. 

The instrument in its final form is shown diagrammatically 
in fig, 1. A silvered quartz fibre F is attached to a copper 
electrode C by a small globule of Wood’s metal, and hangs 
symmetrically between the two electrodes, E, and Ej, of 
sheet brass 2*5 x 2*0 cm. and separated by an air-gap 
7*5 mm, wide. The leads from the plates pass through 
short lengths of quartz tube Q, cemented into the lower 
ebonite cap B and the fibre electrode is similarly insnlated 


Fig. 1. 



by the quartz sleeve Q, cemented into the upper ebonite 
cap A. The case of the instrument is a glass tube 1), 
10*0 cm, long by 3*5 cm. diameter, provided with two 
windows Wj and W 2 , slightly blown out in order to free the 
glass of air-bubbles, and, with the exception of the windows, 
it is coated on the inside with a film of silver. S. Contact 
with this is made by the platinum wire P, sealed through the 
glass, and terminating on the exterior in a loop electrode by 
means of which the silver coating is connected to earth. The 
ebonite cups were grooved concentrically to fit closely on to 
the cylindrical glass case, this method of assembly enabling 
the instrument to be easily dismantled, if the necessity arose 
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for subsequent modification in the relative position of fibre 
and plates* 

Some trouble was experienced, initially, in mounting the 
fibre preparatory to the sputtering process, but after several 
ineffective trials, the following technique was adopted. The 
selected fibre was stretched across a rectangular glass frame, 
its two ends being cemented by means of shellac, and the 
frame was then held horizontally in a clamp, mire being 
taken that the fibre was quite dear of the clamp edges. The 
electrode serving as the fibre support consisted of a straight 
copper wire, flattened at one extremity, and in this a fine 
groove was cut to receive the fibre. The wire was first 
fitted into its insulating sleeve and cap, and the tip was then 
“tinned” with Wood's metal, care being taken that the 
groove was completely filled with the metal. This tinned 
portion was then bent through an angle of about 20°, and 
the assembly damped vertically beneath the fibre frame, in 
such a position that the wire was just in contact with, and 
parallel to, the fibre. A well-heated soldering-iron was 
placed against the under side of the wire, and the Wowl’s 
metal melted, a slight downward pressure being applied to 
the stretched fibre meanwhile, *o that it sunk into its groove, 
this pressure being maintained until the molten metal 
solidified. The wire was finally straightened and the fibre 
ent to the requisite length, a fragment of glass being 
attached to its extremity to keep it taut when placed in the 
discharge-tube. 

The discharge apparatus used for the cathode deposition 
of silver upon the fibre consisted of a vertical tube in which 
the fibre was suspended. Sealed to this was a horizontal 
side tube which served to connect the main tube to the 
exhaust system. The cathode of 60-mesh pure silver gauze 
formed a vertical cylindrical tube, concentric with, and 
entirely enclosing, the fibre and the “ tinned" end of the 
copper electrode. A cup-shaped electrode of brass supported 
the cathode. The fibre having been lowered into position, 
its ebonite supporting cap was sealed down with wax and the 
tube evaenated. A 10 inch induction coil with a mechanical 
interrupter was used to excite the tube, and a continuous 
discharge was maintained for 30 minutes. Care was taken 
to protect the under surface of the insulating cap so as to 
prevent the possible formation of a silver deposit upon the 
ebonite surface. “Sputtering” of the silver readily occurred 
at a pressure of 5*0 x 10~* mm. of mercury, and this 
pressure, after a sudden initial rise, remained constant 
throughout the period of discharge. 
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Fibres treated in this way were coated w ith a very uniform 
and coherent layer of metal, and a satisfactory electrical 
connexion between the fibre coating and the support was- 
obtained. This is extremely important, since it was always 
at tite jnnction of fibre and support that the chemically 
deposited layer, used in the earlier experiments, became 
discontinuous. Fibres coated by cathode disintegration' 
showed practically no increase in diameter when examined 
under the microscope, and although no direct measurements 
have been made, it is estimated that these metallic films have 
an actual thickness of the order of 10 “ 8 nun. 

3. Calibration of the Instrument. 

The instrument was calibrated directly by applying known 
P.D.’s to the fibre, with a constant field maintained between, 
the two fixed electrodes. 

Measurements of the resultant deflexions were made by 
observations of the fibre image in the field of a telemicroscope,. 
25 divisions of the eyepiece scale corresponding to an actual 
displacement of 1*0 mm. Headings were taken, for a 
particular field value, corresponding to increasing fibre 
potentials over the range (0*0-2'l volts), and these were 
repeated at measured plate voltages between 35 and 60 volts. 

The circuit used for this calibration is shown in fig. 2, 
The two plates E, and E s of the electrometer are joined, 
through the double pole switch K, to the positive and 
negative terminals of a 60-volt fl.T. battery®, whose centre 
tapping is “earthed.*’ The switch K is included in order 
that a P.D. may be applied to the plates simultaneously, as 
attempts to excite them separately invariably result in the 
fibre flying across the field and sticking to the plate. A 
commutator of the mercury contact type with its inter¬ 
connecting copper strips removed forms a convenient 
arrangement, and by using the two additional cups the 
electrometer plates may be “ earthed ’’ when no potential is 
applied to them. The adjustment is useful when obtaining 
the zero position of the fibre. 

With the double-plate type of electrometer it is essential 
that the relative positions of fibre and electrodes remain* 
unaltered whenever the electric field is applied, since any 
displacement which occurs entails re-calibration of the 
instrument. A potentiometer A joined in series with the 
battery B provides the necessary fine adjustment whereby 
the fibre may be restored to its zero position. This adjust¬ 
ment is made whenever the field is switched on previous to 
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making a series of observations. A voltmeter V « joined 
aeross the electrode leads, and measures the applied plate 
P.D. Varying potentials are applied to the fibre JP »y 
means of the potential divider D. Connexion from this to 
the fibre conductor is made by means of the mercury cops 
L, M, and N in a block of paraffin wax. hen L and M 
are joined bv means of an insulated “bridge ot copper 
wire? the fibre is “earthed” On breaking tins circuit 
and joiniug L and N, connexion is made with D, and 
the fibre is raised to the required potential, lhe case C of 



the instrument is “earthed,” and a water resistance R is 
mined in series with the earth lead from the centre tapping 
if B so that, in the event of the “ earthed fibre touching 
either of the plates, no short-circuit can occur. 

4. Experimental Reeultt. 

The results obtained with the instrument were very con¬ 
sistent. and, as was anticipated, the relation between tile 
tLtenSal applied to the fibre and the resultant displacement 
£. found to be linear within the limits of experimental 

-error- 
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The displacement period of the fibre was found to he 
comparatively short, the deflexion being complete in approxi¬ 
mately 5 secs. 

The results of the calibration are shown in fig. 3, and the 
sensitivity at different potential differences applied to the 
plates is given in Table 1. 


Fig. 3. 

Mm. 



Table I. 


\ P.D. applied 
r t« plates 
| (suits). 

. 

P. P. range 
'applied t«* fibre 
j (rails). 

! 

Deflexion of 
fibre (in ik,). 

i 

Seitsifcmtj 5 
mm./volt. : 

1 350 

| 0*42 -2*10 

007-0-36 

o-ies 

46** 

! 0 21 -2 10 

007-070 

0330 j 

520 

j 021 -2‘10 

0-12-1-20 

O-SjO j 

584) 

i 0105-0*84 

017-1-34 

1-560 

59*5 

| 0*021-0168 

\ ! 

0-05-0-47 

1 

2600 


From the curves it will be seen that there is a linear 
rotation between the potential applied to the fibre and the 
deflexion over the entire range of plate potential, viz. 36 to 
60 volts. | 

At 58 volts, however, the calibration range becomes 
restricted, the fibre bung unstable with an applied potential 
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of 0*95 volt. This points to » critical value in the neigh¬ 
bourhood of 60 volts for the plate potential of the instrument 
described, and this result has been confirmed by inter¬ 
polation, using the empirical relation found to exist between 
plate potential and mean sensitivity. , • if . 

V Thecapacity of the instrument, as measured by sharing its 
charge with a quadrant electrometer, was found to be 
approximately 3 cm. 


5. Sensitivity of the Instrument. 

Sensitivity has been defined as the actual displacement, in 
millimetres of the fibre, per unit potential applied to it 


Fig. 4, 



This has been adopted, since it makes direct comparison 
possible with the values found for other instruments. Using 
the above definition, we can express the relation between 
sensitivity 8 and plate potential V by the equation 

S(V-61)*-4*9. 

This curve is reproduced in fig. 4. Patting S**» in the 
£obUi» l win. of 61 hr lb .ffaO pU* 
potential difference, *'. e. the potential at which the fibre 

^It^^interesting to compare the sensitivity values with 
those quoted for other electrometers of varying types. 
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Kaye*, using a modified form of Wilson's tilted leaf 
electroscope, obtained a sensitivity of 5*5 mm./voli oyer the 
range 0*8-1*20 volt, with a plate P.D. of 207 volts. 

Using a double-plate electrometer in which a quartz 
fibre 0*003 mm. diameter was anchored at either end* Laby t 
found that with a plate P.D. of 60 volts, the plates being 
1 cm. apart, 1 volt applied to the fibre gave a deflexion of 
0*2 mm. As would be expected with a stretched fibre, this 
value of S is lower than that observed by the author, using 
the suspended fibre instrument. More recently Lindemann 
and Keeley X have devised a torsional quartz-fibre electro¬ 
meter in which two silvered needles, capable of rotation 
about a horizontal axis, are mounted perpendicularly to the 
torsion fibre. These needles move in ah electric field between 
two flairs of fixed plates, and their movement is constrained 
by the torsion of the suspended fibre. With a fibre 6 p 
diameter and 1*4 cm. long, the attached needles being 17 p 
diameter and 0*9 cm. long, a sensitivity of *76 mm./volt was 
obtained with a plate P.D. of 97 volts, the plate separation 
being 0*6 cm* 

The high sensitivity obtained at comparatively low plate 
potentials, and the stability of the fibre over extended periods 
of observation, are advantages claimed for the present 
instrument. 


6 Sun unary. 

1. A description is given of a double-plate electrometer 
employing a single suspended quariz fibre as tbe moving 
system. 

2. A method of rendering the quartz conducting by cathode 
disintegration of silver is given, with a description of the 
technique developed in handling and mounting the fibres. 

3. The results of a direct calibration of the instrument are 
given, and compared with those obtained by oilier investi¬ 
gators using different types of electrometers. 

In conclusion, the author wishes to thank Prof. F. H. 
Newman, D.Sc. f and Mr. V. EL L. Searie, M.Sc., for their 
kindly interest and helpful suggestions throughout the course 
of this investigation. 

• Kaye, Q. W. C., Free. Phys. Soc. voL xxiii. pp. 209-218 (1911). 

f La%, T. 11,, Proc. Camfe. Phil Soc. voL xv, pp. 106-113 (1909). 

t Lindemoxm, F. A., aud Keeley, T. Phil Mag. voL xlvii. pp. 577* 
583 (1924). 

Phil* l%« 3* 7* Vol. 6. No. 36* Sept . 1928. 
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XLVII* New Bands in the Secondary Spectrum of Hydrogen* 
By D. B. Deodhar, M.Se., Ph.D., Physics Research 
Laboratory , King’s College, London *. 

I N the present paper it is proposed to deal with seven new 
bands in the secondary spectrum of hydrogen situated 
in the yellow region* 

An attempt at suggesting possible groups of related lines 
in the yellow region was made by Kimura and Nakamura t 
by studying the eleetrodeless discharge of hydrogen, and 
recently Curtis J grouped some prominent lines in that 
region under the heading of K, G, and H series* As to the 
relevance of the H group, Curtis himself appears to be 
uncertain. Curtis's R group consists of seven lines and the 
G group six lines. The second differences of th* G's are 
rather irregular, though the second differences of the K's 
are good. Again, there is no relationship between the three 
groups* 

It is now well known that the study of the spectrum of 
hydrogen under the conditions of excitation known as the 
first-type discharge lends a great help in picking out related 
lines on account of their selective enhancement or weakening 
of intensities in such a discharge. A study of the micro* 
photograph of the first-type spectrum plate token by Moll's 
self-registering photometer was made bv the present author, 
at King's College, during the investigation on Fulcher 
systems, and it was seen that, in addition to the Fulcher 
group recently analysed by Prof. 0. W* Richardson, the 
microphotograph possessed another distinct group situated 
in the yellow region. It appeared from the microphotograph 
that Curtis's K and G series were components of a system 
of seven bands. The bands are such that the successive 
corresponding lines in Curtis's K and G group# stand a# 
B(2) f sand P(3)'s in each of the seven bands* Curtis's G 
group contains only six members. To these I have added 
17729*30 (g) as the relevant seventh member* Tins line was 
picked up trom the microphotograph, and it fits in as F{3) of 
the seventh hand. Some Q branches were picked from the 
microphotograph, while the rest of the Q branches and 
R branches were developed by examining the behaviour of 
44 condenser-discharge 99 lines in the first-type spectrum. 

• Communicated by Prof. O. W* Richardson, D Sc., F.R.8, 
t Japan 3<mm Pbv*. i. p. 86 (1928). 

$ Phil. Mag* i. p. 696 (1926). 
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The bands are named as Dj, D s , D t> D 4 , D 5 , D 4 , and D 7 , and 
their properties and other details are given in Table I* The 
horizontal and vertical difference are given in Tables II. and 
HI. respectively. In Table I. the band lines are represented 
by their wave-numbers, followed by (1) the intensity estimates 

f tven in the tables of Merton and Barratt*, Tanaka t, or 
teodbar and (2) the intensity estimate on the first-type 
plate. The lines from Tanaka's and Deodhar's tables are 
marked by the letters T or D underneath. The other letters 
denote the properties of the lines as given in Merton 
and Barraii’s tables, with the notation ELP.=high pres¬ 
sure, L.P.= low pressure, O.D.=condensed discharge, Hess 
Helium effect, Z=Zeeman effect, and S = Stark effect. 
These are followed by claims made by other systems. The 
first and second differences are given in the next two columns. 

The line D* P(3) figures as Richardson's § 157 Q(4), but 
it is an unresolved doublet according to Merton and BarratPs 
tables. D*P{3) is claimed as 186R(2)||, but its intensity 
appears to be rather uncertain there. D t P(2) coincides 
with 201 R(2)H, hut its intensity seems to be too great as a 
member of 2G1 ll(m). Similarly, D* P(2) appears to be 
rather too strong to fit well in Richardson and Tanaka's 
series 81 R(m) **. It may be pointed out that Richardson 
and Tanaka think 81 R{7) to be double. The line D*Q(2) 
coincides with I) S Q(5) and with Richardson's 156 Q(m); 
but the fact that it is extremely weakened in the first-type 
discharge favours its claim as D*Q(2) and Dj Q(5) as well. 
Ds Q(3) looks abnormal in intensity. However, its condensed 
discharge nature may favour its position there. D S Q(5) is 
also claimed as 156 Q(5) and 159 11(8) ft; Richardson thinks 
that the strength of the line can allow it to be a member of 
two series, and owing to its weakening in the first-type 
discharge, it seems reasonable that the line may have its place 
as D* Q(5) as well. 17812*35 figures as D g Q(4) and D* R(4). 
Its position as D*Q(4) appears to be more justifiable than its 
position m D 4 R{4j. However, as this line is not claimed by 
more series, its assignment as D 4 R(4) may be retained for 
the present. The intensity of this line perhaps favours its 


* Phil Trans. A, ccxxii. pp. 309-400. 
t Hot. See. Proc. A, eviii. pp. S9S-606 (1925). 
t Ibid, exiii. pp. 420-432 {1926}. 

$ Pros. Hoy. Sac. A,dx. p. 240 (1926). 

II Bid. p. 249 (1925). 
f Pmc. Boy. Soe. A, evi. p. 663 (1924). 
w Bid. evil p, 617 (1925). 
tt Bid* 4 m. p. 246 (1925). 
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Table I. (continued). 

D,P(m). D, QO). l),B(w»). 

17672-31 (?) (4) 1. 17758073 <«*) (ah) 1. 
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allocation to more than one series. D» R(3) is also given as 
83 Q(8) *, hot Richardson and Tanaka think it to he too 
strong for 83 Q(8). 

The horizontal and vertical differences of P(m), Q(m), and 
R(m) lines of all the bands are tabulated in Tables II. and III. 
It will be seen that the rnn of the horizontal differences in 
Table II. is fairly systematic except in one or two cases. 
The vertical differences assembled in Table III. show a very 
systematic variation for all the P(m), Q(m), and R(w) lines 
of all bands. 


Table II. 


Horizontal Differences of P(»«)’*, ami R(»i)‘s. 


¥(ml 

D 3 —D r 

B a -l> r 


©.-©, 

»,-©, 


P(2). 

mm 

148-53 

147'36 

146*00 

144-56 

142-Si 

P(3). 

14430 

14330 

14210 

140-33 

139 72 

137 97 

P(4). 

142-79 

14019 

137 30 

134 29 

140-00 

129 32 

P(5). 

144*20 

140*66 

13« 46 

132 39 

132*07 

11975 

Q<1). 

127*40 

140-70 

149-60 

1036O 

181*68 

205 53 

0(2). 

131-30 

143-34 

15005 

164 37 

18221 

207 10 

0(3). 

133*95 

145 64 

153*38 

162 93 

18649 

207 53 

0(4). 

137-97 

147*00 

15936 

100-47 

19310 

208*37 

0(5). 

14360 

15305 

165 25 

161 28 

m-m 

2I019 

B(l). 

KH*97 

136-56 

15214 

18241 

217*95 

27047 

B<2). 

120-44 

145 81 

161-83 

185*72 

230-29 

2774)0 

B(S). 

127 66 

153*33 

175*48 

190-81 

239*52 

285*64 

B<4). 

138*57 

159*52 

mm 

18822 

259 57 

298 79 


Table HI. 

Vertical Differences of IT m ), Q(m), and R(in) lines. 
P(2)—Pi3). P(3i-I‘f4j. 


©, -. 

... 99-3r» 

117*37 

133*03 

©,. 

.. 10454 

118*8$ 

i:«rj 

©» . 

... 109 77 

121*99 

131 #5 

©* . 

... U4‘97 

\ *26*85 

132 59 

©» . 

12070 

13289 

1*34 29 

©. . 

... 125-24 

132-55 

142-28 

©T . 

... 13045 

141-20 

mm 


* Ibid. cvii. p. 618 <1925). 
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Table III* ( continued ). 



Q(l)—VfeC2>. 

Q(2)—Q(3'. 

Q(3)-Q(4). 

Q(4)-Q(5). 


. 30*99 

39*84 

56-05 

69*46 


..... 27*09 

3719 

51*03 

. 64 83 

», . 

..... 24*45 

34*89 

48*77 

59*68 

D, . 

..... 24*00 

3V56 

42*79 

53*79 * 

D, . 

..... 2327 

3300 

45*25 

52 98 

»« . 

..... 22*70 

28*72 

38*64 

47*24 

»T . 

2M3 

28-29 

37*80 

45-42 


B{2)~R{1). 

R(3*~B{2). 


... 

B* ...... 

..... 29*27 

22*02 

6 51 


IX ....... 

..... 40*74 

29*84 

17*50 


D. . 

. 49*99 

37 30 

23*61 

. . 

». - 

..... 59*08 

51*01 

37*18 


» 4 . 

..... 152*99 

56*10 

34*57 


D, . 

..... 75*33 

65*33 

54*62 


D. 

..... 81*80 

73*97 

67*77 



Tlie P, Q, and K branches of all the bands obey 
the usual combination principle throughout such as 
<^{^1+1)+ Q(«i)^=P(nt4 l)-f Hfm). The accuracy with 
which the combination principle is obeyed shows the correct¬ 
ness of the associated branches ; and the properties of the 
various lines and the manner in which the first differences 
vary from set to set appear to indicate that these seven bands 
are related to each other* This idea is further strengthened 
by looking to the systematic run of the v i} values from band 
to band and to the values of the moment of inertia assembled 
in Table VI. 

Initial and Final Terms :— 

We have, as usual, 

tt(m) * Vo + F(m 4* * fiu> (m -f l~*m) 

Q{m) sssv 0 + F(m) —f( m % * * (it) _ (m>m) 

and P(ni)s=5y a +F(w-~1)—/(nt), * (iti.) (m— !->m) 

In these equations r 9 is the frequency of the origin of the 
band, and F and f stand for the initial and the final states 
respectively. 

From these equations we see that 

F{m~h 1)—F(m) s=R(»i)—Q(m)=Q(m + 1)—P(ni 4-1) (i\%) 
atu j (Initial term difference) 

f(m 4* 1) - t{m) * R(m) — Q(rn 4-1) Q(tw) - P(m 4-1). (v.) 

( Final term difference) 

The initial and tlie final term differences of all the bands are 
tabulated in Tables IV. and V. 
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Dr. D. B. Deodhar on New Band* in 
Table IV. 


Initial Terms. 


Band. 



B(m) 

—Q(m). 

Q0»-H> 

Means. 

Term diff. 2nd dift. 



I ... 

127*40 

127 57 

127*48 

F(2J-F(1> 







> 69-88 



2 ... 

187*66 

187*08 

187*37 

F<3)~F(2> 







> 62-89 



S ... 

250*12 

249*40 

249*76 

F(4)-F(8) 







> 62-36 



4 ... 

311*68 

312*57 

312*12 

F(5)-FC4) 


r 

1 ... 

10897 

109*38 

10917 

F(2)-F(l) 







> 67-39 



2 ... 

176*80 

176*73 

176*76 

F(3)-F(2) 

D, - 






> 67-44 



3 ... 

243*83 

244*58 

244*20 

F(4)-F(8) 







> 67*92 


. 

4 ... 

312*28 

311*97 

312*12 

F(5)-F(4> 


( 

1 ... 

104*83 

104*19 

10451 

F(2)-F(I) 


i 





> 74156 


1 

2 ... 

17927 

179*07 

179*17 

Ft3>-F{2) 

D a < 





> 7273 



3 ... 

251*52 

25229 

251*90 

P(4)-b\3) 







> 72-23 

1 

4 ... 

323 90 

32436 

324*13 

F(3)-P{4) 

( 

1 ... 

107*37 

106*38 

107 125 

F(2)-F{1) 







> S3 55 



2 ... 

191*05 

190 29 

190*87 

F(3; - Fc2) 

d 4 - 

i 





> 83 -31 


3 ... 

273*62 

274*35 

273*98 

F(4)-F3t 


i 





> 7936 


l 

4 ... 

35357 

353 15 

3 mm 

F(5)-F(4) 


r 

1 ... 

126*18 

125 19 

125*68 

F(2)-Ftl) 







> 8696 



2^ 

2124 

212-89 

21264 

Ft3>~Fv2> 

D, - 






> 88-37 



3 ... 

301*50 

300*53 

301111 

F(4)— F(3) 







> 8057 


c 

4 ... 

381*12 

3H104 

381*58 

F(5)*~F(4) 

/ 

f 

1 ... 

162*45 

162 84 

16264 

F(2) - Fit) 

I 






> 97-43 



2 

260*48 

2591$ 

28CH17 

F(3)—Ff2) 

d, i 






> 93-96 

1 


3 ... 

354 53 

35357 

35405 

F{4>—F(3) 

1 






> 04-05 

l 


4 ... 

447*79 

448*81 

448 20 

F(6)-F(4) 

( 

I ... 

227*39 

227136 

227*22 

F(2)—F(I) 

♦ 

1 






>102-38 



2 ... 

33038 

32922 

329*80 

F(3)-F(2) 

D ? i 






> 102 83 

! 


3 ... 

432*64 

432*62 

432*83 

F(4)-F(S} 

i 






>196 m 

{ 

4 ... 

538-21 

53905 

53803 

F{S)-F(4) 
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Tablk V. 


Final Terms. 


m. 

E(m) 

-QOa-f-l)* 

Q(m) 

-F(^4*l). 

Mean. 

Term diff. 2nd diff. 

1 ... 

158*39 

158*56 

158*47 

/(2)-/(l) 

> 68-74 

2 ... 

227*50 

226*92 

227*21 

/(8)-/(2) 

> 77-60 

3 ... 

305*17 

304*45 

304*81 

/(4)-/(3) 

> 77-77 

4 ... 

38214 

383*03 

382 58 

/(5>~/(4) 

1 ... 

136*00 

13647 

136-26, 

m-AD mM 

> 77-69 

2 ... 

213*99 

213*92 

21305, 

/(3)-/(2) 

> 81-28 

a ... 

294*86 

29561 

295*23, 

/<4)-/(3) 

> 81-72 

4 ... 

377 11 

376*80 

37695, 

/{6)-/(4> 

a ... 

129*28 

12864 

131*12, 

/(2)-/(l> 

> 85 -10 

2 ... 

214*16 

21396 

222 20 

/■{3>-/(2) 

> 8661 

a .. 

300*29 

301*06 

30067, 

/(4>-/(S) 

> 83-14 

4 ... 

383*58 

384 04 

388*81, 

f (•'>)—/(4) 

i ... 

131*37 

13088 

13112, 

/(2)-/-(l) 

> 91-11 

2 ... 

222*61 

221*85 

222*23 

/(3)-/(2) 

> 94 54 

2 ... 

31641 

317 14 

316*77, 

/(4}-/(3) 

> 90-38 

4 ... 

407 36 

406*94 

407 15 

/(5)-/(4) 

1 ... 

149*41 

14842 

148.91* 

/(2)-/(l) 

> 96 73 

2 ... 

245 40 

245*89 

245*64, 

/{3)-/(2) 

>100-62 

a ... 

34675 

345*7$ 

346*26, 

/(4>-/<3) 

> 8830 

3 ... 

434*30 

434*82 

434 56 

/(5)~/ ( 4) 

1 ... 

185*15 

185 54 

185 35 

/(2)-/U> 

>108-44 

2 

28920 

28838 

288*79 

/(3)-/{2> 

>103-90 

3 ... 

393*17 

392*21 

392-69 

/(4)-/(3) 

>10275 

4 ... 

495*03 

495*85 

495*44 

.m-A 4i 

1 ... 

24852 

248*19 

248*35 

>10974 

2 

35867 

357*51 

358*09 

/(3)-/<2) 

>112-34 

a ... 

470*44 

470*4*2 

470*43 

/(4)-/<S) 

>113-62 

4 ... 

58363 

584 47 

58405 

/(5>-/(4) 
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From these tables it will be seen that the initial and the 
final term differences got in two ways, as shown in each of 
the equations iv. and v,, are fairly constant within the limits 
of errors of measurements. The means of the two values got 
in two ways are tabulated in the fourth column of these 
tables, and the successive differences between these means 
are tabulated in the fifth column. These differences, known 
as second differences, are inversely proportional to the 
moment of inertia, and thus the moment of inertia of the 
emitters can be evaluated from them. It will be observed 
from Tables IV. and V. that in some cases the second 
differences are rather irregular, but to get an approximate 
value of the moment of inertia of emitters of these hands we 
may start bv taking the average of the differences for each 
band. Again, as a rough approximation, let us assume that 
the initial and the final terms are given by the following 
equations:— 

Initial Terms: 

( Fm) sB(m — P)*, ..... fvi.) 

Final Terms: 

fOn)~b(m~pf, ..... (wit.) 

where B and b are one-half of the second differences of the 
initial and the final term differences respectively, and P and 
p are constants introduced to represent the effect of the 
angular momentum due to electrons according to Kraiser. 
How, from (vi.) and (vii.) we see that 

F(m*f 1)— F{m)=rB{l -f 2(m — P)} . . (vii*.) 

and 

Jbn± l)-~/(m)s£&{l4‘2(m-p)}. . . (W-) 

By patting mss I, 2,3, etc., in equations (viii.) and < f ix.), we 
can obtain F(2) ~F(1), F(3) — F(2), etc., and / {2} — /(l), 
/(3)-~/(2), etc., in terms of B, P ami b, p. Now, by sub¬ 
stituting the values of B(« one-half of the mean second 
difference), and, say, F(2> —F(l) from Table IV., we can 
deduce the value of P. Similarly, by substituting the value 
of b and f(2) — f(\) from Table V., we can evaluate p. The 
values of P and p being known, we can easily get the values 
of terms such as F(i), Ft2), /(l), f(2% etc., by using 
equations (vi.) and (vii.). Knowing the terms, the frequency 
of the null-line can be determined from any one of the 
equations (b)* (it.)* and (iin). 

We know that B and b are such that P=/i/$w f eB and 
V'iss:hf8ir 9 eb, where V and V 9 are respectively the initial and 
the final moments of Inertia of the molecule about an axis 
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perpendicular to the line joining the nuclei, h is Planck's 
constant, and c the velocity of light. The values of V and 
I f/ thus calculated are assembled in columns 10 and 11 of 
Table VI., while the values of v Q as derived from the P(2) s 
Q(l), and R(l) members of each band are placed in columns 
1, 2, and 3 of that table. The values of P and p are shown 
in columns 8 and 2. 

It will be seen from Table VI. that the initial moment of 
inertia is larger than the final moment of inertia, and that it 
begins with a high value at D* and then steadily decreases as 
we go to D r . The highest value of the initial moment of 
inertia is 0*01 x 10“ 41 gm. cm. 2 , and the lowest value is 
5*34 x 10~ 41 gm.eniA These two extreme values are nearly 
equal to those of some of the systems developed by 
Prof, O. W. Richardson in his recent paper 44 Structure,'* 
Part V. In that paper the maximum value of the moment 

of inertia of the excited hydrogen molecule (15^) is found to be 

11*35 X 10~ 41 gm. cm. 2 fcr an excited state for which the 
electron total quantum number is 5. These values are in the 
neighbourhood of Dieke's # value, which is about 8*2 x 10' 41 
gm. cm. 2 . When the hydrogen molecule rotates in larger 
orbits as a result of it being greatly excited, it is quite 
reasonable to expect that it will have a large moment of inertia. 
In fact, Takahashi t has obtained a value as high as 20 x I0~ 4t 
gm. cm* for the moment of inertia of an excited H s . Again, 
it may be pointed out that such high values of the moment 

of inertia of H$ fit well with the results expected according 


to the Quantum theory of specific heat of hydrogen recently 
discussed by Van Vleek J. 

From the above discussion it appears that the emitter of the 
bauds set forth in the present paper is an excited hydrogen 


molecule 


It appears from the majority of values of P 


and p that these bands are not of the half-quantum type. 
There are indications of a similar group of bands in the Lina 
region of the spectrum having moments of inertia of the 
order involved in these hands. They are under investigation, 
and it is hoped to deal with them in another communication* 
In conclusion, I should like to express my indebtedness to 
Prof. 0* W* Richardson for suggesting this problem to me, 


* Proc. Amsterdam Acad. Sei. xxvii, p» 490 (1924). 

J Jap. Joura. Pfcya. u. p, 95 (1923). 

Phys. Rev. xxviiL p. 995 (1926). 
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and for his encouragement and helpful criticism daring the 
progress of this work. 


Note added .—The following substitutions should be made 
in the wave-numbers of the band lines in the present paper 
in the light of the wave-length tables recently published by 
Gale, Monk, & Lee (Astr. Phy. Journ., March 1928, 
pp. 89-113). 


J>,B(3) 

D,P(S) 

£.§<»> 

5* Q (4) 

».£«> 

£*S <3 > 


Substitute 
173I8"03 («) 

1677442 (6) 

17404 90 ('») 

17508-99 (ft) CD.++ 
17624 43 (o) Lee 
17457-57 too) 

17407-51 to) 

17964-66 (1) 
1771706(3) 
1745976(21 
1785378 ft) 

1814291 (1) 

18416 69 (oil 


In place of 
D, R (3) 17318-72 (o) 
t), P (ft) 16774-72 (8) 
R,Q(i) I7407-53(o) 
B 3 H (1)17512-36(0) 
I), R (4) I7823'32(l) 
B, Q (4) 1745878(1) 

1), y (5) 17404-99 (<>) 
n, R<3) 17966 00 ,2) 
I), V (2,17716 87 (3) 
1), P (4) 17158-78(1) 
B«y(3) 17850-99(3) 
b, R(') 1 h 14019(—) 
D. R (2) 1811719 (nf) 


Remarks. 

17318-72, revolved by 0. M. A L. 
16774-72, resolved by 0.M.4L, 


174,58-78, resolved byG. M. AL. 

1796600, resolved by 6. M.AL. 
17716-87. reeolved by 0. M AD. 
17458 78. reeolved by O. M.A L 

1814019, reeolved by G. M. AL. 
18417-19. reeolved by 0. M. A I>, 


Prof. Richardson states that tiiere are no interferences 
between the strong lines of these bands and those of the 
unpublished extension o! the New Bands in the Violet (see 
Richardson, R. S. Proc. A, vol. exv. p. 528 (1927), 
Richardson & Davidson, * Nature,’ June 30, 1928). 


XLVIIL Acoustics of Strings struck by a Hard Hammer. 
By P. Das and S. K. Datta *. 

I N the Philosophical Magazine for March 1928, Dr. Kar 
and his associates liave commented on Das’s f theory of 
struck string and its experimental verification by Datta J. 
The object of the present note is to show that their criticisms 
are without foundation, taring based on misconceptions of 
theory and faulty experimentation. 

In the first place they make the statement that the dis¬ 
continuous changes in the pressure of impact with time are 
an “ assumption ” on whi< h Das’s theory is based. This is 
entirely erroneous, since these are not assumed but are the 
logical resuite of rigorous mathematical analysis. Further, 

• Communicated by Prof. 0. V. Raman, F.Ii.8. 
t P. Daa. Proc. lad. Ass. Cult. Soc. voL vii pts. i. A ii. (1921). 

1 8. K. Datta, Proc. lad. Ass. Cult Soc. vol. via. pt. ii (1883). 
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identical results have been obtained by 1 Professor 0. V. Raman 
and Dr. B. Banerjee* * * § , who solved the problem by an inde¬ 
pendent method. Apart f rom Datta’s work, the experimental 
determination by George t of the pressure-time curve by 
the oscillograph method actually reveals these discontiuait.es, 
and the careful measurements by George and Beckett + of 
the energy lost by the hammer plotted against the striking- 
length have been shown by Das § to be in remarkable 
agreement with the values calculated from his own tormute. 

In fact a physical interpretation of these discontinuities 
canbe easily given. When the hammer strikes the string 
the latter at once acquires the velocity » of the lamrner, 
and the length of string set in motion m time St is -e*. 
where c=wave-velocity, if p he the mass per unit-length 
of the string, the momentum lost by the hammer m tune St 
is teStpr, so that the pressure at the instant <=*0 is not zero 
but '^ovc. When the pulse having velocity e returns to the 
hammer after reflexion from the nearer extremity, it is again 
reflected completely from the hammer, since the mass pcSt 
of length cSt of the string is infinitesimal compared with 
that of the hammer. The change of momentum in time & is 
oe St. tv, so that the pressure again increases by ip*. 
This recurs with the period of vibration of the part of the 
strino between the hammer and the nearer fixed end. 

Dr! Kar and his. co-workers adopt in their experiments a 
method which they borrow from Datta without acknowledg¬ 
ment The details of their arrangements are, however, 
aeriooslv defective. From the diagram and description 
appearing in their paper, it would see » that the string was 
stretched* on two horizontal bridge* and set in motion m a 
horizontal plane. It is obvious that there would he con¬ 
siderable slipping at the bridges, and the effective vibrating 
l"n53rofT. string wouiii be greeter then the d,.ta„™ 
between the bridges. The overtones would be inharmonic, 
tie* ..ring usually regarded a, nnd«s would 
hardly have a nodal character, so that in touching a so-called 
node the very overtone of which the amplitude is sought, » 
silenced. Their experimental resnlt. are tbu. 
ageless for the purpose of testing a theory, In this 000 
naxion we may point oat that the large differences which 
?hey find in the amplitude of the fundamental with hammers 
of identical mass and velocity, but ol different metals, are 

* Rmbib and fkoerjee, Proc Biy. S w. A., yob xerii. 0®®)- 

+ wTH. George, Proc. Roy. Hoc. A, vob cviu. p. 384 DfjAb 

l George amllwkett, Proc. Key. A, vobcav. pill Q9Tu 

§ P. Das, tad. Jooro. Phys. *oL i. pt n. (It27). 
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doubtless spurious. George and Beckett*, in their recent 
very careful and accurate work did not find any notable 
changes in amplitude, either of the fundamental or of the 
overtones with hammers of different materials. 

In calculating the amplitude of the harmonics, the upper 
limit T of the integral 

\ FSJn(t—*')<&' [F=pressure] 

.0 

was taken by Datta to be the intercept between t'=0 and 
the point where the pressure-time curve cuts the t'-axis. 
Tliis procedure, which is questioned by Kar, is obviously 
justifiable. For, at the moment the contact between the 
string and the hammer ceases, the pressure F becomes zero. 
It is only if repeated contacts occur that such a procedure 
would be inadequate, and such cases have not so far been 
theoretically treated. 

Finally, as an illustration of the imperfect appreciation of 
theory shown by Kar and his colleagues, we may refer to 
the paragraph (Phil. Mag. vel. y. p. 556, 1928) in which 
they express impulse in terms of grammes weight, and thus 
confuse its dimensions with those of force. 

210 Bowbsssr Street, 

Calcutta, 

25th April, 1028. 


XLIX. Magnetic Studies on Salts, with Particular reference 
to those mth Complex Ions. By Labs A. Welo {The 
Rockefeller Institute far Medical Research) f. 

T HIS paper i« intended to be mainly a descriptive rather 
than an interpretative account of a study of the 
magnetic properties of a very large number of salts of 
various types. It seems, therefore, best to consider the 
results by groups according to the principal features which 
have been observed. A discussion of the significance of the 
results, in so far at a discussion seems possible or may be 
ventured upon, will then be given along with the appropriate 
experimental data. 

• George and Beckett, Proc. Roy. Soc. A, vol. cxvi. p. 128 (1987). 
t Communicated by the Author. 

Phil. Mag. 8. 7. Vol. 6. No. 36. Sept 1928. 2 I 
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The salts, 124 in number, will be considered under the 
following main headings :— 

1. Polynuclear salts of iron and chromium having very 
large negative values of 0 in the Curie-Weiss law 
K a (T— 0) ssstC. 

2* Iron salts having irregular and variable moments 
within the observed range of temperatures. 

3. Miscellaneous salts of iron ami chromium of normal 

ionic moment mid with relatively small values of 0 in 
the Ctirie-Weiss law. 

4. Coordination compounds of chromium and cobalt 

previously studied by Rosen boh m at only one tem¬ 
perature. 

5. A ferricyanide and the penta-cvano derivatives. 

6. The Prussian bines. 

7. Salts showing an anomalous temperature variation of 

the susceptibilities. 

8. Diamagnetic and near diamagnetic salts of some transi¬ 

tion elements. 

General Discussion or the Methods employed. 

All of the suits were studied in the solid state in the form 
of powders. In the case of the paramagnetic* substance**, 
this necessitates susceptibility measurements throng bout a 
range of temperature sufficient to make certain that 

|r— —/IT) is linear, and to permit the determination of the 

constants (1 and 0 with the required accuracy. The appara¬ 
tus was modelled after that described bv Foex and Forrer *, 
and need not be described in detail here. Tire magnetic 
field in the region occupied by the specimen was a hoot 
4000 gauss. As a rule, determinations of the suscepti¬ 
bilities were made at three temperatures : when the salt was 
at room temperature ; when it was surrounded bv melting 
ice; and when it was surrounded by solid CO** Tin* 
refrigerants were contained in the space between two 
coaxial glass tubes joinedai one end. The real temperatures 
attained by the salts were not actually measured. This fad 
raises two* questions. Does a s^cimen acquire a definite 
temperature" each time that it is surrounded by the 
refrigerant, and, if so, by how much doe# this temperature 
differ from the actual temperature of the refrigerant ? Tim 
first question was answered by comparing the values of 0 

♦ Fees & Forrer, Joum. dt Phy*. ei It Pad, vii. p. 180 (1926). 
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obtained with a given salt in separate runs. Throughout 
the work, many such were made. It was Sound that for 
values of 0 not far from zero, they agreed within 2°0. 

on the average. From the geometry of -rr- — T), it was 

tVtf. 

calculated that with ice as a refrigerant the temperatures ac¬ 
quired by the salts were always the same to within 0'18°C., and 
with solid CO, as a cooling substance they were constant 
to withia 'J-65° C. 

A direct thermocouple determination of the difference 
between the temperature acquired by a sample and that 
of the solid CO* proved it to be 8'5° C. This was checked by 
measurements on Mohr’s salt, FeSO^NH.JjSO. 4- 611,0, for 
which Foes * has found 0=z + 22°. Using the nominal 
temperatures of 0° C. for ice, and — 785“ C. for CO*, 
0 appeared, in my measurements, to be —3°. The difference 
of 25° in 0 leads again to a correction of 8 5° C. when 
solid CO, is used. In the same way the correction when 
ice is used turned out to be 2*4° C. When ice and solid 
00, were used as cooling substances, the actual tempera¬ 
tures of the salts were therefore 2 , 4‘ : C.=275*5°K. and 
— 70°C. = 2031 o K., respectively, with the relatively small 
uncertainties noted in the previous paragraph. 

Only very rarely were the ice points omitted and suacepti- 
oilities observed at only two temperatures. This was done 
only when the type of salt was one which would certainly 

give a linear i =/(T). The value of the moment observed 
*W 

served as a reliable cheek. A feu salts were also studied at 
temperatures above that of the room by the use of a small 
♦dectric furnace. 

Mohr’s salt* FeSO^H H 4 ) s S0 4 *4- 6H S Q served as a standard. 
Its magnetic constants have Keen carefully determined by 
Foex t* so that its susceptibility at the calibration tempera¬ 
ture can be calculated* The susceptibility values of Foex 
agree with the Leiden data on the same salt to within 
04 per cent* when adjusted to the same temperature* 
A farther check on the standard was obtained hv measuring 

24H t O in terms of it* fhe suscepti¬ 
bility observed was in essential agreement with the Leiden 
datum for this ferric salt. As a standard, Mohr's salt has tb«? 
additional advantage of being uniform throughout a sample* 

♦ Foex, Ann. de Phy$. xvi. p* 259 (1921). 
t cifc* 


2 I 2 
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Commercial samples of CoClj and NiCl* were seriously 

lacking in this respect. , . , . 

The sasoeptibilities are given by the formula 


K* 


wbere 


t —v m 1 
' t>!— v'm 




v = millivolts observed with specimen. (Th® 
compensating current was measured bv a 
millivoltmeter used in connexion with a 
properly adjusted shunt.) 
c, a* millivolts observed with standard. 
v > = millivolts observed with empty container 
(slight temperature variation known)* 
m and m» = the masses of the substance and standard, 
respectively. ^ , 

S and Sj = the densities of the substance and standard, 
respectively. 

K, sc susceptibility of the standard. 
k a = volume susceptibility of air. 

Except for the very weak paramagnetic*, the air correction 
is negligible and the formula reduces to 


r— r' n»i 
’ P,— t? 


m 


K.. 


The gram atomic susceptibilities are given by 

where . . 

M «* molecular weight. 

ki •» sum of gram atomic susceptibilities of consti¬ 
tuents other than iron, chromium, cobalt, etc., 
as the case may be. 

A list of the gram atomic susceptibilities of the con¬ 
stituents involved throughout the work may well b® 
included here. Practically all are due to Pascal • 


Caw — 

6-0x10-* 

Cl= -20 0 x 10-* 

Use — 

2*9 x 10"* 

Br=s- 

-310x10-* 

o*= — 

4-6 x 10*« 

I«- 

-45-0x 10** 

s*=- 

15-0x10'* 

Nass — 9*2x10”* 

N**— 

5-5 xl0“* 

K* * 

-185x10** 

Ca=* 

-15*8x10“* 



• Pascal, ‘ Revue Qdadtale dm Science*,’ July 15,1928. 
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The following values ■were used for certain groups 
H,0= —13*0x 10 ”«, 

N0= — 1*6 x 10 - *, 
and PO 4 SSS —33*5 X 10”*. 

Each time that the group ON occurs, a correction of 
+0*8x10-* was applied. In some salts, Co and Cr 
Appear in near diamagnetic ions. The values used were 
+ 55*0x10”* and +63*0x10”*, respectively. According 
to Pascal, the atomic susceptibility of oxygen' is to be taken 
as a variable in accordance with the nature of the chemical 
bonds. This variation is small, however, and was neglected 
in all paramagnetic salts. 

The diamagnetic and near-diamagnetic salts were studied 
by the Gooy method, the forces being measured with a 
sensitive balance. The fields were about 11,000 gauss. 
The formula is the same as before, r, rj, and o' being 
replaced by /, f u and f. Water was used as a standard 
with K| = —0*719 x 10 '*. With diamagnetic salts the air 
correction is not negligible. The density, if unknown, was 
taken to be that of a mixture of bremoform and benzene, in 
which the salt would just float. This procedure in the 
determination of the densities is rough, but permissible since 
the correction terms are small. The chief drawback with 
the Gouy method when applied to powders is that of obtaining 
uniform f>acking. Several measurements were necessary, 
repacking each time. To give the reader an idea of the 
accuracy attained with the diamagnetic salts, the table 
contains also the number of measurements made and the 
probable error, 

_ 0*85 

E=± —7 -*. 

n v»— l 

The tables of data on the paramagnetic salts contain the 
specific susceptibilities adjusted to a temperature of 20 ° 0 . 
by means of the relation K*(T — <?) = € with the values of 
(• and 0 as tabulated. The accuracy implied by the use 
of the second decimal place was not actually attained, even 
relatively. On the other hand, rounding off K to the first 
decimal place would not do justice to the relative accuracy 
of the measurements at the different temperatures as 
indicated by the closeness with which the points fall on 

straight lines in the plots of ^ against T. Following thf 

usual custom, the Weiss magneton numbers are also 
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tabulated as calculated by 14*07 The values of 

C and $ were computed by selecting any two temperatures, 
T* and T», and observing the corresponding values of 


^directly from the graphs of ^=s/(T). It is readily 


seen that 


and 


P _ t,-t, 
1 1 


a _ TjKo,—TtKfl, 

"\r rr * 


!• Polynuclear Salts of Iron and Chromium with 
Large Negative Values of 6 . 

These unique and interesting salts, listed in Tables L, II., 
and ILL, were very kindly supplied by Professor it. Wain- 
land, of the University at Wurzburg*. AH am acetates 
except Nos. 7 and S which are benzoates. Nos. 2d and 24 
which are formates. No. 9 which contains pyrogallol groups. 
No. 10 which is a salicylate and No. 25 which is a 

f ropionute. The salts that were analysed for iron at this 
nstitute at about the time of the magnetic measurements 
are indicated under Remarks.” 

The results of the magnetic measurement! are shown in 
Tables I, II., and III. and in figs. 1 and 2, Some of the 
salts listed in Table II. do not appear in fig. 2. To plot the 
values obtained would result in the superposition of. and 
confusion among, the lines. Likewise the curves obtained 
with the salts listed in Table III* are omitted. In all these 

omitted cases, the curves ^ «*/(T) were straight lines. 

tv# 

It appears that the iron and chromium ions in salts of this 
type have associated with them the normal values ol V andp. 
The only clear-cut exception is the pyrogallol salt No. 9. 
It may oa noted that this salt hicks the OH group which 
appears either once or twice in salts giving uniformly normal 

* For lugeneral index to the literature regarding salts of this type, see 
Professor Weinland’s book, * Einftibruwr in die Chemie <h r Komptex- 
Verbindungen/ Stuttgart, 3919, pp. 345 ff* Particular papers that 
may be mentioned ares Berichte, alii p. SMI (1909). xlv. p, 2002 
(1912), and xlvii. p. 2763 (J914); Zmt, marg. tJhem, xcii. p. #1 <1915) ; 
di. p. 271 (1928) and clii. p. 1 (1928). Also Ana. der €kmm f ed. 
p. 219 (1913). 




1 £F»,(CH 3 (X>OWOH J ]NO l +1*1,0. 

2 J[F^CH J 000),(OH),}Cl+iH J 0 . 

8 i[F«,(0H,CJSCO0yOH) 3 ]010 4 +|H s O. 

4 KF*,(Clf 8 CIC<K>y00) a jS0 1 +^H s O. 

6 #Fe,{CCl > OOOyOII)] . 

6 JtF«^CH,0OO),]{0H,COOyFeBr 1 ) . 

7 JfFe l (C,H,COOyOH)](C e HjCOO)(010 4 )+iHjO 

8 i[P«/C t H,000) J 0(OB),]0,H } 000. 

* J[FvC,BA)uH,{SH i ),+|H,0. 

10 / «Pe,(C,H i (OH)COOyOH)KFnO^(0)COOyj 
1 C,H 4 (0B)C00 +*^H j 0) 


KxlO* 
(20° 0.). 

a «. 

P* 

fi* 

marks.. 

1913 

410 -577 

28*5 


1817 

3*9? —603 

28*0 

AnaL 

14*59 

4-26 -607 

29*0 

— 

14*38 

4-05 —598 

28*3 

An^I 

9*27 

405 -553 

28*3 

Anal 

27*90 

304-89 

26*8 

AnaL 

11*22 

4*10 -685 

29*5 


28*00 

1-74 + 37 

18*6 


24*58 

3-46 -129 

28*2 

AmL 

35*64 

420 + 6 

28*8 

4 rml 


TaBUJ II.—Polynuclear Salts of Chromium. 


Reference 

Ha 


JtCr,<CH 3 COOyOH),]CI +1H,0 . A... 

^Cr^CHjCOOyOH y (C8tKH,),},]Cl+|H,0 

£Cr,(CHjtXK)) s (OHyXH. 

KCyCH.OOOyOH |,XHJCH/TOO . 

KCr^CH 3 00oyoH;,C»S]+| H,0. 

f CyCHaOOOyOny COt X Hj), | JC1+JH,0.. 
iloycicowyOHycjcxyNo,. 

iiCr 1 tCH 1 COUyOH)jiOHsCOO),+iH i O. 

yCr,{CB,COO.vtOB)ySO ) ,KCH*OOOi+ !i ^H J 0 
$[ciyCH ,COOyOH)]Cl{CHjCXX))+| H,0 . 

j{Or l {CH J COO^eiO t KOH s COO)+i r 6 ff s O. 

JtCr,tCH J C00y(Cr,0,KCH,C00)+iH 1 0. 

4[Cr t tHC0oyOH >JHCOG+ §H,0 . 

£& l tH(XX)y0H) i P+|H,0 ... 

J(er^CH,CH,000),(OH)Jt3t+f H,0. 

j[O 1 (CH 1 C00) < (0H)J+Y H,0. 

ifCr,(CH,COO} <s (OH),.,]+Y .. 


28 Cr(CI!,COO), 


KxW 
(20° U.). 

C. 

0 , 

P- 

Re¬ 

marks. 

20*35 

1*92 

- 93 

195 


1654 

1*93 

-103 

19*5 


19*10 

1*92 

-116 

19*5 


22*95 

191 

-103 

19*4 


23*7? 

1*91 

-101 

19*4 


20*08 

1*87 

- 89 

19*2 


16*40 

1*85 

-100 

19*1 

Anal 

21*38 

1*97 

-106 

19*7 


mm 

1*95 

-ill 

19*6 


mm 

1*91 

-105 

19*4 


19*23 

2*06 

-120 

20*2 


1815 

1*93 

- n 

19*5 


mm 

2*02 

-108 

20*0 


24*60 

1*88 

- 93 

19*3 


18*81 

1*97 

-114 

19*7 


21*55 

1*92 

- 44 

19*3 


24*00 

1*79 

+ ■1 

18*8 


22*28 

1*83 

- 60 

1941 

An*I. 
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▼aloes of C and p and large negative values of 0. No 
significance can at present be attached to the salt* Mo. © ana 
No. 8. They are included in the table only as interesting 
variants. Structure complications make it difficult to decide 
just how to handle these two salts. For example, the 
measurements on No. 6 were bandied on the questionable 
ass umption that the contribution of the negative ion hour* 


Fig. 2. 



is nothing. The low values of C and p given for No. 8 are 
probably related to the peculiar position ot' the oxygen as the 
salt is formulated. Not enough of salt No. 8 was at hand 
to make an analysis for iron. In view of the general 
excellence of the other salts as indicated by «he agreement 
of our iron analyses with the formal® and published analyses, 
it is felt that the low values of C and p are not due to 
deficiency in iron. 
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III Table III. the C values apply to the whole trinnclear 
complex ion, and the p -values are omitted. In salt No. 29 
(for analysis see lierichte, xlii. p, 3881 (1909)), C is approxi¬ 
mately the sum of the normal values of G for the ferric and 
chromic ions. Assume 0=4*25 for the ferric ion. For 

a«nn_ i.ui) 

each chromic ion C=-^-=1*87, leading top=19*2, 

which is in close agreement with p = 19'0 as observed in 
simple chromium salts. A similar additive distribution 
is not possible for Nos. 30 and 31. No analyses on these 
salts could be found in the literature, and my own attempts 
to analyse the small quantities available failed. The 
probabilities are that the proportions of iron and chromium 
are not as formulated. Otherwise, we should have to 
conclude that the additive relations of the Curie constant 
observed when only iron or only chrominm are the metals 
present, as in the salts of Tables I. and II., do not bold for 
the mixtures ; and that the additivity observed with salt 
No. 29 is only a coincidence. The only thing that can be 
said, with certainty, about the mixed salts of Table III. is 
that the values of 9 are negative and large, and intermediate 
between those found with iron alone and chromium alone. 

Rosen boh m * has measured four hexa-formates of chromium 
of the type listed in Table II. at one temperature only. 
Jackson f recently considered these data, and tried to account 
for the apparent low moments by assuming that only two of 
the three chromium ions have the normal moment of 
19 magnetons. The third chromium ion was assumed to be 
in another state of zero moment. Such an assumption is 
not necessary, in view of the results shown in Table II. To 
this Jackson has agree*] in a private communication after 
having been informed of the present results. 

The striking thing about these salts is, of course, the 
values of $ of the order —600 in the iron salts and 
— 100 for those containing chromium. The problem of 
negative values of 6 and of negative molecular fields is an 
old one and appears here in a particularly pressing form. 
They do not appear to be directly related to trie existence of 
polynuclear ions. This possibility is eliminated by the fact 
that 9 i* only —129 in the pyrogailol salt. No. 9, and is 
-»-d in the salicylate. No. 10; provided we accept the 
formulations given as representing their real nature. Hits 
consideration eliminates also a relation between 9 and the 

* Rosenhohm, Zeit. f, I*hyt. Chem. xdii. p. 711 (1919). 

t Jackson, Phil. Mag. iv. p, 1070 (1927). 
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mass of the whole complex Ion. Such a relation would be 
contrary to the theory of Oosfcerhuis if we are permitted 
to associate with J in his expression 

0 — — 

24jr*J K 

the moment of inertia of the whole complex ion. According 
to this theory, we should observe small values of 6 in salts 
with large complex ions. 

A possible way out is open to ns if we recognise that the 
organic groops, OH*COO» CHOO, C g H s UOO, etc., ai*e 

Fig. 3. 


H 



themselves very prohablv permanent electric dipoles. We 
may then adopt and modify a point of view doe to Debye t. 
which involves the assumption that the elementary magnets, 
that is, the iron and chromium ions, have permanent electric 
moments as well. 

Let ns consider as an example the tvpieal poly unclear 
^alt No. 1 CFe,(CH,COOUOH) # ]NO, + 6H.0, and represent 
the complex ion by a model as in tig. 3. Since it is a plane 

* Oosterbuis, Coram. Phye. Lab. Leiden, No. 81 { Amst. Acad. p. 217, 
Jane 1918. 

■* Debye, Handbuth dur JtaMobgie, Marx, Leipxig. 1926, vol. vi. 
p. 704 f. Also ‘ Kinetic Theory of Loeb.New York, 1927.p.430. 
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model, it does not represent the trne relative positions of the 
various parte, bnt it does serve to visualize the electrostatic 
control on the ferric ions. The model, as drawn, meets the 
requirement, however, of having no external resultant 
moment, either magnetic or electric. The complex ion as a 
whole, being fixed in the crystal lattice, does not rotate, but 
we shall adhere to the classical view that the ferric ions are 
capable of orientation by magnetic and electric fields. . The 
magnetic axes of the ferric ions, which are not indicated 

S the figure, may or may not coincide with the permanent 
ictric polarization. 

* It is immediately evident that the magnetization 

I=N/i»cos<£ 

induced by the magnetic field H and hence the susceptibility, 

N/**, cos d>, 

^ , 


must be less than it there were no electrostatic control by 
the neighbouring organic groups. Consider salt No. 1 as 
an example. The gram atomic susceptibility was, at 20°C. 


K„= 


C _ 410 

T—0 ~ 293 + 577 


410 
870 : 


=4715 x 10"*. 


A simple feme salt having 0=0 and with the same Curie 
constant would have given 

4-10 

K« = ~ = 14000 x 10~«. 

The electrostatic control on the ferric ions in the case of the 
complex salt being considered has reduced the mean special 
value of cos <f> to 

471 Sv 10"* 

TTiuhrz Tn t — 0'33 of its uncontrolled value. 

A similar calculation applied to a chromium salt, sav, 
No. Jl [Cr l (CHj(’00)*(0H) 1 3Cl + 8H,0, shows that the 
postulated electrostatic control has reduced the susceptibility 
to 0*70 of its value without the control. A weaker control 
is indicated for the chromic ion, due presumably to a smaller 
electric moment fu. 

Another question which must be considered is the influence 
of electrostatic control on the disorganization due to tem¬ 
perature agitation. The magnitude of the control is itself a 
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function of the temperature, owing to fluctuations in position 
and orientation of the controlling organic groups. But in 
any event the control which resists disorganization by 
temperature is, at every instant, exactly the same as the 
control which resists organization by the magnetic field. 
The temperature coefficient of the magnetization, or of 
the susceptibility, is therefore decreased in the same propor¬ 
tion as the magnetization or the susceptibility. But the 
temperature coefficient of susceptibility is, by experiment, 

tlie quantity Hence 

- as a constant, which is the Curio-Weiss law. 
”T-0 

According to the view presented here, negative values of ff 
tit the law K»(T— ff) = C have a distinctly different origin 
from positive values. If the idea proves to be acceptable, it 
is of more importance than as a mere device to explain the 
frequent appearance of negative values. It removes what 
has been thought to be a difficulty in Debye’s interpretation 
of molecular fields in ferromagnetics as being electric in 
nature. Debye’s expression for v in the equation for the 
effective field in ferromagnetics 

H # =H + vI 

4w it*, 

•* *'-~3 

It is of the observed order of magnitude in ferromagnetics, 
but cannot explain negative molecular fields or negative 

M* 

values of 0, since ^ is essentially positive. On the view 

m 

proposed, there are no induced negative molecular fields. 
The fields which resist magnetization are provided by the 
permanent electric dipoles already present in the system. 

It may be added that the hypothesis which lias been 
hrieflv outlined provides the forces necessary for the 
existence of the aggregate of metallic ions and orgnuic and 
hvdroxvl groups which constitute the complex positive iun 

ol the ^ P e [FesiCHsCOOMOH),]. 

It would be interesting to study the magnetic behaviour 
of these polynuclear salts in solution, a line of work which 
I hope soon to undertake. 
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II. Iron Salts having Irregular and Variable Moments. 

The results obtained with this group of salts are presented 
in Table IV. and fig. 4. They are commercial 8ttlt ? *"*{* 
the tetra-eugenol »lt, No. 33, and the pyrocatachm salt, 
No 34, which were supplied by Protessor Mainland . 
The wok on No. 32 and on Nos. 35 to 39 was suggested by 
the irregular moments for ferric citrates and phosphates 
which live been calculated by Weiss from Pascal s measure- 
mentst. It was hoped that the values given there might be 
SJd »d definitely established. Thi. could not be dene, 
however. Even apparently analogous salts such as uon 

Table IV.—Iron Salts with Irregular and Variable Momenta 


Reference 

Ho. 


Sajut. 


32 FeF0 4 


i [FetcXtOfiSyjOCH,©),] l 

1 k|c,H 1 (C s H,XOCH > KOH)}/ 


l 


[Fs(C,H,0^1K+2-2H s 0 


$9 


Iron FjropboepHnte..*—.-.*** 

Iron Ammonium Citrate.— 

Irun Magnesium Citrate —*•«**.**. _ . 

Iron Fotafttinm Citrate —.- 

Iron Tartrate *«8 Ammonia 


Exit* 
(29* 0 ,)* 

C. 

0, 

P 

Be* 

mark* 

71*40 

3*82 

- m 

27*5 

Anti. 

n*m 

383 

+ 24 

275 

»« 

33-82 

3*56 

- 3 

265 

rt 


281 

+ 69 

236 


2fr72 

4*81 

-183 

30*$ 

Am*L 

23*65 

3'98 

-169 

28*0 

*» 

24*05 

3*78 

-157 

27 3 

a* 

. 23 52 

2*87 

- 24 

230 

? 

, 5340 

$m 

4- 63 

20*3 

M 


3-04 

4* 93 

245 


,*» 

2 *m 

4* 123 

229 



ammonium citrate and iron jtotassiura citrate gave /> values 
of 28 and 23 respectively. It is very 

are the actual moment*. It is more probable that the JeriW, 
ions in the pyrophosphate, the citrates, and the tartrate have 

Ito ,“™!l » ill*. Of .brat 29, bn. U-t th. - <* »™ 

iniimrea or mo or ny. com,».nte. «*h «^oo™. b«. ? 
characterised bv different values of 0 m M 1 V 'T K ' 
Until the number of components and their l ,r °pw 0,1 
have been determined by complete chemical analyses , * 
cannot be stated that the iron does not appear with the 

• SmArek.it. Pharm. eclii. p. 000 (1«U); and Benehte, xh. pp. 148 
*1 of Magnetism," BuU. X* 18, Nat K** Council, 

jp. 199. 
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normal moment of the ferric ion. A determination of iron 
alone is not sufficient. It should be stated that the salt*, 
No. o2 and Nos. 35 to 39, were each analysed for iron three 
times by two different methods which checked to within 1 
per cent. 

Fig. 4. 



? 'The pyrocateohin salt undergoes a well-defined and 
reversible' transformation at about 62° (’. Considerable 
arbitrariness is involved in drawing curves through the 
points observed with iron tartrate and ammonia, and conse¬ 
quently in calculating C, *, and p. Only the middle range 
is at all reliable, and here the apparent moment turns out to 
be$far below the normal for ferric ion. 
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III Miteellantmu Salt* of Iron and Chromium. 

Tu t* iu '!f, d r 

JT.™ »«• “• ’ kich ” p " ,p "* i ky 

Table V.—Miscellaneous Salts of Iron. __ 

Kx 10* n a p. Beourk*. 

Safer- Salt. (20° C.). 

-—-- ' ” fio 17 418 - 55 288 Anri.. formAtfc - 

40 [PKHOOO)spl+H t O. 4-15 + 5 280 Anal. 

41 [Fe(S0 4 >JN»» + 3H,0. '^2 4<x» - 2 281 

42 [F«SO t ),]NH 4 .. 4i-58 417 - <2 287 

43 [F«(F0 4 ) s ]Hj(SH s )l+ s & . 32-35 4*15 - 62 28-8 Anal. 

44 [F«F0 4 yB,Sa . ^ 3^7 - 25 280 

45 . 4-07 + 12 284 Hypopheaplat#. 

46 FeiH.POA • ••"”“•‘“Vw TWo 17-15 433 + 23 29-2 Vanillin. 

47 [Fe;C»H,lCH0X0CH,)0> J }K,+H,0 ... 4>|f + 4 28*5 

48 [Fe(CrO,)JK+2H,0 .. m + m Ptro^hin. 

49 [F«C,H 1 0 J ) 1 ]K 1 +2H S °. 4 . tf _ 110 28-6 M=191. 

50 [FeF.-Ns. 41 o5 3*97 + 22 380 Anal., guanidini. 

61 [FaF,OHJH/CS,H,),+»H.0. 306 + 18 280 PyHdme. 

52 [Fe{80,1 H(C ,H »S) +2H ,0. 4<w _ 65 280 M=28«. 

53 [PeCl,(C,0,i]lI( c ,HiB) .. jg-go 407 - 22 284 M=440, 

64 [F«S0 4 (C,0.) i }HXC 4 H|N), . ^yj 407 + 19 284 Anal. 

65 [Fe(0H,)j(C;,0,)JHtCiH»S). • . m + w m 4nai . 

- BSSJSSfflSS^ *• “ 5 +11 - *3e-* 

* [W o W c a . :: ,o.uaic.».»> + ®.» ^ £ ;5 « 

69 ilF*,01,] H rC s B^^ . |«0 4-33 + 6 290 

60 [F«(Ci0 4 )»]B f lC i H,>), . gi2 405 + 29 283 Awinyr"**- 

61 [FafClO^OnH.jFjO),. 3.5.34 4.30 + 12 29-1 Anri. 

62 .. ^ 4,33 _ 31 280 Anri,, qninolinn. 

03 [Fk80«(CA)l H i C ‘ H,S) . 3102 4-39 - 9 291 M=«t,nipferron. 

64 . . 4 g .»2 4-20 + 14 280 Ao*f1 aaatonri* 

66 FKCH.CXICBOOCH,), ^---. 32 . K m 0 280 Bristol*. 

66 [FriQ|H 4 (0>000),]K+‘H,0. m& ^ 0 280 BaMbjdwwnrie. 

67 Fe(0,H,(NOH)CO),+fH,O . ^ ^ 415 0 280 VrirraU. 

68 FiXC^Oj), •••••••■ • • • -•" .‘ l 8 -,iA 412 « ^’ 5 Anal., riiaarma. 

69 [F*foH|(00),G|H»0»)*K B,1 *» 3.33 + 25-7 Anal. fertw* 

70 FaCj0 4 +2H40>". ntalalt 

fscjlO 3«6 + l SM Anal, frw«* 

71 Fe(CK>»),+<iff»0--. fwAkmo. 

. 41.57 84i Q 260 AnaL, feiwn* 

72 WWPA# . “* 8 «—• 
































Magnetic Studies on Salts. 497 


Dr. Bandisch, the chromium salts Nos. 73, 78, and 79, 
loaned by Dr. Hendricks, and Nos. 46, 68, 70, 71, and 72, 

which were of commercial origin. The plots of =i-=y(T) 


are not shown. In each case where observations were 
made at various temperatures the relation was linear. 
Onlv in the cases of salts Nos. 66, 67, 68, 69, and 72 was a 
study of the temperature variation of the susceptibility 
omitted. The recorded values o£ 0=0 are, therefore, not 
observed values, but were assumed. This assumption is 
justified by the fact that the values of C and p are the 
normal values of the type of ion involved. 


Tablk VI.—Miscellaneous Chromic Salts. 


K#f*r*t»**e Sait 

No. 

Kx 10* 

(20° 0). 

C. 

0 . 

P- 

in 

K,C KCSk... 

18-84 

1*73 

*4*17 

185 

74 

ICKC,0,X,)K,+3H,0 . 

vim 

1*77 

4*12 

18-7 

75 

[CnOH, VjCKSO,) + iH a O. 

i 

1*87 

413 

19*2 

78 

[CK0H,)*ei]S0 4 +3B,0 .. 

198*2 

184 

415 

1941 

77 

[CrCNlf^CljCl, . 

24*80 

1*73 

414 

18*9 

78 

[Cr\OH,vJCl, iblue). 

. 22*42 

177 

4 4 

18*7 

79 

tCnOH.\CI,pi+2H s O (green).. 

2260 

1 70 

417 

18*4 


Unfamiliar organic groups may be identified by their 
names, which are found under “ Remarks.” Salts Nos. 50, 
53, 54, and 64 had partly decomposed, so that they contained 
more iron than the formulae indicate. The true molecular 
weights as determined by iron analyses are shown. It 
should he noted that the last three salts listed in Table V. 
are ferrous salts. 

None of the salts listed in either table shows any features 
of any particular interest. To the first order of accuracy 
the Curie constants and the Weiss magneton numbers are 
normal, and the values of 0 show no larger fluctuations than 
are found in the simpler salts. One salt that may be noted 
is the ehromi-cyanide K,Cr(CN)«, No. 73. With Ur are 
associated 18*5 magnetons, approximately the usual 19 
found with simple chromic salts, whereas the corresponding 
cobalt salt is diamagnetic, and the ferricvanide KjFe(CN)* 
gives the low magneton numbers 11*9 and 11*2 according to 
the temperature range. 

Phil. Mag. S. 7. Yol. 6. No. 36. Sept. 1928. 2 K 
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Ho. til *•+? 

sirris *« •—* w 

reported lor these two salts*. 

Table VII. 

Obnooion. n.J Cob.U &.* »«". 


lUfewmce 

Ko. 


S*tT. 


80 

81 

82 [OK^n^NO,), ... 

* % vn lIM 1 


KxlO* 
(80° C.). 

0. 

#o 

P* 

1460 

1*82 

+ 10 

18* 

9*69 

1*79 

+13 

18*8 

1490 

179 

+15 

18*§ 

14*59 

1*?4 

416 

im 

tei8 

1*11 

+15 

18*4 

ISIS 

1*70 

+ 12 

V83 

18*16 

K0 

412 

18*3 

28*47 

1*77 

+17 

18*7 

13*88 

1*76 

+ » 

18*6 

18*84 

1*75 

+ 14 

180 

16*68 

1*78 

+ « 

188 

1677 

1*76 

+16 

186 

11*38 

1*82 

+18 

180 

11*38 

1*86 

+ 8 

181 


JISttodTmi tb< ' 6g”* of 

?C?£r rt” f “il! 

on^ tomp.ra'ore only. In tb. »», d» 
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V* A Ferricyamide and some Ferric Penta-cyano Derivative** 

The data on this type of ferric salt are shown in Table 
Till, and in fig. 6. The ferricyanide was a sample from 


Temperature, */f 

Table VIII.—Ferricyanide and Penta-cyano Derivatives* 


“**£»"<* Saw. 

KxlO* 

(■JO® 0.). 

C. 

9, 

P- 

Be® 

mark*. 

m 

K.P^ON),. 

. 607 

0720 

- 6 

110 



St **********«*»********iiHft *•**■ 

0-636 

*37 

11*2 


a& 

[N. a F^O!!),SH 1 ] +2H.O 

. 7-43 

0-707 

-34 

11*8 

An*L 

96 

[H^F^CW),OH,3+2-6H a O. 

.. 638 

0-641 

-25 

11*3 

Anmi. 

97 

[S^FVCK^NO.l+aET.O 

5*60 

0*39 

—25 

110 

Anal. 


2 K 2 
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JjSto diri.^iv™ !».« I»e» d«Mtit>«l kf HrftoiM* . 

—- «-‘ 


F»g.6. 



. j_. wn f rom this part of the work is that the low 
*** . * nl) j in the ferricvatiide is retained without matenat 

7^onof^nZn% other groups for the CH radieK 
The moments observed in the penta-cyano compounds fall 
ft Bo fana n, Atm. der Chem, eeorfs* p* 1 (1900)* 
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within the limits 112 and U’9 magnetons observed in 
K.Fe(CN). above and below its transformation point at 
62° 0. The fact that the amino salt, No. 95, appears with a 
higher moment than the aquo «nd mtro salts, Nos. 96 and 
97, is not doe to experimental errors. Each of them was 
measured twice, and they gave each tune magneton tmmbers 
which agreed with the values ot the table within 0*2 unit. 
It seems possible, in view of the two moments observed in 
the ferricyanide. that a suitable temperature range could be 
found in which the amino, the aquo, and the mtro salts would 
have identical moments. 


Fig-7- 



Attention may be called to the fact that the 
susceptibilities of the ferric pente^yano compound“JJ “ 
Table VIII. are from 62 to 78 per cent, of the values 
reported in a preliminary note » three years ago. A parted 
this discrepancy is due to the batter quality of the sa 
since. The present measurements were made on the tl i d 
set of wits that have been prepared at this Institute. But 
the larger part of the discref*ncy arises 
use of K,Fe(CN) g as a standard, and from the fact that 1 
taken its susceptibility to be K = +9'0 x 10 . 

• Welo, ‘ Nature,’ cxvi. p. S89 (195®). 
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due to Oxley * (corrected for the newer susceptibility of 
water, K== —O'719 x 10 *) seemed to be supported by those 
given in the physical tables, which are about 8 
it that time I was not aware of Ish.Ws t 
on K s Fe(CN),. His valne of K *t 2l C as 

which is in as close agreement with K- + 6 97X10 ,m 
shown in Table VIII., as can be expected from different 

“Tstiiara studied K,Fe(CN) e throughout a temperature 
range from + 21° C. down to —148° G. When g-is plotted 

against T, his values fall very accurately on a straight line 
within the range -12°C. to -118° C. The values of G, 
0, and p as determined by tins straight line turn outto be 
0-925, —68, and 13 5 respectively. Accordingly, h.,*e(UKJ« 
has still another transformation point at some lower 
temperature. 


eemeiu wiui vt ti ~— ---- - 

with solutions." Her magneton numbers are 11*4 for 
concentrated solutions and 10-9 for the we »k ° n *»- A 
magneton number of 11 seems strange, in view of tomb* 
of the order 29 observed in simple ferric salt*. Bat it may 
be recalled that the number 11 is associated with iron. W e 
are reminded that the empirical Weiss magneton is, by 
definition, just one-eleventh of the atomic moment, a 

saturation, of pure iron. , 

Incidentally, it may lie of interest to mention that 
K»Fe(CN)„ the amino salt. No. 95, and the aquo salt, 
No. 96, yield ferro-magnetic decomposition products on 
decomposition in air at 300° C. The nitro salt. No. 97, was 
not tried. Qualitatively, these decomposition; 
behave jnst like oxidized precipitated magnetite §. The 
permeabilities are smaller, but of thesame order of magnitude 

as in precipitated magnetite, and on heating to 6WT G. a 
non-reversible transformation takes place. Ferromagnetism 
dote not appear on cooling again. 

VI. Soluble and Insoluble Prussian Blue. 

Soluble and insoluble Prussian blue wilt be very briefly 
considered in this paper, since the measurements and their 

\wS’SrsJs^!'nSit4j ’^>''<«»»! a— mj 

Pocsjsk, J. Wash, dead. Set. xv. p. 320 (1926). 
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significance to the disputed question of structure are being 
published elsewhere*. 

Sol uble Prussian blue is regarded as a potassium-ferric salt 
of iiydro-ferrocyanicacid with the formula K Fe [Fe(CN)«], 
while insoluble Prussian blue is the ferric salt of the same 
acid with the formula Fe* [ Fe(('N) g ]j. It is well known 
that the ferroevanides are diamagnetic, and we shall see in 
the last section of this paper that the paramagnetic contribu¬ 
tion of the quadrivalent ion Fe(CN)*, if any, is practically 
negligible. The measurements on the soluble blue were 
therefore computed on the assumption that only one of the 
two iron ions carries the magnetic moment. In the case of 
the insoluble blue, it was assumed that only four of the seven 
iron ions contribute to the paramagnetism of the compound. 
On the bases of these assumptions, it was found that the 
ferric ions have approximately the normal moments as 
observed in simple ferric salts. For the soluble blue, 
KFe[Fe(CN)«], the magnetic constants were: C=4 05, 
0— + 22, p =28 3; and for the insoluble blue, Fe*[Fe(CN) 6 j*, 
they were : C«3*92, 0= + l5, and j>= 27*8. 


VII. Salts showing Anomalous Temperature Variation 

of 1/K ( . 

Of all the salts examined during the course of the work, 
only four were found to show irregularities in the curves 

=/(T) other than the frequent change of slope indicating 

a reversible transformation. No. 100 was a triglycolate 
[Fe(OOH t COO) l ] H,(C*H t N) + 2H,0 with a susceptibility 
of' +15-4x10-* at 20° 0. No. 101 was a diglyeolate 
f Fe(OCH,000)*] H (C,H,N) + *H,0 whose sus^pribilitir at 
20° O. was +24-1 xlO-'. No. 102 was [FeF«lK with a 
susceptibility of +37-3x10'* at 20° C. No. 103i was a 
polvnuolear chloracetate of the type considered in Jthe hrw 
part of tills paper. Its formula was |[Fe,(C Cl»C(X))«(OH),J 
+ 111*0, and its susceptibility at 20°0. was +6‘5x 10 . 
The four salts were obtained from Professor Winn land t. 

Nos. 100,101, and 103 were analysed here at the time ot 
the magnetic measurement*. The curves obtained are shown 
in fig. 7. Values of C and p, calculated from the short middle 
l«ortions of the curves, where they are apparently straight 
lines, yield values of these magnetic contents larger than too 
usual values for the ferric ion. The O values for Nos. 100, 


* Davidson and Welo. Joum. Phi/*- Che**, (in 
t Ztit. anory. O lew. cli. p. 271 cl. p. 4/ (19^0). 
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101, and 102 are, respectively, 9'00, 7*20, and 5*51, leading 
to the magneton numbers 42, 38, and 33. With Ho. 103 no 
computations are possible. 

Tiiese salts are unstable. It is quite certain that Nos. 101 
and 102 contained ferro-inagnetie decomposition products 
before being heated during the measurements. No. 101 
became strongly ferromagnetic on being heated in air at 
170® O. No.* 102 became ferromagnetic on heating at 
150° 0., and very strongly so after being heated at 300® C. 
In both cases the decomposition products became simply 
paramagnetic after having been heated at 600® C. The 
decomposition products of Nos. 100 and 103, on the other 
hand, do not go through the ferromagnetic stage, but change 
directly to a paramagnetic condition which is not altered by 
heating at 600° C. The presence of a ferro-niagnetic 
impurity in Nos. 101 and 102, due to decomposition, would 

account for the Harness of the curve it- =/lT) and large 


values of C and p, since the ferromagnetic part is relatively 
insensitive to temperature changes. Balts Nos. 100 and 103. 
which decomposed very rapidly at 75 s C., were probnbU 
decomposing, during the measurements, into more para¬ 
magnetic forms at such rates as to make j? apparently 
constant in the case of No. 100, and fast enough to make 


K decrease in the case of No. 103. 

The true magnetic constants are therefore unknown. 
The glvcolates. Nos. 100 and 101, could he diamagnetic for 
all. that the present measurements tell ns. It is more 
probable that the ferric ions carry the normal moments, 
but that the salts are characterized by large negative values 
of 6 in the Curie-Weiss law. The glyeolate groups would 
be expected to he electric dipole*, and might give rise to the 
magnetic behaviour observed in the polynuclear salts as 
described in Section I. of this paper, 

A calculation readily shows that if the salt No. 103, 
J{FV*(CCl t OOO) f (OH)i]-f |H,0. is really of the same type 
as the polynuclear salts described previously, in which were 
found the usual ionic moment for the ferric ions, 6 in the 
Curie-Wens relation K„(T—0)=C would have to be at 
least - 1100 . 

It is interesting to find that an anomalous behaviour in an 
iron fluoride has been noted before. Isbtwara * studied 


* Lac, oil. 
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FeF,+H,0. It is indicated by him, however, that the 
chemical formula was a little doubtful. The susceptibility 
varied very little throughout the temperature range of 
— 160°U. to +170°C. Isbiwara’s fluoride, FeFj+HjO, 
and the present [FeF 4 ] K were both, probably, contaminated 
by a ferromagnetic decomposition product. 


Table IX.—Diamagnetic and Near-Diainagnetie Saits. 


Bdenus ta.,* 

Ho. 8 * M - 

of 

Mmmt*~ 
taenia. 

KxlO*. 

K„xlO*. 

Remark*. 

tot 

H,F*CN' t . 

„ 4 

-0328+3 

+ AO 


105 

K,Fe(CK)»+3H,0 . 

7 

-0408+2 

+ 50 


100 

K 4 F*(GN),. 

4 

—0366±1 

+ 4*1 


i m 

N* 4 F«CN5,+»'5H s O . 

4 

-0*474+3 

- io 

Aim!. 

106 

H* 4 F«(CKV —*.~ — 

3 

- 4*340+1 

- 20 


100 

0» a Fe(CH^+10-511,0. 

4 

-0465+1 

+ 8*3 

Anal. 

110 

N«,F«tCH),SH,+*-21l s O ... 

» 

-0379+2 

+ 18 

Anal. 

111 

>\Fe(CH) s S0,+8-8H,O. 

4 

—0*393+6 

+ 31 

Anal. 

112 

H*,F«(CNS 1 NO,+7-5ir t O ... 

3 

-0*36*+4 

+ 36 

Anal. 

113 

N. 1 F*CN> l OH,+Sf3H i O ... 

4 

-0*229+3 

+ 52 

Ana!. 

114 

N» t Fe(Clt j m>+-. , HO . 

6 

-0348+4 

- 40 

Nitroprumide. 

113 

[FrtC w lI^,),]Er, . 

3 

-0069+1 

+1% 

Dipyridyl. 

lie 

K,W(CSX,+20,0 . 

3 

-0365+1 

- 27 


117 

K,M«CNi,+2H,0. 

3 

—0*381 +1 

- A 


ns 

[CwenUNH,)CI]Br. <>*.) 

A 

—0*305 + 1 

+ 68 


119 

{Ok«( y SlljiCi]Br t (dwtro) 

5 

*-0*292+1 

+ 73 


120 

|(.'o(pii) 4 {N H,'Cl)CI, irseemic' 

3 

-0*324+1 

+ m 


121 

WW), . 

Eat. 

+0f» 

+400 

NitrobemoL 

122 

K.CrO* ...................... 

Eat. 

+004 

+ 60 

Anal. 

123 

k a Cr,,0 MI ... 

Eat. 

+0*25 

+ 60 

Anal. 

124 

CrO, ..t. 

Eat. 

+3 

+300 



VIII. Diamagnetic and Sear-Diamagnetic Salts of Various * 
Transition Elements. 

The observed specific susceptibilities of these salts and the 

computed atomic susceptibilities of the metallic ions are 
tabulated in Table IX. The fvrro-cyanides and the nitro- 
prusside were commercial products, the hvdro-ferrocyanie 
acid H«Fe(CN)» and the penta-cyano compounds were 
prepared by Dr. Davidson. The cyanides of tungsten and 
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molybdenum were loaned by Dr. Feldmann, of Hannover, ae 
were the chromates by Dr. Hendricks, the dipyiidyl iron 
salt and the nitrobenzol salt of cobalt arc due to Dr. Bandiscli 
and the cobalt amines are due to Dr. Kmg. It is 
that the susceptibilities of the last four salts were Bi« r e*y 
estimated. The apparatus used was not sensitive enough for 

on th. d.u or Table IX. i. that of 

paramagnetism independent of the temperature, * a conception 
which it is difficult to reconcile with prevailing magnetic 
theorr. It has been supposed that potassium ferrocyamde 
KaFeVON'* i- 3HjO is one of the compounds m which the 
metallic ion apjmnr# with a small positive residualsuscept.- 
bilitv after correction for diamagnetism of the otlie 
constituents. KMnO*, K,CrO r , and the cobalt amines are 

familiar examples. . ,_if 

In view of the present results it is very doubtful if 
K 4 Fe(CN), + 3H*0 belongs in this category. The bwt 
indication that it does not is the fact that the corresponding 
sodium salts Nos. 107 and 108 give residuals which are 
definitely not positive. Other points in the evidence against 
residual para-magnetism in iron in the ion [Fe(CN)«] are as 
follows :— 

1. HLFefCN)* apparently has a residual atomic suscepti¬ 
bility of + 5x 10'\ but it is known that the diamagnetic 
susceptibility of this acid is really more than “0 328 x 10 . 
The acid decomposes at ordinary temperature into the 
paramagnetic Prussian blue. The particular sample used, 
which gave K= —0-328 X 10'® soon after preparation, was 
found, 22 months later, to be actually paramagnetic. Hence 
K = —0’328x 10~* is certainly too small, and doe.' not 
represent the true diamagnetic susceptibility. An increase 
i.» P K bv 7*5 per cent. to K- -0 352 x 10* 6 would remove 
the apparent positive residual of +5x10-* for iron in 
H 4 Fe(CNj,. 

2 The evidence is that the susceptibility of potassium 
ferrocvanide depends on the held strength. The pwaent 
susceptibility of K - -0*408 x 10~* was obtained with a 
field P inten/tv of 11,0<>0 gauss. This « m wbetantial 
agreement with Oxley *, who, however, doe* not state the 


* toe. fit. 
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c.ij intenwtv lshivut * used 6#ld strengths of about 
Mta intensity* , «• n.o&o y ia-« which leads to 

2600 ganss, and found K==- 03 Wx 1 U 
a positive atomic susceptibility for mm of +29x10 
compared with about +5x 10 - * in the present expenmente. 
Thai distinct susceptibility values at different fields mdicate 
the presence of a trace of ferromagnetic material. 

S. The ferromagnetic traces suspected to be P r ®““ 4 

ferrocvanides are the natural decomposition produces All 

of the' ferrocvanides, the pento-myano compounds and the 
or me lerrouj ’ T , £ TX (the dmyndyl salt No. 115 


merely paramagnetic. 

In connexion with the ferroeyanides, it is to be observed 
that the potassium and sodium salts were also nwmf « 
the dehydrated condition brought a ^ U ‘ Jj h *f 12 |o C 
constant weight in an atmosphere of nitrogen at lzo U. 
This was done, not so much to test for a direct magnetic 
effect of the water of crystallization, as to d ~ ld ® ™ 
diamagnetic correction to apply for water. ^ie OTnwtaon 
as calculated from Pascal’s additive law is —10 4x10 ^ 
whereas the observed molecular susceptibility 
-0-719 x 10-* x 18 = - 13 x 10-. Use of the latter value 
In computing K„ for hydrated potassium and sodium ferro- 
cvanides leads to values of K« which agree, withm one unit, 
with the values of K„ found for the dehydratedsalts- As an 
incidental matter, the conclusion is justified ^at water,ns 
water of crystallization, is magnetically identical with water 

*" Th© ferrous penta-cyano compounds, although diamagnet^ 
yield positive residuals for iron which are larger than the 
Ss duaU shown bv the ferroeyanides As has been pointed 
oZ these salts give ferro-magnetic decomposition producte 
so that the observed diamagnetic satcepiibtlitie*. 
to be too low. It would be interesting 

penta-cyano compounds over a range of low temperature# 
to see if there is present, also, a trace of the corresponding 
ferric salt which, as has been seen m Section V ; , » P ™ 
magnetic. Ishiwara has already shown that K*Fe(CN), 
+ 3H,0 is free from any paramagnetic component, sin<» the 
snsceptibilitv was constant between room and liquid air 
temperatures. 

• Lae, cit. 
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It is (» be observed that tbe ferrous aquo salt No. 113, 
NasFerCN^OH,, falls into line with tbe other ferrous peata- 
cyauo salts, in contrast to my previous results as presented in 
a letter to ‘Nature’*. At that time it was thought to be 
paranaaguetie and to approach in strength the ferric penta- 
C yano salts. This salt is especially likely to oxidise to 
the paramagnetic ferric form unless great precautions are 
taken* 

The nitro-prusside. No. 114, is the only ferric penta-cyano 
compound so far known to be diamagnetic. It also yields a 
negative susceptibility for the iron in it. One is tempted to 
regard diamagnetism in this salt as being due to compensa¬ 
tion of the moment associated with the ferric ion by that ot 
the HO group. Quantitatively, however, there arises a 
discrepancy of 2 Weiss units, since the moment of the 
NO molecules is 9 magnetons. 

No importance is to be attached to the susceptibility value 
and the positive residual found for tbe dipyridyl compound 
[Fe(Cj(,H 8 N t ) 3 3 Br,. Ouly one sample was available, and 
the quantitv was too small to permit accurate measurements. 
It is included in the table merely as an additional example 
of a salt which is diamagnetic in spite of the presence ot 
iron. The corresponding sulphate (instead ot bromide) lias 
been reported ns diamagnetic by Berkman and Zoeher T) 
but it is difficult to accept their value for the susceptibility* 
K ss —1*7 x 10~®. 

The cobalt amines containing the ethylene-diamine groups 
(ens= NHjUHjOH,NH s ) are diamagnetic, m Kosenbobm 
found them to be, but tbe mean value of the atomic suscepti¬ 
bility for the cobalt, K»= +70x 10'Sis a little higher than 
his value of K« =+60x IQ'*. Tbe lack of agreement seems 
to be outside of the experimental error. The samples were 
old, having been prepared in 1911. These salts do no 
yield ferromagnetic decomposition products, 
paramagnetic on heating for a few minutes at 350 1. 1 tie 

presence of a small trace of a paramagnetic component is 
suggested by an observation on the salt , 

the same lot as the cobalt amines and, presumably, prepared 
at aboat the same time. According to Kosenbobm, this 
salt should be diamagnetic. It was paramagnetic with 

K = + 11*3x10-*. . 

The two chromates. Nos. 122 and 123, are seen to give 
positive residuals for chromium in close agreement with the 

♦ J<oc. eit 

f tee. cit. 
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value K«=-+63*3x10"* found by Weiss and Collet* in 
the dichromate K s Cr,0 T . 

The value K= + 3 x 10"* for Or Os is too high on account 
of partial decomposiiion. For this substance Isbiwara 
found an initial susceptibility K=+0*51x10"*^ and that 
the susceptibility rose to very high values on heating. On 
still further heating, OO* became Cr 3 0 3 and less magnetic 
with K=s 23*5x10"*. 

In conclusion, it may be remarked that salts such as the 
cobalt amines and the chromates, which seem to yield small 
positive residuals for the susceptibilities of the metals, need 
very careful studies as to the constancy of the susceptibilities 
when the temperature is varied. Miss Collett in collabora¬ 
tion with Weiss has studied a luteo cobalt salt and 
KfCr s Oi, both as solids and in solution. The detailed 
results have not been given, as far as I know, but the 
published note gives the impression that the susceptibilities 
are constant only within very narrow limits. One element 
of difficulty in this, problem of residual paramagnetism 
independent of the temperature is, of course, that of the proper 
diamagnetic constants to be used for correction. An equally 
difficult one is that of excluding or allowing for possible 
paramagnetic components. 

It is a pleasure for me to express my thanks to those 
who have supplied me with material and who have, in 
other ways, contributed towards this work- I am especially 
grateful to Professor E. Weinland, Professor P. Pfeiffer, 
and Dr. D. Davidson for supplying so many salts of 
uniformly high quality. Dr. S. B. Hendricks, Dr. K. Feld- 
mann, and Dr. V. iting have also contributed many rare 
salts. Dr. 0. Baudisch was largely instrumental in obtain¬ 
ing the material from abroad, and it is to him that I owe 
my interest in the subject of complex salts. Thanks are 
due to the General Electric Company for their kindness in 
lending the electromagnet. 

Rockefeller Institute for Medical Research, 

New York, April 12th, 1928. 


• Weiss & Collet, Compt. Bend. chxviiL p. 2146 (1924), dxxxi. 
p. 1057 (1925). 
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L. Ike Surface Tension of Liquid Metals .—Part 111. 2 he 
Surface Tension of Mercury. By L. L. Bircumshaw, M.A., 
M.Sc. * 

T HE surface tension of mercury has been the subject of 
many investigations under very different conditions 
and by many different methods. The more recent work 
may be briefly reviewed. Stockist formed a drop of 
mercury in an enclosed vessel which could be evacuated 
or filled with a pure dry gas. Treating the surface of the 
drop as a convex mirror, he determined the position of 
an object and its image, from which the radius of curvature 
at the vertex was calculated. He obtained some very 
re ma rkable results, which are given in Table I. 


Gas. 


Vaettum ............. 

Hydrogen ......... 

Mr (dry) ..* 

Air (moist) .. 

Carbon dioxide ......... 

Oxygen ..* 

Httrogen ............... 


Table L 

Initial y. 

y (after 1 tour). 


mgjmm* 

mg./mm. 

15 

44*4 

444 

n 

47*9 

44*2 

17 

48*5 

437 

17 

49*4 

437 

19 

49*0 

44*4 

23 

487 

44*0 

16 

49*8 

44 6 


It was found that if a determination was made as 
rapidly as possible (in a few seconds) in vacuo, the value 
44*4 mg./mm. was obtained, and this value was unchanged 
in one hoar’s time. If the drop were formed, however, 
in a gas, the initial value was much higher, but fell after 
m time to the value obtained in vacuo. Stockle determined 
the fall of surface tension with time, and gives curves for 
all the above gases. It was found that the initial high 
values fell very rapidly in hydrogen (about 5 minutes), 
more slowly in carbon dioxide, and still more slowly in 
nitrogen, which required about fifty minutes for the value 
to fall to that obtained in a vacuum. He considered the 
effect to be due to the condensation of gas on dm surface of 
the mercury. Stockle’s results are in general confirmed by 


t 


OoBumuucated by Sir J« k P6 Uvb 1, K . R .£<| gltS. 
fLt.<LFhy*k,\xvl p. 499(1898). 
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Meyer *, who used the vibrating jet method, and therefore 
found higher initial values (51*5 mg./mm. in air and 56*5 
in hydrogen). 

Kalahne f formed stationary waves by means of. the 
interference of two progressive circnlar wave systems in 
the surface of some mercury, and produced in this way 
what is, in effect, a plane reflexion grating. The wave¬ 
length of these small ripples is then equal to the constant 
of the grating, and this was measured, using sodium light. 
He obtained rather lower values than Stockle, his highest 
being 44*0 tng./tnm. at 18°. 

Cenac + measured the surface tension of mercury in air 
and a vacuum at 0°, and found 437 dynes/cm. in air and 460 
in vacuo . He used the drop-weight method and Lohnstein's 
corrections. A more recent determination by the same 
method by Harkins § gave 476 dynes/cm. in vacuo and 465 
in air. 

Hogness |j found no difference in the surface tension of 
mercury in hydrogen when the pressure of the gas varied 
from 300 mm. down to a vacuum giving the green fluores¬ 
cence of the glass with the electric discharge. No difference 
was detected when hydrogen was replaced by dry air. 

I red ale % by means of the drop-weight method and 
mercury distilled into the apparatus in vacuo, obtained 
456 dynes/cm. at 18—19° in air at atmospheric pressure 
(approx.), and as the pressure was decreased, the surface 
tension diminished to 410 dynes/cm. at 10 ~ 4 mm. 1 redale 
suggests that there is some impurity present which lowers 
the surface tension, and this impurity is more effective 
in a vacuum. Removal of the taps in the apparatus, with 
their attendant lubricant, had no effect, however. In 
further experiments mercury was re-distilled twice in a 
current of air and then in vacuo. After distilling the metal 
into the apparatus, determinations were made as quickly as 
possible, and a value of 475 dvnes/cm. was obtained at a 
pressure of 10~* mm. On admitting air the value fell 
to about 460 dynes/cm., and after re-evacuating it fell to 
410 dynes/cm. Experiments made with water-vapour in 
the dropping chamber gave a value of 411 dynes/cm., which 
is almost the same as that found for mercury in vacuo ; the 


* Aim. A Pkytik, lxvi. p. 523 (1898). 

+ Ann. d. Pkymk, vii. p. 440 (1902). 
t Ann. Ckem. et /%*. p. 299 ( 1918 ). 

$ J. Amer. Chem. Soc. xlii. p. 2539 (1920). 
H J. Amer. CWm. Soc. xliii. p. 1621 (1921). 
1 PUL Stag. xlvilL p, 177 (1924). 
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suggestion is mad© that the adsorption of water-vapour from 
the glass is the cause of some of the anomalous resalts 
obtained. A further suggestion made by Iredale in this 
paper is that the pressure of air may raise the pressure of 
water-vapour necessary to form an adsorbed film. 

In a further communication * Iredale has determined the 
surface tension of mercury by the measurement of a sessile 
drop. The mercury is distilled on to a glass plate enclosed 
in a glass chamber which can be evacuated. He uses the 
simple formula: 

2#y 

‘-—s' 

where h is the distance from the maximum diameter of the 
drop to its vertex. Drops of about 1*5 cm. in diameter are 
employed. He found that the first few drops distilled over 
cave a low value, but that dm rose after successive quantities 
were distilled, and he suggests that the first portions of the 
merenrv tend to remove some impurity from the glass 
surface! From a measurement of eleven successive drops 
the surface tension rose from 430 to 465 dynes/cm., and 
after remaining for 24 hours in vacuo the value was found 
to be 446 dynes/cm. The admission of pure dry air to 
a mercurv surface formed in vacuo does not alter its surface 
tension to anv great degree, but unpurihed air appears to 
lower it considerably, and the contamination is irreversible 
Iredale considers that “ when a surface is formed m air at 
atmospheric pressure the presence of the air may hinder the 
adsorption of the impurities, but the admission of air to 
a surface already formed in a vacuum does not appear 
to result in a de-sorption of impurities. 

Popesco t has determined the surface tension of mercury 
by the previous method, and found a value of 436 dynes/cm. 
when the drop is formed and kept in a vacuum. If the 
drop formed in vacuo is exposed to a gas a decrease in the 
surface tension is observed. When a surface is formed in 
a cas the initial surface tension is greater than when formed 
in vacuo, but decreases after a time to the vacuum value. 
Popesco investigated these effects with different gases and 
at different pressures. It will be seen that he confirms in 
general Stockle’s results, and he ascribes these effects partly 
to adsorption and partly to the orientation of molecules m 
the liquid. Langmuir has shown that the initial velocity of 

• Phil, Msff. xlix. p. atm (1025). 

t Ann. de Phynquc, ill. p. 403 (1036). 
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photo-electrons emitted from a mercury surface is modified 
similarly when the drop formed in vacuo is exposed to a gas. 
Popesco confirms this and points out the close parallelism 
between this phenomenon and surface tension. 

Bauerwald and Drath * have recently made some deter¬ 
minations of the surface tension of mercury by the bubble- 
pressure method. These authors made experiments with 
a thick-walled glass capillary (0*61-1*28 mm.), a thin- 
walled glass capillary (0*035-0*05 mm.), and a thin- 
walled etched glass capillar}*. Their results are as follows 
(t=s 19°) 

7 - 

Thick-wailed capillary .. 465-480 dyaee/em. 

Thin-walled cspilllary . 453-476 „ 

Thin-walled capillary etched.. 465-474 „ 

A specially selected capillary with a thick wall gave 
results which varied from 469-479*8 dynes/cm., and a 
thin-walled etched silica capillary gave values from 469- 
477*5 dynes/cm. The influence of the depth to which the 
tube dipped in the metal was also investigated, and it was 
was found that constant results were obtained when this 
exceeded 3 mm. 

Burdon and Oliphant f, by the photography and measure¬ 
ment of a sessile drop, have repeated Popesco’s work and 
confirmed his conclusions. They also found by means of 
the drop-weight method that mercury gives values when the 
drop is formed in air, which are only 1 per cent, higher 
than when the drop is formed in vacuo , and they consider 
that the drop-weight method fails to detect the differences 
between the air and vacuum values. Thej criticise the 
drop-weight method on the grounds that it is finally based 
on the value for the surface tension of water obtained by 
the method of capillary rise in glass tabes, and that the 
method lias been based bn determinations made with liquids 
of approximately unit density which are snspended from the 
outer circumference of a tube. They are doubtful as to 
whether the form of drop will be the same for liquids of 
high density, e.g. mercury which hangs from the inner 
circumference. 

In view of the considerable divergence of the results 
fonnd by previous workers, it was considered of interest to 
investigate the surface tension of mercury by means of the 

• Zmt. Anorg. Chem. cliv. >. 79 (1926). 
t Tran*. Farad. Soc. xxiii. p. 205 (1927). 

Phil, Mag, S. 7. Vol. 6. No. 36. Sept. 1928. 2 L 






514 Mr, L. L. Bircumshaw on the 

maximum bubble pressure method tinder a number of 

different conditions, via. *— 

<o) The use of tubes constructed of glass (soft). 

(h) The use of tubes constructed of silica. 

(e) The use of different gases for blowing the bnbbles. 

(d) Varying the time of formation of the babbles. 

(e) Different physical conditions of the surface of the 

ends of the tubes. 


big. 1. 



JL X "’X 


Exfieri mental. 

The apparatus is shown in fig. 1. I* consists of an outer 
tube A 30 cm. long which fits tightly through the collar B. 
This collar carries a plate G, and through the top of the 
outer tube at H i- fused a tube of .mailer diameter which is 
drawn ont to a capillary at its lower end. 1 he ends of both 
tnlies are ground carefully so that the cross-section of each 
is in the same plane, and this plane is parallel to the surface 
of the plate. The mercury is placed in the container C, 

* The (das* container need had an internal diameter of S'© cm, and 

the internal diameter of the silica container was 2 < cm. 
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which fits by means of a thick pad of cotton-wool F into 
a thermos flask D, which in tarn is supported by a large 
wooden block E. The tubes are suspended in the inercary 
from a bracket attached to the plate, aud this bracket is held 
by a heavy rigid iron stand. The stand, at its base, is 
supported on three levelling screws. By manipulating 
these the plate can be levelled up, when the ends of the 
tubes will be in a horizontal plane in the liquid. By closing 
or opening the tap I bubbles can lie blown at will from the 
narrow or the wide tube. The procedure was, of course, 
tbe same as in the previous work *, viz. the difference in 
pressure required to detach a bubble, first from the wide 
and then the narrow tube, was measured. All tbe measure¬ 
ments were made at 20° O. The mercury in the container 
was placed in a thermostat for 15 minutes and rapidly 
transferred to the thermos flask. If the temperature of the 
room were kept at about 20°, then tbe temperature of 
tbe mercury, after a series of measurements had been made, 
was rarely found to have altered bv more than 0*5°. 

The mercuryt was purified in the following manner:— 
A quantity of the metal was placed in a porcelain dish and 
floated on the surface of some mercury contained in a much 
larger dish. The whole was then covered with water con- 
t lining a little sulphuric and nitric acids and electrolysed, 
using platinum wire electrodes with a current of 0*5 amp. 
for twenty-four hours. The mercury in the larger dish, 
which was the anode chamber, was then removed and dried. 
It was then distilled in air and finally in another still at 
a pressure of about 10 mm. of air. 

The gases used were purified in the following manner :— 

Hydrogen (generated electrolytically from caustic soda 
solution using an iron cathode) was dried, and passed 
through a silica tube at 600° to free the gas from traces of 
oxygen. It was then passed through a series of calcium- 
chloride tubes. Nitrogen was taken from a cylinder and 
passed over copper gauze heated to 600°, and a short length 
of iron gauze heated to 800°. The iron gauze had been 
previously oxidized and then reduced in hydrogen. The 
gas was then dried by passage over calcium chloride. 
Oxygen was taken from a cylinder and dried. Carbon 
dioxide was prepared from marble and hydrochloric acid ; 
the gas passed through sodium-bieurbonnle solution and 
dried through calcium-chloride tubes. In the actual deter¬ 
minations all these gases, with the exception of the carbon 

• Phil. Msg. ii. p. 341 (1926). 

+ For the preparation of the mereurv l »ni indebted to Mr. S. Watts. 

2 L 2 
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1*156 cm. 
1009 „ 
0*0964 „ 
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^InMtbe first apparatus used the tubes 
following mean dimensions:— 

External diameter of outer tube ***•♦* 

Internal diameter of outer tube . 

External diameter of inner tube 
Perfectly concordant results were obtained with this 
apparatus, which gave: 

p wide. P(«*«o">. «* ydyn^'ew. 

22*5 8535 007477 497 

The nressures are given in cms. of water. Experiments 
were then made to determine how the surface tension 
varied when the bubble was held on the end of the inner 
tube at a pressure just below that at which it becomes 
detached, for various lengths of time. Normally about 
40-50 secs, was taken to form and detach the bubble. 

* in these experiments the pressure in the babble was 
developed to a vTlue 3-5 mm. below that at which it w«s 
normally detached, held for various times, and in each case 
STfinal pressure at which the bubble was liberated was 
read After each of these determinations the normal 
™«nre ti e the reading obtained in the ordinary a ay w 
K secs.) was determined, and this practically never 
differed from the initial ordinary reading. It was found 
fW the lowering of the pressure at which the bubble was 
detached always^ncreased as the time the bubble was held 
on the end of the tube increased, but that the magnitude of 
theeffeet was liardlv ever the same in experiments made on 

«r ?*•«“t 

are given in Table II. The two senes give (t) the smallest 
lowering obtained and (2) the highest. 


Table II. 


Time 

0 

5 

10 

15 

30 

60 


P wide. 

MV 

225 

2241 

22*5 

225 

22*5 


(1.) 

P narrow. 

«*. 

y dynee/mn 

36*85 

007477 

497 

35*25 

007438 

494 

35*15 

007399 

492 

34*95 

007329 

489 

8t*93 

007320 

48* 

34*7 

007222 

480 
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(20 


Tim# (mint.}. 

P wide. 

P narrow. 


y dynes/em. 

0 

2*2*4 

35*15 

0*07419 

493 

10 

22*4 

34*8 

0*07278 

48$ 

m 

22*4 

34*5 

0*07152 

475 

m 

22*4 

34*4 

0*07111 

472 

45 

22*4 

34*0 

0*06947 

461 


The surface of the ends of the tubes in this apparatus was 
distinctly roughened. It had been ground with Ho. 3 
emery. The ends were carefully polished with fine emery. 
On measurement the diameter of the inner tube was found 
to be 0 0982 cm. and the dimensions of the outer tube the 
same as before. The apparatus then gave the following:— 

P wide. P narrow. aK y dyne*/cm. 

22*05 34*8 0*07569 502 

This result could be repeated to less than 0'5 per cent. 
(*05 cm. in the pressure difference) any number of times. 

A similar apparatus was constructed with silica tubes 
instead of glass. They had the following dimensions:— 

Mean external diameter of outer tube... 0 923 cm. 

Mean internal diameter of outer tube ... 0*760 „ 

Mean external diameter of inner tube... 0*1022 „ 

The ends of these tubes were carefully polished. Various 
values were obtained with this apparatus, four of which are 
as follows 

P wick. P narrow. 

20*8 398 

20*8 (a) 39*4 (a) 

20*8 39*5 

20*8 398 

The result of one of these readings (a) has been calculated. 
The tubes were then etched for ten minutes in dilute hydro¬ 
fluoric acid, when the diameter of the inner tube was found 
to be 0*1004 cm. Very high values were again obtained, 
as will be seen from the following readings, which also differ 
considerably among themsel ves:— 


P wide. 

P narrow. 

212 

36*0 

21*2 

$77 

21*2 

$8*8 

212 

36*5 

21*2 

36*6 

21*2 

36*9 

21*2 

$7*8 

21*2 

38*0 


a\ y dyttw/cw. 

0*10186 673 
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The ends of the tubes wen* then roughened by grinding 
with No. 3 emery. The external diameter of the inner 
tube was then 0-0998 cm., and the following result was 
obtained :— 

p wide. P narrow. «* ydynw/oin. 

88-1 34-65 0-07250 481 

This result could he repeated any number of times. 
Experiments were then made holding the bubble on the 
end of the tube for various times, but practically no difference 
from the normal could he detected in the pressure required 
to liberate the bubble. These results are given bel«w :— 


Time (mtm). 

P wide. 

P narrow. 

«*. 

y d^ne»/cm. 

0 

22’1 

34*65 

0*07250 

481 

15 

22*1 

34*80 

0-G723O 

470 

m 

22*05 

34*70 

0*073(17 

485 

m 

22*05 

34*8 

0*07230 

mi 


The glass apparatus used in the above work was unfortu¬ 
nately broken. A new one was constructed which had the 
following dimensions :— 

Mean external diameter of outer tube... 1*007 cm. 

Mean internal diameter of outer tube... 0'830 ,, 

Mean external diameter of inner tube . 0-0990 

The figures given by this tube (repeatable to 0-05 cm. in 
the pressure difference) were :— 

P wide. P narrow. «’ 7 «*»>»• 

22*3 34*95 Oil, 451 495 

This apparatus, unlike the first one used, gave practically 
no decrease in the reading when the bubble was held on the 
tube, as the following results show :— 


Time {nittnu. 

P wide. 

P narrow. 

«*. 

y djrttfltf/cnn 

0 

22*3 

34*05 

007451 

405 

5 

22*3 

341*5 

0*07451 

405 

15 

22*8 

34*90 

007420 

m 

30 

22*3 

34*90 

0O7420 

m 


All the above determinations were made with hydrogen 

E nrified as described. Oxygen was next used. A very 
irge number of determinations were made, but it was found 
to be impossible to obtain concordant readings, and most of 
these were very high. In some cases the normal reading 
was obtained a few minutes after placing the tube in the 
mercury, but the value rose rapidly after a short time. A 
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typical experiment is detailed below, the initial reading 
being taken ten minutes after the tubes were placed in the 


mercury. 





Time. 

P wide. 

P narrow. 

a?* 

ydjnae/cra. 

1.0 p.il 

22*25 

34*85 

0*07486 

498 

f.10 * 

22*25 

35*4 




22*25 

352 




22*25 

35*0 




22*25 

35*3 



3.0 a. 

22*15 

36*1 




22*15 

361 




2215 

35*8 




22*15 

35*8 




22*15 

35*9 



40 „ 

22*15 

35*8 




22*15 

3575 




2215 

35*7 




2215 • 

35 75 




2215 

85*7 



5. 15 # 

2215 

365 

0*08102 

544 


22*15 

36 35 




2215 

36*35 




2215 

88*35 




2215 

3635 




The results obtained with this apparatus when using 
nitrogen and carbon dioxide, and the readings obtained 
when the bubble was held on the end of the tube for various 
times, are given in Table 111. 




Table III. 





ffitrogen. 



Time (mint.). 

P wide. 

P narrow. 


y dynea/cm. 

0 

221 

34*85 

0*07511 

499 

5 

22*1 

84*85 

O07511 

499 

15 

221 

84 85 

0*07511 

499 

30 

22*1 

84*85 

0*07511 

499 



Carbon Dioxide. 


0 

22*3 

85*0 

0*07480 

497 

15 

22*8 

84*8 

0*07391 

491 

80 

22*3 

840 

0073O1 

485 

When the 

bubbles were blown 

with 

moist hydrogen 


(hydrogen passed through water at 20°) the following result 
was obtained:— 

P wide. P narrow. a*. y dynea/cm. 

20-3 33 ft 0-07611 305 
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The »me result was obtained if a visible covering of 
water was placed on the mercury in the container 

With the siliea tubes the values given m Table IV. were 

found:— 

Table IV. 


Time (mine.). P ™ de * 


0 

15 

m 


Q 

15 

30 


0 

15 

30 


22*1 

22*1 

22*1 


21*05 

21*05 

21-05 


22*5 

225 

22*5 


JSitrogen* 
P narrow. 

34 75 
34*75 
34 80 


0*07288 

0*07288 

CHJ7310 


Carbon Dioxide. 


34*5 

3445 

34-4 

Oxygen. 

34*8 

348 

34*8 


0*07235 

0*07202 

0*07173 


0*07161 

0*07161 

0*07161 


7 dyne»/em. 

484 

484 

486 


481 

479 

477 


475 

475 

475 


It will be seen that no appreciable decrease in readings 

occurs when the bubbles are held on the end of the tube tor 

“rsr«2-5ff*.«... j. *. *££?£ 

the maximum pressure of the bubble had n<V" 
value obtained when the tune was varied between35««^ 
and 2 mins. 30 sees. Variation withm wide 1 imtU <* the 
depth to which the tubes were immersed in the metal w 
also foumi to be without effect on the value. 

The chief experimental results are given below m tabular 

form 


Hydrogen. Nitrogen. 


Csrbon 

Dioxide. 


0*Tg«n. 


1st glam tube 


Polished . 

Roughened «..«••••.*..*♦.**« 

Bubble held 46 mins.. 

502 

495 

461 



2*d glau tube. 

Bougbeosd... 

Bubble held 80 mins.. 

406 

483 

409 

490 

407 

486 

Siliea tub*. 

Polished . 

673 

461 

484 

481 

Bubble held 30 min*.....-. 

481 

486 

477 


No results. 


476 

475 
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Discussion. 

Stockle’s experiments, which appear to have been carried 
oat with great care, are very difficult to explain. It is easy 
to see, of coarse, that the presence of a gas might progres¬ 
sively lower the surface tension of a mercury surface, due to 
the time taken for the adsorbed gas film to reach equi¬ 
librium, but it is very difficult to imagine why different 
gases should reduce toe value to that given in vaeuo. It 
would have been expected that the initial (rapidly taken) 
value obtained in a gas would have approached that 
obtained in a vacuum, alter which the surface tension would 
have diminished to some final equilibrium value. Never¬ 
theless, it is extremely probable that the phenomena 
observed by Stbekle are genuine, as his results have be«*n, in 
general, confirmed by Popeseo and JBnrdon & Oliphant. 
They have been, however, chiefly noticed by workers who 
have used the “drop measurement” method. Harkins, 
Hogness, Uenuc, and Burdon & Oliphant have found only 
small differences in the surface tension of mercury in air, 
and in mem when measured by the drop-weight method. 
This may be due to some extent'io the relatively long time 
taken for the drops to form. An interesting explanation of 
Stockle's results was first pot forward by Bancroft (‘Applied 
Colloid Chemistry/ 1921, p. 134) . If we consider mercury 
to be a partially polymerized liquid, then the molecular 
modification which has the lowest surface tension will tend 
to be positively adsorbed at the surface, and equilibrium 
will lie reached when a certain relation exists between the 
concentration of this modification in the surface layer and 
in the bulk of the liquid. The attainment of this equilibrium 
may take a definite time, and Bancroft suggests that it 
may be instantaneous when a mercury surface is formed 
in mcuo, hut relatively slow in the presence of gases. 
I redale, as previously stated, considers this lowering to be 
due to dirt or alkaline material derived from the glass which 
is much more rapid in vacuo. He also considers the possi¬ 
bility of moisture being the cause. 

Witti regard to the results obtained in the present work, 
the following points call for special comment. It will be 
seen that distinctly higher results are obtained with glass 
tubes than with silica. This was found with both sets of 
glass tubes used, and the results obtained with theseagree 
to less than 0*5 per cent. This value, nevertheless, is dis¬ 
tinctly higher than that found by most workers on this 
subject. Sauerwald and Dratb failed to detect any appre¬ 
ciable difference between glass and silica tabes, but dm 
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highest value, 480 dynes/cm., obtained was with glass. A 
further interesting point is that with glass the same result 
is obtained whether the end (tip] of the tube is pol»ta<l or 
roughened. In the case of the first glass apparatusthe fall 
in surface tension notice*! in holding the bubble on the end 
of Ih. narrow tub. wu ; r.ry variable, and “ 
apparatus this effect was found to b. almost njnrot. li bo 
only obvious. a planatioii for tbeso docrotsos u that lUy are 
SS tottoM* ol alkaline material (or dirt) loft <* tb. tob. 
in snite of the cleaning treatment . In view of the fa 

that they were only obtained with the first > 

cause is more likely to be the specific natur g > 

but this also may actually be due to surface alkali. Tim 
first glass tube was of pre-war German material, hut the 
second was English soft alkali glass. When ‘he bubldefi 
were blown with nitrogen, a result was obtained whieb a 
nracticallv identical with that recorded with hydrogen, bo 
Lcreases'on holding the bubble on the end ot the tube were 
observed When carbon dioxide was used the same normal 
result was obtained, but small decreases were team when 
the bubble was held on the end of the tube. Mrtg.*»»** 
hydrogen a slightly higher value was obtained, lhia may 
tm due to the fact that in this case the bubble does not for 
on the extreme circumference of the tube. It » 
considered possible that, in the presence ol so much moisture, 
the bubble actually formed on the inner circumference of 
the tube, the surface tension measured being the loterfaetal 
tension of meixmrv-water. Calculated on .he inner radius, 
the figure 314 dynes/cm. was obtained, but *be imerfacial 
tension mercurv-water, as determined by Harkins, is 
375 dynes/cm., so that the above explanation appears to he 

” B \VUlf tlie apparatus made of silica the normal value 
obtained was, as previously stated, lower than that given l»y 
t?TL apparatus. It is significant that with silica practi¬ 
cally no decreases were observed on hanging the bubble on 

» Before using the apparatus, the tube* were allowed to atand dl 

»w.. . -4-'' 

JjTttoTwmki. *be appuata. »a.ta<l wilk F 

w “? ♦.!!« with Hretone The tubes were then inserted through the neck 
o?a fl rk ^.taimnga-ntsli quantity of acton*. The latter was boded 
f a S.l„wer narts of the tube were washed with condensed acetone. 

of w«tpr The tabes were then surrounded by a clean dry pyrex tube, 
and dry gas passed through first the inner and then the outer tube for at 
least two houf*. 
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the end of the tube for a time as long as thirty minutes. 
This was found to b* the case with all the gases used. 
Another interesting observation is ihat concordant normal 
values could not he obtained until the end of the tube had 
been roughened. This was established by a Large number 
of experiments. Etching the tube with dilute hydrofluoric 
aeid had little influence on the high readings obtained with 
the po ished tubes, and observations of the surface under the 
microscope after etching showed that it was still very line 
grained. 

Curious results were obtained when oxygen was used for 
blowing the bubbles. With the glass apparatus sometimes 
correct readings were obtained immediately after placing 
the tubes in the mercury, but after a short time these 
readings were much too high. Moreover, the correct 
readings could not always be obtained in the early stages. 
With a silica apparatus this phenomenon was not observed. 
It was thought at first that these high values might be due 
to an oxide film produced on the surface of the tip of the 
tube which would cause the bubble to be formed nearer the 
inner circumference, or, of course, the high readings might 
have been doe to real alteration in the surface tension of the 
mercury. In view oF the fact that these observations were 
not repeated with a silica tube, however, this explanation 
appears improbable. 

It appears from these experiments that, values are obtained 
by the maximum bubble-pressure method for the surface 
tension of mercury which vary w ithin small limits with the 
nature of the tube material. In the case of a silica tube the 
results also vary* considerably with the physical condition of 
the end of the tube on which the bubble is formed. The 
use of different gases for blowing the babbles does not 
appear to affect the results obtained. 

The actual mechanism involved in the explanation put 
forward by Bancroft to explain Storkle's results is, of course, 
very obscure. Bv making certain assumptions, however, it 
is possible to obtain a relation between the time required to 
reach equilibrium and the densitv of the gas. 

The energy interchange hot ween the liquid and the gas* 
can only take place during a collision between gas ami liquid 
molecules, so that if 

isxthe average loss (or gain) of kinetic energy of a gas 
molecule during a collision with a mercury molecule, 

and N = number of collisions per second per sq, cm, of 
surface, then the rate of communication of energy between 
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the mis aud the liquid is equal to *N. If k is assumed to 
be equal 1/nth of the average kinetic energy o£ a gas 

IriS, then iN=l/.(*r>JV ; "Web «• 

to'jtS^SSK °t tho*Srn Therefore 

“-S-M*-*')* 

■)nt, 


or 


£ 


n \2 


me* 


.here E 1. the energy in tire. T. B 

transferred to, or from, toe liquid in the T ^X final 

the surface tension to change from toe 
value, and these two tensions presumably { 

the dynamic and static surface tensions. £ will ther 
be a constant, and we have, 

E - ~ A 


T * 


1 / 1 


:( 


or' 


Tot 


rnr 5 


Remembering that for any number of gases at the same 
temperature and pressure 

me* = a constant c 
and r = cm - *, 

it is seen that T * m*; . 

i.th. time taken to reaoh eqmlibrimn will b. proportional 
to the square root of the density of the gas. ..... 

Stockle found that toe time required to reachL;T thmi in 

—-a t-r io . n ^S5.“t"2r £E? ££ 

K2S - 

the drop, are given tn the following table. 

0,. 

5 sees.. 6 25 

10 secs.. «>5 

20 nuns. .... t38 

Popoaco’a onrvre drew . mold fall of *«£•“£ 

toe firsttwenty minutes, but from this time to 

fa i h u r, K»L‘ ! ^i*ble that the .reomptionn rend, to. tb. 

knt, if not, tba proportto^ 
Il^brtSrere the Urn. for tbo aorfac tona.on to fall to Ore 
• Ignoring variation* in the value of « for different gases. 
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vacuum value and the density o£ the gas in which the 
mercury surface is produced do not appear to be in agree¬ 
ment with Popesco’s results. 

The remarkable phenomena observed by Stockle and by 
Popesco cannot be considered to have been explained satis¬ 
factorily. The most interesting feature is that they appear 
to be peculiar to the “ drop measurement method.’' It is 
possible that electrical effects, and the effect of gases on the 
rapidity with which mercury vapour attains equilibrium 
with the liquid * may ultimately be shown to be important. 


Summary. 

The surface tension of mercury has been determined by 
the method of maximum bubble pressure. Investigations 
were made regarding the influence of the material of the 
tube used, the physical condition of the surface of the end 
of the tube from which the bubble is blown, and the nature 
of the ga s used for blowing the bubbles. The effect of 
hanging the bubble on the end ef the tube for various 
lengths of time and the time taken to blow the bubbles has 
also been examined. 

Glass tubes appear to give slightly higher results than 
tubes made of silica, and in the case of the latter it was 
found that roughening the ends (tips) of the tabes was 
essential before concordant results could be obtained. This 
did not appear to be necessary with glass tubes. The nature 
of the gas used for blowing the bubbles, with the exception 
of oxygen, has practically no influence on the values found. 
Results could not be obtained with oxygen when glass tubes 
were used, but with silica tubes concordant values were 
found. With one set of glass tubes used, hanging the 
bubble on the end of the tube for various lengths of time 
always resulted in a lowering of the figure found, and this 
lowering increased with the length of the time. With 
another glass apparatus this effect was practically absent. 

The phenomena described by Stockle and Popesco is 
discussed,with special reference to the possible polymerization 
and surface orientation in liquid mercury. 

The author would like to tbank Dr. W. Rosenbain, F.R.S., 
for bis continued interest in this work ; Mr. G. D. Preston,, 
B.A., and Mr. J. H. Awbery, B.A., B.Sc., for a number of 
suggestions; and Mr. J. Trotter for assistance in the experi¬ 
mental part of the work. 

* Bides), * Surface ChemUtiy/ chap. 2, p. 00. 
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LT* On the Ultra-Violet Radiations emitted by Point 
Discharges. By John Thomson, B.&.+ MouUs- 

worth Research Student in the University of Glasgow *. 

Introductory. 

I N recent papers f it has been shown that ionising electro¬ 
magnetic radiations similar to those discovered by 
Wiedemann are emitted by die gas in the vicinity of metallic 
points charged to a high potential. That such radiations (or 
radiations of slightly longer wave-length) may lie of first 
importance in determining the mechanism of the spark 
discharge has been suggested by J. Taylor and the present 
writer § has described results which appear to support his 
theory. The experiments described in the present com¬ 
munication were undertaken with a view to obtaining 
farther evidence regarding the mi to re of these radiations 
and their relation to the discharge. The experiments are 
of a preliminary nature, since, as far as the writer is aware, 
no attempt has so far been made to investigate any part of 
this region of the spectrum at pressures comparable with 
atmospheric. The results obtained, however, fully justify 
further study of the phenomena exhibited. 

Experimental .1 rrangements. 

The final form of the apparatus used in the investigation 
is represented dia gra m ma t ica 11 y in fig, 1. 

The tube containing the points E and F between which the 
discharge was to pass was cylindrical in form, the platinum 
♦electrodes being placed along*the axis of the cylinder. The 
detecting and measuring apparatus was contained in a side- 
tube placed opposite one of the platinum points K, while 
the other two side-tube* were fitted with stoji-cocks K, H. 
One tube was branched between the stop-cock K and the 
discharge-tube. 

The detecting apparatus consisted essentially of a photo¬ 
electric cell, the insulated idectrode of which was connected 
to a tilted electroscope or to a Dolezalek electrometer. 
C and D were two half-cylinders of brass of length 20 mm., 

* Communicated by Prof. E. Tailor Jones, IXSe, 
t C. E. Wynn-Wi 11iams, Phil. Mag. voh i. p,358 (1026) t J* Thomson, 
op. eit. vol. v. p. 518 (1928). 

J J. Tavior, * Dissertation/ Utrecht (10^7); id. Proc. Roy. See. A, vol, 
cxvii. p,808 (1928b 
$ J. Thomson, loe 9 eit 
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sealed to the walla of the tube so that their faces formed the 
sides of a slot of width 4 mm. A potential difference of 
560 volts was maintained between O and D during the 
course of the experiments. This strong electric held 
{X=1400 volts/c»n.) was necessary in order to remove any 
ions which might drift or he projected down the slot towards 
the photo-electric cell. Theoretically the electric field was 
sufficiently strong to remove a simple positive molecnlar 
nitrogen ion projected into the slot with a speed of 
3.10 7 cm./sec. Experiment showed that at pressures of 
5 cm. of mercury and upwards no ions of any kind penetrated 
to the cell. 





JB was a circular piece of fine-mesh phosphor-bionze wire 
gauze placed across the tube and insulated from C and D bv 
two half-cytindiical plates of ebonite This gauze formed 
one electrode of the cell. Pressed against it was the brass 
cylinder L which contained the other insulated electrode A. 
This electrode consisted of a small rectangular copper plate 
covered on the side facing the slot with a thin film of copper 
oxide. The latter, though Jess se isitive to ultra-violet light 
than other substance*, suffers less from “ photo-electric 
fatigue/’ and consequently could be relied upon to give 
results which would be comparable over a long period. 
This plate was placed at a distance of about 2 ram. from fie 
gauze and soldered to a thin copper wire which was 
imbedded in pure paraffin wax and led down the axis of the 




528 Mr. J. Thomson on the Ultra- \ iolet 

cylinder L to the electroscope or electrometer. The latter 
was placed at a distance of about 2 metres from the tube 
itself It will be observed, therefore, that the insulated 
electrode and the lead (surrounded by earthed tubing) from 
it to the measuring instrument were well shielded from 
effects due to induction. This was tested experitiientolly 
before any measurements were made. The imokboai also 
was tested, and proved to be of high quality, tinallj, the 
side-tube containing this apparatus was completely sealed 
at M with a mixture of beeswax and resin. 

The detecting cell therefore consisted of the gauze B, the 
cylinder L, and the insulated plate A, while the slot between 
Cand D limited the radiation affecting it to a small peneil 
from the immediate vicinity of the point h. The connexions 
to C, D, and B were made by platinum wires sealed into the 

gl The "other side-tubes provided a means of controlling 
the nature and pressure of the gas m the discharge- tube. 
One tube was connected through a capillary to a gas 
container while the other was connected to an oil-pump. 
The branch in the latter tube was sealed to a vertical tube 
iinTinto mercury, so that the pressure of the gas could 
be miured almost directly at any time, bmce pressure 
measurements did not require to be very accurate such 
catl ge was sufficient for the purpose. All the connexions 
were fealed with the beeswax mixture which was found 
to be very satisfactory for work at pressures greater than 

0 The”potentials relative to the earth of the half-cylinders 
C and fh and of the gauze B and the cylinder L, deeded 
on the particular nature and purpose of each experiment. 
When observations were being made with the tilted clectro- 
scope to measure the photo-electric or ionization current, the 
halt-cylinder C, the gauze B, and the cylinder L were all 
"t Zrth potential, while the plate A was clmrged to 
+12 volts. In the later experiments in which the Dolezale 
electrometer was cmploved, C, B, and L were maintained at 
+ 250 volts, while the plate A was initially at earth potential. 
± Tbe current across the discharge-ta^ was supplied >y a 
large induction coil (10-inch spark) used in conjunction with 
motor mercury jet interrupter. Such an arrangement, 
X, US topriX pe.i P differences «.r«- 

r^Iulinir to spark lengths of less than half an inch in air at 
T ioWto Sre«m«r gives a remarkably steady mean 
o arrant through the secondary of the coil, this current was 
measured by*a Gaiffe milliamperemeter, and could be 
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controlled to 0*1 milliampere. In order to eliminate as fai 
as possible any inverse current through the coil, the battery 
E.M.F. in the primary circuit was kept as small as possible. 
Experiment indicated that the current at “make” was 
negligible. 

Four gases were employed in the experiments to be 
described— oxygen,carbon dioxide,nitrogen, and hydrogen,— 
and of these, only the two latter were used in quantitative 
investigations. The hydrogen and oxygen were prepared by 
electrolysis ; the nitrogen was prepared by the action of 
ammoniom chloride on potassium nitrite in concentrated 
solution, and was purified by passing it through concentrated 
sulphuric acid and over red-hot copper filings ; the carbon 
dioxide was prepared by the action of dilute hydrochloric acid 
on marble chips. No attempt was made to dry any of these 
gases. 

The instruments used to measure the ionization and photo¬ 
electric currents have already been mentioned. The tilted 
electroscope, being easy to adjust, was used in the prelim¬ 
inary investigations, but all the quantitative experiments 
were performed with the Dolezalek electrometer. The 
suspension used in the latter was a fine quartz fibre which 
was thoroughly platinized by placing it near the platinum- 
wire cathode in a low-pressure discharge. The conductivity 
of the suspension was thus permanently ensured, and it was 
verified that the sensitivity of the instrument remained 
constant. During the work to be described, the deflexion of 
the needle due to one volt potential difference between the 
quadrants corresponded to 960 mm. on the scale, which was 
3 m. from the instrument. 

Ionisation and Photo-Electric Currents in Different 
Gases at Atmospheric Pressure . 

(1) Oxygen. —No results were obtained in oxygen on 
account of a peculiar phenomenon exhibited by the gas. 
As this phenomenon is one which might invalidate anv 
ionization experiments carried out in this gas, it may be weft 
at this point to describe it briefly. 

With the apparatus described in the previous section and 
the tilted electroscope as the detector of ionization, the 
normal conductivity of the mis at A was observed. This was 
very small. Then a spark mscharge at atmospheric pressure 
was passed across the gas between E and F, a current of 
1 milliampere flowing for about one minnte. The discharge 
was then discontinued, and again the leakage of the electro¬ 
scope was observed. It was found that the gas in the 
Phil. Mag. S. 7. VoL 6. No. 36. Sept. 1928. 2 M 
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vicinity of the inanleted electrode A had become conducting, 
thereto of leakage of the electroscope being about one 
hundred timesTfreat as before. 

allowed to stand, the same gas was being left m the woe, 
*"5 t he rate of leak of the electroscope was read at half- 
“nrtt^la The leakage gradually and consistency 
decreased, until, twenty-four hours after the passing of the 
discharge, the rate of leak was the same as that observed at 

^O^Sunt of the atrwg^leltric field in the slot between 
J ) LlSZder 8 ifwas impossible for 
particles U» penetrate from the discharge between E 
L, *Kn nlote A Hence it must be concluded that tbe 
^nd h uctfv?tyofthe gas at A was caused by ionisation which 
took place in the vicinity of A. This conclusion was verified 
bv another experiment performed in a specially constructed 
tube where a/Tthe ions directly produced by the discharge 
were Immediately removed by a strong electric field. 
Spontaneous ionization of the gas continued to take place 
for some hoars after the discharge had passed. 

It is suggested that this ionization accompanies the 

gradual cbSfg* of tbe 0, molecule (and perhaps others) 
formed during the spark discharge to the normal 0, 
mol^ule ltis immediately obvious that no experiments on 
the ioni za tion produced by electromagnetic radiation 
be performed in this gas with the apparatus dewnbed. 

(2) Carbon Dioxide.— The ionization and P™**™”™* 

Kee'oUh. .ppaiitM, and «m~qnaBtly any obaanratioiis 
ba P <5 litda , J»a- B™> »* *• ““P"*"” f, 
low pressure of 30 cm. of mercury the currents were still 
small and investigation of the effects in carbon dioxide was 

«f ( 2ephS»»»» aa 

knt a trace of oxygen in the gas was sufficient to give an 
observable effect, f’he nitrogen was therefor# purified and 
until all trace of the effect had vanished* ^ Tbe 
first experiment was made for tbe purpose of obtaimnga 
fohle or ionization and photo-electric effects from the 
Unities of tbe anode and cathode in the discharga-tube. 

m t.u. m^ht b.mu. ** 

given in a former paper* 

• J. Thomson, toe. etU 



Radiations emitted by Point Dischargee. 531 

The tube was therefore filled with nitrogen at atmospheric 

S restore, all other gases having been excluded. The 
irection of the cnrrent in the primary of the coil was 
arranged so that E was the anode of the discharge, and 
readings were taken of the rate of leakage of the 
electroscope when the leaf, and therefore A, were charged 
to +12 and —12 volts relative to the earth. One muli- 
ampere was flowing from E to F. Then the direction of the 
current in the coil was changed, E becoming the cathode. 
The same readings were taken of the rate of discharge of A 
when charged to +12 and —12 volts. A great many 
difficnlties were met with, one of the most important being 
the rise in temperature of the gas doe to the discharge. 
Finally, the procedure adopted was to allow 15 minutes to 
pass between each reading of the ionization current, and 
to flood the discharge-tube with new gas before each 
reading. This allowed the tube to cool to room temperature 
between each discharge, and also eliminated any errors due to 
change in the chemical nature of the gas during the passage 
of the spark. The results, which have been verified with 
many samples of gas, are shown below ; the figures in the last 
column are accurate to about 5 per cent. 

Bait of discharge 
of A. 

4 

5 
9 
9 

Comparing these results with those obtained under 
different conditions and described in the above-mentioned 
paper, it must be concluded that the radiations in the two 
cases are of the same nature and have the same origin. 
Briefly, the differences between the two tables are exactly 
such as might have been anticipated from the differences in 
the conditions. In the experiment just described a current 
of one milliampere was flowing in tbe discharge; in the 
former experiment the current was of tbe order of*one 
microampere. The larger current might be expected (a) to 
intensify the radiations, (5) to partially level out tbe 
electric field in the gap, and so cause the intensity of the 
radiations from the vicinity of the cathode to increase. 
The first experiment was performed in air, the second in 
pure nitrogen. Hue appears to have caused little change in 
the total effect; and since these radiations are molecular or 
atomic properties, tills is just what might be expected. 

2112 


Potential of A 
in volt*. 

+12 

+12 

-If 

-If 


Nature of E. 

Anode. 

Cathode* 

Anode, 

Oathod*, 
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(4) Hydrogen.—¥ nr* hydrogen, like nitrogen, is free from 
the spontaneous ionisation effect observed in oxygen. The 
experiments performed in nitrogen, which have just been 
described, were repeated in hydrogen, and the table shown 
below indicates the results. The currents in hydrogen were 
larger than those in nitrogen, and the figures in the last 
column can be compared directly with the corresponding 
figures for nitrogen. 


Potential of A 
to volts. 

Nature of K. 

Bate of discharge 
of A. 

4 n 

Anode. 

4 

+12 

Cathode, 

S 

-12 

Am^de. 

0 

— 12 

Cathode, 

10 


Variation of Ionization and Photo-Electric Currents with 
Pressure in Different Gases. 

The next series of experiments was designed to show how 
the effects of the radiations from each gas varied with the 
pressure of the gas. The experimental arrangements which 
have already been described were used, the Dolczalek electro¬ 
meter being adopted as the current-measuring instrument. 
Readings were taken of the ionisation and photo-electric 
currents at A, the insulated electrode, at different pressures, 
when one milliampwe was flowing across the gas between E 
and F. Two sets of readings were taken; (i.) when the gauze 
B and cylinder L were at —‘250 volts relative to A; (ii.) when 
the gauze Band cylinder L were at +250 volts relative 
to A. In all cases E was made the cathode, as it was found 
that the currents from the anode were unsteady. 

In case (i.) the currents measured by the electrometer 
represented the ionization currents at A.“ No photo-electric 
effect took place o* ing to the large negative potential of B ; 
any photo-electrons emitted by B travelled to D under the 
actjpn of the stronger electric field between B and D. Also 
since the field between A and B was 1250 volts/cm., the 
current measured was the saturation current for the gas, 
and was directly proportional to the number of ions formed 

between A and B. , , , , . 

In csf (ii.) tbe currents measured by the electrometer 
represented the snm of the photo-electric and ionization 
effects, each giving its saturation current. Therefore, by 
subtracting the readings taken under conditions (i.) from 
the corresponding readings taken under conditions (ii.), it 
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was possible to obtain a measure of the pure photo-electric 
effects of the radiations. 

The procedure while taking these observations was impor¬ 
tant, as on it depended the reliability of the results. It was 
as follows» 

(a) With the insulated quadrant of the electrometer 
earthed, and all the electrical connexions to C, D, B, and L 
broken, the discharge-tube was exhausted. 

(5) The tube was flooded with the pure gas to the required 
pressure. 

(c) The connexions to C, D, B, L were made and the 
discharge across EF was started, the current being adjusted 
to one milliampere. 

{d\ The pressure of the gas was observed. 

(e) The electrometer quadrant was insulated, and the 
ionisation current was read by noting the time taken by the 
image to move over 150 divisions on the scale. 

(/) The quadrant was earthed and the pressure of the 
gas observed. The pressure at the time of reading the 
ionization current was the mean of the two observations. 

(g) The discharge was stopped and the apparatus allowed 
to stand for 15 minutes. 

This procedure was repeated with every observation of the 
current and pressure. 

Hydrogen. —In fig. 2 below are given the curves obtained 
in hydrogen by the experiments just described. The 
ordinate represents in the case of curve (a) the ionization 
current, in the rase of curve (6) the ionization current plus 
the photo-electric current. Curve (<•) has been obtained by 
subtracting the ordinate of (a) from the ordinate of (/>), and 
therefore represents the photo-electric current alone. 

Nitrogen.—! The corresponding curves for nitrogen are 
shown in fig. 3. Again (a), (6), (c) refer to ionization 
current, ionization current plus photo-electric current, and 
pure photo-electric current respectively. The scales in 
figs, t and 3 are the same, so that the relative effects in the 
two gases are shown directly. 

. Variation of Ionisation Current with Discharge Current. 

The next experiments were performed to investigate how 
the ionization current at A varied with the current flowing 
between G and F, the pressure being kept constant. These 
observations were made in the same manner as those already 
described, vis. a new sample of gas was used at each reading, 
and the gas was kept at room temperature by allowing. 
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k 15 initiates’ pause after each observation. The results 
are indicated by the curves shown below (fig. 4), where the 
abscissa measures the current across EF in milliatnperes, and 
the ordinate the ionisation current in arbitrary units. 

Onrvea (a) and (b) refer to nitrogen, (a) being taken at a 
pressure of 25 cm. of mercury and ( b ) at a pressure of 


Fig. 2. 



33 cm. Carves (c) and (<l) refer to hydrogen, (c) was 
taken at 37 cm. and (d) at 48 cm. All these carves were 
obtained with the gauze system charged to —250 volts so 
that no photo-electric effect could take place. 

Var iation of Peak Potential aerate EF with Pretture. 

The arr ang ement used for determining the peak potential' 
across the discharge-tube was a spark-gap placed in 
parallel with the discharge. The electrodes of the gap were 
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zinc spheres of diameter 2*5 cm., carefully cleaned with fine 
emery-paper. The discharge across EF was maintained 
at one miltiampere and the pressure of the gas was observed. 
Then the spark-gap was slowly closed until a spark just 
passed. The premure of the gas was again observed and the 
discharge stopped. The parallel gap was measured to 
*005 cm. by means of a reading microscope. The pressure 
of the gas was the mean of the two readings taken The 
"esults for this series of observations in nitrogen and 


Fig. 3. 



hydrogen are shown below (fig. 5), where the ordinate 
represents the peak potential across the gap in kilovolts, and 
the abscissa the pressure in cm. of mercury. 

Discussion of Experimental Results. 

The Ionising Potentials of Hydrogen .—The ultra-violet 
spark spectra of hydrogen are well known. Under different 
conditions the gas emits two line spectra, stretching from 
1670 to 900 A.U., and two continuous spectra. There 
is still considerable doubt as to the lowest ionizing potential 
of the gas. Many observers record ionisation occurring at a 
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Fig. 4. 



Fig. 6. 
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S itential of 11 volts, bat this value has been questioned bj 
orton and Davies *, who suggest that it is dae to the 
presence of mercury vapour in the apparatus. The most 
generally accepted lowest value is 16 volts, which is said te 
correspond to the formation of Hi* and Hj" from H*; that 
is, to ionization plus dissociation. F. L. Mohlerf, on the 
basis of his own experiments, concludes that “ there is no 
evidence that hydrogen emits radiation which is capable of 
ionizing the normal molecule,” and, as he points out, since 
no hydrogen lines have been observed beyond 885 A.U., 
this appears reasonable if the lowest ionizing potential is 
16 volts. All the experiments performed in hydrogen and 
described in the present paper, however, indicate a strong 
ionization of the gas by its own radiations. Nor was this 
effect due to water-vapour content in the gas, for the same 
experiments were performed with identical results in gas 
which had been carefully dried. The water-vapour was only 
allowed to remain in the gas daring the remainder of the 
experiments because it was found mat it caused no per¬ 
ceptible alteration in any of the observations. Whether the 
observed ionization was due to the H* ion, or even to the Hj 
ion, cannot be definitely stated. It seems improbable, 
however, that at pressures comparable with atmospheric 
such molecules should exist in sufficient numbers to account 
for the comparatively large currents which were measured. 
The conclusion suggested is that either hydrogen possesses 
a lower ionizing potential than the accepted one (16 volts), 
or the gas is capable of emitting radiations of shorter wave¬ 
length than those examined until the present. If the latter 
conclusion is correct, the radiations are molecular in origin, 

since the limit of the Lyman series, N which is 

the atomic radiation of greatest frequency, corresponds 
to a potential of 13*5 volts. 

Variation of the Ionization Current with the Discharge 
Current, the Pressure being Constant .—The ordinates of toe 
curves collected in fig. 4 measure the ionization currents 
at A. Since the pressure remained constant, and the 
currents measured were of saturation value, they may be 
taken to represent the intensities of the ionizing radiations. 
Therefore the curves show the variation of the intensity of 
the radiations with the current flowing between E and F. 
They indicate quite definitely that the intensity of these 

* Phil. Mag. vol. xlvi. p. 873 (1823). 
t Proc. Nat. Acad. Sci. xii. p. 494 (1826). 
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ration. iscr— 

Therefore, if it is assumed tW the “““ 1 

radiations does not . i? since the 

irt. Mass, ^roaw^™k*<»- i„„ or roty s»H 

Whether this remains true for vay mrg* j _ 

currents still remains to be ,n J -§“ at j OB 0 { the curves 
ficant points emerge from a c ° n8 ‘ de 5”‘®? * ( S and (c) 
already ibtained. The gradients of the tiws ^ ^ 

are definitely greater than t e g ,t disc har ge current 

«. wbil. o.rv«,, .f tS tbs two 

axis at different points. The^difference lower 

sets of curves is that (a) and (c) were w* 

»' *•«"« w *■? 

snsrJS. rss- *± *\ i« 

:- ibi of 

(i.) Omog to tbs taw*. ’?• gr~t«- 

gas ions with tbe 1 . d rying' the curr.nl 

foroMts*. of «;s toUl ou»b,r ot tb. 

may eaoit. “^PJ’tbdr soon* will inf"" 1 

Safi ** * ““ ta " 1 Mt ”“* ■*"* 

“walSTE* ™ ajSS-oiteSS; 

may occur at the « at “* l P Amoan \ but the change in 

b. smaller the big^tb. P™*-., 

owing to the 8^^[ h *^ r ^ g J° t JJ| e 0 w iaU^is is, it is at 
No matter what the cause tba , f or the currents 

•^stffflfed^C^ U+hTwhere C Is the ionisation current 

SSft A. and*J 

L and M are constants whenthepmsure« tbe 

at least roust be a function of the pressure, f. » 

simplest assumption first, let 

<J « hb(p)* 
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and therefore 

301 

” 4>(ps) ~ 

3* J p—px 


where mj is the gradient of the line C=u^(p J ), and wij'is 
the gradient of the line G=i<f>(p t ). But from the carves 


Q 

of figs. 2 and 3, ^ may be determined, 
hydrogen “ — 2-9, while ^=*1*7 ft 


For the case of 

for corresponding 

Therefore C is not of the form 0 —t<p{p). The 
•K)d>(/>) is no more tenable, for 


pressures 
supposition that, C = (t 
again ^ 


»*s" 


It is therefore evident that the true form of the function 


must be 

G = i4ip)—*jr(p). ..... (1) 

Then 

■gi “ 

and 

wi 1 __ 

wig* Cj + Vrfp*)' 

If 

i?(Pi)>ir(Pth 

in genera! 

»*I > 

»*t Ps* 


The graphs of fig. 4 indicate that '^(pi)>‘f‘(ps)> *«*d are 
therefore in agreement with this hypothesis. It may at 
this point be remarked that it is proposed in filter work to 
evaluate ^r(p) for many different values of p by observations 
similar to those shown in fig. 4. In this way it is hoped 
that the forms of both function. 1 ) will be exhibited. Reasons 

will be given later which suggest that the form of 

should be interesting. 

Tt mast be observed that the theory which has just been 
given only applies lo a limited range of discharge current 
(0*4 to 1*5 milliamperes). It is very improbable that the 
inear relation between 0 and i will hold for small currents^ 


Kp) 
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as C would then be zero when i as Possibly the 

complete form of the C, t curve is as shown below in fig. 6. 

Variation of Ionization and Photo-electric Current* with 
Pressure in Different Gases. —Figs. 2 and 3 represent die 
variation with pressure of the currents at A in hydrogen 
and nitrogen respectively. The {treasures were varied from 
about 76 cm. of mercury to about 30 cm., as this region was 
the most difficult to investigate (owing to the small values 
of the currents) and at the same time the most interesting. 


Fig. 6. 



The curves in nitrogen are entirely different from those 
in hydrogen, except perhaps in the case of the curves giving 
the pare photo-electric effects, which are at least similar 
in form. The currents in hydrogen continually decrease 
with increase of pres-ure ; both experimental' curves in 
nitrogen exhibit a decided minimum at about 60 eat. of 
mercury. 

As the problem of interpreting and, if possible, explaining 
these results is exceedingly complicated, it may be well to 
state at the outset in the most general terms the variables 
in the experiments. Broadly speaking, the variation with 
pressure of any radiations detected at A might be doe to 
three factors, which are as follows:— 
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O’") Change in the total absorption of the gas between 
E and A. 

(ii.) Changes in the intensities of the radiations at 
their source E. 

(iii.) Changes in the frequencies of the radiations 
emitted at E. 

Of these factors (i.) is likely to be of tbe greatest and (iii.) 
of the least importance, while (ii.) and (iii.) may be grouped 
together as changes in the character of the radiations from E 

Concerning the absorption of the gas between E and A 
it is necessary to consider first how a monochromatic ultra¬ 
violet radiation of constant intensity 1^ at its source would 
vary in intensity at A as the pressure of the intervening gas 
is change.!. It is well known that, for the visible spectrum 
and also for the X-ray region, the intensity at A might be 
represented hy the expression l x e~*r, where p denotes the 
pressure of the gas, and * is a function of the freqnency of 
the radiation. But for the region with which these experi¬ 
ments are concerned, namely that region producing intense 
ionization of the gas, this expression has not been verified; 
while for certain analogous cases concerned with the 
absorption of ultra-vio* ” * ‘ ' 

that * is. a Iso a function 
medium. 

Let ft be assumed, however, that the absorption of the 
radiation occurs according to the normal law. Let the loss 
of energy across a distance dx of the total distance EA be 
proportional to 

(i.) the intensity of the radiation at that point, I; 

(ii.) the density of the gas at that point, p. 

Also let the constant of proportionality»(the absorption - 
coeffieient) be a Junction of the wave-length of the light, 
£(X). 

Then dl = —d>(X)pIrfx, 

I = I X *-**)*P* 

where p — kp. 

But the ionisation current C is pro)M>rtional to the loss 
of energy, as the radiation passes through 2£mm. of the 
gas near A. “ 

dl = —^>(X)kplxe~*<- K ) i P x dx. 

c «* Kp$(X>-*y*<K*>, ...... (8) 

where d is the distance EA. 


let light by solutions, it is known 
of the concentration of the absorbing 
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Therefore, if the radiation from the vicinity of £ were 
monochromatic, the current C would be a function of p 

of the form C = *pe~ mj> , having a maximum where p = 

i, Needless to say, the radiations from A are not mono¬ 
chromatic, and the simple theory given above might be 
expected to be inapplicable to the experimental results on 
this ground alone. If, for example, the gas is supposed 
to emit a continuous spectrum, the absorption-coefficient 
in the above analysis will not take a mean value for the 
spectrum. As the pressure is diminished, the relative 
intensities at A of the different parts of the spectrum will 
vary, owing to the dependence of a upon X. If the law of 
variation of spectrum intensity at the source is I* as F(X), 
then the intensity of the spectrum at A will be given by 

I = F(X)e-^ v >^; 

and if the spectrum is continuous between the limits X = X t 
and Xa*Xj (analogous to an X-ray impulse spectrum* 
where the intensity at X, is very small), the total effect at A 
in terms of ionization current is 


C = Kj%F(X)$(X>-'^ x >^ . . . (3) 


Any attempts to evaluate <£(X) and F(X) at this stage of 
ti»e investigation must necessarily be purely hypothetical; 
but if it is assumed that the gas is a simple resonator of 
resonating wave-length X 0 , then, where no damping coeffi¬ 
cient is introduced. 


m 


NX« 

(x*—V)** 


Similarly, if it is assumed that the continuous spectrum is 
exactly analogous to the X-ray spectrum, beginning at 
X mm \q and dying away towards X = 2Xq, 


and 


F(X)« r2x *~ x HX -X>) 
V 


Css Kf^ -X)(X—Xp)X * - u , 

jAo V(X*-V/ * w 


• 0. T. Ulrey, Phy«.Rev. it p . 401 (1018). 
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Neither equation (3) nor (4) can bo used until more is 
known concerning the variables involved, and nntil they can 
be combined with the variations in intensity dne to changes 
in the emissive power of the gas, for both are concerned 
wholly with absorption effects. 

Qualitatively, however, the redaction of pressure might 
be expected by the above theory to increase the current C. 
Certainly no minimum is to be expected in the curve, 
although a maximum is predicted by equation (2) at a 
pressure probably much below those investigated in the 


Fig. 7. 



present experiments. The hydrogen curve (a) is not incon¬ 
sistent with such a theory. The increase in the current 
with diminution of pressure is approximately according to 
the formula J 


C * A p§-*, .(2) 

a small but consistent increase in the coefficient « being 

evident. Fig. 7, below, exhibits the variation of leg- 

P 

with pressure for the curve (a) (fig. 2). 
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So far the variables (ii.) and (Hi.) in the experiments have 
been neglected. The shape of curve (a) (fig. 2) has been 
examined wholly from the point of view of H>e»ksorptionof 
the gas, and it has been implicitly assumed that the effects 
of variations in the intensities of the radiations at their 
source were negligible compared with the absorption effects. 
r ,mw remains to l»e seen whether this assumption is 

^Theoretically the reduction in pressure might be expend 
by increasing the mean free paths of the ions to mcrm»e the 
probability of excitation of the shorter wave radiations 
On the other hand, the decrease in the potential necessary to 
carry the discharge which accompanied £ 

pressure might cause a corresponding fall ) flZ* 
drops across the free paths of the ions. As the mean free 
path X is inversely proportional to the P™ 8 ?™™’ j 

potential, as shown from fig. 5, is approximately Foportmnal 
to the pressure, the product XX nnghtU expeeted to remain 
constant, on the assumption that the held X 
of E is proportional to the potential across EF. “‘however 
the field at E is that due to the normal cathode iail, and is 
independent of the pressure, the probability ot 
accompanying the impact of ions must be inverse!} pro¬ 
portional to The pressure. Again, if the radiations are due 
to the impact of ions on neutral molecules, iHtbtr pint 
must be considered. For a given ionic current the number 
of molecules in the gap EF and therefore the probability at 
radiation will be proportional to the p*e«w*. U the 
radiations are due both to ionic and molecular odbrnm, 
the expression for the intensity at the source will he the 

sum of tico functions of the pressure. . , 

In the preceding investigation it was found that th 

current at A was given by equation (l) : 


C *=id>{p)-Mp), 


m 


«here & was negative. This indicates that an important 

v dp 

fraction of the radiation is due to the impact of ions on neutral 
mnWnles since no other hypothesis could explain the 
«tltonce of iHp), If the simplest possible interpretation be 
*j Ten to the variation with pressure of the intensity lx of 

the radiations at their source 
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Then assuming the theory leading to equation (2), 
C~(Aip-B>-* 

and 4>{p) ss A]te~ m P, •'fr(p) = Be~ mp . 

Ho matter what functions of j> are used in the expression 
for lx. since C * />\\e~ m P, it is quite reasonable to assume 
that the absorption term e~*f will be the most important j 
this explains why the absorption effects could be considered 
alone in the case of hydrogen. 

To return to the absorption of the radiations, in the case 
of curve (a) for nitrogen, the theory which has been 
sketched does not apply The absorption of nitrogen cannot 
follow the simple laws which appeared to fit the case ef 
hydrogen, or else the quality of the radiations from the 
discharge must vary' with the pressure in a peculiar manner. 
It has certainly been observed that the visible radiations 
from the discharge in hydrogen are entirely different from 
those in nitrogen. T&e greater part of the spark in 
hydrogen is blue in colour, and its colour does not alter a# 
the pressure is diminished. The spark in nitrogen at 
atmospheric pressure emits radiations of all colours, and 
consequently appears white, fmt as the pressure is reduced 
the discharge becomes almost entirely red. This may mean 
a shift of the maximum intensity of the radiations towards 
the red end of the spectrum ; it may mean that the 
absorption of the gas has changed In such a way as to cut off 
the blue light. Neither explanation appears probable, but 
either is consistent with the curves («) and (k) of fig. 3. 

That the maximum intensity of the radiations should 
shift toward* the red end of the spectrum as the pressure is 
diminished is contrary to the results obtained by L. Ham¬ 
burger*, who found that for the visible spectrum the maximum 
of the emitted light from nitrogen shifted towards the ultra¬ 
violet as the pressure was diminished. His experiments were, 
however, performed at a v«*rv much lower pressure than those 
described in the present communication. It must also be 
observed that the curve (c) (fig. 3), which gives the variation 
with pressure of the intensities of the radiations producing 
the photo-electric effects at A, exhibits no minimum. 
Although the curve is not by any means exponential, there 
is a steady increase in the intensity us the pressure is 
reduced. This difference between the ionization-current 

♦ K. Akad. Amsterdam, u. Proc. 7, p. 10*8 (1918). 

Phil. Mag. S. 7. Vol. 6. No. 36. Sept. 1328. 2 N 
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, , , a1 current curve roust be sigmfi- 

curve and the ph° to - el « c ° , variation in curve 

mt It , h , ““,k«. .bi.rp.ion .Hoot. 

(c) is due to absorption, the j fc - s difficult to 

only the shorter wave rad.atio * d h ld a j ter a8 t be 

k. .h, «» *l'P , 7 n ^; , . otber l"fd, U .grro. «M «ift 
pressure is reduced. On the otner i» £ Uie M diations 

the h y^ fch ^] U ; 8 h t e t Jnfn»-S! for then the photo-electric 
moves towards the t*”™ ! f lender average wave-length 
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difference between .•<*• „! absorption laws* but is 
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Summary. 
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LII. Mathieu Functions of Stable Tape. 
By E. L. Incb, M.A ., I).Sc* 

1. Introduction. 

HnHE general solution ol the Mathieu equation f, 
A <Pv 

4 cos 2^=0, . . 


• ( 1 ) 


i* known from theoretical considerations to be of the form 

y = A^(j-) -a), .... (2) 

IhWk f\ X) i,a8 /l ,e P*™? 1 7r * T, ‘® two main problems 

which arise are (a) the determination of », for a riven 8 

•nch that the equation shall have a solution of Sued 

th M dete i. miU f tion ° f/ * when ^ and fare 
given. The first problem has been solved by the present 

tables of the functions of periods rr L fw 

:! £ idZr b * aw,able * Ti * ^ *■«- •* 

solution exists for every positive value of 17. but as 6 ’inerves, 
the probability that a solution with v chZen at ranS^bS 
»* stable diminishes rapidly. This is shown very dearlyln 
*mn«* r ^ 1,e curres «!. 6 S ,... represent the determina- 

LLrLTJTift * tlie TU lliptiC CJ,indw fonc,i «"s 

/ - The regions between and 

between a, and b t , and so on, for 0 positire an^ the 

& Ste - 

ss tsut. sts 

Several methods of determining the index ft have been 
* t-ommunicated by the Author. 

generally ^“vtjjia ’buflt^hLTf 1 ^ ***** rf! ? htl y the fmrrn 
computation ofXI elliptic cylinder • standard “ the 

!nttemajonty ofpbyjcalapplicaU.^^u^ “ “*"***"- 

*■» •w.'aab om*, 

2 NS 
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, . , . lat „ st : 8 that due to Whittaker *. The essential 

%Z JS1 at-e- , -i <* >" «“ •— 

»j=F(<r), #»=G(»). 
where F(<r) and G (<r) 

“£> i ±X S£S& STf a. 7 — •- *- 



immadiatelv This method is of practical value, and has, 
ft, immediate!) • ^ w Hill’s classical problem iu the 

trrSws." .vasr^ “i 

JSSU to pSSte. whenever the solution is known to 
be stable 

* |»roc. Kdin. Math. Soc. xxxii, pp. 75-80 (1914). 
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2. The General Solution. 

The Mathieu equation ia satisfied by a solution of the form 

,y sb 2 e r cos (2r+/>)*,.<3 X 

— *> 

provided that the coefficients e r satisfy the recurrence- 
relations 

{y—(2r+p)*}a F .=d(«» r _i 4-e r+l ) . . (4) 

for all integral valnes of r, and provided that these relations 
are consistent. There is evidently no loss of generality in 
assenting that 0<R(p)<l, where R{p) denotes the real 
part ol p. When the solution is stable, p is real. 

Equation (1) is unchanged if x is replaced by vr-x. 
Consequently, when the solution (3) exists, there also exists 
the solution 


y =s S e r cos (2r -f p)(ir— *) 

= COS prr 2 CrCOS (2r + o)j- + sin pv S e r sin (2r+p}x, 

- -at —so 

is distinct from (3) except w hen p is an integer or 

zero. 

With these exceptions, therefore, there is always associated 
with (3) the solution 


.'/ s= %t r mn(2r+p)x. . * . . * (5) 

■—m 

Conversely (3) is associated with (5) except when p is an 
integer or zero. These solutions are evidently distinct and 
form a fundamental pair. Thus, setting aside the special 
cases which arise when p is an integer or zero, equation (l) 
has a general solution of the form 

y m A S e r cos (2r+p).t-4B2e,sin (2r+p)x, 

which is not essentially different from (2)* The number p 
M determined by the condition that the recurrence-relations 
be consistent. 

If the recurrence formula for r=tn is the same as 
that for rat — #* — 1, and it is an easy matter * to prove that 


*3?™* yy^ ** * con . t ^ au *^ fraction in two distinct ways as ia the 
* ***** that e-t = and the rest follows 
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# _r_!= ±tr. If e. r i * e„ then (5) becomes identically aero, 
and (3) may be written 

y as 2 C r COS (2r -f 1)<*, 

where c r «2e r . For r > 1, <v follows the same recurrence- 
relation as e r , but for r=0 the relation becomes 
(t) —d—l)ce = 0c%. 

The solution is thus a multiple of an elliptic cylinder func¬ 
tion of the type ce m +i{*, B). If #_r-i ■»—*»•> (3) becomes 
identically aero, and (5) may be written 

1 / = 2 <v' *in (2r+l)*, 

*■ o 

where c/= 2e T . The recurrence-relation for c r ' is the same 
as that for c, when r > 1, but when r=»0 it becomes 
(y+B— l)<v — Be i. 

Thus the solution is a multiple of an elliptic cylinder 
function of the type The case p=l virtually 

includes the case where p is any odd integer. _ 

If p=0, the recurrence-relation for r=« is the same as 
that for r= —n, and it is easily proved that *-«•“ ± e *- “ 

e _ r== <» r =4«v, (5) becomes identically aero and (3) may he 

written 

<* 

^ sss + S4 C 0 £ 2 #*#. 

For r >; 1, <v follows the same recurrence-relation as t r , but 
for r=0 the relation becomes 

UCe = 2dcj. 

The solution is thus a multiple of an elliptic cylinder function 
of type «*,<>, B). Similarly, if e f * , (3) disap¬ 

pears and (5) may be written 

1 / as 2 Cr sin 2«r. 

» 

For r > 1 the recurrence-relation is as before, tot with 
&'»=0. The solution is thus a multiple of an elliptic cylinder 
function of type ***,(*, B). The ease p»0 virtually includes 
the case where p is an even integer. , . . 

It is clear that in the general case 2 t r 0, for 11 the 
contrary were true, then both (3) ar.d its first derivative 
would vanish for *=0, which is impossible since the origin 
Is an ordinary point of equation (I). Thus, if necessary, the 
solutions (3) and (5) may be made definite by the assumption 
2e,«l. 



Mathieu Functions of Stable Type. 

3. The Conditions for Consistence. 

The recurrence-relation (4) may be written in the form 

jjj. _ 0 
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'r -1 


V~{2r+p)*—0 


e r +1 


~6(2r+p)-* 


1 - q(2r+ p) -*+ 0(2r + p )-» 

0 r 

and may consequently be expressed as an infinite continued 
fraction depending upon r, p, 6 , and q. It will be nsefnl to 
have a compact notation for an infinite continued fraction 
whose successive partial quotients are determined by a 
definite Jaw ; ht J 

; Or 

?«. 

represent die continued fraction * 

_ *»+i fOa+ s 

& + £.+» + 

Consequently 

* -0{2u + 

1— 


e*~i 


1 —ij(2r+p) 

0,2n+p)~*<& ~^ S “ r + + p)~*(2r+2n+p—2)~* 
o l—y(2r+2n+ pj~* • 


•tt(2r + 2n+p)' 

* i 

Hut the recurrence-relation may also lie written as 

*r-l 0 


• (6) 


V-(2r+p-2)*-0 


*r-I 


'r-1 

0(2r+p-2)~* 


l-9(2r+p-2)-* + tf(2r+p~2)-* 


—1 


uiiii i-on^quouth 

^ = - 0(2,, + p - 2)-* ^ ~ ^ 2m ~ 2 »* + ~ 2r+p+2)~* 

« 1 —q{2a—2r+p)* 

... (7) 

Note tiist the tending numerator u wufy. Note elso (list 

♦ 5r»* £*> »*r*r 
t , -A- % *3, ’ 

if both MPmbm converge. 
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The last equation may lie transformed by the relation 
e* _ y - ( 2n + p—2)* ^ A~a 
; ^»-l & A—1 

Into 

Jm y~(2»-fp—2)* 

Ah-1 ^ 

' r ' 3 l—y(tn—tr-rp)* 

• • • ! 

When 0, y, «, and p are finite, 

*,-> 0 , /Sr ->1 

in each continued fraction, therefore each continued fraction 
converges ; moreover, as n increases, each tends to the limit 

unity *. 

The condition for the consistence of the recurrence* 
relations is that (6) and (8) should give equal values to 
*•/«■- 1 - In particular, when n— l, let 

*_e,_ _0 • -b*(2r+p+2)-*C2r+p)-* 

<( (p+2)* o 1 -t^ir+p + H)' 1 * 

K_a„«!=s_ ZrJW'-/>- sr^r-c-e- 

4 0 (p-2)’T 

Then the condition of consistence is L=R. 

In order to apply this condition in any particular case 
%ben 0 and y are given, tentative values of p are inserted in 
the continued fractions, and L and R are calculated. The 
result indicates how p is to be adjusted to secure numerical 
equality between L and R. When this end has been 
attained, not only has the value of p been obtained to the 
desired degree of precision, but material has lieen accumulated 
from, which the ratios of consecutive coefficients in the ex¬ 
pansion of the solution may easily be deduced. How the 
method is carried out in practice will be shown in the 
following section. 


4. Numerical Example. 

When the use of the Mathieu functions becomes more 

f eneral than it is in the present day, it will be necessary to 
ave at hand tables showing the value of p for outstanding 
values of B and y. These tables would indicate a suitable 
initial value of p, for any assigned value-pair (0, y), on 

* Ptrroa, * Die I-ehre von dei Kvtteubriiehen,’ f St. 
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which the accurate calculation of p would be based. As 
things are at present, every value of p must be ™» 1 c n h » fr>d 
ah initio. 

As an example of the method, consider the data 
0=2, 17 = 3 . 

Fig. 1 shows that this value-pair lies in a region of stability. 
For any assumed value of p, L is calculated according to the 
following scheme: 

6 0 $ 

0>+4)* U> + 6)* IJTSf .* 

6 0 6 6 d 0 0 

(p + 2f (p + 2TQ> + 4f <p + 4)*> + 6)* + 


1—__? 

<p-t 2 )* 

7i 

^1 

where 


(p-r 4? 
7* 


7s 


n 

<P+8f .* 

*4 ******t 

., 


7r (p + 2r)*(p + 2r + 2;* * * r+1 ’ 


9 (p-r^y* 7r ' 

and finally 

L= (p~+*7*'*■*«• 

The number of significant figures required diminishes as 
the scheme proceeds to the right. The scheme stops at the 
»th column it 7 , does not attect the last figure in that column. 
Similarly ft is calculated according to the similar scheme : 



0 

0 

0 


** 

\ 

s* 

(p-fi)* 

(p-8>*. 

0 

* 6 

0 0 

# 0 

” (p 

~2f{p—iy 



V 

1— 

<P~ 4)* 

1-!L.. 

<p~6)* 

1- 

<p-8)* * 

7-1 

7-t 

7-* 

7*4 
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where 
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y-r 


_ 0* 

(p—2r)*(p—2r -2)* ’ 


4*-r 

and finallr 

ft 


i__ y 

(p-2r) a 

P* V 0 . . 

e ~ (p-zy~*-" 


The method of procedure is as before. 

As there was no indication as to the correct value of p, 
the following table was constructed : 


P- 1*. B, 

OW 21I0I0 —s-4011 

11142 +SI212 

0-30 (16630 4-0*3065 

075 0-4190 —0*3077 

tOO 0-3438 -0-2559 

126 0-2703 -0*1227 

150 0-2197 +0-1157 

1-75 0*1830 +0*4184 

-■00 01553 +0*9457 


The variation of L and ft is ilinstrated in fig. 2, 


f%. 2 
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Thau in the range considered there ere two admissible 
values of p, whose sum is 2. The higher value is chosen to 
work with because the curves are flatter, and therefore 
interpolation is easier in its neighbourhood then in the 
neighbourhood of the other value. 

By linear interpolation between p—l bO and ps= 1*75 the 
value pa 1*5766 is obtained. This gives 

p=s 1*5766, L=0*2072668, R=0*2034813. 

A second linear interpolation between p=l*50 and this 
value gives p= 1*5794, leading to 

p= 1*5794, L =0*2068352, R=0*2067923. 

Bence, if A denotes difference in the seventh decimal-place 

Ap = 28000, AL——4336, AR=+33110. 

Thus a more correct value of p is 

' , “ W7 * 4+ afesu^ 

-1*579432. 

It has been remarked that the scheme of working gives 
not only the value of p to any desired degree of precision, 
but it Iso the coefficients in the expansion of the solution. 
For this reason the figures in the scheme with the new value 
1*573432 will be given in full. The scheme for L reads 
as follows t 


'156099712 

'765850132 

11127511 

*08424658 

*01002887 

*90303013 

298189 

*08481422 

•00223670 

*9477787 

7847 

■0217947 

*0007588 

■967306 

333 

•01492 

•000325 

*9776 


*754722921 -90||1824 9469940 966975 

™ t = ©-30688O49. 

The scheme for R is * 

*9778 


11*30726484 

-15*96089651 

8-64539056 

*341346474 

385969481 

'487980289 

41534893 

*102346702 

*084935685 

*84647995 

536341 

*04851578 

*00496543 

9272263 

14298 

*0282068 

•0013685 

*95769 

53 

*0184 

•00052 

•972 

—2460628707 

*448445398 

*84111654 

*9257965 

*95716 

*978 


TP 1 - 025269728 

8 

~&-*)***~i~ 045952745 


0*20889017 



Dr. E. L. Inoo •*» '*» 
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of p i® 

ps= 1-579432 + 

_ 1*579432 + -00000032 • 

* 1*57943227. 

The complementary value i» 

p *0*42056773. 

5. Determination of the Coefficients. 

a. coefficient. .ill no. b. a—— to ...-p 
«on«cy. Lot r.= l, ‘ben 

/, == — 0-206630 ; 

0 , 0 642466 -<>0712646, 

?! = -, I a a -*-♦»» *~ *901268 

<4 =r 4 0014744 i 

o *034814 _ —0*036763, 

, a - —0*000542; 

e s + 

+ 0 * 000012 . 

8imiU ; ly # . u*<«.*,»!i, 

y * - (tZ*?**''"* 24*000287 

e ,*+0*459527; 

* *3413465 ^ —0*7645873 

*=?*-■**♦-*• “ *4464454 

#< _ # * —0*851349; 

0 _ * l0 . 2 . 3 l 7 * —0*121680* 

.. ^+,—.-am, 


«-» 


<*-» 


e_**» 


+ 0*042752; 
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m 




e 


•048516 


e- t ' (8- p) 1 ~ ~ -92580 

—0*002240; 

g-s p , 02821 

*-« (io—p)* 

g_s= +0-000066 ; 

g-a _ 0 _ , _ *018 4 

'972 


-0 052404 , 


W*- 00295 ’ 


-0-019, 


e-« 


-0000001. 


The first solution of the Mathieu equation, 
d?v 

~f~£ + (3—4 cos 2 *)y= 0 , 
is therefore to six-place accuracy: 


y * cos 1*579432«r—0*206830cos 3-579432 x 

4- 0*014744 cos 5*579432.r-0*000542 cos 7*579432 * 
4 -0*000012 cos 9*579432 x 


4-0*459527 eos0*420568 * -0*351349 cos 2*420568* 
4 - 0*042752 cos 4*420568 *- 0*002240 cos 6*420568* 


4*0*000066 cos8*420568 x —0*00000 1 cos 10*420568*. 


The second solution is obtained by merely writing sine for 
cosine throughout. 


6. Change of Sign of B. 

Fig. 1 is symmetrical about the 9 -axis, though it should 
he noted that in the negative half of the plane <hm+i and 
btm+i are interchanged. Consequently, if toe number-pair 
( 0 > 9 ) gives stability, so also does the number-pair ( -6, 9 ). 
The Mathieu equation is unaltered if B is replaced by —B 
and x by $w—*, so if 


• m 

y=A Sr,cos(2r4-p>4-B Se r sin(2r+p).r 
is the general solution of (1), then the general solution of 
* + (9+20eos 2,v)y=0 
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it „ m 

yssA 2e,cos(2r+p)(£rr-~.r) + B 2e r sin(2r + p)($-*r--;r) 
-• -» 

=*A| 2 (~) r «? r cos(2j*+/j)iF+Bi 2 (-*)'■#,sin (2r + p)x, 
where 

At=A cos \pnr + B sin £pir, B, = A sin £pi r — B cos ipw. 

Thus in general the only change in the fundamental solutions 
is a change in sign of the coefficients of odd rank. As 
before, the only exceptions arise when p is an integer or 
zero, in which cases A or B, ami consequently A, or B lt are 
aero. 


LIII. On the Zeeman Resolution of the Oxygen Spectral 
Line at X5577 A., the Auroral Green Line. By Prof. 
J. C. McLekhak, F.R.S. , J. fl. McLeod, M.A.*, and 
Richabd Buedt, Ph./f.i 

[Hate VL] 

I N previous publications 0> it has been shown that the green 
spectral line of the aurora and of the light of the night 
sky originates in oxygen in the atomic form in tire upper 
atmosphere. A problem still outstanding is to determine 
iust what electronic transition represented in the spectral 
scheme for oxygen is responsible for the production of this 
radiation at X 5577 A. A careful search for other spectral 
lines that might be associated with the green line has up to 
the present failed to elucidate the problem. A powerful 
method of classifying spectral lines is found in tlw character 
of the resolution experienced by the lines when the radiation 
giving rise to them is emitted by atoms in the presence of a 
magnetic field. 

In 1927 McLennan, McLeod, and McQuarrie u> reported 
some visual observations on the Zeeman resolution of the 
oxygen green line in which it was seen that, viewed longi¬ 
tudinally, the green line was resolved into a doublet, the 
amount of whose separation appeared to lie the same as that 
of the two outer components of a normal triplet. 

* J. H. McLeod wishes to acknowledge his indebtedness to the 
Research Council of Canada for the grant of a Fellowship that enabled 
him to participate in this work, 
t Communicated by the Authors. 



Zeeman Resolution of the Oxygen Auroral Line. 559 

The present paper deals with a more exact determination 
of the longitudinal Zeeman effect of the oxygen green line. 

The necessary magnetic field was provided by a water- 
cooled solenoid shown diagraimnatica] fly in fig. l’. The coil 
was wound on a brass tube as shown, and consisted of ten 
layers of No. 16 B. & S. gauge enamelled single silk-covered 
copper wire. The layers were separated from each other 
by ebonite strips F each ^ inch in thickness by £ inch in 
width, laid parallel to the axis of the coil and about 1 cm. 
from each other. These strips provided a series of open 
spaces running longitudinally to the coil between each layer 
of wire. The ebonite end-pieces B were perforated with 
many small holes to provide openings at each end of die 
spaces between the layers of the coil. When the coil was 
in operation tap water was forced through the spaces from 
one end of the coil to the other, so that every wire was 
bathed by flowing water. This method of cooling made it 
possible to pass a current of 30 amperes through the wind¬ 
ings continuously, with a rise in temperature of the cooling 
water of only 9 or 10 degrees. * 

The length of the solenoid was 35 cm. and the total number 
of turns was 2390. The calculated field then for 30 amperes 
was 2620 gauss. Too much reliability should not be placed 
on this calculated value of the field for it could be that some 
current might leak through small cracks in the insulating 
enamel and so reduce the value of the field. 

A comparison of the strength of the magnetic field at 
different points throughout the coil was made by means of a 
small search coil and a ballistic galvanometer. 'Fig 2 shows 
the graph obtained when deflexions of the galvanometer 
(proportional to the field strength) were plotted against 
distance through the solenoid. It is seen that for a distance 
of nearly 25 «*m. in the central portion of the coil the field 
was within a few per cent, of being uniform. It. was light 
emitted in the central portion of the solenoid that was used 
in the determination of the magnetic resolution of the green 
line. 

The green line radiation was produced in a tithe containing 

a mixture of argon and oxygen. A current of about 30 m.a. 
from a 2000-volt D.O. motor-generator set was used to 
excite the tube. 

A second tub* containing neon gas was used to measure 
the strength of the magnetic field both before and after an 
exposure with the tube containing oxygen and argon was 
made. The yellow neon line at X 5852 A was used as the 
standard. 
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Several conditions had to be fulfilled in the design of a 
suitable discharge-tube. It had to be designed so that it 


Rg.l, 



Cno-Vkw opDiecMMroe 

Tuee 


could be placed in or removed from the magnetic solenoid 
at will. In addition it had to be made so as to emit to the 
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resolving apparatus as much as possible of the light from 
that part of the tube which was iu the uniform portion of 
the magnetic field and as little as possible from portions 
of the tube outside the field. At tne same time no light 
was desired from the proximity of the electrodes. Fig. 1 
shows the type of tube evolved to fulfil the conditions that 
have been enumerated above. By passing a heavy current 
between the magnesium electrodes shown it was possible to 
purify the gas to such a degree that the tube could be 
permanently sealed off from tne pump and argon supply. 
A pair of aluminium electrodes w.-is used to carry the 
existing current. By making one of them in the form of a 
cylinder and hyplacing it eo-axially with the Imre of the 
tube as shown at E it was possible to slide the discharge- 
tube into the solenoid to the position shown in fig. 1. 
Moreover, the discharge could be observed longitudinally 
through the hollow electrode. By having the window W t 



Csocf*- 0*t**ct t»«»ouaK iuouMi»oicm) bo or Soulnoiou 


placed at the end of « re-entrant portion of the tube we were 
able to ensure that while light from the space in the tube 
in front of the window could pass out to the spectrograph, 
light from the space near the electrode was prevented from 
doing so. The tube and the solenoid were placed in the 
relative positions shown in fig. 1. A refereuce to fig. t 
will show that for a distance of about 25 cm. along the 
discharge-tube in front of the window W x the magnetic 
field was very nearly uniform. Farther along the discharge- 
tube than 25 cm. the maguetic field of course fell off in 
value, but that part of the tube was so far from the spectro¬ 
graph that very little light from it could enter the spectro¬ 
graph. 

The resolving apparatus used consisted of a 45-plate 
echelon grating * with a constant deviation spectrograph to 

* This instrument was presented to the Physical Laboratory of the 
University of Toronto by Hewn. Samuel and Benjamin of London and 
Toronto. * 

Phil. Mag. S. 7. Vol. 6. No. 3$. Sept. 1928. 
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separate out the various spectral lines. The spectrograph 
slit and the edges of the echelon-plates were parallel and 
vertical. The constants of the echelon as given. by\ the 
Adam Hilger Co., the makers, were as follows :— 

Number of plates. 45 

Thickness of each plate ...... 14'76 mm.'. 

Width of step.1*0 min. 

Refractive indices: 


* ( LA.). 
6562-703 
5805-930\ 
5889-963/ 
4861-327 
4307-908 


1-57185 

1-5759 

1-58581 

1-59417 


From these constants the value of AX max., the portion 
of the spectrum included between consecutive orders of the 
same line, was calculated. The two values used were 
AX max. for X 5577 A w 0*336 A and AX max. for X5852 
(N„)=0-376 A. 

The echelon was adjusted to give two orders of equal 
intensity for the line being photographed. This adjustment 
made it ppssible to get a measure of the displacement on 
the plate corresponding to AX max., with a much shorter 
exposure of the plate than would have been the case if the 
maximum intensity had been thrown into one order. 

Three photographs of the Zeeman resolution of the oxygen 
green line were made. Before and after each of these 
exposures a photograph of the Zeeman resolution of the 
yellow neon line at X 5852 A was taken in order to get a 
measure of the field strength. PI. VI. fig. 1 shows a sample 
of a photograph of the Zeeman effect of the oxygen green 
line and PI. VI. fig. 2 shows a similar one taken of the 
yellow neon line. 

The duration of the exposure for the Zeeman effect of the 
green line was from 45 to 60 minutes and for the neon line 
it was from 4 to 8 minutes. 0 

Back w has shown that the neon line X 5852 A has for its 


Zeeman pattern the following 


(0) 31 
30 * 


By a measurement 


on the photographs of the separation A« of the Zeeman 
components of the neon line and by a measurement of A« 
max. between the orders, it was possible by simple calcu¬ 
lation for ns, knowing AX max., to determine the field- 
strength. Table I. gives the actual results obtained. 






Zeeman Resolution of the Oxygen Auroral Line. 563 


o 2L 

H 
« 


1 I 

X J* 


& 


23 

O 


3 

H 

lit 

l|i 


*C • 

. . n 

*-* ; g g 

&3 { x H 

« : 

; g 

' B<4 


8 8 


8 

& 


«p ia «5 

8 8 8 


8 

S 

o 


III 


8 


I 


S 

8 


8 “ 8 
I fe S 

o o o 


I 


S 


| S | 

o § o 


u l $ 

Ay >^y 


ao 

<N 


S g 

® f 


g a P 
2 8 So 
» o © 


H 

S 


a ^ 

B| 

41* 


® s* a 

*0 «*5 30 


a § s s s ® § 

*— *-* 4 «■“» rr* -L -Z2 


** «0 
9 S 8 

o <6 o 


-4 -4 *4 

w « 


5*1 


1 1 


i! 

! « 


8 18 

O o o 

8 ^ § 
® § « 


«► 

US 


.1 

i 

!§J 


202 


^ o © 


1 1 


■** < < 

III 

•O S *5 


3 S» ■ g 

J m J 

o 

v *--v*-' 


0-96 








564 Prof. McLennan, Mr. McLeod, and Dr. Enedy: 

The colonm headed “H mean” gives in each case the 
mean value of the magnetic field from the valnes obtained 
before and after the green line Zeeman effect was photo- 
graped. The column headed “ AX calculated gives the 
separations between the outer components of a normal 
triplet for the field valnes given m the previous column. 
Finally, the last column gives the ratio of the observed AX 
to the calculated AX for a normal triplet. 

The mean of the three results gives the magnetic separa¬ 
tion of the oxygen green line to be 0*96 of the normal 

^Thfneon lines were rather fuzzy, as can be seen from 
. n „ eo „ ,__to in dire mst 



where the maximum oi me un« ww«< -. 

of the field strength was therefore subject to error. Though 

there is little doubt that the total experimental error eoidd 

have been as much as 4 per cent., we had no hesitation m 
concluding that the Zeeman separation of the green line 
was normal. Since parallel components would be absent 
Aitiinrvnfmn. we take it that the oxygen green 



*”1lfrom the result that the magnetic resolution of the green 
line is a normal triplet, it is possible to determine with 
a considerable amount of definiteness the exact location of 
the oxygen green line in the spectral scheme for atomic 

Tb is a diagram of this spectral scheme. It consists of 
three systems. Two of them have the metastable levels b 0 
and *D* for their lowest terms. The system with *P«» »» 
its lowest term is well known. Those with *S 0 and D, 
as lowest terms, as well as the one bised more immediately 
the *P»,« term, are systems predicted on the basis of the 
Hnnd theory. There isno possible place for the green line 
in the scheme having 3 P U1S for its deepest level, so we must 
confine onr attention to the other two schemes. 

A brief consideration of the energy relations involved 
enables one to limit further the position of the green line in 
the spectral term scheme of oxygen. An examination of 
fig 3 will show that two spectral lines occur in that region 
of the oxygen spectrum that could be most easily photo¬ 
graphed, if radiation covering it were included in the light 
coming to ua from the night sky. They are at X 4368 A 
•nd X 3947 k. No such lines, however, have ever been 
observed in the spectrum of the light from the night sky. 
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From this fact it may be concluded, therefore, that, under 
die conditions that give rise to the emission of radiation 
from the night sky corresponding to the auroral green line, 
there is not sufficient energy available to raise the oxygen 
in the upper atmosphere to the atomic levels involved in the 
production of the wave-lengths X 4368 A and X 3947 A. 

It follows from this that there cannot be sufficient energy 
available to permit of electronic transitions to the low 

Fir. 3. 



Atomic levels of Oxygen. 


levels of the l S 0 system from higher ones in it or to the 
low *- l D levels of the *D, system from higher ones in it. 

Moreover, it is certain that an electron jump from any 
one of the low *> 'P levels of the ‘So system to tne l S 0 level 
or from any one of the low *> *D levels of the ‘D* system 
to the ‘D, level would give rise to radiation far in the ultra¬ 
violet region. This follows from the fact that the resonance 
lines of the s P 0 u system are far down in the ultra-violet. 

We are limited therefore to transitions from one or other 
of the metastable levels ‘So and ‘D*. These, it is well known, 
are usually classed as forbidden ones. 
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In 1927 w> the authors pointed out that it would be neces¬ 
sary to include so-called “forbidden" transactions in our 
considerations when seeking for a place for the green line 
in the spectral term scheme for atomic oxygen. 

Moreover, Bowen (e) hns since shown that a number of the 
nebulium spectral lines result from electronic transitions 
ordinarily classed as forbidden ones. This furnishes con¬ 
clusive evidence that metastable states are not absolutely 
stable ones, and that they, too, are states of excitation from 
which spontaneous transitions accompanied by the emission 
of radiation can occur. 

The predicted Zeeman effects of all the transitions origi¬ 
nating in the lower metastable states of the oxygen atom 
are given in Table II. 


Table II. 


Transition* 

Zeeman Pattern 

J S 0 —. 

(0) I. 
i 

*S 0 —* 3 F„ . 

0 

0 * 

l 8 a —**P, . 

(0) 3 

g 

I S 0 —**P 3 . 

(0) 3 

3 

°P 0 . 

(0) 1 

1 

1 d 3 —* 5 P, .. 

(0) (1) 1 2 3 

2 

.. 

(0?(I)(2)123 4 
2 


4 It will be seen that two possible transitions could give 
use to a normal triplet Zeeman effect. We may at once 
rule out the transition *P 0 because if it were the 

transition that gave rise to the auroral green line the tran¬ 
sitions j and ‘D S ~*P S would certainly be present 

and would give rise to two spectral lines in the vicinity 
ot X.5577 A. These have never been observed. 

Therefore it is seen that the green Hne at X 5577, 341A 
in the spectrum of oxygen must have its origin in electronic 
transitions from J S 0 metastable levels of oxygen atoms to 
ones. 
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LTV. The Effect on the Heat-flow through an Insulating 
Wall of Certain Modifications of Shape of its Isothermal 
Boundaries. By F. EL. Schofield, B.A., B.Sc * 

I N dealing with the steady flow of heat through a piano 
wall ol insulating material, large in area in proportion 
to its thickness and with isothermal boundaries, it suffices 

Fig. 1. 

11111 ° 



c 



to treat the matter as one of two-dimensional flow between 
infinite parallel isothermals. It is proposed, on this basis, to 
investigate the efleet on the heat-flow through such a wall 
due to certain modifications of one of its boundaries. The 
shapes dealt with are according to the sections shown in 
fig. 1. Of these (a) represents a series of thin projections* 
of equal depth and spacing, from one of the isothermals such. 

* Communicated by G. W. C. Kaye, Superintendent, Physics Depart¬ 
ment, National Physical Laboratory, Teddingtou, Middlesex. 
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as would correspond roughly to the metallic ribs of a ship 
projecting into a wall of insulation applied internally 
against its side ; ( h) and (c) represent single projections of 
finite width, respectively internal and external, such as 
would be encountered in a wall of insulation applied against 
a surface with either a projecting buttress or a recess ; and 
(d) represents a single rib projection of I section. The 
solutions in these cases would, of course, apply where the 
modifications of one boundary are duplicated in the other as 
if by mirror reflexion about the mid-plane. 

While the problems to be considered are thus stated in 
terms of heat-flow, it will readily be understood that they 
might equally well be expressed in relation to any other 
phenomenon which is subject to the Laplace equation. For 
example, the problems might be considered as those of the 
flow of electric current in long strips of metal of uniform 
thickness cut to the shapes indicated, or of the distribution 
of electrostatic charge and potential in the case of condensers 
of the appropriate cross-section extending to infinity in a 
plane perpendicular to that of the paper. 

The method of solution employed is that of conformal 
representation, using the transformation found by Christoffel 
and Schwarz *. 


I. A Series of Thin Ribs. 

In this case it is clear from considerations of symmetry 
that the flow lines from the tip of each rib, and from the 
points on the lower boundary, midway between the ribs, will 
be straight lines normal to the upper boundary. Hence it is 
only necessary to consider the rectangle formed by two 
snch adjacent flow lines and the isothermal boundaries 
joining them. (See s plane, fig. 2.) This corresponds to 
the problem of the electrical resistance of a rectangular strip 
of metal with two electrodes supplied along the whole or 
portions of the sides—in the particular instance now under 
consideration the resistance of ABOD with electrodes along 
AD and BE—which has been treated generally by Moulton t. 
For our purpose it is convenient to follow a less general 
treatment than Moulton’s and adopt the transformation 
shown in fig. 2. The linear dimensions 4 m, and n of the z 
plane and l of the w plane are as indicated, while the 

* For a discussion of this transformation with numerous examples, see 
J. J. Thomson’s 4 Recent Researches in Electricity and Magnetism/ 
chap.iii. (Clarendon Press, 1893.) 

t Proceedings of London Mathematical Society, iii. p. 104 (1905). 
Also Jeans , 1 Electricity and Magnetism/ 4th edition, p. 854. 
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lettering in brackets at the corners of the rectangles are the 
lengths along the real axis in the t plane, subject to the 
condition \<£<1. In. fig. 2 and other similar diagrams 
the convention is adopted of showing the boundary isother¬ 
mals and flow lines as full and dashed lines respectively. 

The relation-which converts the boundary AJBCD, and the 
space inside it, into the real axis and upper half of the t 
plane, respectively is 

dzjdt=u-i{t - i/x s r *(«- 1 /**) -1 , • • • ( 1 ) 

Fig. 2. 
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L being a constant. Putting t*:?*/&*, we have 


r=M j 


dr 


nfi-i 3 v'l—r*(X*/A*) 


+ N, 


( 2 ) 


where M and N are constants. Calling B the origin and 
BC the real axis, N becomes zero, and we have 


*=MxK(mod\/A). . . ... (3) 
and l/an-K/K' (modX/A). . . . . . (4) 
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Hence combining (2) and (3) *, 

z= (IjK)sn-'(k s/t, X/k), , . . . (5) 

and the length BE is given by 

m^il/Klsn-'ihVk). ..... (6) 

Similarly, the tntnsformation from the to to the t plane 
yields 

tc=(Z/K)sn“ l (& Vtj X). . .... (7) 

Hence from (5), (6), and (7), 

sd(K z/l, X/k) - k v't=sn(K m/l, X/*)su(K*p/f, X). (8) 

The constants X and k are known in terms of the dimensions 
1, m, n of the z j lane through equations (4) and (6) above. 

Hence the equation (8) gives the coordinates (z + iy) of 
any point of the z plane in terms of the coordinates (u-H’e) 
of the corresponding point in the w plane, and so gives the 
distribution of flow lines aud isothermals of the former plane 
in terms of the rectilinear distribution of the latter. 'Hie 
necessary calculation, involving the splitting of (8) into real 
and imaginary parts and solving for x and y, would be very 
laborious, and probably the simplest way of obtaining the s 
plane distribution would be to prepare two charts giving a 
series of orthogonal curves for constant values of p and of q 
in the relation f 

P + iQ = sn(p+t^), 

and for the respective moduli X and \jk. Then the first 
chart would give P and Q for any desired values of w and », 
and, after multiplying the former by the constant sn 
(K m/l, X/&), the second chart wonld enable the values of 
Kx/l and Ky/l to be read off. It is not proposed to apply 
the method here, especially in view of the fact that the 
calculation of the distribution in the simpler case of a single 
rib in an infinite layer has been given by Lees %, and that, 
as will be shown below, this case gives a very close approxi¬ 
mation to that of a series of ribs unless tne gaps between 
them are comparatively small. 

With regard to overall beat-loss, the flow across the strip 
of width l and length AB in the z plane is equal to the flow 

* Since the function is to be inverted it is here written sn— 1 in place 
of Legendre’s V. 

t See t. g. Dixon’s * Elliptic Functions.’ Appendix A. (Macmillan 
& Co., 1894.) 

$ Froc. Phys. Soc. xxiii. p. 361 (1911). 
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across the strip of width l and length A'B' in the tr plane, 
where the flow is entirely normal. It there were no ribs snch 
as EC in the z plane, the heat-flow from AB would also he 
normal, and hence we may regard the effect of inserting 
the ribs as equivalent to adding a length 2X per rib to the 
strip where X is given by 

X=A'B'—AB=i{ K7K(mod X) - K'/K(mod X/i) } . (9) 

From this equation we may readily deduce the “added 
length ” for the marginal case of a single rib in an infinite 
layer. Thus putting X=0 we have a zero modulus for both 
sets of elliptic functions, so that in each case K =w/2, and 

K'(tnod X} as lA =0 [!og (4/X)] 

and 

K' (mod X/X*)=Ltj k _ 0 [log(4i/X)], 
and from equation (6) 

X-=sin (mir/21). 

Hence 

X-(«/w)log(l/*) 

= (21/tt) log cosec («iw/21), . , . (10) 

which agrees with Lees’s direct solution for this marginal 
ease, while for the general equation (8) degenerates into 

sin (zrr/2l)= sin (mir/21 ). sin [unrj2l), . . (11) 

which is equivalent to Lees’s equation. 

The added length X for a series of Tibs is calculated for 
known values of /. m, aud n from equation (9) as follows :— 
From equation (4), using Legendre’s Tables, we get the 
modulus \jk: from (6) the argument k, and hence the other 
modulus X. In the following (able are set out the values of 
X/f for a series of values of n/l, taking the two cases where 
the depth of the rib ( l—m) is respectively f and of that of 
the layer. 

It will be seen that in the two cases taken the error in 
the total heat transfer due to using the formula (10), 
applicable to the infinite case, becomes less than 1 per 
cent, when the semi-distance n between the ribs is slightly 
more than one-half of the thickness of the layer (see cols. 4 
and 7 of Table I.). Hence in most practical cases each rib 
of a senes, which may be of various depths and spacings, 
can be treated independently as a single rib in an infinitely 
long layer. 
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Table I. 

2X=the “ Added Length ’’ per rib. 



l**4m . 

l=2m. 

njl 

X//. 

Percentage diff. from oo case. 

____ 

X/L 

Percentage diff. from oo case. 


BBS 

100(X*-X) . 


mm 



* 

»*fX 


X 

H+X 

OoU, 

Col. 2. 

Oul. 3- 

Ool.4. 

Col. 6. 

Col. 6. S 

Col 7. 

0-333 

0-6070 

20-6 

12*4 

0*1834 

20*2 | 

7*2 

0*5 

0*5731 

6-7 

3*6 

0*2070 

6*6 

1*9 

1 

0-6008 

0*3 

o-l 

1 0*2201 

! 

0-2 

o-l 

2 

0*6116 

0 

0 

| 0-2205 

0 ! 

0 

3 

0*6120 

0 

0 

i 

0-2208 

o 1 

1 

0 

00 

0-6115 

0 

o 

02206 

o ; 

0 


II. Thick Rib or Buttress. 

The diagram of this case is given in fig. 3 in the ; and to 

Fi#r. 3. 

C(t-l/k r sn : o,^>-iK*o) nO-.— /.lit) 

i i ! 

\ m 

\_I_L 

5n l a,£»*tK4a) 

j Plane 

t'(t«l/k*sn *a) D (l= i**) 


t(t.i/k*sn*a> 

w Plane 

planes only, using the same conventions as before, but with 
a cnrved dotted line to indicate the flow line CC, which is 


fJ^K) 



B(t«i/k*. 4=K*iK) 
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entirely at infinity, The transformation from the z to the 
t plane involves the third type of elliptic integral, and, with 
a view to obtaining the Jacobian form, we note that the 
infinity point C in the r plane gives rise to a term of the 
form (t —b)~ l in the transformation. Hence h is conveni¬ 
ently pat eqnal to 1/P sn 2 a, while t is replaced by a new 
variable sn 2 J. Following a similar plan to that adopted in 
the previons case, the other corners of the polygon con¬ 
veniently become as shown in the diagram, and the required 
transformation is given by 


dz/dt=&.(t— 1) +I (l-1/P sn 2 a)“ 1 r*{f-l/P)“*, 
Patting t = f-n 2 and M= —2AA S sn 2 a, wo obtain 


dz 

dt. 


M 


on 2 1 


f} 


—¥ sir* a cn 3 

M / 3 1 

l 1 — ¥ sn*a sn 2 £ j 


-?{*■- 


( 


M 

¥ 


¥ sn a cn a dn a sn 2 £ 
1 — ¥ sn 2 a sn s f 

l 


dn a 

sn a cn a 

— dna II(£a) [• . 
sn a cn a ’ ) 


» 


(14) 


(15) 


No integration constant is required if the origin is fixed 
at 0, the real axis being 0A. The rallies of the new variable 
£ at the corners of the polygon are as shown in fig. 3, and, in 
order to obtain the finite dimensions /, m 9 n in the z plane, 
we proceed as follows :—l is the change in z as t passes 
through 1/1* sn* a (or £ passes through iK^a), and is 
therefore given hr 

ttM dn a 


ih=i 


2¥ sn a cn a * 


(16) 


This expression may also he obtained by use of (18), (19), 
and (20) below. Substituting in (15), we have 




7T 


(17) 


To obtain the other dimensions in the z plane, nse is made 
of the following relations of the II function 

_n(K,«)=rKZ(«). . ..( 18 )’ 


II(K + iK', a)=KZ(a) + «’{K'Z(a)+a7r/2R}. (19) 

.n(fK # ,o)«i{K'Z(a)-faw/2K±,r/2). . . . (20) 
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Hence from (17), (18), and (19), 


n 

2K ( 

Psnacna 

r = 


dna 

m 

2K' 

{ & sn a cna 

l ~ 

It 

1 Q 
i a 

[ 


z wj. 


the signs in (22) being consistent with (16), (19), and (20). 

The length BC is infinite by virtue of the value of 
U(*E/+a,a), and since we propose to obtain the difference 
between this length and a corresponding infinite length in 
the to plane, we analyse the function by means of the addition 
theorem, as follows:— 

n (iK'+a, a)= Lf««o[n (*K/ 4 -e+a, a)] 

r 

= Lt* = o II(a, a) +IT( iK 1 + e. a) 


. £*snasna 
, J k? sn e sn (2a 4- e) 

+ * ° g i **snasna 
k* sn e sn e 

= II(a, a) + i{K/Z(a) + a7r/2K} 

—£ log sn 2a + Lt e=0 ( £ log sn e]. (23) 
Hence BC is given by 

BC=OA+AB+BC—(OA + AB) 

= ?!( P ™? cna (a—K) + KZ(a)—II(a,a) 
f ( ana 

+ £ log 8n 2a—Lt e= o(£ log sn e)|.... (24) 

Converting to the ft function by the relation 

v _. . , , @(2a) 

n(a, a)=aZ(a)—£ log-g^jj , 

■an d combining with equation (21), we obtain 

— - Lt, =0 (log sne)..(25) 

7T 

'This expression is infinite by virtue of the last term. 
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Turning now to the transformation which converts the to 
into the t plane, we have 


dw/dt*=t~*(t —1/P sn* a ) 


-l 


( 26 ) 


which yields on integration, for an origin O' and a real 
O'C', 


the valne of P 



1 -f k an a t/i 
1 —kma t) ’ 


being given by 


. (27) 


tl = P log (-l)=Pttr. 

To obtain the^ length O'G', we proceed in a similar way to 
that adopted in the case of the z plane, patting t equal to 
1/P sn* (a + e) and taking the limit for 6=0. 4 

Thus 


O'C'=Lt <=0 


. ht. 


€*0 


K log { 


sn(q-Pe) + snq )-j 
sn(a-f-e)- sna) J 

sns cn 6 dn 6-f-sn ten a dn a-fr 
sn acn e dn e + sn eenadna— . 


+ »n g(l—P sn *e sn* a) 1 1 
sn a(l—P sn ®e sn *a) J J 

l , 2sn a l r 

~ nr °^cnatina ~ nr *«=°{ 0 K sne }. 


(28) 


The last term of this equation is infinite and identical with 
the last term of (25). 

Now, if the heat-flow from OA+AB+BC had been 
* normal, that is to say, perpendicular to OA and BC, it 
would have been equivalent to that across a strip of width l 
and of length BC + OA (l/l-tn). Actually the heat-flow in 
question is equal to the normal flow across a strip of width l 
fu ^ ' 9n gth O'C', since this is theiength in the to plane, where 
the flow is entirely normal, equivalent to 0A4-AB + BC in 

HA 1a » n %n HenCe L he excess of the actaaI heat-flow from 
UA +AB + BC over the hypothetical normal flow is equiva¬ 
lent to the addition to the strip of width l of a length X 
given by 6 


X=O'C'—BC— OAfl/l—m) 



2 sn a Of Q) 
cn a dn a sn Za b(2a) 



• (*9) 
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This equation, together with (21) and (22), which determine 
the constants k and a in terms of the dimensions l, m, and n 
of the, z plane, gives the solution of the “ added length ” in 
the case under consideration. 

It is usetul to check the result by degenerating the 
solution to obtain known marginal cases involving two 
finite dimensions. Thus :— 

Case 1: njl—O. 

This is obtained by making the modulus k equal to zero, 
for then 

K=tt/ 2 and K'=Lt* =0 [log (4 ft) ]. 

Hence from equation (21), noting that Z(a)=Q, we have 

nil = 0, 

while from (22), noting that i* is the lowest power of k in 
Z(a) and that in the limit li* log k is cero, 

— log^){^ s sin acosa —Z(a)J— ^ 

2a 

7T * 

Hence since @(2a)/@(0) = l, we have 

_ l , / 2 sin a \ 

A«= — logl-< 

nr ” \cos a sm 2a» 

= —log 800 ('£)')’.( 30 ) 

which agrees with (10) above, allowing for the fact that tn 
of the last-mentioned equation is here replaced by l—m. 

Case 2 : mjl—Q. 

This is obtained by putting 1= 1. Then since cn a=dn a 
=secha and sn a=Z(a)=tanh a *, and, as will be shown 
below, 0(2a)/@(O)=cosh 2a, we have mfl = 0 and X/f=0. 

Case 3 : n(=». 

This is obtained by putting 1=1 and a=K—/9, where @ 
is a finite quantity, K of course being infinite. For the 
purpose of equations (21) and (22), we note that 

sn(K*~/S) cnfK— /3) _ sn ^ cn fi Q 

-dF(K^8) dn£ ** nb P > 

- - Z(K—j8)=£/K = 0. 

* For these degenerations and those used in obtaining equation (SO), 
see e. g. Dixon’s ‘ Elliptic Functions,’ chap. viii. (Macmillan & Co.) 
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n 2K„ 

l ——(tanh &—(3/K) =oo. 


m 


j — tanli /8—1.. 
Prom the latter equation 


S7C 

(31) 

(32) 


tanh£= (l— m yi OT j og 2Z T m . ( 33) 


m 


,o g{ 


For tiie purpose of dealing with equation (29), we hare 

*(&») ®(2/S)_ -W+J**—** a,,*** 

©(0) fc(0) “* =* 

=cosh 2)8. . . , 

2sn (K-ff) 6(0) j 


(34) 


cn (H—£) dn (K- 0 ) sn(2K-2y8)©(2K - 2/3); 

Jcn/9dn£€>(0) ) 
l 4 *sn/3sn2/9t*(2y8) ) 

=21ogp+ilo gfs l^. . . 

?(*-*) 

= ~7(tonh|8 + cothy9)— 

Using the last two equations, we have from (29) 

* = - 2 1 / l - m v 2,1—m 

l it g 41(i-m) + £Vir Hl + -J- jlog 

Putting m= {l-b), this becomes 
X 


m 


1 


P-6* . p+6*, 1+6 


7T 


+ 


/6 




(35) 


(36) 


(37) 


(38) 


»n^ginal S cie enUCal ^ Wfl * direct so,Iltion { ° r *h» 

Calculation of “ Length,” 

The calculation of the “&dd<ul ian« 4 t.»»«* , 

—- >» —« 

* Phil Ma#. xvi. p. 784 (1908) 
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allied functions due to Greenhill and Hiippiriey*. Th« 
functions are given for a series of values of the modulus A— 
for the most part for every 5°-aod for every ninetieth part 
of K for the variable a. Expressed in terms ©t the notation 
used in. the Tables, the variable r being equal to SKte/K, 
equations 21, 22, and 29 become respectively 

. m 

-Fat)] . m 


n 

2K 

f **A(r)B(r) 
U’C(r)L)(r) * U 

l 

V 

m 

r 

2K 1 f A* A(r) B(r) 

l * 

90“ 

" ^rU'C(r) D(r) 


X 1. / 2A(r) D (rj_\ + 7 f 1 ~ r"n, * 

7 = w* g 1 V*' B(r) V(r) A(2r) J /V -* 0 / 

.... (41) 

When 2r is greater than 90°, it can be shown that A(2r) in 
Ration (41) should be replaced by B(»), where , is equal 

10 The plan adopted in the present case is to take a constant 
depth tn of the buttress, and obtain the values of X for a 
senes of values of n. For this purpose, taking any modulus 
k the value of r is found by trial giving the required ratio 
mil and using this value of r, the ratios of njl and X/i are 
readily calculated. Curves have been obtained as above 
described for two values of m/l, namely | and J, and are show 11 
in fig 4, which gives the calculated points and the appro¬ 
priate modular angles. It will he observed from the curves, 
marked B(f) and B(i), that the asymptotic approach to the 
final value is extremely rapid. 

III. Rkcess. 

The transformation from the t to the w plane is the same 
as for the previous case, while that for the - plane is identical 
with that employed by Carter t in dealing ^^ a probiem 
in magnetism illustrated below m fig. 9. Following the 
practice in the previous cases, we shall however adopt the 
slight modification of cutting the figure into two parts by 
the central flow line (see fig. 5), and hence obtain the 
following equatibn for the transformation from the 2 to 
the t plane. 

<fe/<fc*Ar»(t-l) -i(f-l/F)i(*-J/* s 8n*a)- 1 . (42) 

• ‘ Smithsonian Mathematical Formal* wd Tables of Hlipl.c 
Function* ’ (Pablicatinn No. W2) Washington, MMS). 

t Joarn. Inst. Elect. Eng. Eng. vd. Ixit. p, HIT (1926)- 
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Patting t =sn 2 £ and M = -2A*sn 8 a, we have, on integra¬ 
tion, 0 being the origin and OA the real axis, 

--= M { ? -^ n(f ’ a, V • • <*> 

and for the finite dimensions h, m, n, 

Men air 




2 sn a dn a 


«« = 2K' J sn a dn n _ Z(a) \ 
k w L cna J 

a -Z(a)}. 


a 

K- 


n 

4 


2 K f sno dn 


( 44 ) 

(45) 

(46) 


He expressions (44), (45), (46) agree with "Aose given by 
Carter, bat the remainder of the problem differs from that 
treated by him. 

From (43) and (44) we have 


2 h 
' nr 


. • («> 

t cn a • 


and hence using (23), (24), and (46), 

2 * j ...d. a (> _ K) _ (a _ K )Z(«) 
nr l cn a 


+ h log sn — ^* =0 ^*°£ sn } 

= l lo z ~ } %% { ) a) ~ n ( 1 ~ k )“ w (log8n e) ' 


»( 0 ) 

And since the length O'C' is given by (28). we have for the 
“added length” X 

X = O'C'—BC—0 A(A/ h +«*) 

= *log{.U«(l-|W^. <**> 

nr ® l cnadna sn a® (za) J \ It/ n + «i 

He solution given by eqaations (45), (46), and (49) may 
he checked, as before, by degeneration into marginal cases, 
thus:— 


Cage 1: mjh =* 0. 

His is obtained by patting k s» 1, in which case X can 

be shown to be aero. 
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Case 2: m/h = oo. 

l^is is obtained by patting k =» 0, which gives 


n . m 
A ** tana, j«®. 


X»: 


h 


i l0 *( 


2 sin a 


cos a 2 sin a cos 


“^M"~F“7 + »*« *». .... (50). 

which is equivalent to J. J. Thomson’s * solution for this 
marginal case. It is to be noted that when » = 0, X becomes 
zero, as would be expected. 


Case 3 : u/A=ao . 

This is obtained by putting k = 1 and a = K-0, where £ 
is a finite quantity, K o£ course being infinite. Following 
the procedure previously adopted, equation (49) degenerates 
into Lees s marginal case, *. e. equation (37) above. 


Calculation of “ Added Length 

The calculation in this case was carried out in the manner 
already described. Tn order to get a comparison with the 
previous case, which is o£ course identical with it when n is 
infinite, l is substituted for (A + m), and curves calculated for 
tne same values of m as before, namely 112 and 3 7/4. The 

wLTJi!* 8 ,r< J m zero an< * a PP roac h their final 

value when njl is of the order of unity. 

IV. T-shaped Bib. 

* J? hC w "Pi* ne (lia g ram is identical with that used for the 

THe diagmm in the 5 P l * De is 88 

_ h ® ‘ *\ 8mc ® we are concerned with bo h the 

fo P r P nurnol a °rf r ? **** °f 0EA ’ ,hese are sh « w « separately 

is LSlwbL ^Pk e8 f^ h ? Hgh ’ in the projection OEA 
is infinitely thin. The third type of elliptic integral is again 

henl V the traQ8for '™tion*rom the z to the® plane, and 
hence the same sequence of descending values is adopted, as 


* Loc. cit. p. 236. 
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before, for the points C, B, and A, namely 1/4* an 1 a, 1/43, 
and 1. Since it is not permissible to fix more than two 
absolute lengths along the axis in the t plane, or the ratios 
of three lengths, an arbitrary value has to be assigned to the 
point E, which must then be determined in relation to the 
constants k and a. The value at E must be less than 1, and, 
since the variable is to be changed to sn*£, the value in 
question is put equal to sn* b . Trie required transformation 
is then 

dzfdt mA(t- sn s b)t~\t •— 1)~ J (*— l/4*)-*(t—1/4*sn* a )“*• 

... (51) 


Fig. 6. 

I 


l 


(t-sn*b, 


C(t*l/k , 5n , a £, r i K W> 
j Plane 


m 

JL 




B<U/k f ,fc.K*iK'} 


Putting t = sn 2 £ and N = 2 A k 3 sir a, this yields on integra¬ 
tion 





1 — ic*s n*q sn*fc 
4* sn a cn a dn a 



no integration constant being required for the origin a 
and a real axis OE. 

The points 0 and A being coincident in the z plane, ure 
have, on patting ? = K, 


0 = N (k.„ n - KZ(a) (*)}. 


sn*6 = 


..Z («) 

4*sn acn a dn a + P sn* a Z(o) ’ 


which gives the constant, b in terms of a and k. 
Then, since 

,_„r / 1—4*sn*u sn*//* 

21 jPsnucnodn 


?}■ 


(53) 


(54) 
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eq nation (52) may be written 

2/ / „sn 3 b (k* sn a cn a dn a) y,.^ ,1 

‘ = t\ ( L- e ^ a. n n 


5sa 


il 


£-{?Z(«)-n (£a)} 


= ^lo<r e ^ +a) 


And for the finite dimensions m and n we have 


m ^ a 

t~k 


ii 

i 


l \oA (b + H) 

rr g «(5-a)' 


(55) 

(56) 

(57) 


Further, we have 

/| loe . S n2ae ( 2a) 

IT 


BC 


{ ,0 8- Lt« =0 (lag sn e)|; (58) 


so" that the “ added length,” X, i.s given by 

X = OV-(BC-OE)-OE(l/l-m) 


nm 


it ° ten a dna sn (2a) j l—m 


(59) 


The marginal cases o£ njl = 0 and n/l = » are dealt with 
below. 


Case 1 : n/l = 0. 

This is obtained by patting k = 0, and equation (59) 
readily reduces to (30). 

Case 2 : njl = x>. (“ Added Length ” and Distribution.) 

This marginal case does not appear to have been dealt 
with elsewhere, so that an independent derivation of the 
expression for the “ added length'' is given together with a 
computation of the flow line and isothermal distribution for 
one particular case (m = 31/4). This calculated distribution, 
applying when njl = ao, allows an approximate idea to be 
formed of that applicable to a finite value of n, even when 
the latter is quite small, and is therefore useful in showing the 
nature of the flow in the neighbourhood of the sharp edge. 
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Referring to fig. 7, we have for the transformations to the 
4-plane from the z and w planes 

dz/dt = PtO-ir^t+ar 1 . . . . (60) 

dw(dt = Q(t-l)" 1 . ... . . . (61) 

Then, if E, E' and OC, O'O' are the respective origins and 
real axes, we have on integration and evaluation of the 
constants 

w=~log(l-t), .(62) 

IT 

* ~ Io 8 (1 -0 + ”* log(l + ~). < • (63) 
Fig. 7. 


41 



wPlarte 


where a is equal to mj(l — m). Whence 

BO — — ^[log (1 -l)]<=i - l log( 1 ^). (64) 


EC = i[logt],_ -"‘loga.(65) 

E'O' = - ~ Dog (1 - 0] t=1 .(66) 

E’C' L p og «] t _*.(67) 


X sa O'E'+E'C'—EO—hi) 

- J 2 r ].g- + 2 U |(^ V 

(/— m)ir B rn w e \l-~mf 

+ • • ■ (68 > 
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For calculating the complete distribution, t must he 
eliminated from equations (62) and (63), so that the co¬ 
ordinates (x + iy) of the z plane may be obtained in terms of 
thorn {»+«>) of the w plane. 

Thus from (62) 

t = 1—e u,r , {co8 (mr/l) +i sin (w/l)}, , . (69) 

while from (62) and (63) 

, . l—m , . 

■®+»y «* — jr~ (tt + to) 



(1—ro) {1—<?*»'*( cos (vTrjl + £ gintiw/l)}j 


(70) 


Uenee 


where 


l — m n% * * ■ u i * ~- 

* — __. „ + _ log (A 3 + B 3 ), 

l—m in „ ol .. 

» - — . r + - la n-»(B/A), . 

, _ l —(1—wQe"' 3 cos (ctt/I) 
w * 

j, _ — (1 — m)e ttV l sin (firjl) 


. (71) 
. (72) 

• (73) 
. (74) 


From these relations the coordinates of the points of 
intersection of the isothermals v =* 0 , 1/4, 1/2, 31/4, and 1, 
with the flow lines u = 0,1/4,1/2 .... have been calculated, 
and are shown in fig. 8. In order to show in greater detail 
the nature of the flow near the sharp edge, portions of the 
isothermals v a* 1/8 and 1/16 and the flow line u = 31/8 have 
also been calculated. It will be observed that at a compara¬ 
tively short distance from the edge in either direction (see 
flow lines u as ±51/4) the flow becomes practically normal. 


Comparison of Boundary Distribution for 2-Ribs of 
Finite and Infinite Widths. 

It is clear from the preceding section that the general 
distribution of flow lines and irothermals will be very similar 
in these cases, unless the width of the rib is small. An 
exact comparison of the distribution along the boundaries 
can however be made, that for the rib of infinite width being 
of course covered by the preceding section, and that for the 
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rib of finite width being deducible from equations (27) and 
(55). Thus from (27), since F = l(v and t= so* ?, we hare 

„ tanh (wirJ2l) 

SB £ 5® “ — r -- - } 

k ana 

and the following deductions can be made as to boundary 
distribution:— 


(a) Lower Isothermal Boundary—along OE and EA (fig. 6). 
Here v = 0 and y = 0, so that 


l 8 (£+<*) 

~log C(r ; - 


«)’ 


(75> 


Fir. 8 



where 


„ tanh (mw 21) 
sn £ as . 

k sn a 


(b) Lower Isothermal Boundary—along B(J. 

Here v — 0, and the variable f is replaced by <f>, where 
f m K + iK'—<j>, so that 


where 




f cn 

ir g l ch (f + «) 8 (d>+o) 


I 


+ m, . 


dn 4> __ tanh (uirJ 2l) 
cn ^ “ sn a 


(77) 

(78) 
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(e) Upper Isothermal Boundary—along DC. 

Here r = l, and the new variable is given by f = iK' 
so that 

*+iy ~;log < 79 > 

where 

sn^ =s sn a tanh (w-jt/2/) .. (80) 

The origin applicable to the finite case is 0 (fig. 6), while 
that for the infinite case is E. If we take E as a common 
starting-point for purposes of comparison, we have first to 
calculate for the finite case, from (75) and (76), the value 
of u at this point. The points o£ intersection, with the 
boundaries, of flow lines spaced at any desired intervals from 
the flow line through E, e.g. intervals corresponding to steps 
in u of + 1/2, +1, etc., can then be calculated. This has 
been done with the result shown in the Table II. The 
depth of rib is the same as for fig. 8, i. e. m — 31/4, and 
using a modular angle of 85°, the value of b is found to be 
55-04° from (53) and njl = 0 280 from (57). 

It will be observed that, on the whole, there is a close 
agreement between the two cases given in Table II. The 
maximum divergence occurs where the infinite re-entrant 
portion of the one case is replaced in the other by the short 
re-entrant portion bounded by the upright line AB. Thus 
the flow line n = 1/2 which in the infinite case falls on the 
lower boundary to the left of B,falls on the upright line AB 
in the finite case. The precise amount of the displacement 
in this region is indicated by the values given in Table II. 
for the flow line u = 0*535 1, which actually passes through 
B in the finite case. The divergence along the portion of 
the lower boundary BC rapidly decreases as the distance 
from B increases. Along the portion of the lower boundary 
EO the agreement between the two eases is very close, while 
along the upper boundary the flow lines in the finite case 
are slightly displaced to the right (fig. 8), as would be 
expected. 

With regard to the remainder of the boundary, expressions 
for the distribution of isothermals along OD (fig. 6) arid of 
flow lines along AB could also be derived from equations 
(27) and (55). 

It may be added that the cases of a finite buttress or recess 
could be dealt with in a similar way by use of equation (27) 
when combined with (17) or (43) respectively. 
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Calculation of “ Added Length” 

The calculation is made in a similar manner to that 
adopted in the preceding cases. From (56) we obtain 
directly the value r (or 90 a/K) required to give the chosen 

Table II, 


Comparison of Boundary Distribution of Flow Lines for T- 
Ribs of Finite and Infinite Widths, each of depth m = 31/4. 


njL 

1 

#/ . 

1 

j xjl (origin S, direction SO negative) along 

i ... 

i 

CD. 

SO. 

BO. 

0-280 

-H> 

1 -0*180 

-0*184 

— 

00 


-0179 

-0184 

— 

0*280 

—0*5 

-0045 

-0*068 

—• 

oo 


-0*044 

-0*069 

— 

0-280 

0 

4*0*120 

0 

— 

<X> 


4*0*12*2 

o 

— 

0*280 

4-0*5 

+OS78 

— 

-(on AB) 

00 

. 4-0*382 

— 

-0187 

0*280 

-f 0*535 

4-0*402 

— 

- 0*280 (B) 

00 


4-0*406 ! 

— 

-0053 

0*280 

4-0*75 

4-0*559 

_ | 

40*364 

00 


4-0*564 

— 

4-0 374 

0*280 

4-1*0 

4-0*769 

\ ' 

+0-680 

00 


4-0 776 | 

! ~~ i 

+0*692 


ratio of mjl. b is then computed from (53), and n/l and X/l 
from (57) and (59) respectively. A series of values for the 
case of m — 31/4 is given in fig. 4 (see curve marked T3/4), 
and it will be observed the “added length” shows a decrease 
with increase of the value of n, the final value as given by 
equation (68) being however reached very rapidly. 

The case of m — 1/2 admits of algebraic treatment, since 
it is obtained by putting a = K/2 or r = 45°. 
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sn(K/2) = 1/✓! + *', cn (K/2) = y/FJ(T+F), 
dn (K/2) = VF, Z (K/2) = (l-k')/2. 

We find that 5 = K/2, while from (57) 

* _ 1 , « (K) 

i“; ,oe 'ei0) 

Hence, from (59), 

?-N 

l 


1, 1 


2 1 . 1 

V*'-*' og vF 


(75)' 


7T 


log 2 ; 


(76) 


so that we have the curious result that, for the case of 
m =s Z/2, the “ added length ” is a constant independent 
of the value of n. This result is confirmed by the values 
given by equations (30) and (68) for the marginal cases ef 
« as 0 and oo. 


Comparison of “ Added Lengths .” o/ Buttress, 

T-Rib, and thin Bib. 

The second of these cases differs from the first in that it 
has the additional re-entrant portion of sides EA, AB (see 
fig. 6). This re-entrant portion obviously produces a decrease 
in the total heat-flow, the precise magnitude of which for 
the two cases of m = 1/2 and 3//4 is indicated by the distance 
apart of the B and T curves on fig. 4. The calculation of 
the complete curves, like those shown on fig. 4, for a series 
of values of mil would be very laborious ; but since the final 
value of the “added length*’ in either case is very nearly 
attained for comparatively small values of nfl, a close idea of 
the values in the two cases may lie obtained by using 
equations (37) and (68), which give these final values, 
i. e. for nfl s= oo . 

A series of values has accordingly been calculated on this 
basis, and is given in Table III., together with those 
obtained from equation (30) for the single thin rib which is 
the limiting form of both buttress and T-rib when nfl— 0. {j 

It will be observed that, for values of m/l up to 0 - 5, the- 
added length for the T-rib falls intermediate between those 
for the other two cases, while for greater values of m/l it is- 
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less than for the others, being in the limit when m » 4 one- 
half of the added length for either of the other oases. 

Table III. 

Comparison of u Added Lengthsof Buttress, T-Rib, 
and thin Rib. 



j 

Values of X// for 


mfl. 

njl s= 0. 

nfl = 

CO. 

* 

Thin rib. 

Buttress. 

T-rib. 

01 

0*0079 

0*0122 

0*0115 

0*26 

0*050 

0*065 

0*060 

0*5 

0*221 

0*250 

0*221 

0*75 

0*611 

0650 

0*587 

00 

1*181 

1*222 

0*929 

1 — - 
P 

ip-K ) 

U° g p 

2 

~l*gP* 



* Lees, PhiL Mag, 

. xvi. p. 739 (1908). 



General Note on Similar Cases. 

The cases dealt with above fall tinder the general head of 
polygons, the boundaries of which consist of two isothermab, 
at different temperatures, together with two flow lines joining 
the ends of these isothermals. The method of solution 
consists in transforming, through an intermediate plane, the 
polygon into a rectangle, the opposite sides of which form 
the pair of isothermals or flow lines, as the case may be, and 
in which the complete isothermal and flow-line distribution 
is therefore rectilinear. According to the boundary con¬ 
ditions, the final rectangle will be finite, or semi-infinite or 
infinite along one axis, or infinite along one axis and semi- 
infinite along the other. The first ease occurs when none of 
the two boundary isothermab or two boundary flow lines is 
situated entirely at infinity, while the other three cases occur 
respectively when one, a pair, or three of the boundary 
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isothermals or flow lines are so situated. There is also the 
special case where a boundary flow line or isothermal is o£ 
zero length, e.g. a point source. The rectangle appropriate 
to this case would be serai-infinite, the point isothermal or 
flow line of the z plane becoming the side of the rectangle at 
infinity. Examples of transformations from the w to the t 
plane applicable to the first three cases described above are 
equations (7), (27), and (62). It will be seen that the finite 
rectangle involves the first type of elliptic integral and the 
other cases simpler functions. In the fourth ease, which is 
infinite along one axis and semi-infinite along the other, the 
rectangle becomes in fact one-half of the intermediate (<) 
plane, so that the final transformation to the to plane is 
rendered superfluous. 

The transformation from the z to the t plane is, of course, 
more diverse in type and, as a general rule, more difficult of 
manipulation than that from the w to the t plane. It may, 
however, be pointed out that the cases of the buttress, recess. 


Kg. 9. 


and T-rib treated above have the common feature of a 
c-plane transformation involving in part the third type of 
elliptic integral, and that this fact, together with the 
common w-plane transformation, has resulted in the first 
term in the expression for the added length*’ being 
identical in the three cases (see equations (29), (49), and 

( 59 )). 

Attention may also be drawn to the method, followed 
where appropriate, throughout this paper, of deriving the 
;-plane transformation from a diagram obtained by dividing 
the figure by a line or lines of symmetry instead of using the 
complete original form. While this method of treatment 
has oeen of no immediate advantage in these particular 
instances, there are problems in which it results in con¬ 
siderable simplification, and in any event it serves to show 
the inter-connexion between cases apparently dissimilar. 
Thus, as already mentioned, Carter found it convenient, in 
dealing with the problem illustrated in fig. 9, to make nse of 
the c-plane transformation applicable to fig. 1 (c), both these 
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figures giving the contour of fig. 5 on insertion of lines of 
symmetry. The boundary distribution ot flow l.nes and 
isotbermals would not be identical in the two cases, but this 
would not afFect the 2 -plane transformation, but merely the 
second and sunnier transformation from t to to plane 

In a similar way the 2 -plane transformation applicable to 
fig. 5 wilt also apply to figs. 10 (a) and (6), in the latter case 


Fig. 10. 




—1 




, 


o 

b 


with the omission of either of the short upright lines if 
desired. Examples of problems covered by the r-piane 
transformation of fig. 3 are shown in fig. 11* e9 ®» 


Kg. 11. 



-il/iinlr b 

lol and ( b) are understood to have the second isothermal 
boundary at infinity, while in the case of (b) the alternate 
upright lines may be omitted if desired. Fig. 12 indicates 
problems governed by the s-plane transformation of fig. 6. 

Fig. 12. 


JL 


Finally, it may be pointed out that, since the complete 
«v»tem of the isothermals in any case is interchangeable 
Jith that of the flow lines, the solution of any problem give, 
that of the cognate problem obtained by effecting this 
interchange. 
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LY. Experiments on a Ferromagnetic Compound of Man¬ 
ganese and Arsenic. By L. F. Bates, B.Sc., PhJD. f 
Lecturer in Physics , University College, London *. 

I N an examination of the thermal and magnetic properties 
of a ferromagnetic substance consisting of equal parts 
of manganese and arsenic, the writer f found that the 
specific heat of the substance rose from a value of 0*12 in 
the neighbourhood of 28° C. to a value of about 0*14 at 
36° C., thence with increasing rapidity to a value of about 
1*0 at 42° C., and then fell rapidly to a value of 0*13 at 
45° C. The maximum value of the specific heat was found 
at 42*2° O. It was also found that the rate of decrease of 
the intensity of magnetization with rise in temperature, 
was a maximum at 42*2° 0 -, whereas dl*(d,T was a 
maximum at 41*5° 0 . According to the Weiss theory of 
ferromagnetism, the specific heat of a ferromagnetic sub¬ 
stance should exhibit a maximum at the temperature at 
which dP/dH is a maximum. 

It was therefore hoped that further information would 
be obtained from experiments carried out on the following 
lines. A glass apparatus of the form shown in fig. 1 
was constructed. Very short platinum wires were sealed 
through the lower ends of the vertical tubes. Some of the 
substance was placed in these tubes, so that the platinum 
leads were completely covered. The apparatus was then 
filled with a solution containing 40 c.c. of decinormal 
hydrochloric acid and 60 c.c. of distilled water, in which 
was dissolved 4*44 gm. of manganese chloride. A cork was 
fitted to each tube, and through that in tube A there passed 
a thermometer whose bulb rested in contact with the sub¬ 
stance. The tube A was placed in a glass vessel containing 
paraffin and provided with an electrical beater, stirrer, ana 
thermometer, whilst the tube B was placed in a glass vessel 
and surrounded with ice. The potential difference between 
the two electrodes was frequently determined as the tem¬ 
perature of the tube A was slowly raised. Curve a (fig. 2) 
shows a typical set of determinations, obtained after the 
substance had been in contact with the solution for some 
days. It will be observed that as the temperature rose the 
electrode A was at first positive with respect to the electrode 

• Communicated by Prof. Alfred W. Porter, F.R.S. 
t Bates, Proc. Roy. Soc. A, cxvii. p. 680 (1928). 

Phil, Mag. S. 7. Vol. 6. No. 36. Sept. 1928. 2 Q 
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B, the potential difference gradually reached a maximum 
aud then decreased slowly, until in the neighbourhood of 
40° C. it began suddenly to decrease, attained a minimum 
and negative value and again increased. The pheno¬ 
menon was not a simple one, for the shape of the curve 
depended on the rate at which the temperature was raised 
during the set of observations. Thus curve b (fig. 2) shows 
the type of curve w hich was obtained when the temperature 
of the tube A was raised about four to five times as quickly 


Fig. 1. 



as in curve a (fig. 2). Curves of an intermediate form were 
obtained when the rate of rise of temperature was between 
the rates for curves a and b. Some further information was 
obtained from a set of observations made as follows. The 
temperature of tube A was raised slowly to 21° 0., and then 
maintained constant for forty-five minutes. During this 
interval of time the electrode A became considerably less 
positive. The tempcratnre was then slowly raised to 29° C., 
and the potential at the end of an equal interval of time 
again showed a considerable change in the same direction. 
This behaviour continued at each stationary temperature 
until a temperature of approximately 41° C. was reached, 




Potentfa/ Difference 
MiffivoftS 
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where, during the forty-five minutes for which the tem¬ 
perature was maintained constant, the potential of the 
electrode A became considerably more positive. Similar 
changes were always observed when the temperatnre was 
above 41° 0. These changes were no doubt due to polar¬ 
ization phenomena. When the temperature of the tube A 
was raised more and more quickly, the polarization pheno¬ 
mena would be less and less completely established, and this 

Fig. 2. 



12 20 30 40 50 

Temperature °C. 

Note .—The ordinates of curve b have been displaced downwards by 
30 millivolts. 


would contribute a great deal to the differences between 
curves a and b (fig. 2). Now the substance exhibits pro¬ 
nounced temperature hysteresis, the ferromagnetic properties 
disappearing completely at 45° 0. when the temperature is 
raised from 0° C., and reappearing at 34° C. when the sub¬ 
stance is cooled. The behaviour of the potential difference 
was therefore followed when the tube A was initially heated 
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to 54° C. and then allowed to cool. At 34° 0. there was a 
sudden change in the potential of the electrode A, the 
electrode becoming more negative and reaching its most 
negative value at about 30° 0., after which it became more 
positive. The changes, however, were very much less 
marked than those previously described. Such cooling 
experiments were difficult to carry out in a satisfactory 
manner, and the results were very difficult to interpret. 


Discussion. 

The above curves indicate in a striking manner the 
existence of a critical point in the neighbourhood of 42° C. 
Polarization phenomena, of course, make the interpretation 
of the results somewdiafc difficult. Let us assume, however, 
that we are dealing with a reversible electrode, and that q 
is the amount of heat liberated when an amount of the 
substance carrying unit charge of electricity goes into 
solution. Then the relation T(d*E/dT 3 ) = —dgjdT should 
be obeyed. Included in the quantity q is the energy of 
demagnetization, and thus dq/d T must contain the corre¬ 
sponding rate of change. According to Weiss this is 
directly proportional to rfF/dT. Consequently, on this 
theory, T(d?E/dT 2 ) should exhibit a maximum at the tern- 
per at ure at which the value of dV/dT is a maximum. 
Naturally, this assumes that no complicated chemical 
changes obscure the maximum. The above curves show 
that a maximum value of T(d*E/dT*) occurs just about 
42° C. In the experiments on specific heat the maximum 
value of the specific heat was found at 42*2° C., whilst 
dl*/dT was a maximum at 41*5° C. Since the substance 
was investigated in the form of a powder, it was conceivable 
that a lag in the apparatus used for the determination of the 
specific heat, or poor thermal conduct!vitj^ of the substance, 
was responsible for the difference between the experimental 
and the theoretical temperatures of the maximum specific 
heat. The present results appear to indicate that the 
difference is a real one. It may be mentioned here that 
the experiments of Sucksmith and Potter * show that the 
specific heat may behave in a very different manner from 
tnat predicted by the Weiss theory. Their experiments 
were made at high temperatures, and experimental diffL 
culties prevented them from finding whether the maximum 

* Sucksmith & Petto, Proc, Boy. Soc. exii, p. 157 (1926). 
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value of dl 3 /d T actually coincided with that of the maxi¬ 
mum value of the specific heat in their experiments. It has 
been suggested * that the atoms of ferromagnetic metals are 
associated in definite groups containing ions of different 
valencies which possess the same magnetic moments as 
the ions in solid salts and paramagnetic solutions, although 
it now appears very doubtful f that the magnetic carriers 
in paramagnetic solutions are simple ions. We can only 
say that the above results do not oppose this suggestion. 
On the theory of ferromagnetism recently put forward by 
Honda | the loss of ferromagnetism would result from a 
re-orientation of the nuclei of the manganese and arsenic 
atoms in such a way that the resultant angular momentum 
of the group of atoms was no longer negligibly small. 
Presumably the energy supplied with rise in temperature 
would cause destruction or modification of the group so that 
the individual nuclei would be free to rotate, and the 
resultant angular momentum of the group would be too 
large to permit it to be orientated by an external magnetic 
field. Thus on Honda’s theory the rate of change of the 
intensity of magnetization should correspond with the rate of 
supply of heat with rise in temperature; and this is what 
was shown in the previous experiments. However, it 
appears that the Honda theory would require the absence 
of the gyromagnetic phenomena which have been firmly 
established by the experiments of a large number of workers. 


Summary. 

Experiments are described which show the behaviour of 
the potential difference between a ferromagnetic substance, 
consisting of equal parts of manganese and arsenic, and a 
solution containing a manganese ion. Pronounced changes 
occur as the substauce passes through Its magnetic critical 
temperature. 

It gives me much pleasure to acknowledge the kind 
interest with which Professor A. W. Porter, F.R.S., followed 
the coarse of this work. 

* Stoner, Proc. Leeds Phil. Sac., Jan. 1926. 
t J 008 , Annalen der Phys. lxxxv. p. 641 (1928). 
t Honda, Zeit.fur. Phys. xlrii. p. 691 (1928). 
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LVI. Notices respecting New Books, 

Cremona Transformations, By Hilda P. Hudson, Sc.D« (Cam¬ 
bridge University Press. Price 42s, net.) 

f I 'HIS volume gives a connected and comprehensive account o! 

* Cremona transformations in plane and apace, with their 
applications to problems in higher geometry, especially to the 
resolution of singular points of curves and surfaces and the study 
of contact theories. Miss Hudson’s researches, on both plane and 
space transformations, extend over a number of years, and her 
contributions to this branch of mathematics are well known. 
The bibliography shows in some measure the wealth of material 
largely incorporated in this work. [Reference is made to Coble's 
report on Cremona transformations, and applications to algebra, 
geometry, and modular functions. All the important results of 
modern investigators are here collected and classified, and in this 
way valuable service has been rendered to workers in this special 
branch of geometry. An interesting chapter is devoted to the 
history and literature of the subject and attention drawn to 
problems which await solution. This volume is a worthy 
companion of the mathematical treatises already published by the 
University Press. 


Theory of Vibrating Systems and Sound . By Ikying B, Crandall, 
Ph.D. (Macmillan & Co., St. Martin’s St., London. Price 
20s, net.) 

Dr. Crandall’s book is largely based upon the lectures given by 
him at the Massachusetts Institute of Technology, and presente, 
in the main, a mathematical treatment of the subject of Sound. 
Bessel functions of various kinds, with real, imaginary, and 
complex arguments, are in evidence in the study of vibrations of 
circular membranes, cylindrical tubes, vibrating strings, and the 
resistance coefficients for conduits. The chapter on radiation and 
transmission problems deals with the end corrections for a tube 
and the study of conical and exponential horns. The investigations 
of P. B, and W, B. Sabine in Architectural Acoustics are largely 
incorporated in the final chapter. Problems on the subject 
matter are given at the end of the chapters. 

To those interested in acoustic research, the appendix giving 
the recent developments, both experimental and technical, will 
be helpful. Reference is made to original papers contributed 
during the last four or five years and include such diverse subjects 
as telephones, resonators, and transmitters, and the numerous 
devices introduced during the war for submarine signalling, sound* 
ranging, and direction-finding. 
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r The Acoustics of Buildings. By A. H. Dayis, D.Sc., and G. W. C 

Kayjj, D.Sc. (George Bell & Sons, fork House, Portugal St 
London. Price 15*. net.) 6 * 

This volume on the behaviour of sound in buildings deals with 
the technical aspect of the subject. The introductory chapter 
011 the production and measurement of sound is devoted to the 
analysis of sounds and the characteristics of speech, and describes 
some of the modern instruments for the measurement of sound 
intensity—Rayleighs disk, the hot-wire microphone of W. S 
1 ucker, and the electrostatic microphone of Wente. The practical 
applications of acoustic theory are considered under various 
headings; the reflecting characteristics of boundaries and the 
method adopted in their study-some excellent photographs 
™™ te the sound-pulse and ripple-tank methods ; reverberation, 
with the methods for the measurement of absorption coefficients 
and the correctness of defects due to echoes and reverberation. 

le researches of At . C. Sabine and his successors in the Jefferson 
Physical Laboratory, and, within the last ten years, in the Sabine 
laboratory, Geneva, Illinois, and those of F. R Watson 
investigated in the National Physical Laboratory, are reviewed in 
*f sec on ^ measurement of sound transmission. An 

interesting chapter on special types of auditorium traces the 
development of modern practice from the open-air theatre, Greek 
and Ronmn, and discusses the acoustic properties of buildings 

thl h » m * E " g an ? and u Ame r nca - , B y bringing together many of 
he most recent results of applied acoustics, the authors have 
placed workers in this field under a considerable obligation. 

Foundations of Euclidean Geometry. By H. G. Fobdeb, B.A. 
(Cambridge L mversity Press. Price 25*. net.) 

EucHrS^ haS * 8Uccessfull .V accomplished the task of erecting 
Luchdeau Geometry on a sound yet narrow^ basis and has provided 

with ,w. eC ^ d °, Dd “porous” account of modern investigations, 
of or 1 CaS1 °j a re ^ erences nou-Eudidean geometries. Axioms 

“"•■I- -a 



fcha -‘ P 1 *™ poiygoos ana poijhedm, 

chapters^*™ Jr 6 * 8 , °l. vo ^, u,nes of polyhedra. The last two 

Elementare"i? e ^ 0 l ed *i! 0 4 E,er,S - Set of axiom8 (“1* Geometria 
with thft ^i \ the d,8CUS8,on of the angle-sum of a triangle, 

alTdren^MS theor >' of non-Euclidean areas. References Ire 
whicl 73£ * faer “W"" ,nf 0 the foundations of Geometry 
work of W«»wi r0r j S 18 * 1 ® 1ven V author, in particular the 
symbols an/ Jl” d Veb l eu ’ , The 1,001 olo8e8 *»tb useful lists of 
SS«lSiS!r of f ord «, congrnence, etc. The author 

a general imnrot * * care , f 4 1 stu<J y of the volume should result in 
a general improvement of Geometrical teaching. 
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■Practical rhysics. By T. 6. Bedford, M.A. (Longmans, 
Green & Co., 39 Paternoster Row, London, Pries 10*. 6d. net.) 

Mb. Bxdfobd’s wide and varied experience as Demonstrator in 
the Cavendish Laboratory has been drawn upon in the compilation 
of this excellent text-book of practical physics—a modern 
“ Glnzebrook and Shaw.” The large number of experiments 
described cover the elementary portions of the subject, properties 
of matter, heat, light, sound, magnetism, and electricity; many 
of the experiments require only the simplest kind of apparatus, 
but even with this slender equipment a considerable degree of 
accuracy can be obtained. Other experiments of a more advanced 
character given in the additional exercises at the end of each 
chapter are intended for those who have completed the preliminary 
course. Students who have mastered the book will be well fitted 
to undertake the experimental work in elasticity, optics, etc. in 
Dr. Searle’s well-known volumes. 


Medric Rectifiert and Valve*. By Prof. A. GtlxTHERSCinnxB. 

Translated by N. A. nx Bruin*, B.A. (Chapman & Hall, 

11 Henrietta St., London. Price 15s. net.) 

Mr. nc Bbctbx’s book is both a translation and revision of 
Prof Gunthersehulse’s “ Elektrische Gleichrichter uud Ventdle.’* 
The first part of the book, the physical theory section, sets out 
the principles of valve-action and brings under review the 
introductory study of atomic structure, electric conduction in 
gases, electron production (photo electric, thermionic, and glow), 
arc and spark discharges, and electrolytic rectifiers. The second 
part, technical section, opens with a chapter on the mathematical 
theory of valves, giving in particular the equations for various 
arrangements of valve circuits. Mechanical and electrolytic 
rectifiers are briefly noticed, followed by an account of the 
Webnelt rectifier and the different types of mercury arc rectifiers. 
A table is given showing the useful ranges of different kinds 
of rectifiers. The publishers have rendered good service by 
adding this volume to their series of technical manuals. 


IT he Editor* do not hold themselve* responsible for the 
views expressed by their correspondents .] 
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The first work which was definitely shown to have given 
a separation of isotopes, that is. a change of the atomic 
weight of the element, is that of Harkins and Brookor *. 
They obtained an inctease (AM) of 0 055 onit in the 
atomic weight of chlorine, in January 1020, by the diffu¬ 
sion of hydrogen-chloride gas through the walls of porous 
churchwarden pipe-steins at atmospheric pressure in the 
apparatus shown in fig. 1. The cut (0) was 8000, that is, 
the first of the final heavy fractions produced contained 
1/8000 as much hydrogen chloride as was used for the 
initial diffn-ion. The procedure is shown diagrammatical!}* 
in fig. 2. The materials used for the work were extremely 
pure hydrochloric and sulphuric acids, and sodium bicar¬ 
bonate, and purifications were made both before and after 
the final diffusion. Five determinations of the change of 
atomic weight, made by an accurate method and arranged 
in the order of the determination, gave values (AM) of 
0*052, 0*059, 0*057, 0 55, and 0 53 unit. Since inter¬ 
mediate purifications were made, and the hydrogen chloride 
was proved to be free from iodine and bromine, the fact 
that there is no general trend in one direction in the values 
shows that this was actually a separation of isotopes. The 
increase of atomic weight, based on the ordinary theory of 
diffusion, should have been 0*089, so the efficiency was 
452 per cent. 

Another separation begun even earlier, but completed 
laterf, gave, with the same ent, an increase of atomic 
weight of 0*043 unit, or an efficiency of 48 per cent., while 
a separation of the light fraction t gave a decrease of 0 039 
unit, with a mean efficiency of tH5 per cent. These were 
both carried out by the use of churchwarden pipe-stems of 
the same general character as those used by Harkins and 
Broeker, and the general method umm! was the same. 

An increase in the diameter of the pores of the pipe-stems 
decreases the efficiency. For example, in the second sepa¬ 
ration of the isotopes "of chlorine § a ent of 12,000 gave an 
increase of atomic weight of 0*040 unit, with an efficiency 
of 36 per cent. The diffusions were carried out with great 
care, hut it was found that the pores in the walls of the 
porcelain tubes, which were prepared specially for the work 
by the Bureau of Standards, had larger diameters, as 

• * Physical Review,' xv. a. 74 (Feb. 4920); * Science,’ li. p, 289 
<1920); 1 Nature,’ ev. p. 230 (1020). 

+ Harkins & Liggett, J. Pbys. Chem. xxviii. «. 74 (1924). 

t Harkins & Jenkins, 3. Ant. Cheat. Soc. xhrtii. P 58 (1926). 

$ Harkins & Hayes, J. Am. Cbem. Soc. xliii. p. 1088 (1921). 
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Fig. 2. 



Theoretical increase of the atomic weight (x-axis) of chlorine with the 
cut (jhuJb). The cut is the weight of the chlorine diffused divided 
bv the weight of chlorine in the heavy fraction or undtffuaed residue, 
'file number of the operation is plotted on a s-oxis, so the lines repre¬ 
sented by dashes, such as If,", IJ 3 ", H," t are supposed to lie almost 
vertically above the line 0, H,, H,. H, with the x, y plane horizontal. 
This line is slightly curved, though it appears <«> ’be straight. The 
original sample (0) is diffused with a cut of 20- The residue is 
represented at H,, while the diffusate is not shown, since it is 
treated in such a way as to give cuts of 2. The sample If, is now 
diffused, with a cut of 20 to give II„ while the remaining 19/20 goes 
to H t \ The sample H, is diffused, 1/20 going to II„ and 19/20 to 
H t *. Thus H,' contains the light fraction from H„ but it eoriaiw 
the heavy fraction from H,', since these are practicalIv identical in 
atomic weight. As a result of the fact that If,' contain# two united 
fractions, it is much heavier than H,. For the reason t ha t 11 ' 
comes from H,', which is heavier, and H, from H s , which is lighter, 
the sample H' has I-9 times the weight of 11. He combined heavy 
fractions, H,. H/, H,", II,'", contain 9 times the material of if, 
alone, yet their average atomic weight is onlv slightly lew. The 
cut of 8000 referred to in the paper i* that of the heaviest fraction 
H„ while the atomic weight# listed are those of the combined heavy 
fractions. Thus the greatest increase of atomic weight attained 
(for Hs) ia slightly higher than that reported in the paper. He cut 
for H,"\ for example, is riven by the intersection of the dotted line 
from Hi'" and the line OH, that is, the point is the vertical projec¬ 
tion of Hi"’ on the x, y plane. 
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revealed by microphotographs, than those of the church¬ 
warden pipe-stems. 

With pores of a given diameter the efficiency, with refer¬ 
ence to the change of atomic weight produced by a given 
cnt, increases as the pressure decreases. Thus at low 
pressures the efficiency increased to from 00 to 98 per cent.*, 
with diffusion walls of churchwarden pipe-stems. 

It has been shown f that the value of a separation varies 
as the cube of the change of atomic weight attained. If 


Fig. 3. 

A 



Apparatus for the separation of mercury into isotopes by vaporization 
at low pressures. B, heavy residue; E, light condensate; A, uier- 
curr-«oaled joint for connexion to vacuum-pump; F, Dewar jacket 
for holding ice used for cooling. 

both heavy and light fractions are involved, then the value o 
varies as the sum of the cubes of AM. For example, seven 
months after Harkins and Broeker had attained an increase 
of 0*055 in the atomic weight of chlorine, Broensted and 

* Harkins & Mann, unpublished work completed in 1922. 
t Ifalliken A Harkins, J. Am. Chem. Soc. xliv. p. 37 (1928 ); 
‘ Science,’liv. p. 359 (1921). 
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Hevesy obtained a minute increase of 0*006 unit and a 
decrease of 0*004 unit in the atomic weight of mercury. 
It is evident that this later separation had only about 1/600 
the value of that secured earlier by Harkins and Broeker. 
Since Broensted and Hevesy * gave no evidence that their 
mercury was pure, Mulliken and Harkins t evaporated 
mercury (fig. 3) at low pressures and condensed it by 
eooling with ice and water. This gave a separation of 0*027 
unit and an efficiency of separation which was found to be 
80 per cent, with one type of apparatus, and proved to be 5 per 


Fig. 4. 



Apparatus, similar to that of 6g. 3, for the experimental determination 
of the coefficient of separation (B) of mercury into isotopes. The 
distance from the upper surface of the mercury to the upper con¬ 
densing surface D is kept small. This surface ie coded by liquid 
air or solid carbon dioxide held by the Dewar jacket B. The value 
of B was found to be 0*0060. 

e*nt. higher than that of Broensted and Hevesy. Thus the 
efficiencies proved to he of the same order of magnitude with 
ice water and with liquid air as cooling agents. 

What was assumed to be an efficiency 100 per cent, was 
obtained by the use of a special evaporator, with the 

• Broensted & Hevesv, ‘ Nature,’ cvi. p. 144 (1020). 
f Loe. tit. 
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evaporating and condensing surfaces close together, as given 
in fig. 4. The cooling was produced by solid carbon dioxide 
and toluene. 

Table I. gives the change of atomic weight (AM) obtained 
in four later separations of mercury into isotopes, and 
includes the results obtained in the work of the present 
paper. 

Table I. 

Later Separations of the Isotopes of Mercury, with their 
Relative Values. 


Broensted and Hevesy * ... 

-fM, 

0*046 

-M. 

0-052 

V+- 

0-2 e.e. 

V~. 
0*2 e.e. 

Value. 

1*00 

Harkins and Madorsky 4 ... 

0*05*2 

0044 

0*28 

032 

1*40 

Mulliken; . 

0*0504 

0-0512 

2200 

22*00 

121*00 

Harkins and Mortimer ...... 

00962 

0C931 

7*50 

8*00 

276*00 


The value of the separation as given in the last column 
gives an estimate of the relative time necessary to produce 
the change of atomic weight obtained and the amount of 
material secured in the extreme fractions, that is, those which 
differ most in atomic weight. The relative value of the 
separations secured by Mulliken and by Harkins and 
Mortimer would be even higher if account were taken of 
the values oE the intermediate fractions. 

That large end fractions have a much greater value than 
those which are small may be illustrated as follows. The 
total separation obtained in the work described in this paper 
is 0*189 unit of atomic weight. However, the heaviest and 
lightest fractions contain about 100 grains each. By the 
use of a small unit of the general type described later, 
the atomic weight of the heaviest fraction could be increased 
by 0*022 unit in less than an hour, and by a few hours* work 
that of the light fraction could be decreased as much, so that 
in less than a day the total separation could easily be in¬ 
creased to 0*23 unit, and from the other heavy fractions 
this could in a few days be increased to more than 0*25 unit. 
This involves only the reduction of the volume of the end 
samples to about 0*2 o.c. That is, in the work of Broensted 
and Hevesy, and that of Harkins and Madorsky, the total 
separation attained would have been only about 0*05 unit of 
atomic weight if they had kept the samples as large as in 

a Broensted Sc Heveav, Phil. Mag. xliii. p. 31 (1922). 

t Harkins & Madorsky, J. Am. Chem. Soc. xlv p, 591 (1923). 

X Mulliken, ibid. p. 1592. 
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tlie present work. * Their aim was to crowd all of the value 
in terms of change of atomic weight alone into the final 
fractions, which means that the work could not be continued 
farther in a systematic way ; while in the present work the 
purpose has been to leave as uniform a set of fractions as 
possible over the whole interval, so that the progress of a 
later much greater separation may be continued without 
interruption. 

The separation coefficient of zinc is about three and a half 
times that for mercury, so it would seem that it would prove 
a more satisfactory element to use if a rapid separation is 
desired. The attempts to separate the element into isotopic 
fractions have, however, given less favourable results. Thus 
Egerton and Lee* obtained values of AM=s0*017 and 
—iVM=0*018, while Harkins and Buckner f were able to 
increase the atomic weight by only 0 027 unit. 

II. APPARATUS Foil THE RAPID SEPARATION OF MERCURY 

into Isotopic Fractions. 

In the attempt to obtain ah apparatus which would separate 
isotopic fractions of mercury very much more rapidly than 
in earlier work, Harkins and Madorsky developed the steel 
apparatus shown in fig. 5. The annular trough which holds 
the mercury is heated by a coil of nichrome wire, upon which 
it rests. Fig. 6 shows a similar, larger, apparatus in which 
the heating is secured by a coil of wire sheathed with steel, 
which lies at the bottom of the mercury. By the use of the 
smaller unit the separation of 0*1 unit at atomic weight, 
already mentioned, was obtained. The large unit was used 
only enough to prove that it gives a high efficiency with 
large amounts of mercury. In this apparatus a speed of 
evaporation of about 100 c.c. (more than 1 kg.) per hour 
gives an efficiency of 90 per cent, or more in the separation 
of isotopic fractions, if the pressure is kept between 0*001 
and 0*0001 mm. of mercury. 

The light fraction of the mercury may be allowed to flow 
fn x a constant stream from the lower end of the glass tube at 
thb bottom of the apparatus. This tube is bent at the bottom 
in \sueh a way that it retains a column of mercury of baro¬ 
metric height, even if the stop-cock is kept open. This bend 
is not shown in the diagram. The mercury which flows from 
this\tube is always about 0*004 unit of atomic weight lighter 

* Egerton & Lee, Proc. Roy. See, eiii. A, p. 499 <1928), 
t H&rkins 4 Buckner, UnpubHsbed work, begun in 3921 and com¬ 
pleted fn 1924. * 
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than that present at the time in the trough. To prevent too 
^pUlary * U ^ e is mat * e ^ rom ® moderately narrow 


Fig. 5. 



Isteel vacuum apparatus for the separation of mercurv into isotopes bv 
vaporization at low pressures, B and C. parts of steel apparatus"* 
fj merc ^ r . v sea [ ^ or vacuum; A, brass cylinder for ice and salt* 
f >, annular steel trough of 190 c.c. capacity and 98 sq. cm. area of 
mercury surface; E, watch-glass with hole in centre for catching 
light fraction from inside eaves of condensing roof It The mercurv 
flows constantly into O, which ends below in a capillary tube of 
barometric height. This is bent at the bottom in such a wav that 
mercury remains m the capillary with the stop-cock open/ The 
heating coil * is directly underneath the trough IX In the newer 
models the platinum wires t i enter through insulating plugs through 
the steel base. The trough 1) is supported by glass rods f. When 
in operation the ppparat us requires almost no attention, except for 
emptying the light traction from the graduated cylinder in which 
it is collected about every half hour, and tiling the cylinder 
with ice every two hours. The vacuum should be kept at about 
0*0001 min. of mercurv. The apparatus has a small conical roof 
(not shown; at B which is used when it is desired to work with 
much smaller amounts of mercury. In this case a small circular 
trough is set ou an independent heating unit in the centre of the 
apparatus, and the larger annular trough D is not used. 
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After this steel apparatus, with its ^attached 

a is w f keTpIS 
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Fig. 6. 



Appanrtu* A b*£jt £to ill brtSTefi the 

sjrts s. * & »•* -* ^ 


of the liquid, which acts as a membrane with pores of "'olecular 
dimensbns into the gaseous phase above. 1 an efficiency 
ifimSn of 100 per cent, is to be attained, no atomsof 
mercury can he allowed to pass from the gaseous phase into 

‘ he 5 rk< dU*A*mt°g'«f ‘hf -**•* of ««<« £ 

1^, i. (W « «.««*»«. jjw** ."1. 

\nvne area of surface is obtatned, watte tn gaseous 
vf # J„ throuoh a membrane a small amount of material may 

ifSZSTXh a large «t«, M incuamjT^t, th, 

,&rf£ %ara l iJ. Th. f»rm.r m.<h«t h.. th. 
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additional disadvantage that a lower pressure is necessary 
for the same efficiency. 

Combined Diffusion through a Membrane and Vaporization 
at Low Pressure . 

In 1921 one of the writers (Harkins) constructed an 
apparatus which was intended to combine the separation of 
isotopic fractions by vaporization at low pressure with a 


Fig* 7* 



Apparatus for the separation of the isotopes of mercury by a combined 
evaporative-diffusion from the surface of mercury in the flask, and 
diffusion through a membrane of filter-paper* At B and A glass 
springs are sealed, and these lead into capillary tubes of barometric 
height 8 lied with mercury* The complete unit is about 10 ft. high. 
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a “ embrane » so ^at both processes might 
,fl b T g ^u ab °“* h Y on .® °P«™tion. Mercury vapour from 
* dash wrth a wide yertical neck was passed upward into a 
verbcai tube of porous porcelain. The fatter waf surrounded 

wair^s^Jn 0 ^ ° f fl gla8S ’ hotween the walls of which cold 
water was caused to flow rapidly. The mercury condensed 

certain ^ • P° rce * a “* wad was found to possess 

d -i ad lf ta f eS 1 VVlth res P ect fo its use as a membrane. 
Ifo considerable thickness made the passage of the vapour 

^mparabvely sfow It was found, tooTthat if the porceCn 

mereurvennH* heatin g coil of wire around it, 

mercury condensed near the outer surface, and this stopped 
the passage of the vapour. FF 

_jJ®; ^^embrane should be extremely thin and have 

7 2?® pores. I be best membrane found in these 

ChKflh 18 fiIter 'P a j ,er (Whatman paper No. 5 was used), 

Z h not k fZ!hf ‘ r * 8Q v ” S°T the « r ® at disadvantage that it 
w not durable. Nevertheless, six units with filter-paper 

,wLl 6 hm • bj v MalKken *’ who » a weeks of 
iE™!, 0 ^ 1011 obtained light and heavy fractions of 

eacb> Wi ? • diff «™<* of atomic 
shorta «Lf 102 Unit ’ a " extreniej J large separation for so 

th l b * h » ait ? “, sed * n OHr , wor k w «re much more convenient 

MnlliUn Dg Ti bey r e - e a,mOSt identical with, those used bv 
Mulhken. The only important change was the substitution 

of a lower ground-glass joint (fig. 7) for a glass seal. This, 

»»gl. ani^^t "" #I “"'W CT “ » 

bv S extr!»mL U f ite ' M t° P f 51 " ing,e ,0W lmoch and Seated 
SJh * T 7 * JP ^ e . ker burners, were used. An asbestos- 
hned, well.ventilated iron hood, with a two-piece removable 
toj, was fitted around each flask, in order to secure the 
unrfonmty of heating essential to keep the efficiency of the 
process constant. 

III. Theory of the Separation of Isotopes by 
Diffusion’. 

c °uuexion with his work on the separation of the rare 
gases of the atmosphere, Lord Rayleigh t developed equa¬ 
tions for the increase of density of the heavy fraction, or 
residue, these equations were put into a much simpler 

* R. S. Mulliken, J Am. Chern. Soc. xlv. p. 1502 (1023). 
t Rayleigh, Phil. Mag. <f>) xlii. p. 498 (1896). 
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form by Mulliken and Harkins *, who also developed rela¬ 
tions for the change o£ density o£ the diffusate, that is, of 
the light fraction. Their general equation is 

(1—1) logC = k (log(*j)o—log*i) —log (x,) 0 +logar,. (1) 


A simpler eqnation, 

AM •= C ass D InC, . . (2> 


gives a good approximation. Here k 


c 



, in which 


c is commonly assumed to be equal to 2, «, and se, are the 
mol fractions o£ the isotopes present, and M is the mean 
molecular weight. The increase of molecular weight for a 
certain cut varies as the square of the difference of the two 
molecular weights, and inversely as the mean molecular 
weight. A more accurate coefficient is designated as B, 


or 

AM = B In C.(3) 


For n identical operations the change of atomic weight 
of the diffusate (light fraction) is 

AM ~ — B^l—BH InIn, . . (4) 


in which 


and 


(1—1) (M„—M,) 

... (5) 

TT % 

11 — 2.r l .r,(M } —Mj)‘ ‘ * * 

. . . (6) 


The progress of a separation of isotopes up to a cut of 16 
is shown in fig. 8. Equation (3) holds for any number of 
isotopes, but it is obvious that the expression for B is much 
more complicated than that given in equation (5). Fig. 9 
shows the change of relative density of a number of isotopic 
materials as the cat progresses up to ten billion. 

The above equation (3) shows the dependence of the 
atomic weight change on the separation coefficient B. In 
all known cases the coefficient B is small, which necessitates 
very rapid and systematically repeated operations if a large 
separation is to be obtained in a reasonable time. The 
efficiency of each individual operation is important, and is 

• Loc, tit. 




Fig. a 
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Generalized plot showing atomic or molecular weight of fractions ob¬ 
tained during a 100-per-cent* efficient diffusion or irreversible 
evaporation of a mixture of isotopes* The ordinates are expressed 
in terms of the “ separation coefficient * B m a unit; this has a 
different numerical value (usually about 0003 to 0*02) for each 
element* The value of B changes slightly with M. The symbol 0 
stands for the 44 cut ” or ratio of quantity of material* in the 
residue at any time to the initial quantity*; f»r any abscissa on 
the lower scale, the 44 cut * is merely the reciprocal quantity. The 
“instantaneous diffusate” curve gives at anv point the composition 
of the materia! which is at any instant diffusing or evaporating from 
residual material corresponding to the same abscissa. Note that 
this curve has exactly the same form ns the residue curve, and 
differs only in an upward displacement of the ordinates by B units* 
Each point on the “ total diffusate” curve gives the average com¬ 
position of the material which has diffused or evaporated from the 
beginning up to that point. The various dotted curves give 
the composition of fraction* of the total diffusate beginning at 
various points after the beginning of the operatim. The meaning 
of the total diffusate curves can be made clearer by a UlL 
examples. Tnus, Point 1 gives the composition of Jhe diffused'^ 



curve, the total diffusate curves show* how the original mate**^ 
he divided efficiently into isotopic fractions. For examp 
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curves show that the diffusate might he collected in fractions 
as follows: 0-25 per cent., M= -0 865B; 25-50 per cent., 
M = —0*462 B; 50-7o per cent., M®0. If the operation were 
stopped here, the residue would have the atomic or molecular 
weight M+l-386 B, if M is the original atomic or molecular 
weight. The initial value of B is 0*0060 for mercury, 0*0095 for 
hydrogen chloride, 0*0049 for chlorine, about 0 002 for potassium, 
and 0*02 for zinc. 

secured in the present apparatus by combining in successive 
steps two different methods of separation. The superposition 
of an efficient molecular diffusion on an inefficient evapora¬ 
tion accomplishes the effect of increased efficiency. 


Kg. 9. 



Uelaiive increase of density — with the logarithm of the cut. 

M. jo 

The increase of molecular weight is equal to —j-*. 

In any single diffusion the residue is enriched in the 
heavier isotopes, and the diffusate is enriched in the lighter 
isotopes. For the “ instantaneous ” diffusate the change in 
atomic weight (fig. 8) possible in this one operation is 
AM« — B. Obviously, then, since B is small, large 
decreases of atomic weight can be secured only by repeated 
operations by subjecting the diffusate to many diffusions. 
With the residue on the other hand, large increases can be 
secured iu a single operation by starting with sufficient 
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material and making a large 

the equation which applies to the resmne, &q ex _ 

in which AM depends intermediate 

tended separation, h ° w ° v *J' d g J s / st «Ltic fractionation 

t^^^-s-fes-ssss 

=+AM-EBln2 = 0-693BB, 

«n equal end oppoeite chrage l»mgthencontrolled largely 
tion. The efficiency ct the?"«•»» i. wen ^ ^ 

^taffCn rory greiy minimired in the operatic, of 
the present apparatus. 

IV Systematic Fractionation. 

Suppose a ®y°*l n ^^^]|i|^^^ogeneoiM »®pl*°into n^iet 

of fractions, all o ., . .v ; n ;tjal composition M®. 

AM intervals on both sides of the of ind i- 

The simplest procedure t whicfa ft jrac tion of size 2Q 0 
vidnal operations*^ j nto two fractions of size Q® 

and composition M ^ study of the fractionation 

and composition M±Ed- • fi „_i pairs of fractions 
procedure shows ^ j£,ViJ additional unit 

We already been V roM *^ dooe the nth pair of 
operations will he r )ng up or increasing m 

Siuy S orlhc°pre&.ly-pro'doccd freedom,. An .sample 

the, r -w the inventory of 

the fractions of mercury is as o 0 JJ 3 . each of size Qo- 
L3, L 2 , hi,™™ ^T^Wlowing designates the light 
tJtfSKSfrJE* number dc.ign.te, 

. Mem die eeh~e of TS&&Z S 

effietamf — *•' SSJSS. £%S» thm ™ ~ n«d for 

mx parts per million. . r ly twenty parts per million from each 

since the fractions wens L c J„T nst wheneveTi unit is emptied and 

other. The loss in efficiency ^curr^/ uoit ^ tha t very little mercury 

” fil SJdt?th™ SJSJASf‘and hy adding the siphon sothat the 
^ k Mul P liken, C j m Am Sh ero - Soc. xlv. p. W01 (M®8) «*«• 

the same discussion. 
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heavy fractions ; thus LI has been produced by one diffu¬ 
sion by a cat of two on ordinary mercury, and M2 has been 
produced from ordinary mercury by two cuts of two. It- is 
desired to produce L4 and H4, and the theory indicates that 
n s or 4* additional unit operations will be necessary without 
permanently using up any of the previously-produced 
fractions. 

The first step is to start with a volume of ordinary mercury 
of size 2Qo and diffuse half of it at some previously deter¬ 
mined rate so that the diffnsate will have the composition 
LI and the residue the composition HI. At this point 
the HI is added, and the diffusion is continued. After a 
cut of two has been made on this mercury, the diffnsate is 
ordinary mercury and the residue is H 2 . To this the H 2 
is added, and the process repeated. The diffusate is now 
Hi and the residue is H3. With the addition of the H3 
and the final diffusion, the diffnsate has the composition 
H2 and the residue has the composition H4, provided none 
of the previously-mentioned causes of low efficiency was 
operative. These four operations have produced the H4, but 
have used up the H3. 

The same procedure is carried out with the light mercury, 
with this difference : between each diffusion the unit must be 
emptied and refilled, thus consuming at least 50 per cent, 
more time to carry out the same number of operations. 
Since the Ll was produced at the same time as the Hi, only 
three operations are necessary to produce the L 4 . By these 
seven distinct diffusions we have produced L4 and H4, but 
have used up L3 and H3, so that the inventory would be: 

L4...L2, Ll, zero, Hi, H 2 , ,..H4, 

Applying the same reasoning to the production of L3 and 
H3 snows that five distinct diffusions are necessary; to 
supply the L2 and H2 used up in this last process, only three 
diffusions are required; and, lastly, an additional diffusion 
replaces the Ll and Hi used to produce L2 and H2. The 
inventory would now be: 

L4, L3, L2, Ll, zero, Hi, H2, H3, H4 ; 

and the total number of operations required to produce the 
L4 and H4 without using up any of the intermediate frac¬ 
tions is 7 + 5 + 3 +1*»16, or 4* as the theory indicated. 
The total volume of mercury diffused in producing this nth 
pair of fractions is Q=Q 0 x 2*. Thus, if Qo is 50 c.c., as In 
this case, Q equals 800 c.c. 

Phil. Mag. S. 7. Vol. 6. Ho. 37. Oct. 1928. 2 S 
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The corresponding time expended in producing the nth 
pair is evidently 

i. - a.) 

where D is the rate o£ production of the light fraction. 
How 

AM = ± nEB In 2 , . . . . . (II.) 

so that 

t — (AM)* Qq_ (III) 

* E*B*(ln 2 )*D. w 

The time required to produce a pair of extreme fractions is 
thus proportional to the square of the difference between its 
composition and that of the original raw material, and 
inversely proportional to the squares of the efficiency and of 
the separation coefficient. Since, in the production of ex¬ 
treme fractions, intermediate fractions of some minimum 
size must be maintained, the time of production of any 
extreme fraction should be token to include the total time of 
production of all intermediate fractions. 

t =s f 1 + (,+ ... + f, = (l* + 2* + 3*... +«*)Qo/D 
or 

n(n + l)(2«+l Qo jy 


t 


6 


D 


) 


This equation can be used to calculate the operating time * 
required to obtain any given fraction of composition AM, if 
the corresponding value of n is calculated from equation (II.). 
The actual working time required will be about three times 
this, because of the considerable time needed for repair and 
replacement of units, of loss of time when the units are not 
in operation together, of time required in storting and 
stopping the apparatus and in emptying and refilling units, 
and because of low efficiency when the air-pressure suddenly 
increases, thus changing the diffusion rate. 

For nasi, t has the value n 3 Qo/D ; for n=5. t has the 
value 0*44 n 3 Qo/D; for n= 10 , ( = 0*385 Qo/D ; and for 
n — oo , t=n* Qo/D. Approximately, then, t is proportional 
to n*, except for the smallest values of n. We had above, 
AM= £nEBln2 (equation (II.)), giving for t 

K(AM)*Q 0 

DE*B*. 


t — ■ 


* Actually, it is much simpler to calculate the time by dividing the 
total volume which must be diffused by D, and then making the allow¬ 
ances suggested. 
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Equation (Y.) shows the rapidly mounting difficulty of 
increasing AM, even by systematic fractionation; it shows 
the great effect of the value of B, the separation coefficient, 
on the possibility of obtaining a large difference in atomic 
weight in a moderate time; also B varies with AM, and 
there is a slight progressive decrease in the separation as it 
approaches completion. This shows the importance of using 
a method and apparatus which can deal with small inter¬ 
mediate fractions (Qo), yet operate at high speed (D). 
Also, for a given AM/B, t is a minimum if DE 3 /Qo i* * 
maximum. 


V. Actual Fractcohatiok Scheme employed *. 

Because the systematic fractionation scheme on a cut of 2 
had not yet been put into effective operation when this 
research was undertaken, considerable time was consumed 
»n getting the fractions regularly spaced, once the efficiencies 
for various rates had been determined. The change in com¬ 
position for diffosate and residue for a cut of two was 
determined for rates of 30 c.c. per hour, 40 c.c», 50 c.c., 
60 c.c., and 70 c.c. per hour. At 30 c.c. per hour the rate of 
production of the light fraction is much too slow; at 70 c.c. 
jier hour the life of the membrane is considerably shortened, 
offsetting the increased rate of production +• The practical 
compromise in this case was a rate of diffusion of 50 ce. 
{680 g.) per unit per hour on a cut of 2, in which the change 
in atomic weight between diffusate and residue is O - O08 unit; 
that is, the diffusate is 0*004 unit lighter and the residue is 
0 004 unit heavier than the original material. Substitution 
of this value in the equation AM = 0*693 EB gives an 
efficiency of 92 per cent. This method of systematic frac¬ 
tionation requires a minimum number of fractions, and 
eliminates entirely calculations of composition. 

A set of sixteen heavy fractions differing from each other 
by 0*004 unit of atomic weight, and a set of fifteen light 
fractions the same interval apart, were secured after much 

* The mercury produced by Mulliken, total difference of atomic 
weight equal to O'102 unit, was used in this work. The writers had 
cooperated in its production. The separation already attained corre¬ 
sponded to 12 heavy and 11 light fractions. This was increased to 
26 light and 25 heavy fractions. However, many of the original 28 
fractions had been used up, so much work was done in getting a complete 
get of these initial fractions. 

t To renew a membrane talma eight hours. 

2 82 



620 Dm. W. D. Harkins and B. Mortimer on the 

diffusion, and combination of fractions less than 0*002 unit 
apart. At this stage the inventory was noted : 

Heavy Fractions. Light Fractions. 


C.C. 

2550 *. 

Hi 

c.c. 

QQ4 

...... Ll 

639 «■•••■ 

m 

354 

.. L2 

199 . 

H3 

510 

...... LS 

100 ...... 

H4 

00 

...... L4 

108 ...... 

H5 

210 

...... L5 

196 ...... 

H6 

152 

...... L6 

49 ...... 

H7 

100 

...... L7 

47 ...... 

H8 

100 

...... L8 

49 ...... 

H9 

149 

. L9 

50 ...... 

H10 

50 

...... L10 

54 . 

Hll 

51 

...... Lll 

52 ...... 

H12 

54 

. L12 

47 ...... 

H13 

5m 

. L13 

51 ...... 

H14 

50 

...... L14 

54 

H15 

55 

. L15 

47 ...... 

K16 




The object now was to achieve the largest possible separa¬ 
tion with this material most efficiently, that is, with the 
expenditure of the least time. Recourse was bad to a 
critical detailed study of this phase of systemic fractiona¬ 
tion. The schemes actually employed on the light and 
heavy side are shown in full in figs. 10 and 11. These will 
help to illustrate the general procedure, and will serve to 
clarify the important considerations. 

Sunier * has shown, in his careful study of this process, 
that there are three factors of prime importance: (1) the 
starting-point; (2) the number of rows worked; and 
(3) the ratio of the number of cubic centimetres diffused to 
the number of cubic centimetres yield of the end fraction f. 
In general the analysis of the first two rows is an accurate 
guide to determine the starting-point. This was done for a 
number of distinct starting-points. 

The first case considered was that of H2 as the starting- 
point for the final diffusions on the heavy side. For the 

• Sunier, Doctor’s Dissertation, Univ. of Chicago, Dec. 1927. 

t In these final diffusions a small 200 e.c. flask was used instead of 
the GOO c.c. one, and it was safe to run the residue down as low as 5 c.c. 
(see p. 619}. 
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first row worked, the number of cubic centimetres diffused 
is 1646 and the yield is 7 c.c., the ratio of 1646 to 7 being 
very high. For the second row the volume diffused drops 
to 1356 c.c. and the yield rises to 7*75 c.c., but the ratio is 
still too high. 

The next case examined was H8. The intermediate 
starting-points were rejected upon application of the pre¬ 
liminary test, which is as follows: to produce H20 from 
H6, for instance, requires 20-6, or 14 cuts of 2 on H6. The 


Fa:. 10, 



Actual fractionation scheme used on the heavy traction. 


yield of H20 from H6 only in this process would be given by 

initial volume of H6 „ ... 

-.gif ——, a very small quantity. Of course, 

much of the material is reworked into the scheme, so that 
the test is not a rigorous one, but it can be used safely as a 
first approximation. For H8 tbe figures are for the first 
row 432/7 and for the second row 399/7*75, a considerable 
decrease in the volume diffused with no diminution in the 
yield. By elimination of other starting-points, Hll was 
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decided upon as the most practical ami satisfactory from 
every point of view. In this case the ratio for the first row 
is 297‘5 to 7, and for the second row the ratio is 262'5 to 8. 
In all the cases considered more material is produced in the 
second row than in the first row. These considerations bring 
out clearly the value of working more than one row. 



Actual fractionation scheme used on the light fraction. 


A similar examination was made of the light fraction. 
By a similar process of reasoning and * calculating, LlO was 
chosen as the most practical starting-point. Before the 
final diffusions were begun, the densities of the starting 
fractions were checked to provide a means of determining 
Just what loss of efficiency is experienced in working with 
small volumes. This factor was balanced somewhat by a 
lower diffusion rate which tends to increase the efficiency" 
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VI. Disoussion of the Fbactionation Scheme employed. 
A. The Heavy Fraction. 

The inventory of the heavy fractions used was : 

C.C. .. ' 


54 . HU 

52 . H12 

47 . H13 ... 

51 H14 .. v 

M . H15 

47 . H16 


These volumes appear as the figures in the upper part of the 
first six circles of the first row. The lower figure in 
the circle is the volume of mercury resulting from the 
previous diffusion. The directed arrows show where 
the products of each diffusion go. (The broken arrows at 
the end of the rows indicate the addition of mercury of 
identical composition before another diffusion is carried out.) 
(’onsider H12 in the first, row. When half of the 54 c.c. 
of Hll has been diffused, the residue, 27 e.c., has the same 
composition as the 52 c.c. of H12. This latter volume is 
then added to the flask, and the diffusion is continued. Thus 
in any circle the upper figure represents the stock on hand, 
and the lower figure represents the volume resulting from 
the previous diffusion. The diffusion of H12 gives 39*5 c.c. 
of H13 us residue, and 39*5 c.c. of Hll as diffusate. The 
stock of H13 is added to the flask, and the process of diffu¬ 
sion on a cut of two is continued down through the entire 
row. It is understood, of course, that with the heavy- 
fraction the process is continuous, that is, that no emptying 
of the unit is required between diffusions. 

The 39*5 c.c. of Hll is introduced into the flask of a second 
unit, and the second row of this fractionation scheme is started 
only one diffusion behind row one. In this manner the mer¬ 
cury is used as quickly* as it is produced. After the first 
row has been worked completely, the second row is only a 
step behind, so that the 7 c.c. of H20 which had been pro¬ 
duced in row 1 is added to the H20 produced on the com¬ 
pletion of row 2, and the diffusion is carried one step beyond, 
yielding H21. This general procedure is carried out 
throughout the entire fractionation, as many rows as possible 
being worked simultaneously. 
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The completion of nine full rows yielded 7*5 c.c. of H25 
and the following fractions:— 


0.«s 

7$ ...w« 

H23 

C.C. 

18 ... 

... H16 

7 ...... 

H22 

10 

... HI* 

7 

H21 

20 .. 

... KU 

5 ...... 

H20 

20 .. 

... H13 

10 ...•** 

H19 

18 .. 

... H12 

12 ...... 

H18 

14 .. 

... mi 

15 ...... 

HI 7 

124*5 .. 

... mo 


In addition there is the complete inventory of fractions from 
H9 down to ordinary mercury which was left untouched in 
this scheme. 

B. The Light Fraction. 

Very much more work was required to achieve the same 
relative separation of the light fraction, because of the more 
frequent emptyings and refillings necessary. To minimize 
the time spent in doing this, the order of progress of the 
fractionation scheme was modified. 

The light fractions u.-ed were : 


C.C. 

50 . L10 

hi . Lll 

54 . 1/12 

50 . L13 

50 . L14 

55 . L15 


The first operation of the first row consists in diffusing 
half of the 50 c.c. of L10, obtaining 25 c.c. of Lll and 
25 c.c. of L9. The flask is then emptied as nearly com¬ 
pletely of L9 as possible, and all of the Lll, 76 c.c., is 
introduced *. Two diffusions are carried out on this frac¬ 
tion before the flask need be emptied. The first of these 
yields 38 c.c. of L12 as diffusate, and 38 c.c. of L10 as 

* This mixing of unlike fractions is unavoidable. The quantity 
re maining behind in the flask And adhering to the condenser walls is 
very small, yet its effect is to lower the efficiency of the process 
sufficiently to* tell ou the density. Every precaution, short of using a 
new apparatus for each set of diffusions, was exercised to minimize this 
less or efficiency. 
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residue. Another cut of two is made on the residue, after 
which the flask is emptied. By these two diffusions the 
second operation of the first row and the first operation ot 
the second row of the fractionation scheme are consummated 
without emptying the unit. In the meantime the LI- ha 
been introduced into another unit and the diffusion started, 
so that this unit uses the material which the first unit is pro¬ 
ducing. Thus the application of the fractionation scheme 
to the light fraction was down and backward, instead ot out 
and forward, as on the heavy side. Essentially the progress 
of the light fraction is the same as the progress of the heavy, 
although more time is consumed, especially at either end ot 
the scheme. This is due to the many more emptyings and 

refillings demanded. . ,, , a » T 

The completion of thirteen full rows yielded 8 c.c. ot Ldd 

and the following fractions:— 


C.C, 


c.c. 


S ...... 

1/23 

15 

. 145 

8 ...... 

L22 

16 

.. L14 

8 .. 

lsi 

15 

...... 143 

7 . 

L20 

15 

...... 142 

5 ...... 

L19 

13 

...... 1*11 

10 ...... 

148 

9 

. LIU 

12 ...... 

147 

148 

...... L9 

13 ...... 

L16 




In addition there is the complete set of fractions from L8 
down to ordinary mercury which this scheme does not 

embrace 


VU. The Density Determinations. 

The mercury used had been purifiedbyprolongedagita- 
tion with nitric acid, followed by 8^^tillations in a current 
of air at low pressure according to the method of Hulett and 
Minchin *, who claim that a single distillation gives a com- 
ole tel v pure product. The first and last portions were 
rejected* in each distillation, and a final distillation tn vacuo 

^Beforethe final density determinations wer f 

and H25, they were further purified. Two additional dis ll 

lations, by the method indicated above, were carried on , 

• llulett & Minchin, Phys. Rev. xxi. p. 888 (1905). 
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the middle portion from the second distillation was collected 
separately for the density determination *♦ 

The pycnometer osed was a small one, patterned after that 
devised by Harkins and Mulliken (fig. 12)* The filling 



Pycnometer.—The mercury is put into the bulb B ; the pycnometer 1> is 
then put in place, Tue apparatus is evacuated by means of a mer¬ 
cury condensation pump. The mercury is moved in B by rotating 
the apparatus around the side-tube A, which connects with the 
vacuum-pump by means of a ground-glass joint When a very low 
pressure lias been attained the mercury is spilled over into C.* Air 
is then admitted through A, and the bulb and stem of the pycnometer 
are filled completely with mercury* The pycnometer is then put in 
a thermostat at a temperature slightly above 25°. Later it is put 
into a thermostat at 26°*000, and the meniscus comes almost exactly 
to the fine mark at IX This is caused by the choice of just the 
proper temperature higher than 2o°, The small deviation from 
the mark is determined by a cftthetometer. By this means the rela¬ 
tive density may be easily determined to one part in two million in 
the larger of the pycnometers used: in the smaller to better than 
3 parts in a million. 


* Additional evidence for the purity of this mercury is furnished by 
Dr. F. A. Jenkins, who recently completed an accurate study of the 
spectra of samples Ill 6, H26, L15, ana L20, the results of which are as 
yet unpublished. In a private communication he has informed the 
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device was slightly modified by the introduction of a ground 
joint, to allow greater ease in handling and filling the pycno¬ 
meter. By filling it uta low temperature, and then allowing 
the mercury to overflow at a suitable temperature, calculated 
previously from the dimensions of the pycnometer and the 
coefficient of expansion of mercury, the meniscus would 
come approximately to the mark at 25°*000 0. Its distance 
from the mark was then measured by means of a travelling 
microscope fitted with a telescope objective, and the observed 
weight of the filled pycnometer is corrected accordingly. 
The pycnometer held 17*67110 grams of ordinary mercury. 
The details of the density determinations and the precautions 
observed are essentially those given in full by Mulliken and 
Harkins *. 


Results of the Density Determinations . 

Weight of pycnometer 4-dish .... Average. 14*25046 

Weight of pycnometer-f ordinary mercury 4-dish...... 1st.... 31*92155 

2nd . 31*92152 

3rd .. 31*92158 

Average...... 31*92155 

Weight of mercury ..— 17*67110 


Determinations of Density of H25. 



Weight of 
pycnometer 
4-H254-dish, 

Weight of 
H25. 

Atomic 

weight 

change. 

1st determination (corrected)... 

.. 3193000 

17-67965 

+00959 

2nd „ 

.. 31*93095 

17*87900 

4-0*0964 

3rd .. „ 

.. 3193004 

17"67959 

+00963 

4th 

.. 31-93001 

17-67956 

+00960 

5th 

.. 31-93001 

17-67956 

+0-0960 



Average . 

+00962 


From tide the atomic weight of H25 is SQO'TOti. 


winters that in ail his work, using various methods of exciting the spec¬ 
trum, no lines other than those of mercury were ever recorded. We 
mav regard this as a searching confirmation of the absence of metallic 
impurities, especially in the heaviest fraction, where even a slight 
impurity of the original mercury would be expected to accumulate. 

* Loc . dt 














Slits 
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Determinations of Density of B25. 


1st determination (corrected) 
» » 


» 

»♦ 


t* 




Weight of 
pycnometer 

5+<lisb. 

Weight of 
L25. 

Atomic 

weight 

change. 

3191338 

17-66293 

-0*0927 

31-91335 

17-66290 

-0*0®! 

31-91334 

17-66289 

-0*0932 

31-91333 

17-66288 

-00933 

31-91385 

17-66290 

—0*0931 


Average ...... —0*0981 


The atomic weight of this L25 is SW’5J7. 


Discussion and ftesults * 

There has been obtained 7*5 c.c., or 101*96 grams of H25 
of atomic weight 200 706, an increase of 0-0962 unit, lhe 
efficiency of these final diffusions with the smaller volumes 
is only slightly less than that which was obtained with 
larger quantities. On the basis of the previously-determined 
efficiency of 92 per cent., the theoretical change in atomic 
weight would have been, for H25, 0"100 unit, lhe actual 
operative efficiency was 88 per cent. That is, hi these last 
14 cuts of 2, the residue, in each cut, became heavier bv only 
0-0038 unit, instead of 0 004 unit, a difference which is 
within the limits of accuracy of the density determinations. 
Of coarse, with the heavy fraction there is some favourable 
mixing of unlike fractions. For example, on completion ot 
the first row of the fractionation scheme the flask is emptied 
of H20, and Hll is introduced to start another row. lhis 
mixing is very favourable, and doubtless served to reduce the 
loss of efficiency, even though the quantity of H20 which 
remains behind is very slight (see footnote, p* 616}* 

For the heavv fraction 8 c.c., or 108*76 grams, of L~5 of 
atomic weight 200-517 has been obtained, with a decrease 
of 0*0931 unit of atomic weight. The unavoidable mixing 
of unlike fractions, unfavourable in this case, is reflected in 
the lowered efficiency. Although a smaller flask was rased 
throughout all the latter work, this factor was not enough 
in itself to maintain the efficiency of the evaporation and 
diffusion. The theoretical change in atomic weight would 
have been 0*100 unit, but was only 0’093l unit, an efficiency 
of 85’6 per cent. To be sure, the slower diffusion rate opera¬ 
tive with the smaller fractions contributed somewhat to 
mainH ; .< the efficiency determined for larger volumes. 
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The existence o£ appreciable quantities of mercury of 
densities different from ordinary mercury under the same 
conditions offers opportunities for the investigation of the 
variation oF properties with isotopic composition. 

The lightest and heaviest tractions ot the mercury 
(AM=(M g 89) were used by Dr. F. A.Jenkins *for^ the 
study of the wave-lengths of the lines XX 5461, 4359, 4078, 
aud 4047. The intensities of the satellites were also ecm- 
pared. No differences were detected by the ose oFthe 
8-inch plane grating in the filth order, or by the 30-plate 
M ichelson echelon. Specimens of isotopic mercury have been 
given to the Bureau of Standards for the determination of 

their electrical conductance. aM—0*041 

With isotopic chlorine (AM - 4 AM=0055, - A M _u U4> 

Hr Tonkins found a shift in the direction of higher frequency 
for" the heavv fraction. This is in accord with what was found 
ortXkarkL and Aronberg f, and later by Merton t 
Howeverf the relative difference m the atomic weights of 
Se isotopic chlorine used was about three times that for 
the mercury, which may account for the difference m the 
results of the spectroscopic investigations. 

Dr Jenkins has calculated for us the change m composi¬ 
tion of the meicnrv attained m the end f ™ c *. 10 “ s 
senaration on the basis of a total change of 0*18 unit of 
atomic weight, which is slightly less than that actually 
obtained. The results of these calculations are given below. 
Recently Aston § has succeeded in resolving the components 
of the mass-spectrum group of mercury and gives the fol¬ 
ding atomic weights, with a rough estimate of the 
proportions:— 

198(4) 199(5) 200(7) 201(3) 202(10) 204(2). 

Assuming that the bracketed numbers represent approxi¬ 
mately the relative numbers of atoms of each isotope we 
r a n calculate the change in these values corresponding to a 
riven change in atomic weight. For the best samples of 
mercury used in this investigation, die atomic weight 
Sered by more than 018 unit. In the fractional diffu- 
siot by which these were produced the material was always 
cut in half, one of the resulting fractions serving as the 
material for the succeeding diffusion. This operation was 
“peated 25 times for the “heavy” fraction (atomic weight 

* Jenkins, Pbys. Rev. xxix. p. 54 (192*). Tio (19171 

+ Harkins & Aronberg, Proc. fcat. Acad.Sc>. m. p. *10 (191*). 

t Merton, Proc. Roy. Soc. A. c. p. 84 (1921). 

5 ‘Nature,’cxvL p. 208 (1925). 
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change +0-1), and 20 times for the “ light*" fraction 
(atomic weight change —0 08). For each of the final 
fractions we may apply the theoretical equations of Mulliken 
and Harkins * to determine the change in average molecular 
weight, and in relative quantity, of any pair of isotopes. 
Five suitably chosen pairs give a complete solution and 
the new isotopic composition. In obtaining the values of 
Table II., pairs were chosen such that the average molecular 
weight of each was as near as possible to that of ordinary 
mercury, since these decrease in amount during the frac¬ 
tionation at almost exactly the same rate as the total quantity 
of mercury. Allowance was also made for the change in 
the rate of separation as it progresses, since tins becomes 
appreciable in the relatively large changes brought about for 
the lightest and heaviest isotopes. 


Table II. 


Isotope ........................... 

10S . 

190, 

200, 

201 . 

202, 

204, 

Initial percentage.. 

12*90 

16*13 

22*58 

9*68 

32*26 

6-45 

Percentage in light fraction... 

11*09 

17-01 

2300 

9*52 

30-65 

573 

Percentage in heavy fraction . 

11*51 

15-03 

21-96 

9*83 

34-23 

7*45 


The absolute values are, of course, not as accurate as the 
table indicates, but are given merely to show the relative 
changes. The latter we may assume to be qualitatively 
correct, and indicate changes of 27 and 20 per cent., respec¬ 
tively, of the initial proportions of isotopes 204 and 198. 

VIII. Summary. 

(1) A comprehensive survey of the separation of isotopes 
actually achieved has been made, and the possibilities of any 
larger separations have been discussed. The difference of 
atomic weight between samples of mercury as obtained in 
this work is 0189 unit, the largest difference in atomic 
weight yet achieved by artificial means. 

(2) The apparatus developed by Harkins and Mulliken 
was modified by the introduction of a ground joint between 
the flask and condenser, which greatly reduced the time of 
repair and replacement of the filter-paper membrane. 

(3) The theory of isotopic resolution by evaporation and 
diffusion is briefly reviewed. It is shown that the change 
in atomic weight, AM, depends largely on the separation 
coefficient, the cut, and the efficiency* 

* Jouni. Am. Chera. Soc. lxiv. pp. 47, 51 (1922). 
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(4) The details of the method o£ systematic fractionation, 
with cats of 2, used in this work, are given in detail. The 
time required for the production of any extreme fraction, 
allowing for the time necessary to build up the intermediate 
fractions, is given by t = K(AM) 8 Qo/DE 8 B s , in which K is a 
constant, B the separation coefficient, E the efficiency, and 
D the rate of production of the light fraction. Study of 
this equation shows the difficulty of obtaining large values of 
AM, especially if B is small, as it is with mercury. 

(5) The completion of nine full rows of the fractionation 
scheme applied to the heavy fraction yielded 101*96 grams 
of H25, 0-0962 unit of atomic weight heavier than ordinary 
mercury, and a set of 23 fractions each 0*004 unit heavier 
progressively than ordinary mercury. The completion of 
thirteen full rows of the fractionation scheme applied to the 
light fraction yielded 108*76 grams of mercury 0-0931 unit 
lighter than the ordinary element; in addition there is the 
corresponding set of 23 fractions, each progressively 0*004 
unit lighter than ordinary mercury. 

(6) The existence of this isotopic mercury affords an 
opportunity for the investigation of the variation of 
properties with isotopic composition. 

'University of Chicago, 

April 9,1928. 


LV1II. The Relation between Kinematic Pairs and Links in 
a Mechanism. By William J. Walker, J).Sc., Ph.D., 
University of the Witvcatersrand , Johannesburg *. 

T HE usual discussion in treatises and text-books on 
kinematics of machinery regarding the relationship 
between the number of pairs and number of links in a 
mechanism leads to the formula 

L«2P—4,.(1) 

where L is number of links and P number of pairs. 

This formula, which is based upon a somewhat arbitrary 
elimination of certain pairs in any mechanism, necessitates, 
for complicated mechanisms especially, a careful tabulation 
of all pairs and elements, in order to arrive at the correct 


• Communicated by the Author. 
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number of pairs P in the mechanism to be inserted in 
formula (1). In other words, P in that formula does not 
represent the actual number of pairs in a mechanism. 
Clearly, therefore, a formula involving P as the actual 
number of pairs in any mechanism, a number easy to 
compute without tabulation, is a desirable feature in any 
system of machine analysis. The following investigation 
of this problem leads to such a formula, and will be found 
to fit the link-pair relationship for any definite mechanism, 
however complicated. 

In every case the building-up of connected chains in a 
mechanism consists in the addition of three turning pairs 
and two links for every additional quadric chain after the 
first. It might appear at first sight that three extra links 
are required, but since one of these must be a fixed link, this 
may be considered as embodied in the fixed link of the first 
or primary chain. Hence the P series for all mechanisms is 

P=4, 7,10, 13,-etc., 

the general member of which is given by 
P=4+3(« — l), 

where « equals number of quadric chains. Similarly, the 
link series is given by 

L=4, 6, 8,10,.... etc.. 


the general member of which is 

L=s4 + 2(n—l). 


Eliminating 

gives 


n between these two equations for P and L 


2P + 4 


* • * « 


. * (*) 


The only point to be borne in mind when applying this 
for mula is that when a number of links 1 furnish elements 
at a common point of conjunction, the number of pairs at 
such* point of conjunction should be /—l. This follows 
naturally from the fact that one of the l links may be 
considered to furnish one common element, completing the 
pairs for the remaining 1—1 elements. 

With this strictly logical observance, formula (2) will be 
found of general applicability to all mechanisms. 



r 033 ] 


Photoelectric Properties of Tkin Films of tU 
*g S. B.'Campb^l. <0.™™.^ 
from fche Staff of the Research Laboratories of the General 
Electric Company, Limited, Wembley.) 

SUMMABY. 
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hi* »» “f* 1 ? n *T e other material . driving it off by 

neat, and subjecting the remaining film to a discharge in 

hydrogen By this process photoelectric cathodes caSi be 
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?‘2 photoelectric currents can be obtained with light 
ot .U0O A th <* order as those obtained in normal 
potassium cells with light of X 4500 A. The sensitivity 
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The observations are closely related to those of Ives on 
the photoelectno properties of thin films and to those of the 
many workers who have investigated the effects of gas films 
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attempts to correlate thermionic and photoelectric emission. 


(1) Origin oj the Experiments* 
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T*’-?® resuItln g c®« would be very useful, 
PM. Mag. 8. 7. Vol. 6. No. 37. Oct. 1928. . % T 
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for it would make photoelectric measurements as easy at 
the red end of the spectrum as at the blue end. 

Further inquiry showed that the difference between the 
two electrodes (it has been found in almost all the gas-filled 
cells from various sources that have been examined) arises 
primarily from the thickness of the layer of potassium 
covering them. The large electrode is covered with a massive 
layer, the smaller with a thin film acquired by condensation 
of the vapour at room temperature. The difference arising 
from this cause is reinforced by the passage of a discharge 
in hydrogen according to the Elster-Geitel sensitising process, 
which doubtless lias the effect (among others) of producing 
a gas film on the surface. Accordingly the study of the 
remarkable red sensitivity of the anodes of normal cells 
would naturally follow paths that have been partially 
explored by previous workers. For Ives* has studied the 
photoelectric properties of thin films and shown that their 
threshold may lie farther towards the red than that of the 
massive material; and many workersf have shown that 
the removal of gas films may transfer the threshold towards 
the blue, and consequently that the formation of suitable 
layers mav transfer it towards the red. Unfortunately, 
however, I have been unable so far to relate these observa¬ 
tions closely to those of others and thereby to explain them ; 
the facts that will l»e set forth are at present practically 
useful rather than theoretically significant. Accordingly 
it will be better to describe them as part of a completely 
unknown field rather than as particular illustrations of 
established principles. 


(2) The First Experiments. 

All the earlier experiments were made in cells of a normal 
type shown in Phil. Mag. iii. p, 947, fig. lb (1927). The 
photoelectrieally active layer is deposited on the metallic 
coating of a shallow cup forming the bottom of the cell, which 
is the cathode ; a nickel gauze parallel to it serves as anode. 
It may possibly be relevant to record that tite cells were 
made of borosilicate glass with molybdenum leading-in 
wires. During, or after, manufacture the cells could be 
exposed to the light from a tungsten source at about 
2700° K. with the interposition of screens. The screens 

* II. E. Ives, Astrophv*. J. lx. p. 209 (1924). 

t The latest are II. fflumb, Zeti. J. J%*. xlvii, p. 662 (1928); K. 
Fleischer, Atm. d. Fhy$. Ixxxii. p. 76 (1927). 
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the readings further; they are given in seaie divisions, 
The following table gives some typical results ; 

Table I. 


— .. 

Blue 

Bed 

State. 

jwmsitivity. 


A (thick layer) .*—•”*—* 

7o 

<1 

A' (thick layer .sensitized) . 

4S0 

3 

B (thin layer) ..••*••—****■ 


SKI 

B* (thin layer *ea«t*iw*l}.. 

430 



(3) The Condition* of lied Senehivity. 

The features to which attention should be directed are 
these! The sensitisation of the thick layer produces m 
increase of the red sensitivity as well as of the blue ; in fact 
the ratio of the sensitivity in A' to the sensitivity tn A is 
greater for the red than for the blue. The substitutioni of 
tLe very thin film for the thick layer reduces slightly the 
blue sensitivity, but increases the red *, the blue 
is still, however, far the greater. Sensitisation of the thin 
film changes the blue sensitivity little, but produces an 
enormous increase in the red sensitivity. ■ 

If the experiment is repeated, either on ano ^ 
cell or hr driving the potassium again to the cathode of the 
same cell and relating the cycle, these features wdl recur. 
But the values of all Sie sensitivities may differ by factory 
as large as 1- It has been found impossible to obtain 
quantitative consistency, however great the precautions 
taken to repeat the conditions, and therefore the 
changes in the procedure cannot be established certainly 
unless they are large. Nevertheless, some conclusions 
concerning the various states can be established. 

Little need be said about state* A and A', for they are 
well known. The blue sensitivity in state A min he increased 
bv repeated distillation of the active metal, but no appre¬ 
ciable red sensitivity can be induced even when the greatest 
mure is taken to secure chemical purity. During the passage 
of the discharge which produces state A both .sensitivities 
rise to a maximum and then fall. This maximum seep 1 * 
independent of the pressure of the gas or the current earned 
by the discharge. In general it increases with the sensi¬ 
tivity in the preceding state A, but the correlation >* not 
perfect. The red sensitivity in A' is more vanable than 

the blue. 







Properties of Thin Films of the Alkali Metals. 637 

State B is presumably the nearest approximation in these 
experiments to the state studied by Ives (loc. at.) ; the 
sensitivity may therefore be expected to change with the 
time since the thin layer was formed. Some variation of 
the nature described by Ives is usually found, but the 
changes that I have observed are much smaller than his. 
A steady state is reached in about half an hour after the 
thick 61m is driven off; all statements refer to this steady 
state. The sensitivities in this state are very variable, but 
no connexion could be found with the procedure employed 
in producing it. They do not seem to depend directly on 
the temperature to which the cathode is heated (so long as 
it is sufficient to drive off the 6lm and insufficient to soften 
the glass), or on the time for which the temperature is main¬ 
tained, or on the presence of hydrogen while the cathode 
cools. 

In shite B' there is also sometimes an initial variation 
with the time since the cessation of the discharge, leading 
to a final steady state. (Such variations are also found in 
state A'.) It generally consists in a fall of both sensitivities 
and of the ratio of the red to the blue, but sometimes it is 
wholly absent. The nature and the duration of the dis¬ 
charge may have a marked influence on the final sensitivity, 
but their influence is very complex. Any discharge pro¬ 
duces some increase in ml sensitivity; the occurrence of 
any visible glow' for a second will produce a marked effect; 
it is not necessary even that the surface to be sensitised 
should be the cathode; some sensitization will be produced 
if it is the anode. Further, in some circumstances a dis¬ 
charge of wiiatever nature, enduring only for a few seconds, 
will produce the full sensitivity of state B', which is un¬ 
affected by further passage of the discharge; the circum¬ 
stances in which sensitization is thus independent of the 
nature of the discharge are, in general, those in which the 
greatest red sensitivity is attained. In other circumstances 
the red sensitivity depends greatly on the duration and the 
direction of the discharge ; the sensitivity produced will 
now lie greater if the active metal is the cathode of the dis¬ 
charge than if it is the anode, and there will be an optimum 
time ot discharge that gives the greatest sensitivity, but 
this time will vary very greatly in different experiments. 

States A and A', being those of thick layers of the active 
metal, are independent of the material on which the layer is 
deposited (as might be expected), except in so far as it may 
influence the purity of the metal. But states B and B' 
depend very greatly on. this material. The results given in 
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Table I. (p. 636) were obtained when the underlying material 
of the cathode was silver, deposited chemically ; exiieriments 
were also made with platinum, deposited from a platinizing 
solution, and with copper electroplated on silver. With 
platinum both the blue and red sensitivities and the ratio of 
the red to the bine are somewhat smaller than with silver ; 
with copper the blue sensitivity is smaller but the red 
sensitivity very mnch greater. Lesser variations of the same 
kind can be produced by treatments that might be expected 
to change the surface composition of the cathode, although 
its main bulk is unaffected. Tints, if potassium is distilled 
repeatedly from a silver cathode, the red sensitivity in states 
B anti B' will be reduced ; at the same time, as has been 
noted, the blue sensitivity in state A and both the bine and 
red sensitivities in state A' will be somewhat increased. 
This treatment might be expected to remove electronegative 
impurities (e.tf. oxygen) from the surface. On the other 
band, if'oxygen is admitted to the cell and then removed, 
the red sensitivity is likely to be increased. Similar changes 
in platinum are not so easily produced. They can be pro¬ 
duced in copper, but not so regularly ; again, oxidation of 
the surface seems favourable to red sensitivity, reduction 
unfavourable. The greatest red sensitivities were obtained 
when the copper was deliberately oxidized it* air before the 
cell was pumped. 

The nat ure of the active metal is, of course, also important, 
but here the relations are not those that might have l>een 
anticipated. 1 n states A and A f the red sensitivity of cfosimn 
is much greater than that of potassium, but this i* bv uo 
means true of states B and B'. The difference l*etween 
states A and A', on tin* one hand, ami states B and B' on 
the other, is much greater with sodium and potassium than 
with csesium and rubidium, and so is the difference l*etween 
state A and state A' or between state B and state B\ pro¬ 
duced by sensitization. The greatest red sensitivities have 
been obtained with ftotassium on copper ; sodium in state B* 
on copper gives as great a red sensitivity as any that I have 
been able to produce with caesium in any circumstances. 
The sensitivities, both red and blue, of caesium in state B' 
are so small that it is not certain that they are dne to caesium 
rather than to traces of other alkali metals present as 
imparities. 

Table II* summarizes some of the more important results. 
The three columns of figures give the photoelectric emission 
from various cells when similar!v exposed to the light from 
the same tungsten source at 2700° K. through the red and 
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blue screens and without any screen at ail. The first part 
of the table refers to the various alkali metals prepared in 
the normal manner, the cathode being covered with thick 
layers sensitized in hydrogen (state A'); the second part 
refers to various cathodes in state B'. Each cell is a 
favourable specimen of its class, but never the most sensitive 
that has been prepared. 


Table II. 


Photoelectric Emission. 


Cell. 

No filter. 

Bed filter 
(X >6400 A). 

Blue filter 

<A5400-ih.V)A). 


Stnt** A'. 



Sodium.. 

in m 

<0-2 

40 

Pota**iu!tt. r .. 

mm 

<W2 

255 

liuhtdiMtf)... 

2250 


126 

OmIiho. 

830 

3*7 

21 


Start* B\ 


. 

Potassium on *ihrr ..... 

\m 

42 

23 

oil copper . 

?&* 

14 

17 

copper... 

2050 

328 

31 

Rubidium 

TOO 

21 

20 

Ciwiiiffl 

in 

m 

4 

P5 


The table suggests that if maximum sensitivity throughout 
♦he whole range of the visible spectrum is required, a com¬ 
bination of the normal potassium cell (state A'} and a potas¬ 
sium-on-copper cell (state B') should be used. Closer 
inquiry confirms this suggestion. No cell has been found 
which is more sensitive than both of these two at any part 
of the spectrum ; caesium cells, generally said to have their 
maximum sensitivity in the yellow, are not more sensitive 
than the potassinm-on-eopper cells even in this region. 

(4) Relation between Frequency and Sensitivity. 

Bo fnr the results have been stated in terms of the purely 
empirical magnitudes, red and blue sensitivities, depending 
upon the particular source and screen employed. For theo¬ 
retical purpose# they should be expressed ’by the relation 
between the frequency and the ratio of the* photoelectric 
emission to the energy of (or possibly to the number of 
quanta in) the incident light. Some measurements have 
been made with spectrally resolved light from a source of 









640 . Dr. N. R. Campbell on the Photoelectric 

known energy distribution, but I do not propose at present 
to report them. For some unexpected difficulties have 
appeared, and the examination of the results of other 
workers on the alkali metals in states A and A' reveals 
serious discrepancies; it is of no use to publish further 
discrepant measurements unless the reason for the dis¬ 
crepancy can be made clear. 


Fur. 1. 



The Photo-Electric Properties of Thin Film# of the Alkali Metal#. 


But it jmay be useful to give a few results which, while 
etill empirical, are rather more complete. In fig. I the 
emission excited by the light issuing from the slit of a 
certain monochromator is plotted against the nominal wave¬ 
length. Bach abscissa corresponds to light of the same 
quality in each curve, but the ordinate scale is different 
for each curve, unit emission for each curve being taken to 
be that for the nominal wave-length that gives maximum 
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emission. Curves are given for potassium and caesium in 
state A and for pof assi um-on-copper in state B*. 

. ^ 881911 that there is every evidence that the increase 

in red sensitivity characteristic of the change from state A! 
to state B' represents a shift of the threshold towards the 
longer wave-lengths and not a mere change in the ratio of 
finite sensitivities. If a curve for potassium-on-silver in 
state B were added, it would appear again that the thres¬ 
hold depends on the underlying material as well as on the 
netive me *al. in the curve for potassium-on-copper there 
are signs of an irregularity in the neighbourhood of X5000A : 
this may be compared with the double maxima shown in 
similar experiments by Richardson and Young on oxidised 
potassium sensitized by the hydrogen discharge *. Bnt the 
irregularity is not so great as they found and it does not 
always appear ; it probably indicates that the surface is not 
homogeneous. 


( 5 ) .4 Practical Difficulty. 

appears, then, that the potassium-on-copper cell is 
likely to be of great practical utility, but it has one draw¬ 
back that mast be mentioned. It cannot be filled with 
argon or other rare gas and used as a gas-filled cell, because 
t ie presence of these gases, and still more the passage of a 
discharge through them, destroys the red sensitivity t. On 
the other band, they can be filled with hydrogen, and it is 
possible to obtain as great magnifications by ionization by 
collision in hydrogen as in argon, though thev are less 
stable. But, as Bister and Geitel found long ago, the 
hydrogen gradually disappears; this was their original 
reason for using au inactive gas rather than hydrogen. The 
difficulty can be overcome partially by attaching a palladium 
tube to the cell through which hydrogen can be added, but 
. H 5 * wholly convenient. The absorption of hydrogen 

is being investigated and some more convenient solution mav 
, * ou '. , displays some remarkable features ; thus the 

absorption is much more rapid and persistent when the 
potassium is deposited on copper than when it is deposited 
on silver. But this matter must be left over for the present. 

W - Richardson & tt. P. A. Young, l»roc. Roy. Soe. A. cvii.p. 386 

t I have sever seen a record of the fact, but aianv users of photo¬ 
electric cells must know that a similar change occurs with potassium in 
atate A. In an ordinary argon-tilled cell, standing unused for some 
Ume, the blue sensitivity decreases while a red sensitivity develops. 
The passage of a discharge through the cell for a few seconds increases 
the blue sensitivity, but very greatly decreases the red sensitivity. 
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(6) Second Series of Experiments. 

When ifc was clear that surface gas films were playing a 
large part in the process it became desirable to make 
experiments iu conditions such that the films could be 
removed or controlled by the usual high vacuum technique. 
Accordingly cells were constructed in which the cathode 
consisted of a plate, well separated from the walls, which 
could he heated by radiation or by electronic bombardment 
from a tungsten filament placed behind it; the anode «as 
again a parallel nickel gauze. The following materials 
were used as cathodes, each In a different cell ; carton, 
aluminium, Iron, nickel, cobalt, copper, zinc, molybdenum, 
silver, tungsten, platinum, gold. In the first experiments 
with such cells the cathode was freed from gas as far as 
possible by heating before the first deposition of the active 
metal. State B was then produced by driving off the 
active metal with gentle heat, and state B # by the discharge. 
Potassium was used exclusively as the active metal. 

To my surprise and disappointment, the development of 
red sensitivity proved more and not less complex, less and 
not more controllable, in these cells than in the type used at 
the outset. Moreover there were some outstanding differ* 
euces between the two series of experiments. The variations 
of the sensitivity with the time were now much larger : in 
state B they were in accordance with those to he expected 
from the work of Ives. As the plate cooled, both blue and 
red sensitivities rose to a maximum and then declined ; the 
changes in the red sensitivity were much greater than those 
in the blue ; the maximum ratio of red to blue sensitivity 
occurred at about the same time as the maximum of either. 
Ives seems to have investigated these changes only for one 
metal, platinum ; his comparisons of different metals refer 
Only to the state finally attained ; my experiments suggest 
that if he had followed the earlier stages he would have 
found far more difference between the various metals in the 
stage of naxiiuum sensitivity than he found in the final 
stage. As regards the final stage my results concerning 
the difference between the various metals are not wholly in 
accordance with those of Ives, but then l have not been 
able to obtain complete consistency in different experiments* 
Ives does not say if he experienced any difficulty in repeating 
his results quantitatively. 

In state B' similar changes occur, but more slowly* The 
maximum red sensitivities observed with silver, copper, and 
platinum (the metals common to the two series) were of the 
same order as those found in the simple cells, but these 
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high red sensitivities were never permanent. Both blue 
ami red sensitivities, end the ratio of the red to the blue, 
decayed; finally they were not always higher than those 
obtainable in the final stage of state B. 

Again the effects of the discharge were tar more complex. 
Sometimes the state was attained in which any discharge 
would produce almost immediately the full red sensitivity, 
but now sometimes the discharge would actually decrease, 
instead of increasing, both the red sensitivity and the blue. 
An apparently exact repetition of the same -experiment 
would sometimes produce qualitatively different results. 
With the molybdenum cathode the passage from B to B' 
was often produced by the mere presence of hydrogen ; the 
red sensitivity increased greatly as soon as the gas was 
introduced, and no further increase could be produced by 
the discharge.^ Indications of sensitisation by hydrogen 
without the discharge were observed with other metals, but 
in none so markedly. 

Attempts to reproduce the old results were made by 
admitting oxygen and other gases to the plate, in the hope 
of forming a suitable gas film on it. The addition of 
oxygen, “specially to some metals, increased the red sen- 
sirivity obtainable in the consequent following states B and 
B', but it did not make tbe sensitivity permanent or 
the effects of tbe discharge less complex and inconsistent. 
Permanency could only be attained by avoiding from the 
outset all attempts to free tbe plates from gas and by 
following as nearly as possible the procedure used in tbe 
simple type of cell. 


( 7) JiesuUs of Second Series. 

In spite of all these irregularities regular differences 
Itetweeti different materials for tbe cathode could be estab¬ 
lished. For instance, if they are compared on the basis of 
the maximum red sensitivity occurring in state B' at some 
time after the discharge, and if the greatest value obtained 
for this maximum in a series of experiments is taken, then it 
appears that the order of this red sensitivity is somewhat as 
follows : copper, zinc—cobalt, nickel—gold, molybdenum, 
silver, platinum—irdn, tungsten, aluminium, carbon. Here 
the cathode is supposed to have been freed from gas as 
completely as possible by heating before the dejiosition of 
tbe potassium. It is highly improbable that all surface 
films were removed in ail cases; thus aluminium cannot be 
freed from surface oxide by bombardment, zinc evaporates 
at a temperature certainly too low to remove gas from other 
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metals, and it is well known that it is almost impossible to 
remove the gas absorbed in the interior of copper. Indeed 
it is possible that from no metal was the gas perfectly 
removed, for the conditions were not ideal. 

If, on the other hand, no attempt is made to remove 
surface gas, if the cell is simply baked, leaving the cathode 
covered, in some cases, with a visible layer of oxide, then 
the order is rather different. Thus iron comes up into the 
third group and gold into the second, but copper and sine 
are still better than all others. 

Some subsidiary observations may be added which may 
be relevant when explanation is sought. When the potas¬ 
sium was first distilled into the cell a visible layer would 
often form on every part of it except the cathode; the anode 
gauze would be covered by a brilliant metallic layer, while 
the neighbouring cathode remained unaffected. The cathode 
cannot have failed to condense the vapour because, being 
thermally insulated, it became hot, for the anode is equally 
insulated and of smaller thermal capacity. But if the 
potassium were distilled repeatedly from one part of the ceil 
to another, with intervals of cooling (in order that the 
cathode might remain cool), the metal would always finally 
condense on the cathode. The reason for this behaviour 
must be doubtless sought in the \\ ork of Knudmt and his 
successors, and in particular of Ooekcroft *, who has shown 
that the critical temperature for the condensation of vapours 
upon imperfectly clean surfaces is particularly high. For 
when the vapour refused to condense there was always 
reason to believe that the cathode was not clean, and, 
once it had condensed, it would alwavs condense again 
readily. 

When there was difficulty in condensing the vapour on 
the cathode it always displayed some photoelectric sen¬ 
sitivity before the \isiblc layer of the active metal appeared. 
But in no case was the red sensitivity thus developed liefore 
full condensation as great as that developed after condens¬ 
ation and subsequent evaporation. Ives (loo. rit.) records 
no difference f between the properties of films formed bv 
slow condensation and those formed by removing a thick 
film; probably there is no difference if the surface on which 
condensation occurs is clean, hut there certainly may b«* a 
difference if it is not. 

* 3. I). Cockcroft, Froc. Boy. Soe. A, cxix. p. 298 (1928). 

t Except with gold, which is permanently altered in nppe&nuice by 
the deposition of the active uietaf. My observations here agree entirely 

with hit. 
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A few Attempts were made to determine whether the 
temperature at which the visible layer of potassium dis¬ 
appears from the cathode was independent of the material 
on which the layer is deposited. The measurements ware 
very rough, but they disclosed no great variation between 
different materials. It should be recorded that state B' is 
always destroyed, at least partially, by heating the cathode 
to the temperature at which the passage from A to B 
occurred ; that is to say, state B persists at temperatures at 
which state B' is unstable. 

(8) Some Theoretical Considerations. 

The main object of this paper is to draw attention to a 
large class of interesting and practically important facts 
requiring farther investigation. But a brief mention of 
some of the more obvious theoretical conclusions that they 
suggest may be desirable. 

There can be no doubt about the general nature of states 
B and B'. The surface of the cathode in these states is 
compounded of the actual metal, the underlying material, 
hydrogen, and some other substances (of which oxygen is 
probably one) in such a manner that the photoelectric 
properties of the compound surface are affected by all these 
constituents, but that its work function may be less than 
that of any of them. A few years ago a suggestion that 
such a compound surface consisted of patches might have 
been plausible, but to-day it is certainly more plausible to 
suggest that it consists of a succession of monomolecular 
layers and is similar to the surfaces compounded of caesium, 
tungsten, and oxygen studied by Langmuir and his asso¬ 
ciates* or to those more complicated surfaces, in which 
barium is an element, that Hyde + has studied so ex¬ 
haustively. Of course, neither Ives's experiments nor my 
own provide any ovideoee as cogent as that provided by 
these workers* that the layers are truly monomolecular^ 
but the onns of proof would seem to rest on anyone who 
would maintain that there is not an essential similarity. 

Nevertheless there are differences, the chief of which is 
the far greater irregularity of my observations. The explan¬ 
ation may possibly Tie in less perfect experimental conditions; 

• 1. Ltuigmuir, Phya. Her. xxi. p. 380 (1023); I. Langmuir and 
K. H. Kingdom Proc. Roy. Soe. A, ovii. p. 61 (1023). 

t J. W. Itvde. Paper not yet published. Ryde bad reached bis 
main conclusions before the beginning of these experiments, which were 
very greatly influenced by bia work. 
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I may not have avoided sufficiently the presence of dis¬ 
turbing substances. But it must be remembered that 
my most regular results were obtained in the conditions 
apparently least perfect, namely in the simple cells from 
which the observations started. It is more likely that the 
difference lies in the conditions of temperature ; all thermi¬ 
onic measurements are made at temperatures that destroy 
or modify profoundly the photoelectric sensitivity ; the 
peculiarly variable surfaces that are studied here may not 
exist at all at these temperatures. Further, the surface 
compounded of inonomolecular layers may be in a state of 
dynamical rather than statical equilibrium ; interchange of 
material between the cathode and its surroundings may be 
proceeding constantly. In thermionic experiments the 
cathode is always hotter than the walls, in photoelectric 
experiments it is at the same temperature. The state of the 
photoelectric cathode may be influenced to a greater degree 
than the thermionic by variations in the state of the walls, 
which are very difficult to control; indeed some evidence, 
though it is not so far conclusive, has been obtained of a 
correlation between the state of the walls and the sensitivity 
of the cathode. Again, if the equilibrium is dynamical, the 
small sensitivity of caesium in state B' may be explained ; 
the vapour-pressure of the metal may be so high that very 
few molecules are present on the surface at any one time. 
These questions must obviously be examined by experiments 
at different temperatures. 

Concerning the exact nature or the order of succession of 
the monomolecular layers little can be suggested at present. 
Oxygen i« almost certainly a constituent of some at least of 
the surfaces, and in state B' hydrogen ions are almo*t 
certainly another. For since normally any kind of discharge 
in hydrogen will produce an increase in red sensitivity, 
while the mere presence of hydrogen will not, the conclusion 
is almost inevitable that the primary function of the discharge 
in sensitization is the provision of hydrogen ions. Measure¬ 
ments have been made recently on sensitization by means of 
the Townsend discharge, supported by photoelectric emission 
from the cathode, in which the number and energy of the ions 
can be controlled and ascertained. The results are not very 
easy to analyse and, once more, will be reserved for the 
present, bat they are consistent with the view that the 
change from state B to slate B' is intimately connected with 
the arrival of hydrogen ions at the cathode. The irregular 
effects of the discharge are probably doe to changes, other 
than mere ionization, that it prod aces ; thus it may beat the 
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cathode or spatter material from the cathode ami deposit it 
on the walls, or from the walls and deposit it on the cathode. 

According to this view states A and A', the nneensitized 
and sensitized states of thick layers, most be essentially 
similar to states B and B'; the only difference is that in 
states A and A' the material of the underlying cathode is the 
same as that of one of the superimposed mooomolecular 
layers. The remarkable observations of Richardson and 
Young (Tew. cit.), in which they obtained great red sen¬ 
sitivities and a threshold in the infra-red by subjecting an 
oxidized potassium surface to the hydrogen discharge, are 
essentially similar to my own; they probably realized » 
state B' of potassium on potassium. The threshold that 
they observed was not that of potassium ; that is to say, it 
was not that of a cathode consisting uniformly of potassium 
from a homogeneous interior to a boundary at which the 
electrons are emitted free to move under small external 
fields. Such a cathode is obtainable, if at all, only when 
the most strenuous endeavours are made to free the surface 
from gas ; the observations of Fleischer * su gg est that its 
threshold lies well towards the blue end of the spectrum. 

These remarks are relevant when attempts are made 
to relate the thermionic and photoelectric properties of such 
metals as potassium. It is clearly very difficult to ensure 
that the two properties studied experimentally are those of 
the same surface. But a more general consideration con¬ 
cerning the relation of therm ionics and photelectricity may 
be offered; it was suggested to me in conversation by 
Mr. It. H. Fowler. The difference between the thermionic 
emission from different substances is often regarded as 
determined wholly by the work function. But another 
property must enter, namely,the emission coefficient; that is 
to say, the ratio between the number of electrons acquiring 
energy greater than the work function to the number 
energing from the surface daring any period. If the 
cathode is completely homogeneous the neglect of the 
emission coefficient may he justified. For then the surface 
will prohably consist electrically of a simple rapid change of 
potential, all in one direction ; if the emission coefficient 
varies from one metal to another, its variation is likely to be 
correlated closely with that of the work function. But if 
the cathode is not homogeneous, if there are several super¬ 
imposed monomolecular layers at its surface, this correlation 
may be absent, for the work function is determined by the 
total change of potential through the whole series of layers, 
* It. Fleischer, toe. cit. 
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while the emission coefficient may well be determined by 
the manner in which the change occurs. The potential may 
have maxima and minima within the series of layers, 
and these are likely to effect the emission coefficient, though 
they may not affect the work function. 

In photoelectric emission the work function corresponds, 
of course, to the threshold; the emission coefficient is 
probably represented by the sensitivity for frequencies 
considerably greater than that of the threshold. In my 
experiments the work function is determined roughly by the 
red sensitivity, the emission coefficient bv the blue sen¬ 
sitivity. Table II. (p. 639) shows that the two sensitivities 
are not at all closely correlated ; it is not true, even in the 
most general way, that the cathode with the lower frequency 
for its threshold has the greater emission for higher 
frequencies; indeed, if films of the same active metal on 
different cathode materials are compared, the converse of this 
proposition is more nearly true. The mutual independence 
of red and blue sensitivities accords well with the theory 
that the surfaces are composed of successive layers; it 
shows also that any relation between the variation of the 
thermionic emission with the temperature and the variation 
of photoelectric emission with the frequency is likely to be 
far more complicated than is indicated by any of the theories 
that have been proposed hitherto. 


LX. Chemical Interactions corresponding to the Constant 
of Mass Action being a Function of the Volume and Masses 
of the Constituents as well as of the Temperature , and 
Catalytic Action. —II. By R. D. Kleeman, B.AD.Sc. * 

§ 1. Introductory Remarks. 

a previous paper f the writer has investigated some of 
the conditions under which the constant of mass action 
is a function of the volume of the gaseous interacting mixture 
and the masses of the constituents, as well as of the temper¬ 
ature. This paper is a continuation of the investigation. 
The reader should acquaint himself with the matter in the 
paper quoted. 

The investigations in question are based on differential 
equations obtained by means of a certain isothermal cycle 

* Communicated by the Author, 
f Phil. Mag, vi, pp. 196-208 (1928). 
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'which i nay be varied Home what depending on the given 
conditions. The cycle usually involves a chamber containing 
the reacting gaseous mixture, separated from a number of 
other chambers by membranes, each of which is permeable to 
one of the constituents. If this number is two the apparatus 
has the form shown diagrammatically in the figure. 



§ 2. The Effect of Small Dissociation on the Constant of 
Mass Action of a Gaseous Mixture. 

Suppose that a mixture of M a tools of molecules a and M# 
mols of molecules e at the pressure p is contained in the 
chamber C«, of the apparatus saown in the figure, whose 
volume is v. The chambers C« and C* are separated from 
the chamber C a « by membranes permeable to molecules a 
and e respectively, the pressures in these chambers will 
accordingly be denoted by p a and p„, and the corresponding 
volumes of mols of molecules a and e by r„ and v f respectively. 
The differential equation of the reaction with respect to the 
volume t? as independent variable is * J 

= 0 . i . . ( 1 ) 

Let us suppose that the pressure of the free \nolecules a 
in the mixture is extremely small. The equation of state of 
the molecules a in the chamber C a is then not given by 


RT,.(2) 

where T denotes the absolute temperature, bnt by + 

p a Va — £«RT, ...... (3) 

where f* is a function of v m and T, or 

i-^{^T). ...... (4) 


t differs very little from unity except when e« is very large, 
being then less than unity. For the molecules in the 
chamber Cm, whose concentration is not small, f may be 

• Phil. Mas. v. pp. €00-639 (1938). 
f Phil. Mag. v. pp. 1191-1198 (1938). 

Phil. Mag. S. 7. Vol. 6. No. 37. Oct. 1928. 2 U 
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taken equal to unity. It will now be evident from a previous 
investigation * of the solutiou of the differential equation (1) 
that K the constant of mass action is now obtained a function 
of v, even if we suppose that the other free molecules obey 
the orthodox gas law. 

Similarly, it can be shown by means of the differential 
equation t 

■ • <*> 

of the reaction, in which M« is the independent variable, 
that the constant of mass action is a function of M„, and so on. 

A similar result can be shown to hold for other reactions 
in which the concentration of one or more of the constituents 
is very small. 

Let us, for example, consider the reaction between equal 
numbers of mols of molecules a and e. 


ae+ _*a + c,.(6) 

in which the concentrations of the free molecules a and e are 
extremely small. 

The equation (29) in a previous paper | can now easily be 
shown to have the form 

(ig 

dv \ t? / (3 a v— 2M 0 £ 0 ’ 

supposing that = and taking into account that t'„ = 
where G a denotes the concentration of the molecules a in the 
chamber Co* §. If this equation is solved and the expression 
obtained for C a substituted in the equation 

K(^-Co)=C a s .(8) 

also given in the paper quoted, the functional form of K in 
respect to v is obtained. 

Since the constant of mass action can be determined only 
from concentration measurements, and it is difficult to 
measure small partial concentrations, it will be difficult to 
prove this result and others of the same kind experimentally. 

* Phil. Mag. v. pp. 621-4322 (1928). t Loe. cit. 

t PhiL Mag. v. pp. 626-627 (1928). 

' § The gas equation (2) applies to the molecules a in the chamber Co* 
since the total molecular concentration is not small, while the gas 
equation (8) applies to the molecules a in the chamber C„. Since the 
pressure of these molecules is the same in the two chambers (otherwise 
diffusion from one chamber to the other would take place), it follows 
that to—ffl/Cfc 
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The constant of mass action under these conditions, it will 
be recognized, is very small. In a previous paper* the 
writer showed that the constant of mass action is approxi¬ 
mately a function of the temperature only when the dissocia¬ 
tion is small. The result is based on the supposition that 
equation (2) holds exactly. Since this is not the case the 
quoted result must be modified somewhat accordingly 


§ 3. The Catalytic Effect of a Surface Absorbing Substance 
on the Constant of Mass Action of a Reaction . 

Let us suppose that the surface of the walls of the cylinder 
of the chamber C« absorbs some of the gaseous molecules a 
in contact with it till a point of saturation is reached. This 
absorption we will suppose consists simply of the deposition 
of a layer of molecules on the surface which can be removed 
by mechanical means, such as passing another solid substance 
over the surface. The mass of molecules a deposited per cm. 1 
is a function of the pressure p a of the molecules and the 
temperature, and it may therefore be written <f>(T,p a ). The 
total mass M a ' absorbed is therefore equal to 

M a ' = A. p a ), .(9) 

where A denotes the area of the exposed surface of the 
cylinder. 

Let us next suppose that the mixture of molecules a and e 
in the chamber t ae is passed through the first of the two 
cycles described in a previous paper f. The process (a) of 
this cycle consists in passing the mixture into the chambers 
Ca and (J e at constant pressures, during which the external 
work 

M f Cap a + M e r ,p e —pv 

is done, where M*" denotes the mass of molecules a in the 
chamber C« at the end of the process, which are not deposited 
on the chamber walls. In the process {b) the chambers C tt 
and C e are increased in volume by a small amount, during 
which the work ” 6 


Ma"p a . • dM*"+ M tpe"dv e 

is done, where must be considered a variable since it 
depends on A and p a . In the process (c) the substances 
a and e are returned to the chamber Co« at constant pressures, 
giving rise to the external work 


--(Ma''rap 0 + p V )—t)(M a "vap*+ pv). 


t 


PhjJ- Mag. r. pp. 268-271 (1028). 
Phil. Mag. v. pp. 620-629 (1928). 

2 U 2 
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where M„", as before, most be considered a variable. The 
deposited molecules a are shaved off during the process by 
the piston of the chamber C«. In the last process (d) the 
volume of the mixture is decreased by Bt% giving rise to 
the external work 

—p , So. 

On equating to zero the total external work done, we obtain 
the equation 

= 0 , . . ( 10 ) 

which has the same form as the equation (1) obtained in the 
paper quoted, where M a is replaced by Mo". Now 

M 0 " = M„-M a ' = M a —A . *(T. Pa ) . . (11) 
by equation (9). Hence equation (10) be written 

„|£-{Mo-A . (12)* 

The other equations which are used with this equation to 
obtain a solution, which are given in the paper quoted, do 
not contain A. <f>(T, p„), since when the mixture is completely 
in the chamber C M no molecules a are deposited on a surface. 
It follows, therefore, from the investigation in this paper that 
the solution of (12) will give K a function of v. Mo, and M„ 
as well as of T, whose form with respect to v is determinate. 
The form with respect to M„ and M, is determined by two 
equations given by the second cycle, which may be obtained 
from equation (12) on substituting BM„ and BM« in 
succession for Be. Thus a solid substance which condenses a 
gaseous substance on to its surface has a catalytic effect on the 
constant of mass action of a reaction involving the gaseous 
substance. 

The expression for K will also involve A. This signifies 
that a continual deposition and evaporation of molecules a 
in the chamber C« takes place during which they undergo a 
process of activation at the surface, which changes their 
chemical behaviour. This activation of the molecules when 
not in contact with the surface will gradually disappear. 
Hence the average extent of activation of a mass of gaseous 
molecules will depend on the area A of the activating 
surface. This result is the theoretical explanation of the 

* If the deposition is supposed to take place on the surface of the 
chamber 0 M and we suppose that the mass A . +(T, p a ) is deposited 
while the mass M a is in the gaseous state, the corresponding differential 
equation, as can sadly be shown, is obtained from equation (12) oa 
changing the sign of the term A . p(T, p«) 
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result observed long ago that the activity of a catalytic agent 
depends largely on the area of the exposed surface. 

§ 4. The Catalytic Effect of a Bulk Absorbing Substance 
on the Constant of Mass Action. 

Let us suppose, as was done in a previous paper*, that 
the walls of the chamber C a are permeable to molecules c 
which are contained in an adjacent reservoir of infinite 
dimensions. The presence of the molecules c may affect the 
nature of the molecules formed from the molecules a in 
the chamber, especially if the molecules c are in a dense or 
liquid state, it is well known that dissociation or poly¬ 
merization of the molecules of a gas absorbed by a liquid or 
solid may take place. The osmotic pressure p a ' of the 
molecules a in the chamber C a is under these conditions equal 
to ap a , where p a is the pressure in the chamber and a is 
a quantity which may be greater or less than unity, a is 
evidently a function of p a and T, and we may therefore write 

Pa = p a » = pa • ^(T, />«)• • . * (13) 

The volume v a ' of a mol of the molecules a in the chamber 
Ca may be written 

v a ' = fa(i'a), .(14) 

where r a is the volume when the molecules c are absent. 

If the mixture is passed through the first of the cycles 
described in a previous paper f, the same differential equation 
in form as before is obtained, where p a ' and v a ' take the 
place of pa and v a , or 

• • (15 > 

which becomes 

= 0, (16) 

by means ot equations (13) and (14). From the second 
cycle two additional equations may be obtained iu which 
the independent variables are M„ and id,. 

The subsidiary equations that are used to solve these 
equations are independent of the molecules c iu the chamber 
C a - It follows, therefore, that the expression obtained for the 
constaut of mass action will contain the functions fa and fa. 
An examination of the investigation in the paper quoted will 

t * Phil. Mag. vi. pp. 106-203 (1928). 
t Phil. Mag. v. pp. 620-629 (1928). 
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show that in that case tUe constant o£ mass action is a 
function of the volume and masses of the constituents as well 
as of the temperature. Thus, for example, equation (15) in 
that paper, which corresponds to the reaction 

now becomes 

= logi T). . (18) 

I£ this is integrated and the expression obtained for €* 
substituted in the equation 

K(^-C“ )=€„*, .... (19) 

obtained from equations (10) and (11) in the paper quoted, 
the functional nature of K with respect to v is obtained. 

It will be of interest to consider the special case corre¬ 
sponding to the concentration of the substance a in the 
chamber C„ obeying Henry's law, in which case we have 
pf = * t p m and v a ! = where a x is a constant. Equa¬ 

tion (15) now reduces to the same form it would have if no 
molecules e were present in the chamber C a . Hence under 
these conditions the molecules c have no catalytic effect on 
the constant of mass action. 

§5. The Functional Nature of the Constant of Mass Art ion 
of Electrolytes. 

Let us suppose that the apparatus in the figure is placed 
in a solvent to which the walls are permeable, and that the 
chamber C«<* contains a mass M of a solute which dissociates 
in part into positive and negative ions. Let us also suppose 
that the membranes separating this chamber from the 
chambers (J a and are permeable to the positive and negative 
ions respectively. The pressures />*,, and p now denote 
the osmotic pressures of the segregated ions, and of the 
mixture of undissochited solute and ions, respectively. 

The ions in a solution due to the dissociation of an added 
solute, behave as a whole like uncharged molecules as far as 
their intrinsic pressure is concerned, since the repulsion the 
ions of one sign exert upon each other can be shown to be 
balanced by the attraction the ions of opposite sign exert 
upon each other. Thus consider the solution divided into 
two parts A and B bv an imaginary plane. Let the negative 
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ions in A repel the negative ions in B with a force F. The 
positive ions in the two parts will then repel each other also 
with a force F. Hence the part A repels the part B with a 
force 2F. But the negative ions of A attract the positive 
ions of B with a force F, and the positive ions of A attract 
the negative ions of B with a force F, or the two parts 
attract each other with a force 2F. This force of attraction 
neutralizes the force of repulsion. Thus the total effect of 
the electric charges of the ions on their intrinsic pressure is 
zero. As a first approximation the ions may therefore be 
taken to behave like uncharged molecules, anil hence, if the 
concentration" is not too large, the osmotic pressure of the 
mixture of solute and ions in the chamber C a » approximately 
obeys the gas laws. 

The pressures of the positive and negative ions in the 
chambers C a ami C« are equal to the pressures of the corre¬ 
sponding ions in the chamber C M . For, if that were not so, 
diffusion from one chamber to. the other would take place. 
We may therefore write 

pa — pe — CRT ..... (20) 

for these pressures, where O denotes the concentration of 
the positive and negative ions in the chamber 0 o «. 

Home information about the concentration of the ions in 
the chambers C« and C# may lie obtained from the following 
considerations :—Let us suppose that each molecule of solute 
in the chamber C at is dissociated into two ions, each of which 
carries a charge e, and let them be transferred at constant 
pressures into the chambers and C *. The external work 
done on tin* system is 

pv —2/> 0 r„M, 

where r„ denotes the volume of a mol of ions in both the 
chambers C„ and C«, and M the mass in mols of the original 
solute. But since the solute is completely dissociated, and 
the pressure of each kind of ion is the same in the chambers 
(.*<„ tV? and the foregoing work may be written 

2p a (v -Mv a ). 

If the volume of each of the chambers C, and ('« at the 
end of the process is the same as that of the volume of 
the chamber ('„« at the beginning, e—Me o =0, and hence the 
foregoing work is zero. But it cannot be zero, and has 
besides a positive value, since this operation involves the 
separation of jiositive from negative ions. It follows, there¬ 
fore, that 


Mr* < r. 
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•or the concentrations of the ions in the chambers C« and C. 
are greater than the corresponding concentrations in the 
•chamber C a ». Since the work of separation of the ions in 
the chamber C a from those in the chamber C« against elec* 
trical attraction increases with their concentrations and these 
•concentrations increase with the corresponding concentrations 
in the chamber Cat, the above work done increases with 
increase of the latter concentrations. Hence the ratio Mv a /v 
decreases with decrease of p. We may therefore write 

® = jji • • * • « * (21) 

where is a function of 0 which is smaller than unity, and 
which decreases with an increase of C. 

The reason for this difference in concentrations is probably 
that when the ions ire of one sign and two ions approach 
•one another they decrease in speed on account of the repulsion 
they exert upon each other, and the average velocity of 
translation is thus smaller than would otherwise be the case. 
The concentration corresponding to a given pressure will 
then be greater than when the particles are uncharged. 
The effect is the opposite to that existing with uncharged 
molecules, in which ease the attraction they exert upon each 
other increases their average velocity of translation *. This 
would be for large concentrations considerably greater than 
that corresponding to the gaseous state. The latter velocity 
a molecule has when it passes through a point in the substance 
at which the forces of the surrounding molecules neutralize 
each other. In the case of a mixture of equal numbers of 
positive and negative ions the decrease in velocity when two 
similarly charged ions approach each other is compensated 
by the increase when two ions oppositely charged approach 
•each other. 

The osmotic pressure p of the mixture in the chamber C a , 

is given by 

p * HT(C; + 2C) « . . (22) 

21 

where — — G as C*, the concentration of the undissociated 

9 

solute. On substituting for p,p a , p t , r„, and v, in equation {1) 


* i ^ 

Chap. II 
p. ICO. 


Kinetic Theory of Ga&e* and Liquids/ by K. D. KIceman, 
. (John Wiley & Som, New York). i*hil. Mag*, July 1012, 
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from equations (22), (21), and (20), and taking into account 
the equations M a * M, = M, we obtain 

BO _ MC 

d» (Co — 2M«,)e* * * ’ • ( 23 > 

This equation, together with the mass action equation 

K0.= K(S_(;j = , C », .... (34) 

determines the functional form of K. An equation may be 
obtained from this equation by differentiation with respect 
to v, which may be written 



*= Aj + b j , (25) 

and by the help of which the properties of K may con¬ 
veniently be investigated. 1 

Let us first consider the case corresponding to the disso¬ 
ciation of the solute in the chamber C«* being small, in which 
case O is small. The quantity «, in equation (23) is then 


equal to unity. If the expression for ~~ given in that c me 

by equation (23) is substituted in equation i25), we obtain 

= as l 1119 already been shown in a previous paper *. 

Thus in the case ot weak electrolytes K is a constant at 
constant temperature, which agrees with the facts. 

If, however, the ionic concentration is large, as with strong 
electrolytes, «, is less than unity. Now, the values of Ai 

ami Bj in equation (25) are positive, and the value of 
. , do 

given by equation (23) is negative when « s = 1. These 
values, we have just seen, reduce the right hand side of 
equation (25) to aero. When <** is less than unity the 

negative value of given by equation (23) is greater than 

that corresponding to «, = 1. 1« tliat case the value of 

given by equation (25) is negative. This agrees with the 


• PUL Mag. v. pp. 620-629 (1928). 
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TiK 

facts according to which - ^ in the case of strong electrolytes 


has decided negative values. This is indicated by the values 
of K given in the Table (see p. 659), where the lirst column 
gives the volume in litres of the solution containing a mol 
of KCI, the second column the value of Co, and the third 
column the values of K calculated by equation (24) *. 

A further test of the theory may be made by calculating 
the value of «, given by equation (23) corresponding to 
different ionic concentrations in the chamber C«*. Its values 
should be less than unity and decrease with increase of 
concentration. Thus it was obtained from the Table that, 
corresponding to the volumes 7500 and 1*5, «* has the values 
*98 and *88 respectively. Corresponding to the volume 7500 
the value of « s is nearly equal to unity, as we would expect 
should be the case at such low concentrations. A striking 
confirmation of the theory is thus obtained. 

If the functional form of « s were known equation (23) 
could be integrated, and hence the functional form of K be 
determined from equation (24). But the exact form of a, 
cannot at present be predicted theoretically. We may 
therefore proceed to determine the functional form of K 
empirically from the values of K and t? given in columns 
1 and 3 of the Table. If we write 


K 


2*35 
V » 


(26) 


and calculate the values of K corresponding to the various 
values of r in the first column of the Table, the values given 
in the fourth column are obtained. A more complicated 
formula for K would no doubt give a better agreement with 
the facts f. The exponent of r in the foregoing equation is 
approximately eqnal to 4* which is probably not accidental 
but has an important significance. 


* Table taken from ‘A Treatise on Physical Chemistry,’ p. 557, 
edited by H. S. Taylor (1). van Nostraml Co., New York), which was 
compiled from figures by Kohlrausch and Maltby, Wig*. AM. teck. 
Heichsanstalt, iii. p. 157 (1900). 

t Strictly equation (26) should be written K**«+ — , where a is the 

limiting value of the constant of mass action when the concentration is 
infinitely small, and which accordingly is a function of the temperature 
only. But since the value of a is small in com pari sou with a largo 
range of values of the other term, its value probably cannot be deter¬ 
mined very accurately from this equation. 
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Table. 


v lit. 

Ov, 

K. 

2*35 



f}S4S9 

00 

1*000 


r . 

10,009 

*9936 

*0154 

*0154 

6,000 

*9912 

*0223 

*0225 

2,000 

*9882 

*0352 

*0371 

1,000 

*9802 

*0485 

*0542 

500 

*9723 

*0681 

*0790 

200 

*9577 

*1084 

*1303 

100 

*9424 

*1542 

•im 

m 

9234 

*2221 

*2892 

20 

*8910 

*3842 

*4582 

10 

*8624 

*5405 

*6688 

5 

*8310 

*8154 ’ 

*9781 

2 

*7883 

1*434 

1*610 

1 

*7565 

2*350 

2-350 


It appears, therefore, that when an electrolyte dissociates 
easily into ions the constant of mass action is a function of the 
volume of the solution as well as of the temperature . This 
signifies that either the chance of a molecule dissociating into 
ions depends on its previous encounters with other molecules, or 
that the c/m nee of two ions of opposite sign combining on 
collision depends on previous encounters with other ions and 
molecules, or that both effects occur . 

iSheuectadv, N.Y., 

U.S.A. 


LXL Coralency, the Paramagnetism of Oxygen ami Stereo - 
chemistry . By H. b\ Biggs, if+Sc* 9 M.A., Demonstrator 
in Physics in Oxford University *. 

L ONDON’S f theory of covaiencv suggests so many 
more researches both theoretical and experimental 
than I shall be able to carry out, that I venture to publish 
the following somewhat speculative considerations. 

London shows by very general arguments as to symmetry 
that two atoms will form a homceopolar or covalent linl 

* Communicated by Prof. Townsend, F.R.S. 
t yjsf. i%*. xlvi, p. 455 <1928). 
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when each possesses an unpaired electron, if these electrons 
are in corresponding orbits but spinning opposite ways. 
The “ correspondence ” of the orbits includes angular 
momentum and orientation, but perhaps not radial motion. 
Further, in any atom in a group of orbits with the same 
azimuthal quantum number the unpaired electrons all spin 
the same way. 

London writes for the six outer or L electrons of the 
oxygen atom: 


F 

1 

3 

1 

P 

l 

0 

1 

No. of 
electrons 

: 

; 2 j 

2 11 


i 


where l is the old azimuthal number (it) minus one. The 
two unpaired electrons in differently oriented orbits are 
the valency electrons. Now, if the axes of the four p-orbits 
are arranged thus: 

4- -f 


120° I 120 



the resultant is one unit of angular momentum, giving a 
P term, while the two spins, combining in the same direction 
to give again one unit, may make an angle of 0°, 120°, or 
180° with the doubled orbit, giving a final resultant,/=2, 1, 
or 0 respectively, thus forming a triplet P term as seems to 
be required by observation. There is nothing new in this; 
it is only a consistently geometrical statement of the known 
model. If we now form an oxygen molecule we place two 
such atoms in the same orientation, which will lie sym¬ 
metrical to the line of their nuclei. The odd spins then go 
out in pairs (forming the bonds), but we are left with 
a resultant orbital angular momentum of 2 units. Since 
this is due to electrons describing p-orbits, we may suppose 
that in a magnetic field the whole molecule will be oriented 
parallel, perpendicular, or anti*parallel to tbe field, giving 
a Stern-Gerlach triplet, with splitting-factor 2, if we assign 
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one Bohr magneton to each p-orbit. This gives the right 
value for the paramagnetism of oxygen on Sommerfeld’s * 
quantization of Langevin’s Theory, namely: 

_2* + 0*+(-2)* N£* . 

X " 2 kT * 

* = 1-42 x 10" 7 at 20°C. j = 1*44 x lO" 7 ), 

where % is the molecular susceptibility and k the volume 
susceptibility, N is Lohscbmidt’s number and f3 is one Bohr 
magneton, while the numerical fraction represents the mean 
square of the component of magnetic moment parallel to 
the field. 

Van Vleck’s f detailed theory also needs only a slight 
modification to fit this model, for we obtain the same result 
if in his formula (27) or (28) we put the spin-number s 
equal to zero, and instead of ert* write o*(tr* -f 1), as is 
justified by bis own reasoning (p. 606, l. c.). 

The 120° between the orbits .of the p-electrons in the 
oxygen atom has now obvious applications in chemistry, for 
the water molecule must be drawn thus : 


Fig. 1. 






which gives a dipole moment and may underlie the hexa¬ 
gonal structure of ice. We here make the natural assump¬ 
tion that when two atoms are joined by a single bond, the line 
of nuclei is the common axis of the valency orbits. A closed 
chain of three atoms suggests itself for ozone, but we have 
then to assume that parallel orbits may give rise to a bond , 
even when the spins are not directly opposed , since otherwise 
no closed chain of an odd number of atoms could he formed 
by London’s covalent links. 

For the nitrogen atom we should have two paired 
a-electrons, and the three p-orbital axes making 120° 
with each other in a plane. The nitrogen molecule would 
then obviously be neutral (or diamagnetic), while the NO 
molecule would have one orbital magneton and one spin 

* ‘Atombau,’ 4th edition, pp. 639 and 641. 
t Phy*. Rev. xxxi. p. 587 (1928). 
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magneton, presumably parallel or anti-parallel, which, when 
quantized as for 0, wonld give for the susceptibility 

_ 2 8 + 0*+0» + 0 t + 2» +& WP, k as *71 x 1Q- 7 at 20° (J., 

or half the value for oxygen. This number is also obtained 
by Vleck, bnt it does not agree with the available 
observations (^=-61x19^). and Van V eck accounts 
for the discrepancy by introducing another factor depending 
on the temperature, which for nitrogen will have the 
required value of 0*85 at ordinary temperatures, while for 
oxygen it is practically unity, the distinction between the 



two cases being due to the energy intervals being com¬ 
parable to 4T in the case of nitrogen but not m that of oxygen. 
Tn the case of the present model, however, this distinction 
can hardly be supposed to hold, and therefore the agreement 
of the model with observation must be regarded as un satis- 

faC <5on, again, is given by London one *-« le f r ° n “J 
three unpaired p-electrons, which I arrange at 120 with 
SUbeV ta « pW It, thee, one of the p-bond. .. 
un on a hydrogen atom, the axes of the remaining two 
valency orbfts of each OH radical will form en angle °fl2D - 
Six such radicals can now combine without strain to form a 
plane regular hexagon as in fig. 2, where the whole arrows 
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represent orbital axes, the half arrows spin axes, and the 
carved lines bonds between electrons whose orbits are 
parallel bnt whose spins make 120° with each other. The 
spins may also be alternately in opposite directions as we 
go round the ring. All this time we are conveniently 
neglecting the six 3-electrons, but I suggest that since there 
is nothing directional about the 3-state (it is really not an 
orbit at all), the direction of spin is free, and the bond can 
have perhaps an attractive but no directive effect, and may 
be neglected in building simple molecules. The only strong 
reason I can think of against such an assumption is that the 
hydrogen molecule is apparently held together by ^-electrons. 
In most other cases when an atom has a single outer electron 
in an undoubted estate, as in the case of the alkalis, this 
electron does not form a covalency, but drops off. In graphite 
the s-electron would form the bond normal to the planes of 
cleavage, accounting for the lubricating properties of the 
substance. 

Diamond and the aliphatics, on the other hand, seem quite 
inexplicable on this model, and all four L-eleetrons must 
have 1=1 and have their orbit-axes pointing in tetrahedral 
symmetry. If this is correct, the inert gases might also be 
token to have their outer electrons arranged in pairs with 
the axes of their orbits in tetrahedral symmetry. 

Such a model is, of course, contrary to the accepted spatial 
quantization, which only allows three different p-orbits ; but 
it does not seem necessary that in the quantization of a 
system of several electrons the only possible states of the 
individual electrons should be those of an electron in a 
system or “ring” by itself. The geometrical method of 
atom-building, however, though it justifies this model, does 
not account for the fact that we never get an s-electron 
when we have four p-electrons in tetrahedral symmetry. 

The apparent anomaly, that if benzene is forced to take 
up two additional atoms of hydrogen the C # H g behaves 
as a far more unsaturated substance than C e H 6 , may now 
be readily explained ; for the additional atoms cannot be 
added without upsetting the hexagonal symmetry of the 
carbon atoms concerned, so that the unstrained plane 
structure of the ring is lost, and it is natural to suppose 
that the other carben atoms revert to the tetrahedral type 
and become actively tetravalent. That the “aromatic** 
properties of benzene, hexagonal angles, and apparent 
trivalency of carbon are associated is shown by a con¬ 
sideration of furan or .thiophen, which I draw as in fig. 3. 
These have properties very similar to those of benzene, and, 
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again, their addition products have no aromatic properties, 
hut are analogous to cyclohexane. , 

London's hypothesis is also supported by some oE the 
facts of catalysis. The magnetic metals are the strongest 
catalysts, and seem to produce their effect with only small 
energy change, presumably by their power of orienting the 
reacting molecules so that they have a greater concentration 
in a position favourable to reaction with each other at the 
surface of the metal than in the body of the gas. 

A partial interpretation can now be given oE the etteet 
of hydrogen in diminishing the paramagnetism of palladium 


Big. 8. 




The magnitude of the effect is of a far higher order than 
the diamagnetism of hydrogen: 7'8xl0~ 8 per c.c. at room 
temperature against 2x10-*. A quantitative agreement 
cannot be obtained till we know something more of the 
mechanism of the absorption of the hydrogen ; but it is 
evident from a comparison of the value just given with the 
susceptibilities of 0 9 and NO that the order of magnitude 
is consistent with the neutralizing of two magnetons., oi 
palladium per molecule of hydrogen absorbed. 

• Biggs, Phil. Mag. xxvL p. 181 (1016). 
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LX JL Crystal Structure of Calcium * 

By C. D. Niven, M.A. t. 

I N endeavouring to grow crystals of calcium, some 
were obtained which definitely showed that Hull was 
right in ascribing a cubic structure to calcium, and a brief 
description of the work will be given in the following 

paragraphs. 

As calcium reacts with glass or other siliceous substance 
it is necessary in heating calcium to use containing vessels 
of iron. At first, an endeavour was made to make crystals 
by Bridgeman’s % method. An iron tube was closed at one 
end by screwing on a cap, and pieces of calcium were 
dropped in. The air was then evacuated and the iron tube 
closed at the top by a rubber tube and clamp. The end 
at which the calcium was lying was then lowered into a 
furnace. It was found that after heating strongly and 
cooling, the calcium took on the appearance of having been 
melted, but yet it had not run to the bottom of the tube. 
Calcium was also placed in a pyrex glass tube and heated, 
although it attacked the walls of the tube very badly, 
making them quite black, yet when the tube was broken 
crystals of metal could be found inside on the walls of the 
tube. It appeared from this that calcium had a very low 
distillation temperature, and that it might be quite possible 
to get crystals by distillation. 

The furnace which had been previously used by Professor 
McLennan and the author in distilling lead was accordingly 
fitted up again. Improvements were made in regard to 
keeping the outer ease of the furnace cool. A window was 
put into the side so as to see the furnace as it heated, and 
the molybdenum strip was replaced by a new form of 
heating element. This consisted of a piece of nichrome 
wire wound round an iron crucible. The crucible consisted 
of a piece of half-inch iron rod about two inches long, bored 
out so that the walls were about 1/32 inch thick. In order 
to insulate the nichrome wire from the iron,alundum powder 
was mixed up with water glass to form a thin paste, and 
smeared over the outside of the iron crucible. It was 
allowed to dry overnight, preferably in a warm place* 
About 17 turns of nichrome wire (18-wire gauge) were 

♦ This work was carried out with the aid of a Fellowship from the 
National Research Council of Canada. 

t Communicated by Prof. J. C. McLennan, F.RS. 

X Proc. Amer. Acad, of Arts & Sci. lx. p. 306 (Oct 1925). 

Phil Mag. S. 7. VoL 6. No. 37. Oct. 1928. 2 X 
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coiled round the crucible, the turns being closer together at 
the bottom than at the top, and in order to keep in the heat 
more of the water glass preparation was put on the outside. 
At first a small condenser was arranged just above the 
mouth of the crucible, but it was found that a little iron lid, 
with a hole through it for evacuation purposes, served quite 
sufficiently to condense the distilled calcium. 

The current was read on an ammeter, and tests were 
made with currents from 10 to 15 amperes. * 

It was easy to see with the naked eye that the crystals 
formed were not hexagonal as H. Moissan * had concluded. 
The four-sided pyramids could easily be seen, yet it 
was hard to say definitely whether they were tetragonal 
or cubic. To do this it was necessary to make a gonio¬ 
meter measurement, which was very kindly performed by 
Professor A. L. Parsons, of the Mineralogical Department, 
University of Toronto. The values of p and <f> found are 
given in the table, and clearly demonstrate that the crystal 
was a rhombic dodecahedron. The crystals of calcium were 
found to stand considerable exposure to the atmosphere. 


Ip— - 

i 

45° 00' 

45° 09' 

45° 03' 

i 

45° or j 

!♦. 

i_ 

180° 02' 

359° 56' 

90° or 

270° 00' | 

? 


In conclusion, I should like to express my sincere thanks 
to Professor Parsons for his kind assistance in identifying 
the crystal form, and to Professor McLennan for stimulating 
suggestions throughout the work. 

The Physical Laboratory, 

University of Toronto. 


LXIII. Electrical Conductivity of Arsenic and Antimony at 
Low Temperatures f. By Prof. J. C. McLennan, 1<\R.S. p 
0* D, Niven, M.A.> and J. O. Wilhelm, M.A. t 

A T the present time it is generally conceded that super¬ 
conductivity is a property only of certain elements. 
In view of this fact the efforts of the authors of this com- 

♦ Comp. Mend, cxxvi. p. 1753 (1898). 

f This work was carried out with the aid of a grant of a Fellowship 
from the National Research Council of Canada to U. D. Niven. 

X Communicated by the Authors, 
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munication have been directed recently towards finding the 
actual temperature-resistance curves at low temperatures of 
the metals investigated, rather than towards merely trying 
whether a particular metal was superconducting or not. 
Most experimenters seem to have been bent on finding 
superconductors, so that a great deal of work has been done 
on the more electropositive metals at very low temperatures, 
while very little has been done on such metals as arsenic and 
antimony. So far as theory is concerned this has not been 
advantageous, as the electropositive elements have fewer 
valency electrons and are therefore simpler ; yet, before any 
theory can be complete, it must apply to those metals with 
higher valency and more complicated crystal structure. 
With this in mind, the authors carried out the work 
described below on arsenic and antimony. 

Arsenic, 

As crystal structure has undoubtedly a certain bearing on 
the electrical resistance of a piece of metal, it was thought 
desirable, if possible, to get a single crystal of arsenic, and 
a considerable amount of time was spent in this connexion. 
Arsenic, when heated, sublimes before it melts, and on this 
account it was not possible to make crystals by Bridgeman’s * 
method, which, briefly, consists of lowering the metal con¬ 
tained in a glass tube slowly out of a furnace into the cool 
air of the room. When this was done the metal condensed 
much too rapidly and a deposit that was not a crystal was 
formed. It was quite impossible to prevent this condensa¬ 
tion by merely lowering the tube slowly. But the experi¬ 
ments made in attempting to do this suggested to ns two 
methods of making crystals of arsenic, one of which was 
subsequently adopted. 

Before we describe the different tubes in which the 
metallic arsenic was contained, a short description of 
the furnace used will be given, as the detailed construction 
of it was a little different from that of the one Bridgeman 
used. Instead of taking a quarts tube and winding 
resistance wire round it, we took six porcelain heating coils as 
used in domestic room-heaters, and placed these on end. 
Iu order to hold them in position, pieces of channel-shaped 
porcelain were tied round them with wire and the whole 
embedded in fireclay inside two channel-shaped pieces of 
asbestos used for lagging steam pipes* The terminals of the 
six heating coils were connected in parallel to two heavy 
brass rods suitable for carrying the current. The whole 

♦ Proc. Am. Acad, of Arts and Sc. lx, p. 305 (Oct, 1925). 

2X2 
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thing was then placed inside a sheet tin case, which had a 
bole in the top and in the bottom. Asbestos was packed in 
to hold the furnace central in the case, and the top was then 
soldered on. The case was in turn mounted on a wooden 
stand, so that it could turn and thus allow the furnace to lie 
in a vertical or a horizontal position. In using this type of 
furnace it is important to note that the temperature reached 
with a given current is very different when the furnace is 
standing in a vertical position with the ends open, from what 
it is when in a horizontal position, owing to the fact that in 
the vertical position there is a strong circulation of air. 

There was no particular reason for constructing the 
furnace out of these heating coils beyond the fact that there 
was no quartz of the required size on hand at the time, and 
there was no reason for leaving the little air space between 
the porcelain packing and the coils, except that it was 
thought that the air space would conduct away a little less 
heat than fireclay or porcelain. Yet these two factors 
contributed to making the temperature of the furnace 
uneven along the inside. Wherever there Mas a junction 
of two heaters, the temperature was a little lower than in 
the middle of a single heater. Although it was by accident 
that the furnace was constructed with this unevenness of 
temperature, it was subsequently found to be the key to 
getting crystals to grow. 

The tubes in which the arsenic was placed were made at 
first as follows. A piece of pyrex glass about 8 inches long 
and 0*75 cm. in diameter was sealed up at one «nd. A 
smaller tube was sealed into the side and bent round till the 
small tube pointed along the axis of the larger. The end of 
the smaller tube was sealed up, and the arsenic placed in the 
pocket formed at the bottom of the latger tube ; the whole 
tube was then evacuated and sealed off at the top. It was 
hoped that when the tube was suspended, the arsenic would 
slowly distil to the bottom and form a crystal there. Instead 
of tliis happening, it was found that, while some of the arsenic 
found its way to the lower parts of the short tube and con¬ 
densed merely on the side, yet a crystal was formed in the 
bend of the small tube. It was noticed, too, that the mass 
of arsenic in the pocket gradually took on a crystal-like 
appearance against the glass. The “ arrangement w of the 
mass of arsenic into a crystal was similar apparently to 
the phenomenon observed by Langmuir in making copper 
crystals. This method of holding the metal at a high 
temperature until a crystal Is formed, appeared therefore to 
have possibilities in the case of arsenic, hut we did not 
pursue the method, as it was found possible to get a largo 
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enough crystal out of the small tube for measuring change 
of resistance with temperature. The actual crystal measured 
was taken from a tube such as the one just described. Even 
when the tube was suspended for a long time in the furnace 
it was noted that the arsenic did not all distil into the small 
tube at the bottom, and at first it seemed surprising that the 
crystal referred to above was formed near the top of the small 
tube at all. It was concluded that if the furnace had been 
made of one piece instead of a number of small pieces this 
could not have happened ; but because of the particular way 
in which our furnace was accidentally constructed, cool parte 
existed at the junctions of the heated coils. The temperature 
at such a point must have been sufficiently high for the slow 
formation of the crystal, and not too high to cause it to distil 
away again from that part of the tube. 

Subsequently the furnace was turned into a horizontal 
position and merely a straight tube containing arsenic at one 
end was pushed in. The arsenic sublimed from the warmer 
part of the tube to the cooler part which by opposite a 
junction of two coils in the furnace. Various methods were 
employed to try and improve on the type of tube for forming 
the crystal, such as introducing a current of air in an inner 
tube inside the tube containing the arsenic; tbe condensation, 
however, was too rapid, with the result that a number of 
small crystals were formed instead of a single large one. 
The improvement that seemed necessary was to construct a 
furnace with two chambers which could be regulated sepa¬ 
rately and fitted with thermometers to tell just the correct 
temperatures for the best formation of crystals, but as our 
object was mainly to get a single crystal for electrical 
measurements and not to grow large crystals, we did not 
continue farther with the work. 

The crystal to be measured was clamped between two 
copper jaws at either end. Four wires leading to the four 
jaws comprised the two current leads and the two potentio¬ 
meter leads. Crystals formed from the vapourof a substance 
display their facets and thus differ as a general rale from 
crystals formed by slow cooling of molten metal. In one of 
our crystals the direction of the hexagonal axis could be 
easily seen. Measurements were made on this crystal 
between room temperature and the temperature of liquid 
helium along the hexagonal axis. 

Antimony. 

No trouble was experienced in making a crystal of 
antimony from molten metal. In spite of the fact that 
antimony has a melting-point nearly as high as pyrex glass. 
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it was found that a fine bore tube did not cave in at the 
temperature of molten antimony and that it was possible 
to obtain a long thin single crystal by the method need by 
Bridgeman in pyrex glass. The temperature resistance 
curves of a crystal of antimony prepared in this way and 
also of a chip off a mass of metal were investigated between 
room temperature and the temperature of liquid helium. 

Results of Measurements. 

In the work previously published by the authors, graphs, 
showing the variation of electrical resistance with tempera¬ 
ture, have been constructed measuring specific resistances 
along the resistance axis. In this communication, however, 
the more usual practice of using the ratio of the resistance 
at any temperature to the resistance at 0° 0. will be adopted. 
We do this because we wish to compare our results with 
day's *. The results of the measurements are given in 
the table, and these are presented in graphical form in the 
diagram. 

j Crystal of Arsenic. j 


Degrees 

Keirm. 

Ohms. 

R/B,, 

298 

1'25x10-*. 

MS 

273 

1*11 

100 

j i 

[ *216 

*195 

j 20*6 

: oi8 

*0162 

j 42 

1 *014 

*3127 

j 242 | 

I *014 

*0127 


Chip of Antimony. 

Crystal of Antimony. 

Degrees 

Kelvin. 

Ohms. 

R/B». 

Degrees 

Kelvin. 

Ohms. 

B/R». 1 

294 

8*28 Xl0~ 4 . 

1*08 

291 

7-97 XlO- 5 

1*09 ! 

278 

7*66 

1*00 

273 

7*32 

1*00 f 

82 

2*03 

•265 

82 

1*90 

•260 J 

20-6 

•696 

*0909 

20*6 

*656 

0896 j 

4-2 ; 

•580 

*0760 

4*2 

*579 

•0791 j 




4*43 

*581 

•0794 ! 


* Dias. Leiden, 1908, p. 61 
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By studying the diagram below we can reach seme rather 
interesting conclusions. (1) The resistance temperature 
curve o£ the antimony crystal is not very different from 
that of the piece off the mass of metal. (2) The curves 
arrange themselves as would be expected from the arrange* 
raent of the metals in the periodic table. (3) The tempera* 
ture resistance curve for arsenic resembles that of many other 
pore metals. At the same time there is a very decided 



departure from the law stating that the electrical resistance 
is proportional to the absolute temperature. (4) Our results 
show that in the case of both arsenic and antimony resistance 
at low temperatures approximates to a definite residual value. 
This property is common to most pure metals. The arsenic 
crystal was measured to 2*42° K,, and the antimony crystal 
fo 2 43° K.; neither was found to be superconducting. 

On the graph we have drawn the curve for bismuth 
according to Clay’s results; bismuth appears to be unique 
in its behaviour, since, so far as is known, it is the only 
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L™ TJ* 1 th fy ha ? * ™ ] ™ot R/R e greater than 03 at the 

“7 1 T ld 1Ur 'i 3he value 0-3 is what would be 
expected if the linear relation connecting resistance and 

tSTT *t g0 , 0d * l n « enwal ’ ,,,etal - * value of 
H/Ho.m liquid air less than 0 3, and in this respect both 

mST and ann ° ny fol,ow the K ene,al bebavioofofother 
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of Lmsium, Cobalt , and Chromium at 
Bj/ Prof. J. (I McLennan* FJL8., 
, and J. O. Wilhelm, ALA. t 


Cttsium. 


A LTHOUGH a great deal of 
L*- conductivity of the alkali 

to Vlinnfinn nritk a _ . 


work has been done on the 

tue a,Kan £ rou P of petals in regard 

were not°avTi! h | tem P eratare aild pressure, vet data 
were not available on caesium and rubidium below the 

temperature of liquid air at the time when Onnes and 
Resistonce b of^ e ]El t ^ 6 * r . ** concerning the Electrical 

Sw -80Or » E1 r e / ,tary ® ubsta " ces at TerapenUure. 

*? ??- x . Last - Tear tbe authors of this communi- 

<f'°"published some data on rubidium at low temperatures 
so that only cmsinm remained to be measured. P ’ 

that L l lT‘ Um W3S r * m int0 a fine capillary tnbe similar to 
?n L ?i d ln mea8 ? nng potassium and sodium, as described 
in another paper §. Measurements were made at room 
temperature and at the temperature of liquW ai, Hou 
22*23.’ and . By assuming^t he^alue for 

ne2tS C ,rt' ,Ce g,ve " Smithsonian Tables and bv 
neglecting any change in the dimensions of the csesium due 
tocontraction with change of temperature, the vXs of the 

Ehhfr r ®**f ,anoe 9 were calculated. The results are given in 
Table I. and reproduced graphically in the diagram (p. 674). 

fr ° W ,he 

t Communicated by the Authors. T *"' 

t i^ , .“ e “ r Co “ mun 'Cftt!ons Supplement, No. 68. 
f I nil. Mag. iv. p, ,180 (Aug. 1927). 



Resistance of Ccesium. Cobalt, and Chromium. 073 


Table I. 


j ' 1 

J CasMimi. ■ 

Chromium (aged). 'j 

i 

! Degree# 

| Kelvin. 

Ohm#. 

Specific 

Resistance. 

Degrees 

Kelvin. 

1 

Ohm#. 

: 

S 

Specific j 
Resistance, j 

$ 

290 

75*34 X10~ 3 

205 

292 

i 

559x10-’ ; 

17-2 | 

; 82 

18-50 

5-04 | 

80 

•655 

2*01 

j 2CN1 

4*69 

1-28 ! 

t 

20-6 

*260 

'80 

4*2 

1-32 

*359 j 

j 

4*2 

•258 

•79 ! 

22 

1*19 

•324 J 

1 

2*25 

•258 

*79 


Cobalt (imaged). 


Cobalt (aged). 

_ _ 1 

i 

Degree# ■ 
Kelvin, j 

Ohms. 

, 

Specific 

He#istanee. 

Degrees 

Kelvin. 

Ohms. 

I 

Specific 

Resistance. 

j 293 

ISOxlO' 3 

8-07 

293 

211 xl0~ 3 

6*85 

i 

1 83 | 

j 

•195 

2*22 

83 

*382 

1*24 

20 ft 

•313 

1*37 

; 20*6 

143 

,6 1 

4*2 1 

*277 

1*24 

j 4*2 

*140 

*45 

1 

j 



| 25 ' 

•140 

*45 

i 


P. W. liridgeuian * found that cajsiuin was very com¬ 
pressible, and also that the electrical resistance passed 
through a minimum with increasing pressure, and on this 
account caesium appeared to be an interesting member of 
the alkali group to measure at low temperatures. The 
resistance of nearly all pure metals, other than super¬ 
conductors, approaches a certain limiting value, so that in 
general at very low temperatures the resistance of a pure 
metal is independent of the temperature. In this respect 
caesium stands out as different from most pure metals. 
A glance at the diagram shows that the resistance of 
-csesium continues to decrease with temperature below 4° K. 

In Table II. values of R/R 0 —i. e., the ratio of the resis¬ 
tance at any temperature to the resistance at 0° G.—arc 

* Am. Acad. Proc. lx. pp. 383-421 (Oct. 1323). 
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given for sodium, potassium, rubidium, and caesium at the 
temperatures of liquid hydrogen and helium. It can he 
observed from these figures that the three metals, sodium, 
potassium, and rubidium, all approach a certain limiting 
value. Had caesium behaved like rubidium a limiting value 



of about - 046 might perhaps have been expected. Spectro¬ 
scopic data give the following electronic configurations * 
for the alkalis. 


Tablb II. 



Sodium. 

Potassium, 

Bubiduin}, 

Caesium, 

o°c. 

1 

1 

1 

1 

Liquid hydrogen . 

'010 

•027 

057 

*007 

Liquid helium 

*01*4 

007 


*018 

I*iq. hel. red. pr. . 

*004 

•007 

*038 

*017 


* See paper bv Mclennan, Smith, and HcLav, Proc. Bov. Soc. A, 
cxii. p. 76 (1920). 
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Sodium. 2 : 2.6 r 1.' 

Potassium... 2:2.6:2.6-: 1. 

Babidutn ... 2:2.6:2.6.10:2.6 --: 1. 

Caesium. 2:2.0:2.6.10:2.6.10—: 2.6-; i. 


When tiie valence electron is stripped off the core is left 
complete in the case of sodium, potassium, and rubidium, 
but in the case of caesium the fourteen 4 4 electrons are 
missing. It is highly probable that this accounts for the 
compressibility of caesium, and it is not improbable that if 
accounts too for the temperature gradient of the electrical 
resistance persisting right down to very low temperatures. 
This explanation would be more feasible if rubidium had 
had a limiting resistance comparable with that of sodium or 
potassium, but measurements do not indicate that this is the 
case. Caesium was not superconducting at the temperature 
of 2-2° K. 


Cobalt and Chromium. 

A group of elements that seem so far to have been rather 
neglected in work on electrical conductivity are those 
grouped round iron. Doubtless this was due to the 
difficulty in obtaining pure samples, but last year, through 
the kindness of Mr. C. C. Paterson, a piece of pure 
chromium was obtained from the General Electric Company 
of England, and this year some pure cobalt was obtained 
from the Bel go-American Trading Corporation, Hew York. 
The cobalt was cut into a strip and aged in a vacuum for 
about four hours at a dull red beat. Measurements were 
made on an ageu and on an unaged sample. The results of 
the measurements are given in Table I. and reproduced in 
graphical form in the diagram. It may easily be seen that 
the ageing had the effect of merely shifting the temperature 
resistance curve down in the direction of the resistance axis. 
The value found for the specific resistance of the aged cobalt 
at 20° C. was 6*85 microhms per c.c., and the specific 
resistances at different temperatures were calculated from 
this value. The specific resistance of the unaged piece of 
cobalt was found to be 8*07 michroms per c.c. at 20° C. 

The work on chromium has been described in a previous 
paper, but at the time when that paper was written it was 
not possible to get the final measurement in liquid helium 
and so the results are repeated here with that reading added. 
The chromium was measured at 2 , 25°K. and the cobalt at 
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2 5°K. ; neither was found to he superconducting. It was 
found that both cobult and chromium had very small 
temperature gradients below the temperature of liquid 
hydrogen. It appeared, in fact, that the resistance of cobalt 
or chromium at low temperature was almost independent of 
temperature. 

Table III. 


Chromium. Iron. Cobalt. Jiii-ki-t. Copjier 


E Kj at liq. air. 132 0848 -20*2 180 144 

B/Ej at liq. hydr.. 059 0113 -075 -085 4)015 

Sp. resist, at 273° K.... 15-25 8 85 615 6 93 1-59 

Sp. resist, at 20-6° K.... iiO 101 *46 -59 0024 


The value 6 85 microhms for the specific resistance of 
cobalt at 20° C. is much lower than the value given in 
Smithsonian tables, but is close to the accepted specific 
resistance for nickel at 20° U., namely 7 '5. The value 
given for iron is 8*8. In Table III. values of U/H 0 
are given for chromium, iron, cobalt, nickel, and copper at 
the temperature of liquid hydrogen. From fche*e values 
and the specific resistances of the metals at 0 C C., the specific 
resistances at liquid hydrogen temperature were calculated. 
The values are given in the lowest line of the table. The 
values for K/K 0 liquid helium temperature for iron, 
nickel, and copper were not given in Unties and Tuyti's 
data, and the original papers had not become accessible at 
the time of writing, so that it has not been possible to 
calculate the specific resistances at liquid helium tem¬ 
perature. 

In comparing the specific resistances of different elements 
it is customary to compare the values either at room tem¬ 
perature or at 0° 0. When the values differ widely it is 
not of much importance what temperature is taken for the 
comparison* but it the specific resistances are close together 
the order of magnitude may change at different temperatures. 
It is therefore of importance to decide what temperature 
should be chosen for comparing specific resistances; it seems 
almost obvious that the ideal temperature for making a 
comparison would be the absolute zero. Measurements 
cannot be made at that temperature, but on account of the 
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fact that the temperature gradient is practically zero for 
many metals at low temperatures, one can employ measure- 
meats at slightly higher temperatures to make comparisons. 

It was with this in view that the last line in Table III. 
was calculated. It appears that although iron is a poorer 
conductor than either cobalt or nickel at room temperature, 
yet at low temperature it is much superior. No measure* 
ments have been made on manganese, and therefore it is 
perhaps rather too early to press conclusions. Nevertheless, 
the figures seem to indicate that aR one passes from 
chromium to copper, the resistance falls from a high value 
for chromium to a low one for iron, and then rises again for 
cobalt and nickel and falls eventually to a very low value 
for eopjwsr. This increase in the value of the specific resis¬ 
tance for iron is very interesting from the point of view of 
atomic structure. If the electron configuration for iron be 
taken as 2 : 2.6 : 2.6.6 : 2, when the valence electrons are 
stripped off, a system of six 3 S electrons is left. This is a 
comparatively stable system, although of course ten 3 S 
electrons are required for complete stability. On the other 
hand, when two valence elections are stripped off’ cobalt and 
nickel, a system of seven and eight 3 3 electrons is left. 
In the case of copper, when one valence electron is stripped 
off, all the ten electrons are present, and an excellent 
conductor results. It appears then, for a metal to be a 
good conductor, the electron systems of the core must be 
completed. If this be so, the reason for the resistance of 
iron being small at low temperatures can be accounted for 
if six elecirons form a fairly stable system. Hund, in 
dealing with the magnetic properties of the rare earths, 
found that when six electrons had filled into the 4 4 system, 
the magnetic susceptibility fell almost as if fourteen 
electrons had completed the system. In offering this 
explanation for the behaviour of the electrical conductivity 
of the iron, cobalt, and nickel group, the possibility of 
any of them having three valence electrons lias not been 
considered. It must be admitted that an asssumption has 
been made here, but it seems a very reasonable one. The 
point that is stressed throughout this communication, both 
in connexion with the alkalies and with the iron group, 
is the importance of the structure of the core of the atom on 
the electrical conductivity of a pure metal. 

Physical Laboratory, 

University of Toronto. 
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LXV. The Effect of Cadmium as an Impurity in head on the 
Conductivity of Lead . By Prof* J. 0. McLennan, FM.S., 
C. D. Niven, M.Af, and J. 0. Wilhelm, f 

A GREAT deal of effort lias been expended on obtaining 
pure metals for the investigation of electrical 
resistance at low temperatures because the important effect 
of impurities on electrical resistance has always been borne 
in mind bj any experimenters in investigating whether a 
metal were a snpercondactor or not* Indeed, when a metal 
did not tarn out to be a superconductor it was always 
doubtful whether or not the little impurity—which is nearly 
always present even in the purest attainable samples of a 
metal—was sufficient to account for the small resistance at 
very low temperatures* Recently, opinion has strongly 
favoured the idea that a residual resistance may be expected 
for most metals at the lowest temperatures* At the same 
time, if resistance at higher temperatures is so greatly 
affected by an impurity, two questions Seemed to us to be 
worthy of investigation, firstly, whether or not a slight 
impurity in a superconductor spoilt its superconductivity at 
the superconducting temperature, and secondly, whether the 
temperature at which the superconductivity appeared 
changed with the amount of impurity. 

Iu entering this field the authors of this communication 
realized the enormous complications that could arise in the 
results. When the metals are mixed to form an alloy they 
may either form a mechanical mixture or they may form a 
solid solution, or they may form a chemical combination. 
If a mere mechanical mixture were formed the mean con¬ 
ductivity might be expected, and when one of the constituents 
became superconducting probably the whole alloy would. 
On the other hand, if a solid solution were formed a totally 
different curve might be expected from the temperature- 
resistance curve for the pure metal, and it might be that 
the superconducting property disappeared altogether. Again, 
there was always the possibility that a solid solution at room 
temperature might undergo a change at low temperatures, 
and this introduced a further complication. 

Very little work has been done on alloying super- 
conductors. Some work has been done at Leiden J by 

a This work was carried out with the aid of a grant of a fellowship 
from the National Research Council of Canada, 
t Communicated by the Authors, 

% Leiden Comm* No. 181. 
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Tayn and Kamerlingh Onnes on an alloy of tin and lead, 
but the authors have not come across any other work. An 
alloy of tin and lead is an alloy composed of two super¬ 
conductors, and it is not surprising at first sight that the 
alloy should have been found superconducting. Yet on 
further consideration this does not seem a necessary 
consequence of the mere fact that the original metals were 
superconductors. Had the metals formed a solid solution or 
chemical compound, why should we expect the alloy to be 
superconducting? 

The problem of superconductivity has not been treated 
satisfactorily by any theory up to the present, and on this 
account there seemed to be no reason for not collecting data 
and ascertaining some empirical facts about the effect of 
adding impurities to a superconductor on its resistance at 
low temperatures, even though they could not be clearly 
interpreted. 

Apart from the complications attendant on the formation 
of solid solutions and compounds, we realized that before 
any conclusions could definitely be drawn from our method 
of attack a great deal of work might be necessary. There 
are five superconductors, and with each of these probably 
6 or 8 different metals should be alloyed. For each of these 
combinations a whole series of alloys should be prepared 
and have their resistance-temperature curves determined. 
The results, therefore, communicated in this paper must be 
looked upon as a mere beginning of what may be expected 
from a somewhat extensive programme, yet w« think them 
of sufficient interest to publish, as they show that a metallic 
impurity in a superconductor will not necessarily eliminate 
the property of superconductivity. 

The alloying metal chosen by us was cadmium and the 
superconducting metal was lead. We chose lead as it was 
possible for ns to get a very pure sample of that metal from 
the Bureau of Standards. In some ways lead was awkward 
to measure at low temperatures as it became superconducting 
about 7°K. Ou this account great care had to be taken in 
handling the helium liquefier. It was necessary for 
conditions to be upset sufficiently at the nozzle so that 
liquid helium would not “ make,” and so that the 
temperature remained constant. A helium gas thermometer 
at the side of the liquefier indicated when the temperature 
was steady. The temperatures were read on a constant 
thermometer. In reading the temperatures we assumed 
that the temperature-resistance curve for constantan was 
linear between the temperatures of liquid helium and liquid 
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hydrogen. This assumption is justified from work by 
Onnes and Holst*. Due to the difficulties of holding the 
temperature constant and in reading its absolute value 
accurately, the value found for the superconducting tempe¬ 
rature of pure lead was a little lower than what we found 
it two years ago, and on this account we measured the 
resistance of a piece of pure lead along with that of the 
pieces of alloyed metal. We were thus able to tell if 
the alloy were superconducting at the same temperature 
as the pure metal or not. This question was of much greater 
interest to us than the question of fixing the absolute value 
of the temperatures by which superconductivity appeared. 

The cadmium was distilled es a precaution in case it was 
not pure, and alloys containing about 0*1, 1, and 3 per cent, 
of cadmium were prepared as follows The lead and 
cadmium were accurately weighed ont and placed in a pyrex 
glass tube which was evacuated and sealed off. The tube 
was heated until the metals melted, and was then well shaken. 
In order to measure the specific resistance a part of the 
alloy thus formed was run into a glass tube of about 2 mm. 
bore through a fine constriction to keep back any surface 
contamination. If the dimensions of the sample were to he 
accurately determined, it was important to get the alloy to 
solidify in the tube free from pit-marks, and the tube was, 
therefore, placed in a furnace we had formerly used for 
making crystals and not merely heated in a bun sen flame. 
It was very important to get the glass broken off without 
damaging the surface. The cross section of each sample 
thus obtained was measured in five different places in a 
length of about 4 cm. The length was taken between two 
steel points which carried the u potentiometer leads. 
In this way the specific resistances of the alloys we prepared 
were measured at room temperature, and we wore thereby 
enabled to represent the temperature-resistance curves of 
different alloys on the same diagram. 

The remaining portion of each alloy was run into a fine 
glass tube and used for obtaining data for the resistance- 
temperature curves. The dimensions in this case were of 
no consequence; it was of greater importance to get a 
reasonably high value for the resistance. Pieces of two 
different alloys and a piece of pure lead were mounted on a 
piece of red fibre, and wires were soldered on in such a way 
that the samples were connected in series. A pair of 
tapping-off or “ potentiometer 99 leads were soldered to each 


* Leiden Comm. No. 141 a. 
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PrLr/t J^insnuf 
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Jiqaefier; in addition we i * °ut from the helium 

const an tan thermometer. “ d ‘ b " ng ° at w,res £rora tb ® 
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Diagram I. 



the three alloys containing 0-197 nAP £be Mcasnrements of 
ami 2*76 per cent, of cadmium ar« P <»; en . t- ’ 119 P er cent., 
in Diagram I. A glance at the d? T6n W f rap “ ca ^ f° r,n 

carves for the alloys containing O lS^nd 3 1 * 1 * 0 WS that 4110 

cadmium at higher temnejII d 119 P« r cent o£ 
to the curve for pure lead and in ,.. a PP roxi ' na t e ly parallel 

“»•* f . rom */ e 

f? abont »V-L^Sti 

Fh&L Mag. S* 7 . Vol, 6 . No. 37 . Oc£. 2 Y 
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As apparently all the alloys we had made so far were super¬ 
conducting, we thought it would also be interesting to make 
up an alloy with a larger impurity still, such as 5 per cent. 

Two alloys were therefore prepared, one containing 5 19 
per cent of cadmium and the other H8, and wires of them 
were mounted on the piece of fibre in place of two other 
alloys. They were measured at room temperature, and 
at the temperature of liquid air, and liquid hydrogen, 
and finally in the helium liquefier. With the experience 
we had had previously we succeeded in improving our 


Specific resistances of Lead-Cadmium Alloys 



technique considerably. In the first place we had leanied 
how to control the liquefier so that the temperature remained 
steady for a fair length of time, and in the second place 
we took the leads from the pure lead to the pair of terminals 
on the potentiometer that we had previously been using for 
the standard resistance. The batteries were sufficiently 
constant so that when once the current was known by 
a measurement of the standard resistance, there was no 
further need of having the latter attached to the potentio¬ 
meter. By having the pure lead leads attached to these 
terminals it was possible to switch instantaneously from the 
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before and after cooling to 7°K. 



1*88 % Cadmium. 
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Kelvin 
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■ . before. 

i . , 
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Kelvin. ! after. 

29i 

j 26*2 
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j 25-3 | 

Si 
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18*8 
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85 

1 

7*19 
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20 *6 

1*54 

91 

0*90 | 



73 

0-87 i 
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tem^rature, and as a rough guide i^ drawing The cuTv” 
it was decided to take a measurement in alcohol cooled 
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with liquid air down to about 220° K When this waa 
done, and the corresponding point put on the g.aph it 
was found that we had to draw a curve ^th three ^nds 
in it to pass through the points. It was concluded that some 
mistakehad been made, and as a precaution the readings in 
liquid air of the 1*88 per cent, and the o'19 per cent, allojs 
were repeated. Neither of the readings when repeated 
agreed with the previous readings. Repeat measurements 



were made at room temperature, and these did not agree 
with the original measurements either, iiwlly lepeat 
measurements were made in liquid hydrogen. The results 
were plotted for both the alloys (1*88 and 5*19) and we 
found that for each alloy there were two curves. The 
curves are shown in Diagram II. We think the change m 
resistance is due to the cooling to very low temperatures— 
a sort of ageing effect has probably taken place. This 
is supported by work we have done on ageing cobalt 
and chromium, which showed that ageing had the effect 
practically of shifting the temperature-resistance curve 
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trjT tll \ dlreC - ion of th .° resistance axis. In the case ot 
difference" qaestloa the approximately constant 

JSsk-SSK “ en " to e,ist ■* * We »• 

Repeat measurements were made on the alloy containing 
the ./ I fat- cadmium and when these were plotted 
Sf. fcant difference of resistance was again apparent, 
fhe measurement in hydrogen for this alloy was made 
therJl? ™ as >°re«nent m the helium liquefier, so that 
to 7° ^ d g £ f i th * hydrogen temperature before the cooling 
to 7 K is not known. Readings are given in the table in 

• . a f? U T 8 n nde f headings “after’’ and “before”— 
» the ,. ali °y had been in the liquefier and before. No 
after readings are available for the 0-127 per cent, and 

thelSS/S^M®^iV 8 resi ? tances had been taken off 

observed? ? **** agemg phenomenon had been 

d °- DOt ?* sh t0 pre f an y conclusion as we should first 
. to investigate much more thoroughly this strange 
Phenomenon. New questions at once arise; for 

“f’ v t6 ' ,1 P° rature is accessary for the effect to 
place. or, has time any influence on the ageing? 

n/ gain ; W1 coo , Hn g a second time to the superconducting 
temperature produce a farther change? Until such que* 
Jons be answered it is premature to say whether the effect 
‘ , toa separation of a solid solution into components or 

merely to some alterations in crystal structure. At all 
events, since a cadmium-lead alloy containing as much 

ft &?' • °f ( i a , dm ' um , was mwnd to be superconducting, 

, P Y probable that there is a continuous chain of lead 
atoms in the superconducting state of the alloy. 


L o? f / vuience °t the Existence of Aggregates 

/Jpr Efposit Atoms rn t xaS es containing Radon/ By 

Canada^* ', EAmmGTOS > Ph ^ Umversitgof Saskatcimvan, 

[Plate VII.] 

TL/ffLLE C. CHAMlfi f recently described experiments 
XTX giving photographic evidence that radioactive material 
of various kinds when introduced into mercury exists in the 
orm ot aggiegates rather than as individual atoms, regardless 

l uTn U nf te -X Si i E ; O.M., P.R.S. 

t Mile C. Chamie, C. M. clxxxiv. ju 124B ( 1927 ), 
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of the method employed in activating the mercury. Later 
experiments * * * § definitely indicated that these aggregates were 
in general not due to the association of radioactive atoms 
within the mercury, at least not solely, but actually existed 
as such before the introduction of the radioactive material 
into the mercury. In these experiments the aggregates 
were obtained from surfaces exposed to emanations and 
from surfaces activated in various solutions. From both 
theoretical and practical standpoints it is important to know 
whether in the case of surfaces exposed to emanations the 
aggregates form in the body of the gas and are deposited as 
such, or whether the process of aggregation takes place 
with atoms deposited individually on the surface exposed. 

Certain work by Mme Curie +, by Makower and Russ 
and a number of others point definitely to the former 

E rocess, though the latter may also function. This report 
as to deal with a somewhat different line of experimental 
investigation of this problem. 

Experimental Methods and Results . 

Since Mme Curie’s work indicated n part played by 
gravity in the distribution of the active deposits on surfaces 
exposed to emanations, it was believed that by centrifuging 
tubes containing radon the distribution of active deposit on 
the walls should be affected. The experimental arrange¬ 
ment for measuring the distribution is indicated in fig. 1. 
Air-radon § mixtures were introduced into tubes such as T, 
and the latter mounted in such a way as to be adjustable in 
position along a vertical guide S provided with a scale. 
Two lead blocks LL situated between this guide and a 
gamma ray electroscope E were separated by a space of 
1 cm., thereby forming virtually a slit. This limited the 
gamma radiation reaching the electroscope to that due to 
the portion of the tube immediately in front of the opening. 
The rate of fall of the electroscope leaf over a certain range 
of the telescope scale was taken as the relative activity of 
that portion of the tube in front of the slit. 

Curve A of fig. 2 shows as a typical case the distribution 
of activity along a tube enclosing an air-radon mixture at 
atmospheric pressure, and containing 15 millieuriesof radon. 

• 2&, OK clxxxv. pp. 770,1277 (1927;. 

t Curie, Radioactivity, 

X Mabowerand Russ, Phil. Mag. xix. p. 100 (1910). 

§ The writer is indebted to Mr. G, R. Crowe for assistance rendered 
in connexion with the radon supply. 
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The ordinate at any point indicates the activity per unit, 
or length of the corresponding portion of the tube. After 
determining the activity distribution in the tube it was 

I'V. 1. 



Experimental arrangement for determining the distribution of 
activity along a tube. 


Fig. 2. 



Curves showing the effect of centrifuging on the distribution of 
activity along a tube. 

placed in a motor centrifuge (rounded end of the tube 
pointing outward) and centrifuged at about 1750 revolutions 
per minute for a period usually of the order of 30 minutes* 
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Since the circle described by the outer end of thetube 
had a radios of 15 cm the centrifugal force acting 
the particles near the end of the tube was about 500 times 
that exerted by gravity on the same partades. In «ew ot 
the short- mean life of some of the products, the advantage 
of this method over one depending on gravity i* obvious. 

Onrve B of fig* 2, representing data taken immediate y 
rftoU.A. definite change m 
distribution caused thereby, obviously due to act e 
material being thrown to the outer end of the tube, the 
magnitudes of the effects produced by centnfnging yar e 
from unobservable ones to effects considerably 
that shown in fig. 2. They increase with the partial 


Fig. 3. 


A 



w « > 

Tubes used to show that aggregates exist in suspension m the 
body of the gas containing radon. 


pressures of radon and of water-vapour and with the total 
pressure, and depend somewhat on the shape of the tube. 
It is of interest to note that Mnae Curie found a 
dependence on these factors in her work on the effect ot 

likely that in all eases a part of the effect of centri¬ 
fuging is due to aggregates loosely attached to the wall 
being aislodged and thrown to the outer end of the tube. 
But the fact that the filter through which the radon mixture 
is removed always shows some activity, and the results 
shown by the following experiment, indicate that adehnite 
portion If the material affected must come from the body 
of the gas. A strip of brass about 5 mm. wide was bent 
.and inserted into a tube as indicated m fig. 3 (a), the 
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horizontal portions of the strip, or the “steps” of the 
“ ladder,” effectually divide the length of the tube into such 
short sections that any material dislodged from the walls of 
the tube during centrifuging would be unlikely to reach the 
middle portions of the stops. In one case the tube was 
centrifuged during the entire time (45 minutes) the radon- 
air mixture was in the tube, and in another case the radon 
was left in the tube overnight before centrifuging. In 
each case after removing the radon the tube was opened and 
the middle portions of the steps were cut out and laid on a 
photographic plate—the first step with the upper face up, 
the next with the upper face down, the next up, and so on 
alternately until the steps were all lying side by side in a 
row on the plate. This was then covered by another sen¬ 
sitive plate and left for about 10 minutes. On development 
each plate showed a row of alternaiely darker and lighter 
spots, and in every ease the darker spots were due to 
exposure to the upper faces of the steps, i. e. to the faces 
pointing towards the axis of rotation of the centrifuge. On 
repeating the experiment but omitting the centrifuging, spots 
■of uniform density were obtained. 

The tube shown in tig. 3(b) was used in a further test of 
the same sort. Here the tube was divided by a circular 
niica partition. After the centrifuging and removal of the 
radon the mica was placed on one photographic plate and 
covered by another. The results showed the upper face to 
have received the greater deposit. Fig. 4 (PI. VII.) shows 
a greatly enlarged view of a portion of the plate exposed to 
the upper face, and indicates that in addition to a general 
distribution the active material is collected in aggregates 
distributed at random. 

These experiments pointed definitely to the conclusion 
that the aggregates existed in suspension in the gas, and the 
size of these atomic groups, as suggested by their photo¬ 
graphic action, indicated the probability of seeing them 
ultramicroscopically. Mine Curie ( l. <r.) and others have 
indeed reported having observed very persisting clonds in 
chambers containing gases including emanations and water- 
vapour. For a test of this a small brass chamber was con¬ 
structed and filled with a radon-air mixture, and then 
examined nltramicroscopieaUy by an arrangement similar to 
that described by Whytlaw-Gray *. Intense illumination, 
carefully adjusted, was required to make the particles 
visible, when they appeared as tiny “stars” exhibiting 

* Whytlaw-Gray, Proc. ltoy. Soc. cii. p. 600 (19.3). 
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Brownian movements and drifting with the convection 
currents. An electric field, established between the central 
wire and the brass case by connexions to the D.O. mains, 
quickly swept the particles to one side. Even when the 
field had been left on for some time, only a comparatively 
short time, say 10 or 15 minutes, was required to elapse 
before particles again began to appear in the field of the 
microscope. The variations in the intensities of the u stars n 
and their activities in Brownian movements suggested a 
certain variation in their sixes. The particles visible in a 
freshly-filled chamber seemed to have higher mobilities than 
those visible later, but, except at first, little change with time 
was noticeable. This is due no doubt to the attainment of a 
condition of equilibrium in which the particles seen range in 
size from tbe smallest visible to the largest permitted by 
gravity to remain in suspension, new aggregates forming 
and growing and old ones disappearing owing to gravity 
or diffusion. Work along this line is being continued. 

The question as to whether the particles detected ultra- 
microscopically are aggregates of radioactive atoms or 
merely dust requires consideration. In the first chamber 
used the radon-air mixture introduced bad been previously 
used in a number of experiments like those described above, 
and this involved its being filtered a number of times through 
a cotton-wool plug ; and it was again filtered as it was 
introduced into the brass chamber. Moreover, the appli¬ 
cation of the electric field should have disposed of any dust 
escaping all these filterings. However, the second chamber 
used was constructed as a miniature Wilson expansion 
chamber. It contained some water and was filled with 
filtered air only. Attempts to see particles were all un¬ 
successful ; but when this same chamber was filled with a 
radon-air mixture similarly filtered, the particles were visible 
at once. Neither repeated expansions nor electric fields 
temporarily applied could permanently rid the field of 
particles, though such treatment should certainly have 
removed any dust. As further evidence on this point, it 
may be mentioned that, in some of the experiments on 
centrifuging first described above, tbe same tube, remaining 
hermetically sealed, was used on successive days without 
any apparent change in the definiteness of the effect produced 
by centrifuging. 

The above experimental results are entirely in agreement 
with the experimental evidence obtained by others, and all 
considered together leave little doubt as to the actual 
existence of aggregates of radioactive atoms in suspension 
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3 ® 8 C0 “ fcai ning - emanation. Certain other experiments, 

ot which the details are considered unessential, will be 
mentioned m connexion with the next section. 

It was felt that photographic evidence of these aggregates, 
obtained by methods similar to those described by cffamiS 
)V or b 7 Muhlestein * would be useful. The sensitive 

a W' S rL 6re T e l “ ‘f® followin g “»«ner. As seen, 
atter the removal of the radon mixture as convenient the 

ibes were opened and the inner surfaces rubbed by a wire 
or a small steel ball mounted ou a wire. The latter, bearing 
a certain amount of loosely adhering active material, wu- 
then tapped on the plates. These, on being developed, 
indicated that the spots of the gelatine actually touched 
became heavily infected, but there was also a scattering of 
an< * well-sepn rated aggregates obtained else¬ 
where on the plate. blow plates and slow development 
were found best Fig. 5 (PI. VII.). is a microphotograph 
showing the random distribution of aggregates thus obtained 
on the plates, tigs. 6 and 7 (PI. VII) show individual 
iiaioes at a still greater magnification. The “radiant’^ 
appearance is due to individual alpha particles from the 
aggregate passing through the air for different distances 
before striking the gelatine layer. When by a suitable 
arrangement a layer of mercury was left on the plate dnrintr 
exposure, all alpha particles except those having paths 
wholly within the gelatine were absorbed. The tracks of 
the alpha particles thus obtained are snbstantially equal in- 
Jength, and define a circle having a radius equal to the range 

r the ,.~ ph! * P anicles involved. Figs. 8 and 9- 
(FI. VII.) show different magnifications of the circles thus 
obtained. Measurements on one hundred different diameters 
and involving many different circles and plates gave a mean 
value of approximately 58 microns as the actilai radius of 
the circles on the original plates. Any plate will in¬ 
general show circles having wide variations in the number 
ot tracks radiating from the centres, some with only a few 
isolated tracks and others with so many as to make a solid 
black circle. Ihe numbers of atoms in the aggregates 
must vary similarly but the actual sizes of the aggregates 
are in general mucb too small to affect appreciably the 
diameters of the circles obtained. . 

Discussion. 

The tendency of radioactive atoms to form aggregates 
was observed early m the course of experimental study by 
* Miihlestdn, Archives de* Sciences, 5th, iv. p. 38 (1922). 
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different observers ** As to whether in the ease of 
•emanations this aggregation took place in the body of the 
gas or on the surfaces exposed to the emanations seemed 
less certain. No doubt existed as to the presence of the 
.active deposit atoms in the gas containing the emanation, 
and in the light of the results obtained by others together 
with those described above. The obvious conclusion would 
seem to be that these atoms exist, at least in part, in the 
form of aggregates in suspension in the body of the gas* 

Evidence as to the nature of the particles is more indirect, 
»but yet suggestive. The importance of the presence of 
water-vapour raises the question as to whether the particles 
-observed are minute drops of water incorporating a load of 
radioactive atoms or whether they are aggregates of the 
latter, including or absorbing water-vapour molecules to an 
-extent determined by the partial pressure of the water- 
vapour. Those who have held the former view as to their 
nature have had to assume the presence of chemical com¬ 
pounds of some sort, say nitrogen oxides due to the action of 
the emanation on the air, in order to account for the per¬ 
sistence of these drops in an unsaturated atmosphere. But 
Mme Curie f was able to observe the gravity effect also in 
-carbon dioxide and in hydrogen, and the present writer, in 
the course of experiments on centrifuging gases containing 
radon, substituted argon for air in certain cases without any 
-observable change in the nature of results. This would 
seem to preclude the probability of any chemical action being 
essential to the formation of the particles. Vapour-pressure 
-considerations w ? ould scarcely support the idea of the form¬ 
ation of minute drops of water in a non-saturated atmosphere 
in the absence of chemical compounds of some sort $. That 
*the effect persists even at very low vapour-pressures was 
seen from the following test. A tube containing the usual 
radon-air mixture with saturated waier-vapour and also 
giving a marked effect of centrifuging was mounted w ith its 
lower end dipping 1 centimetre into a mixture of ether and 
•carbon dioxide snow during the period of attaining equi¬ 
librium The distribution of activity along the tube was 
then determined, after which it was returned to its former 
position long enough to offset the effect of any rise of 
temperature occurring during the faking of the observations, 

* For detailed references consult Curie, lladioactimU ; Rutherford, 
* Radioactive Substances and their Radiations or Meyer and Schweidier, 
Badioaktivitiit. 

t Mme Curie, MadioaetmH , voL i, p, 371, figs* 

| See Pointing and Thomson, 4 Properties ot Matter/ 2nd ed. p. 166. 
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It was then centrifuged and again tested with the usual 
positive indication of active material having been thrown to. 
the outer end. A second trial with argon substituted for the 
air gave like results. The vapour-pressure in these cases 
was certainly much too low to permit the formation of drops 
and any excess water was frozen to the bottom of the tube^ 
before the tube was centrifuged. In the ultramicroscopic 
study mentioned above the observed particles were removed 
by an electric held temporarily applied, and from the vapour- 
pressure considerations referred to above one would expect 
that it any later condensation takes place it would be on the 
water surfaces already formed. It would appear then most 
unlikely that the new particles that appeared later were 
drops of water. Furthermore, Rutherford and others have- 
tound that for the greater part the active deposits carry 
positive charges. It is known from observations made with 
the Wilson expansion chambers that.drops of water form 
more readily on dust particles or on negative ions than on 
positive ions, and in these experiments there conld have 
been no shortage of available negative ions. These and 
certain other considerations have led the writer to the 
conclusion that the particles observed in non-saturated crises 
containing radon are not drops of water, but are aggregates' 
of active deposit atoms. In saturated atmospheres no doubt- 
both types ot particle may exist. 

The Origin of the Aggregates. 

It would appear that particles might originate in either 
or m both ot two ways. In the first place, the photographic 
evidence clearly proves that these aggregates do exist on 
surfaces which have been exposed to emanation. Makower 
and Russ (/. c.) aud Lawson *, among others, have definitely 
proved the reality of the “ aggregate recoil in other words 
that when a member ot an aggregate of radioactive atoms* 
say on a plate, ejects an alpha particle in the direction ot 
the plate, not only the parent atom, but the entire aggregate 
containing this atom, may be thrown from the plate by 
recoil. This, then, offers one way of accounting for the 
aggregates found in suspension in the gas. 

It appears probable, however, that most of the aggregates 
are actually formed m the gas itself. In the experiments 
described above there were atoms of radon and of subsequent 
members of the series, molecules of air of water-vapour, and. 

* Lawton, JFYwi. Ber. cxxvii. p. 1315 (1918); cxxviii. p. 795 ( 1919 ). 
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of unknown other kinds present in the tubes employed* 
This mixture was subjected to the intense ionizing action of 
alpha, beta, and gamma rays and of recoil atoms, and there 
must have resulted a corresponding variety of ions, some 
positive, some negative. That atoms of active deposit 
generally carry positive charges has been repeatedly observed, 
-and that a considerable number carry negative charges was 
indicated by the following test:—Three long narrow plates 
were mounted parallel to and symmetrically about the axis 
•of a glass tube into which the usual radon-air mixture was 
introduced to a pressure nearly atmospheric. Two of these 
plates were connected to the terminals of a 200-volt D.C. 
dine, and the third left insulated. After due exposure the 
plates were removed and placed on a photographic plate. 
The latter on being developed showed that the cathode had 
^received a much heavier deposit than the anode, but that the 
anode had received a very definitely greater deposit than 
the third plate. Since, then, active deposit ions of unlike 
sign do exist, there must be combinations between them in 
addition to the many other kinds of combinations possible 
with such a variety of ions. If in any combination only 
.molecules of gases are involved, these molecules should 
separate at once and be as independent as they are normally. 
But if the ions, whether simple or cluster ions, included two 
or more atoms of radioactive or other substance normally 
existing as a solid under the conditions of the experiment, 
there appears to be no obvious reasons why these should 
separate. On the contrary, every consideration indicates that 
they should remain together. Moreover, at least a certain 
proportion of the molecules of air, or especially of water- 
vapour, included in the uniting ions would be expected to 
remain in the resulting group or particle because of the 
-tendency of such molecules to become absorbed on solids. 
Therefore in such a mixture of ions the probability of 
^combinations of permanent nature is very high. Once a 
nucleus of an aggregate is formed, the chance of further 
acquisitions increases with the growth of the aggregate, 
^ince its mobility and therefore its chance of reaching the 
wall must decrease, and its probability of being struck by 
other particles or molecules must increase with its size. 
This growth should continue until it is removed by diffusion, 
%y electric field, or by gravity. 

Whether the aggregates known to exist on the surfaces 
exposed to emanations originate thus or actually form on 
the wall will not be discussed here; but this theory would 
-explain the experimentally observed fact that these aggre- 
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LX VII. Molecular Cohesion. By G. A. Tomlinson, 

[Plate VUI/) 

( 1 ) rpHE amount of well-established knowledge concerning 

limited W > nM tar * ““a 0ng,n interatomic forces is very 
limited. Within recent years the theoretical aspect of thl 
question has received much attention, and a LmbeJ3 
interesting and suggestive results have been obtained bv 
mathematical methods* It is ffenerallv a crreuzA k ^ 
that th. problem of efamio ford he. 1 gT^ofaXS 
• Communicated by Sir J. E. Petavel, K.B.E., F.R.S. 
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Beveral distinct atomic a a {ft n i tv , the binding 

nized, snch as the f°rceof ^ ^ cohesive attraction 
force in polyatomic mo ’ mo l e ctiles. The cohesive 

exerted generally by ^ nisMng inve rse function of the 
force is some ra P ) . a nd very varied suggestions 

distance between the atoms, Drobab le law of force. Many 
have been “JjJ* reasons for believing that 
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* Phil. Mag. xxiy. and xxvn. (1889). 

+ Phil Mag. xxxi. (1891). 

* Proc.Phy*.Soc.xxvu. 

s Zeit. Phy». Chem, 1914. 

II Phil. Mag- xxxvn. 

I Phil. Mag. xxxvi. , 

. *• proc.Bov.Soc.exn.- 
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structure of metals, Rosenhain * mentions an inverse cube 
law as a probable description of the forces between metallic 
atoms. Finally, Edser + has suggested that it is necessary 
to consider a higher index than any of those already 
mentioned, and regards —8 as being more probable. 

(2) The present paper gives a description of some experi¬ 
ments in which the force of adhesion between fibres and 
spheres of glass or quartz can be observed and measured. 
The results obtained experimentally are then compared with 
those to be expected by calculation, if the molecular attrac¬ 
tion follows a law F=K</"**, different integral values being 
allotted to the index ». There is no very strong a priori 
reason for thinking that the force between two atoms can be 
described by a simple inverse law, such as the above, in which 


Fig.L 



n is an integer ; but, on the other hand, as the above refer¬ 
ences show, there is such diversity of opinion as to the 
approximate law of force, indices of 2, 3, 4, 5, 6, and 8 being 
suggested by different writers, that any evidence in support 
of a particular integral index may be considered to be a. 
small advance in our knowledge of the nature of the 
attraction. 

If two freshly-drawn fibres of glass or quartz are brought 
into contact, they are found to adhere, and, on separating the 
fibres, the force of adhesion causes a measurable elastic 
deflexion of the fibres. Similarly, the force of adhesion of 
two fused spheres can be observed if the spheres are flexibly 
supported, as, for example, by a piece of piano wire. 
Measurements of the force were made i» the following way. 
One fibre, A (see fig. 1), was supported as a cantilever in a 
♦ Cantor Lectures, 1925. t Brit. Ass. Rep. 1922. 

Phil Mag . S. 7. Vol. 6. No. 37. OeU 1928. 2 Z 
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horizontal optical projector, its direction coinciding with the 
aSTSLy Of the free end of the **•*»*■* 
upwards and was focussed at the screen. V^^Sfibre 
was held below the first at right angles to ^nd this bbre 
onnld be moved in two directions. GX and OY, at r g 
angles. The two fibres were brought into contact, when 
*h^r adhered and then they were drawn apart until thej 
separated. The deflexion of the fixed fibre at the point of 
separation was marked on the screen, from which the force 
ofadhesion can be found by calibrating the stiffness of the 

Sb S,.1xX:iTintadea^ed either downward, in tho 
direction OYbv f force norn,.l to tb, contact .nrtaoes, or 
horizontally .Ion* OX by » tang.nti.1 tr.<*n,n.l fore, I 
*h« measured deflexions of the fixed fibres m the two case, 
aifl w and x and \ denotes the stiffness of the fibres in dynes 
ner cm deflexion and p is the coefficient of friction between 
tbe fibres, then the force of adhesion m the two cases is 

P'-J' 

Py * 

The first case may be called free adhesion, since the 
normal force between the fibres is solely that due to 
adhesion, no external normal force being applied. The 
second case may be called the limitmg adl.esmn when the 
fibres are separated. It was always found that p* was 
considerably greater than p,. A typical example of adhesion 
measurement is given below. 

Material . drawn <l nartz fibres * 

Radius . °' 006 cm * 

Stiffness . =3'33 dynes per cm. 

rioflovinn ...... v “*0*204 cm. 

. (mean of 78 readings). 

. x =0*52 cm. 

” . (mean of 61 readings). 

Coefficient of friction . 0*58. 

Free adhesion force. ft— 2*88 dynes. 

Limiting adhesion force ... f„— 0*68 dynes. 

Batio........§ ==44 ‘ 

The coefficient of friction was determined by mounting 
two much stiffer fibres in the same way. The fibres were 
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pressed together by a normal force which was found from 
the deflexion y' of the fibre (fig. 1). The fixed fibre was 
then palled tangentially through a distance a/ until slipping 
occurred. A group of such points was obtained and a mean 
line, OQ, was drawn through them. From the slope of this 
line the coefficient was found. The fibres used were freshly 
drawn and comparable in every way, except as regards 
diameter, with those used in the adhesion measurements, so 
that the value of (t is probably closely the same in both 
cases. Stiff fibres were used to ensure that the applied 
force was far larger than the forces concerned in adhesion. 

Some further experiments were made in which the limiting 
adhesion (p y ) was measured for freshly-blown glass spheres 
of various radii. Some results obtained, each being the 
mean of a considerable number of observations, are shown 
in fig. 2. 

Fig. 2. 



The curve indicates that the adhesion force is proportional 
to the radius of the sphere. The observations do not fall 
very exactly on the mean straight line, bat, having in view 
the nature of the measurements, there appears to be sufficient 
consistency to support the conclusion that the relation is 
linear. With the spheres, quite large adhesion forces are 
observed. Thus with the largest spheres of 1*22 cm. diameter 
the force slightly exceeds 1 gm. weight. 

(3) Before considering the experimental results further, 
the cause of the observed force will be discussed shortly. 
It is necessary to establish securely that the force is one of 
molecular cohesion. It is possible that a force similar to 
that observed might he due to electrification. This has been 
tested by discharging any electrification by strong ionization 
with radium both before the fibres touch and also while 
adhering together with a force applied tending to separate 

2 Z 2 
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them. The ionization was found to have no effect on the 
force. Another possible cause is the presence of an adsorbed 
film of liquid. Against this must be placed the fact that 
the force exerted by the fibres is always found to be at its 
strongest just after they have been cleaned by heating to a 
bright red in a flame. The force is found to diminish slowly 
w ith time, and in making the measurements the fibres were 
actually repeatedly re-heated. The magnitude of the measured 
forces also appears to be altogether too large for an explana¬ 
tion depending on the surface tension of a liquid film to be 

^itfore°positive evidence that the force is dne to cohesion 
can be obtained by examining the surface of glass that has 
been in contact. Fig. 3 (FI. VIII.) shows an enlarged 
photograph of apiece of clean glass plate which has been 
very lightly stroked with a fused glass sphere. It will be 
seen that, as the sphere moves, a succession of flakes have 
been torn out of the plate, and at each tear the sphere jumps 
a short distance clear of the plate, its track being clearn 
shown as a broken line. A similar effect has been described 
by Hardy in his work on lubrication. This experiment 
conclusively shows that strong cohesion occurs at the 
contact. 


(4) The experiment with the adhering fibres will next be 
considered in some detail, as facts of some interest can 
be deduced from the results. Iu the condition of free 
adhesion the attraction between the fibres results in a 
normal pressure,p a .=2’98 dynes, which w ill produce a small 
elastic indentation, the contact area being a circle the radius 
of which is 3 4 X 10~ 5 cm., calculated by tho usual equation 
of Hertz. In the second case of limiting adhesion the force 
exerted is 0'68 dyne, and there is no residual pressure 
reaction between the fibres, which are just on the point of 
separating and are in a purely geometrical contact The 
last statement can be substantiated experimentally bv 
observing the behaviour of the fibres as they approach each 
other. It is found that the fibres adhere quite suddenly 
without any external pressure being applied, which is shown 
by the absence of any deflexion of the fixed fibre. There is- 
no doubt that adhesion has occurred, as the minute vibration* 
of the fibre are immediately checked, and, further, if the 
movable fibre is now withdrawn, it draws the fixed fibre with 
it. Hence the molecular attractions acting at the install of 
geometrical contact are sufficient to draw the fibres together 
into tile condition of complete free adhesion. 



Molecular Cohesion . 70X 

A similar conclusion is reached by reasoning from tbe 
-equilibrium of the two fibres. In general, three forces are 
acting: (a) an external separating force F ; (6) an elastic 
reaction, the sum of a large number of molecular repul¬ 
sions 2(R) ; and (c) a cohesive attraction, the sum of a 
large number of molecular attractions 2(A). 

For equilibrium we must have 

F-f 2(B) = 2(A). 

The bodies are in equilibrium for all values of F from zero 
in free adhesion to p$ 9 the limiting normal force, since F can 
be continuously increased in the experiment from zero up¬ 
wards. Hence, if a small increment dF of the external 
force produces a relative displacement of the fibres of 
amount dx, we must have 

^F4-cl2(Ii)-^2(A) = 0 

dF _ d2( A) _ di( R) 

dx dx dx 


Since the attractive and repulsive forces must both 
diminish to zero with increasing distance between the bodies, 

d2(A) t ci2(R) .. „ . . . dF 

dx dx dx 


and it follows, therefore, that for all positions of equilibrium 
must be numerically greater than * 

Initially, in free adhesion, 2(B) and 2(A) are equal; hence 
the above considerations lead us to expect that 2(B) will 
continuously decrease relative to S(A) as the fibre is steadily 
deflected, until finally 2(B) approaches zero and 2(A) has 
the limiting value as measured, after which the fibres 
separate. 

The experiment thus demonstrates that the molecules of 
a solid exert a cohesive attraction through space on other 
molecules. Actual contact is not necessary for cohesion to 
be operative, defining contact as the approach of the mole¬ 
cules sufficiently near to give rise to a repulsive reaction 
force. It is interesting to find this direct experimental 
evidence that the molecule of a solid thus possesses a certain 
small field of attraction, such as matter in the liquid and 
gaseous states is known to possess. 

The experiment further appears to throw a little light on 
the nature of the repulsion force between molecules. Present 
conceptions of the structure of the atom compel us to 
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postulate the existence of a repnlsion field, and a number 
of workers in mathematical physics arrive at the conclusion 
that this repulsion field falls off* much more rapidly than 
the cohesive attraction field. The behaviour of the fibres 
described above appears to furnish some direct experimental 
evidence that the repulsion certainly has ibis property, 
although no quantitative information can be derived about 
the relative rates of change of the attraction and repulsion. 
However, since practically nothing is known at present 
about the atomic repulsion, it would appear that any know¬ 
ledge, however slight, that is based on experimental 
observations is worthy of note. 

Some information of a qualitative kind can be derived 
from the experiment as to the range of the field of attrac¬ 
tion. For this purpose it is convenient in imagination to 



substitute two spheres of twice the radius of the fibres for 
the two crossed cylinders, the two cases being identical as 
regards mean curvature over the small region concerned 
around the point of contact. Fig, 4 then shows the con¬ 
dition of the two bodies (a) in free adhesion and (b) iu 
geometrical contact as in limiting adhesion. The exact 
form taken by the bodies in case (a) is unknown, but by 
making the simple assumption that the deformation takes 
the form of a small circular flat of radius &=3*4x 10~ 6 cm., 
the dimension e in the figure is found to be 4*8 x 10~ 8 cm., 
which is comparable with atomic dimensions. The force of 
adhesion in this case was found to be 4*4 times as great as 
the force in case (6), and the experiment thus gives a general 
indication of the rapidity with which the attraction diminishes 
as the distance separating the molecules is increased. 
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(5) An attempt will nest be made to interpret the experi¬ 
mental results on the basis of a simple inverse law of 
molecular attraction 

Force = S 
a 

with a view to finding what integral value of n is in best 
agreement with the results. 

It is not possible to calculate the force of adhesion between 
the fibres in either of the cases, but we can calculate the ratio 
of the forces bj making certain assumptions, and this ratio, 
assigning different possible values to n, can be compared 
with the ratio 4'4 found experimentally. 

We shall first attempt to show that there is a lower limit 
to the possible values of n, this limit being 4 if cohesive 
attraction is supposed to reside in the surface molecules, and 
6 if all the molecules of the two bodies are exerting attrac¬ 
tions similar to gravitating particles. The first of these 
alternatives appears to be the more probable, and conforms 
with the present view held by many, that cohesion is an 
electrical force accompanying the structure of the atom, 
adhesion being due to the cohesion fields of the unsym- 
metrical surface molecules. 

In order to derive an expression in a simple way for the 
total force of attraction between the fibres, we shall substitute 
for the crossed fibres a plane and a sphere of the same radios 
as the cylinders. This artifice is justified by the knowledge 
that the effective force is confined to those atoms in a small 
region round the contact, of dimensions comparable with 
molecular dimensions, and the sphere and piano are identical 
as regards mean effective curvature with the crossed cylinders. 
We shall in the first place determine the adhesion force 
with the sphere and plane in geometrical contact, on the 
assumption that only the surface molecules exert cohesive 
attraction. 

It is necessary iu the first place to determine the force 
exerted normal to its surface by a plane on a single molecule 
at a distance a from the surface. Let e be the mean distance 
between the molecules. Then we may either find the total 
attraction on the single molecule by infinitesimal methods, 
taking the source of attraction as being continuous over the 
surface or throughout the body, or we may find the arith¬ 
metical sum of the separate attractions treating each molecule 
as a discrete point for this purpose. 

The integration method strictly is not correctly applicable, 
since it is known in advance that a is of the same order as e t 
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but t.he result is more useful being in algebraic form, and it 
has been found by actual trial to differ only very little from 
that obtained by the arithmetical summation. 

Taking firstly a surface distribution of attracting matter, 
let s be the number of molecules per unit area. In fig. 5 let 
P be the position of the external molecule, then the normal 
attraction of a ring element of the surface of radius y is 

2wKsv dy a 
(PA)* x PA’ 

and the attraction of the whole surface is 

F = 2wKsa j °° — • . . . . (i) 

J ° (a s +y*)"*~ 

Fig. 5. 



Making the substitution y=atan 6, this becomes 
2»Tv? fV 2 

F =- — 1 sin 0 cos n ~' i 6d0. . . . (2) 

a Jo 

TI)e definite integral is a pure number which will lie 
denoted 0. 

The attraction between the plane and the sphere can now 
be found by dividing the spherical surface into elements 
parallel to the plane and at a distance x from it, having a 
width dx measured along the common normal. 

The normal attraction to the plane of an element, by 
equation (2), is 

2ttKk0 „ , 

-^ rrr x2vsrdx, 

or the total attraction is 

A 1H€ , /m 

4*VK0r.) Jg, 

t 


(3) 
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It may be postulated that two molecules at the point of 
.geometrical contact cannot be closer together than two 
molecules are in the interior of the solid. The value of the 
lower limit is therefore taken to be e. 

The attraction between two molecules falls off so rapidly 
with increasing distance that the integration need only 
-extend over a small cap of the sphere, and the npper limit 
has been written as a multiple of e where me is small com¬ 
pared with r, but is sufficiently large compared with e itself. 
Equation (3) shows that no integral value of n less than 4 
is admissible. It is necessary, to be consistent with what is 
known experimentally about adhesion, that the integral 
should he zero at the upper limit. For values of n less 
than 4 this is not the case, and we should arrive at the 
result that the adhesive force at the contact was a function 
of the dimensions of the body other than the curvature at 
the point of contact. 

The total attraction between the sphere and plane will 
next be fonnd on the second assumption, namely that all the 
molecules of the body exert attractive forces. 

As before, we shall first find the attraction of the plane 
body on a single molecule at a distance a from the surface 
by dividing the body into plane elements of thickness dx at 
a distance x from the single molecule. 

Then, by equation (2), the attraction of any element is 

27rIv/3S (lx 

jgn-2 > 


where S is now the number of molecules in unit volume. 
The whole attraction on the molecule is then 



dx _ 27tKj3S 
x*~*~ n —3 




(A) 


and the total attraction of the sphere and plane body is 

2wK/9S C me 7n / S S dx 

»-3 l * 

%• 

As we are concerned only with a small region near the 
point of contact, we may pot 

f = 2rx, 

and the attraction becomes 

4w*S»K£r ( - dm 

n—3 J, as* -4 ' . ' ' * ^ 
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In this case, for similar reasons, no integral value of n less 
than 6 can be accepted. 

(6) We shall next take the experimental result that the 

ratio 2* = 4*4, and compare this with the values that can 

be computed for this ratio on assigning various values to the 
index n. Dealing firstly with the case in which cohesion is 
assumed to be a surface phenomenon, the force of free 
adhesion, as in fig. 6, may be divided into two parts : pi for 
the circular area of contact of rndius 6, and p% for the 
remainder of the sphere. 

It can be shown that p t is independent of 6, the radius of 
the contact circle, when b is small compared with the radios 

Fig. 6. 



of the sphere. If any plane section is taken, such as LM in 
fig. 6, of radius y, the area of the spherical cap is 

A= 2ir r(c+x\ 


or 


dA 

Ax 


2nr. 


The attraction on any ring element of the surface is a 
function of the area of the element and the distance x what¬ 
ever the law of attraction may be. Between any values 
* and x+Sx there is a constant increment of area indepen¬ 
dent of the value of y. Hence the total attraction is 
independent of the value of b. It therefore follows that p, 
is equal to p v , the total attraction occurring in the case of 
limiting adhesion of fig. 4 (b), which corresponds to the 
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particular case of 6=0 ; and this has already been found by 
equation (3) to be 

Jpt = Py - • • • (6) 

To find the Talne of p u let it be assumed that the atoms in 
contact are separated by a mean distance e. Then, neglecting 
a small edge effect, the adhesion of these surfaces can be 
found from equation (2), and is 

4wW/36* 

Pi = —mz=s ~ .( 7 > 


Hence 


2e»- 2 

P}±Pl = P*^ 1+ (* 


-3)6* 


2re 


( 8 ) 


Pt Py 

In taking the ratio, all the unknown terms disappear, and 
if an average value such as 3 x 10 -8 cm. is assumed for e, 
the ratio can be found for various assumed values of n as 
given below:— 


» 2 3 

! 

t .. 

! 4 

f 

1 5 

Pt | 

42 

7*4 

Py ! 




100 


J3-8 


17-0 


The value of n yielding a result nearest to that found by 
experiment is 4. It is of interest to note that both the table 
and the form of equation (8) again show that no index under 
4 can possibly give a result in agreement with experiment, 
an index 3, for example, giving p x —p 3 whatever the values 
of 6 aud r may be. The rate of variation of p x /p s with n is 
unfortunately not large enough, for values of n greater than 
3, to say with any finality that an index exceeding 4 is also 
not possible, bat it may he said that 4 is the most probable 
value. 

If a similar calculation is made on the second assumption 
that all the molecules throughout the solid are effective in 
causing adhesion, the following result is obtained:— 

Pi+Ps __Px , . n—5 6* 

Pa Py' 


1 + 


-4 X 2re ’ 


(9) 


and this gives numerical values as below 


n 

i 

4 \ h 

Jb 

Py 


i 

t 1 

i 


6 

7 

i 2 -e 

i - - 1 

313 


8 

- 

- 

9 

8*4 j 

3*56 
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These results are not very conclusive for values of n over 
5, but, on the other hand, the assumed distribution ot* mole¬ 
cular forces is somewhat improbable, as already stated. 
Equation (9) indicates that 6 is the minimum value of w, 
which would be consistent with the experiments. 


(7) Various workers in mathematical physics have ad* 
vanned the conception that the atom behaves as an electric 
doublet when in close proximity to another atom. This view 
has been successfully applied to the theory of specific induc¬ 
tive capacity from \\ hieh the electrical moment of the doublet 
has been calculated in certain cases. It is interesting to 
note that this conception leads at once to an inverse fourth* 
power law of attraction, and at the same time offers a partial 
explanation of the universal property of atoms to exert 
cohesion. If the doublet hypothesis is assumed to he correct 
an interesting result is obtained on comparing some of the 
calculated electrical moments with the corresponding value 
found for glass, which may be derived from the present 
experiments on adhesion in the following manner. The 
constant K can be determined by assuming the attraction to 
follow an inverse fourth-power law on the doublet theory 
and as indicated, although somewhat indecisively, by the 
experiments described. 

The force of attraction between two spheres of radius roan 
be derived from equation (3) above, and is 


2irVKr 

1T“’ 


( 10 ) 


and in fig. 2 the measured adhesion of glass spheres is given. 
It may be noted that equation (10) shows that a linear rela¬ 
tion should exist between the force and the radius, a result 
approximately found by experiment. From the curve in 


fig. 2 the mean value of -- is 1650 ; hence the constant K 
Is given by 


K = ~=^= 250j. 

r s* 


If we suppose the molecules to be closely packed hexagonaliy 
in the surface, eacli is at a distance e from its neighbours, 
2 

and s has a value The particular type of arrange- 

V 3e 2 

ment assumed does not greatly affect the estimate of K, and 
this value of 3 will be assumed. Close packing in square 
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onl^Sic^h;lv ,r f^m^h le, I™** * ??'."* 1/e * for * wI,ich Offers 
J”ve " “ E Ke f ' bove - Ufi,n g »he fi«t value of s, we 

K = 187* 6 . 

U“isX 10-» P, ?? li r*' v “ l " < ' 3» I0-* to ». th.v,l™ 0 fK 
5 10 * The iorc « between two doublets of moment 

M at a^Jistance « apart varies between - 6 “* when end on 

and when broadside on. If the force of cohesion 

follows a law 


F a* 


K 

a?<’ 


or 


we shall have K varying from 6M S to 3M*, 

M varying from -y/S ( 0 \/j. 

l£lT»td“M6x Y “lo“-V £ K ' " flnd M *» '» k««™. 

foUowing ™ i " m ° f «■» 

M = 2-1 x 10~ ls for HjO, 

M = 1-5 x 10* 1 * for Nffj. 

,.J h r. ValUeS -T d( T ived from measurements of the varia¬ 
tion of the specific inductive capacity with temperature. 

^ agreement in riie order of magnitude of the electrical 

rr .I% r , e T‘ rk r ,jle ’ a “ d il| T ars to j»stify the tentative 
mottnt that cohesion is perhaps the attraction of two 

del tb t r I 001 ! 1648 - . Ti,,s Tiew aIso support to the 

a omf a Tb *V u SU / faCe * tom * exert afc,ra ction on external 
atoms. 1 he held of an interior atom, it is reasonable to 

suppose, is absorbed by a neighbouring atom, and only the 
unsymmetrieal surface atoms have any appreciable^ field 
extending beyond the boundarv of the body into space 

Sft” rlTpS. 7 0f - “»a P logy 

The electrical moment of a doublet is the product of a 
quantity and a length, and a doublet theory of atomic 
attraction would be quite untenable if this length should be 
found to exceed the known atomic dimensions. The quantity 
concerned m the product cannot be less than the electro^ 

* 1 The Electron in Chemistry/ p. 49. 
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M 


.charge q, and hence a maximum possible value — can be 

calculated for the length of the doublet. 

Taking the higher value 1*22 x 10" 18 for M, this gives a 
maximum length of 0*2 x 10~ 8 cm., or about 1/15 of the 
diameter of the atom, and the doublet theory thus involves 
no inconsistency with respect to the size of the atom. 


(8) The probability that the cohesive attraction follows an 
inverse fourth-power law can be subjected to a farther in¬ 
direct test by calculating the tenacity of glass. For this 
purpose the tenacity will be considered as equivalent to the 
cohesive attraction, with an inverse fourth-power law, 
between two imaginary plane faces inside the material. The 
attraction of one plane for a single molecule of the other 
face can be obtained from equation (2), and is given by 

2wKs 

and the attraction of the faces per unit area is therefore 

_ 2*rKs* 

- 


If. as before, a close packing of molecules is assumed and s 


has a value 


2 

\/3e 2 


, we have 


F 


8tt K 
9 / 


( 11 ) 


An estimate of this in the case of glass, using the previous 
values of K and e, is 

F = 1*7 x 10 10 dynes per sq. cm. 

This value is much greater, about twenty times, than the 
tenacity usually found for glass, but it is generally recog¬ 
nized that the actual tenacity of materials as found by tensile 
tests is always far short of the ideal tenacity which the 
cohesion forces would impart. Griffith 0 , however, has 
obtained some remarkably high tenacities for drawn glass 
fibres, and some of his results exceed the above amount, 
though generally this calculated tenacity is of the same 
order as Griffiths experimental results. 

The mechanism of rupture in tension is so imperfectly 
understood at present, especially in crystalline materials 


♦ Phil. Trans, ccxxi. 
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such as the metals, that it is hardly safe to base any con¬ 
clusions on comparisons of actual and ideal tenacities* In 
the case of glass, which has an amorphous structure, this 
objection perhaps has less weight, as Griffith has clearly 
shown that tenacities approaching the ideal value can be 
actually realized. There is, however, an interesting rela¬ 
tion in the case of metals which has not been mentioned 
previously as far as the writer is aware. Table I. gives the 
crystal lattice constant and the closest approach of the atoms 
for a group of seven metals, all of which crystallize in the 
face-centred cubic system. Values of 1 je* are given in 

Table I. 


Metal. 

Lattice 

constant. 

Closest 
approach 
of atoms 
e. 


Tenacity 

/dynes 

per 

sq. cm. 

Ratio 

/ 

!/«•' 

Hidbl . 

3-MxlO- 8 

2*505x10-* 

40*5 Xl0« 

6-3x10° 

0-131x10-*! 

Copper . 

3*60 

2*640 

37*1 

43 

0*116 

Platinum 

3*92 

2*780 

21*6 

3*3 

0*152 

Silver...,. 

4*06 

2*876 

17*65 

2*9 

0*164 

Aluminium 

I 4 06 

2*860 

183 

2*3 

0*126 

Lead ......... 

: 4 92 

* 

3480 

1*78 

0*21 

0*118 

Cold ......... 

! 4-08 

f ; 

2880 

17*55 

23 

0*131 j 

! 


column 4, and, as the table is purely comparative, e has 
been taken as the closest approach of the atoms. Together 
with these, the measured tenacities of the metals are given 
and the ratio of the tenacity to 1/e 6 . 

It will be seen that this ratio is approximately constant 
for the series of metals, though the tenacities concerned 
cover a fairly wide range. It should be remarked that this 
relation is based entirely on experimental determinations of 
e and /. The relation appears to he definite enough to 
suggest that a rational basis underlies the empirical result. 
Some care must be exercised in attempting to interpret the 
result, as various considerations become involved. Thus, for 
example, if we suppose the expression of equation (11) to 
give the ideal tenacity, assuming the inverse fourth-power 
law of atomic attraction to hold, we obtain a rational 
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explanation of the index 6 in the relation jfe 6 ss? constant, but 
only subject to two conditions, viz. that the measured 
tenacity is nearly the same fraction of the ideal tenacity, 
and that the cohesion constant K is nearly the same for all 
the metals concerned. The first of these is not an unreason* 
able supposition for a group of pure metals having identical 
crysml lattices. Nor is there any obvious intrinsic objection 
to the second condition, as the table itself shows that, with 
the high index 6 comparatively small, variations in the lattice 
constant can in themselves account for wide differences in 
tenacity without the necessity for supposing large variations 
in the atomic constant. 

For the present it would be unsafe to say more than that 
the empirical relation is not opposed to the inverse fourth* 
power assumption, but as definite evidence in favour it can 
only be accepted with some reserve. 

* The author wishes to record his thanks fo Sir Joseph 
Petavel, Director of the National Physical Laboratory, 
and to Mr. J. JB. Sears, Superintendent of the Metrology 
Department, for their kind interest and encouragement. 

1st August, 1928. 


LXVIII. The Reflexion of Electrons from an Aluminium 
Crystal. By D. 0. Rose, Fh.V. y 1831 Exhibition Senior 
Student 

FjP*HE development of the new wave mechanics has 
JL recently directed considerable attention to experiments 
on the scattering of particles. One of the outstanding 
features of the theory is that it indicates that a particle of 
mass m may be treated as a wave-like disturbance of wave¬ 
length \ = where t?#is the velocity of the pariiclet, 

w mv* ' 

or considering the particle as a wave, the velocity of propa¬ 
gation of energy. It is connected with the phase velocity 
v P by the relation v*v p = c 2 . This means that, if suitable 
conditions could be found, a beam of panicles might be 
expected to have the properties of a ray of light. 

If such is the case, the most obvious method of testing 
the theory is by looking for refraction or diffraction of 

* Communicated by Sir E. Rutherford, P.R.S. 
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The other method of studying the diffraction of electrons 
is analogous to the Bragg method of analysing a beam of 
X-rays. If a narrow beam of X-rays impinges on a crystal 
making an angle 9 with one of the planes of the crystal 
structure, the ravs scattered from successive planes one 
behind the other build up a sharp beam in the position ot 
normal reflexion, also at an angle 9 with the crystal plane. 
The wave-length and the angle 9 are connected by the well 


known formula 


nX = 2d sin 9, 


. . ( 1 ) 


where n is the number of wave-lengths in the path differ¬ 
ence between rays from two successive planes in the crystal, 
or the order of the reflected beam, and d is the spacing 
between the planes. 

In the experiments described here an attempt was made 
to obtain a reflected beam of electrons by replacing the 
X-ray beam in tbe Bragg method by a beam of electrons. 
The apparatus was built and mostly assembled before the 
results of Davisson and Germer were published. Although 
the results obtained in this experiment were not as accurate 
as those of Davisson and Germer, they seemed worth putting 
forward because they confirm the theory, using a different 
crystal and a Bragg method of analysis *. 


Apparatus and Method of Experiment. 

The apparatus was essentially similar to a Bragg X-ray 
spectroscope, the beam of X-rays being replaced by a beam 
of electrons. The arrangement of the filament and slits is 
shown in figs. 1 and 2. The important dimensions are, 
roughly, slits A to B 2 5 cm., slits E to F 1*4 cm., and slits 
B and E were about 14 cm. from the axis marked with a 
small circle. The size of these slits was about 1 by 4 mm. 
With this arrangement a slightly divergent beam of electrons 
/about three degrees) was defined by slits A and B. In 
order to obtain good definition of the reflected beam it would 
be advantageous to make the slits as fine as possible. Much 
finer slits than tbe above were tried when the apparatus was 
first setup, but it was found that the intensity of the scattered 
beam defined by slits E and F was too small to be measured 
satisfactorily. Hence the apparatus was dismantled and the 
alits enlarged to the above mentioned sizes. The accelerating 
poSnM put on b.t»een th. fHamont .nd dit A. Th. 


• At the time of writing Daviasonand Germer have pubhsbed some 
preliminary results of experiments with a mckel crystal by the Bragg 
method. Proc. Nat. Acad. xiv. p. 317 (.1928). 
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Fig. 1. 



Fig. 2. 
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apparatus that it could be rotated about an axis lying in that 
face, perpendicular to the direction of motion of the primary 
electron beam. The crystal was so orientated that one of 
the rows of atoms in its surface la}’ parallel to the axis 
of rotation, that is, one of the sides of the equilateral triangle 
formed by adjacent atoms in a (111) plane (face-centred 
cubic) of the crystal was parallel to the axis of rotation. 
The collector, which consisted of a Faraday cylinder inside 
an earthed shield, and the slits D, E, F, and Gr could 
be rotated about the same axis. The lead from the Faraday 
cylinder was carried up into the line of the axis of rotation 
in a quartz tube and out of the apparatus by a side tube in 
the same line. It was insulated with quartz except at the 
glass seal, and shielded by an aluminium tube outside the 
quartz all the way. The main frame was of aluminium. 
The shield around the filament and the first slit A were of 
mild steel as they got very hot during the experiments. The 
other slits were made of aluminium, except those in the 
collector, which were made of brass heavily nickel-plated. 
The bearings were steel on steel. The crystal and collector 
were rotated by means of an electromagnet acting on soft 
iron slugs in side tubes off the main containing bulb. These 
slugs were on the ends of shafts which turned worm and 
pinion drives. These in turn turned the crystal holder and 
collector independently about the same axis by means of a 
complicated system of bearings. 

The fact that some of the parts of the apparatus, including 
most of the screws holding it together, were of steed meant 
that very low* voltages could not be used w ith any accuracy 
owing to the probability of magnetic deflexion of the electron 
beams. However, the steel parts were kept as far away as 
possible from positions that would affect the results and 
were carefully demagnetized before being assembled. The 
magnetic rotating mechanism was also demagnetized betw een 
each reading by passing alternating current through the 
electromagnet and drawing it away from the apparatus 
slowly. Tests with a magnetometer showed that the field 
near the crystal, even under the worst conditions, could not 
have been much greater than the earth’s field. As it was 
not intended in the first place to work Mow about 100 volts, 
and also because the steel parts in the apparatus would make 
compensation difficult, no attempt was made to compensate 
for the earth's field. A calculation shows that the error clue 
to this could hardly be greater than about 1 degree for 
100 volt electrons. This Is the same magnitude as errors 
due to other causes. 
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pressure during the runs was of the order of 10~ f mm* 
Overnight it would increase to about 10~* mm. This 
increase in pressure was probably due to the potassium trap 
giving off hydrogen. There was a phospborus-pentoxide 
trap between the mercury vapour pump and the backing 
pumps, but this was separated from the apparatus overnight 
by the mercury cut-off. Possibly enough water vapour 
came off the walls and metal parts of the apparatus to 
produce this increase in pressure when it was reduced by the 
potassium. It was not due to a leak, as it did not occur 
before the potassium was run in. This offset made the 
intensity of the reflected beam slightly variable from day to 
day. However, as the object of the experiment was to find 
the position of the peaks rather than their intensity, it was 
not thought necessary to go to farther refinements. Sets 
of curves for a given voltage were taken together during 
one continuous run, and repetitions showed exactly similar 
results. 

The bulb was made of soda glass and so arranged on a 
stand that an electric oven could be lowered over it. This 
would heat the whole apparatus to about 300 degrees centi¬ 
grade while the pumps were running. It was usually given 
about two days outgassing before taking a series of obser¬ 
vations. The angles were read by means of a scale outside 
the glass bulb. The collector and crystal holder were 
arranged with a pointer so that the angle was read by the 
position of the line of sight defined by a point on end of 
the axle which supported the crystal holder and the pointer 
on the scale. The zero position could be found by adjusting 
the crystal so that the beam of light from the filament just 
grazed its surface. Variations in the thickness of the glass 
bulb would cause inaccuracies in the scale reading, but as 
the pointer and scale were as close to the glass as possible, 
the one on the inside and the other on the outside, the error 
would be reduced to a minimum. The angles could be read 
easily to better than half a degree. The peaks were much 
wider than this so more accurate measurements were quite 
unnecessary. The current was measured by timing the 
deflexions of a spot of light reflected from the mirror of an 
ordinary Dolezalek electrometer. 

Results* 

The procedure was as follows :—Setting the accelerating 
potential at say 122 volts, the crystal was set so that its 
surface made a small angle with the incident beam, then the 
current was measured in the collector at various points over 
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the range o£ angles (angle tj>, tig. 2) from zero to about 
120 degrees taken from the line of the incident beam as the 
zero line. It would be expected that sharp maxima would 
occur in the intensity distribution when the incident angle, 
that is the angle between the face and the incident beam, 
and the reflected angle were equal and connected with the 
voltage by relation (1) and 

A = —, neglecting the relativity correction, 

- 

where V is the accelerating potential of the incident beam. 

The electrons forming this peak should have the velocity 
of the incident beam. It was found that in order to get 
sufficient current in the collector it was necessary to have it 
from 20 to 40 volts positive with respect to the filament. 
This was due to the fact that the retarding potential was 
placed between slits D and E rather than just in front 
of the Faraday cylinder. These slow electrons would be 
deflected by any lack of symmetry in the retarding field 
and also auy slight magnetic fields. Hence the analysis 
of the reflected beam is more a function of the position of 
the slits and of the retarding potential than of the velocity 
of the beam itself. This was shown in the following way :— 
The crystal and collector were set at the zero position so 
that some of the primary beam went past the crystal directly 
into the collector. An analysis of this beam by slits D ana 
E showed that the current decreased roughly linearly for 
retarding potentials varying from about 20 to HO volts below 
the accelerating potential to a retarding potential equal to 
the accelerating potential which stopped all the electrons. 
On the other hand, an analysis of the whole primary beam 
by a retarding potential between slits B and 0 showed that 
it was homogeneous to about 3 volts. This corresponds to 
the filament potential drop. Hence it seems reasonable to 
assume that, very few electrons get into the collector except 
those which were allowed to pass throngh slit E with 
velocities greater than 20 volts. The primary bombarding 
current was about I0~ 7 amp., and the currents measured in 
the collector were of the order of 10 -ia amp. 

Fig. 3 shows a typical set of curves for 122 volts accele¬ 
rating potential. They are plotted in the manner the 
readings were taken, that is, each curve represents the varia¬ 
tion of the current in the collector for different values of 
the collector angle £ and one value of the crystal angle «. 
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Th« first high peak P which occurs when the crystal u set 
at a small angle is due to the fact that the incident beam 
was wider than the angular width of the 
set at this grazing angle. As a result part of the P rn »f/7 
be a ui gets past the crystal directly into the collector. 

happens until the collector is turned sufficiently far around 

to be out of range of the primary beam. The short lines at 
the top represent^ the calculated position of the various orders 
of X-ray reflexion of the corresponding wave-lengtb. 

It is Len that there is a definite peak m the curve where 
the first order is expected, but it is so close to the incident 


Fig. 8. 



beam that its position cannot be located with any acc ™>* 
However, there is a sharper peak at the expected 1 'Ositio 
of the second order. This peak was examined very carefully 
for accelerating potentials of 122 volts * 

this peak could be located more accurately than the others. 
With a wide incident beam and a low resolving power due 
to the relatively small number of layers taking P art . , in , 
reflexion the peak would be expected to cover a considerable 
ranee of incident angles. For this reason a peak occurs 
in tie neighbourhood of the expected position for Positions 
of the crystal anywhere near the correct reflecting ang * 
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However, the peak which occurs in a position snch that the 
■angle of incidence is equal to the angle of reflexion is 
always sharper and more intense than the others. Snch 
a peak is seen in flg. 3 in the cnrve for which <*= 28°’5. 
This peak is taken as representing the reflected beam 
of electrons of 122 volts initial energy. The carves shown 
in fig. 3 were taken with the collector 37 volts positive 
with respect to the filament. That the peaks should be 
associated with the full accelerating voltage is shown by- 
measurements of the position of the second order peak at 
-different retarding potentials, as given in fig. 4. This figure 


Fig. 4. 



shows three curves for each retarding potential 85, 102, and 
112 volts. One of the three was taken with the crystal set 
in as nearly as possible the correct position for wave re¬ 
flexion and another curve was taken with the crystal set on 
either side of that position. The curves show that the posi¬ 
tion of the peak does not vary with the retarding potential, 
and therefore should be associated with the full accelerating 
potential rather than some potential between it and the 
retarding potential. The curves at the bottom of the figure, 
taken with a retarding potential of 112 volts, all show the 
peak in the same position. This is what would be expected 
with a finer analysis of the beam, but as the current was too 
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low to obtain very consistent readings no great significance 
should be given to this set. The third order position m 
fig. 3 is indefinite for a reason that will appear when the 
results obtained with higher voltages are discussed. 

Fig. 5 shows a similar set of curves for 78 volts and a 
retarding potential of 65 volts. Here the first order appeared 
plainly, but is still at too small 4n angle to be fixated 
accurately. The currents were also so small as to be dim- 
cult to measure reliably. Lower voltages were tried with 


Kg. 5. 



still lower retarding potentials, and peaks representing the 
first two orders were obtained. However, owing to th« 
uncertainty due to the effects of small magnetic fields thej 
€&n only be used to indicate that the peaks move in to< 

right direction with varying voltages. 

flintier voltages were tried* and in fig. 6 three curves ar< 
shown for an accelerating potential of 203 volts and i 
retarding potential of 164 volts. The curve showing th< 
second order alone is not shown, bat the existence « 
the second order is indicated by the carve with a «■ 29* 
The third order is shown as a definite bump. Between th 
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Aird and fourth orders another peak occurs, marked X 
£h,ch makes ,t impossible to separate these orderaSoufh 

" a 

«■= “• “ ^ Mr 


F%. 8. 



to the fact that it occurs at such small angles that only nart 

i &f stf anc * therefore the one whose position can h** 
Joeated most accurately. The .bird is ambiLous^caul of 
the extra peak, and the fourth is very wed! * ° f 

iti^thK rt ? XtT * peak ,narked X is uncertain, but 
or bv the lavor of ^°i co ! lfc !* mina tion of the surface by gas 

«tm 7 p£k ST tot STt, °? d \ 1 lh *‘ 

F nrst order reflexion the grating constant. 
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which it represents, would be 0*65 A. This is smaller 
than the accepted radius of an aluminium atom. However, 
on some of the curves for lower voltages there is a mere 
indication of another peak whieh might be the first order of 
this 0 reflexion. This would then represent a spacing of 
1’3 A. There is hardly enough information obtainable from 
this to associate it with any definite spacing in a corondum 
crystal, because it gives no information about the orientation 
except that the planes causing the reflexion are parallel to 
(111) planes in the aluminium crystal. The position of 
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these peaks is shown in Table II. The position of the peaks 
marked first order is very uncertain, as they are indicated 
only % the fact that for the lowest voltages tried one 
or two points were a little off the smooth line. A more 
accurate analysis of such peaks might give some information 
about the transition layer between aluminium and aluminium 
oxide. 

Table I. gives a summary of all the peaks found which 
can be associated with the aluminium (111) plane spacing, 
d=2'34 A. Column 2 gives the angle 0 in relation (1), 
which is half the angular position of the peaks shown in 
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4 shows the wave-length calculated from the voltage, a“d 

Table I. 


Volts. 


Volte. 


56 

62 

363 

343 


Aug!© of 
peak. 

6 . 


Order. 
n . 


Ware- 

length. 

'Bo 
v * 


56 

25 ±4 

1 

1*64 

56 

42 ;£4 

2 

1*64 

62 

21 ±3 

1 

1*56 

62 

42 ±3 

2 

1*56 

78 

16 ±4 

1 

1*39 

78 

87 +2 

2 

1*39 

83 

16 ±4 

1 

1*35 

83 

86 ±2 

2 

1*35 

122 

14 ±3 

1 

Ml 

122 

28-5+1 

2 


164 

25 ±2 

2 

1*11 

0*96 

164 

45 +7 

3 

0*96 

203 

21o±2 

2 

0*86 

203 

35 ±3 

3 

086 

203 

50 +5 

4 

0*86 

243 

23 ±4 

2 

0*79 

243 

33 ±3 

a 

0*79 

243 

46 ±4 

4 

0*79 


Table II. 


Wave-length. 


1*64 

1*56 

086 

0*79 


Angle. 

36+6 

30+6 

43+4 

38+4 


Spacing. 


1*4 

1*5 

1*3 

1*8 


Wave¬ 

length. 

2^ sin 6 


1-98+0*30 
1*57+0*14 
1*68+0*15 
1*57+014 
1*29+0*32 
1*41 ±0*07 
1*29+0*32 
1*38+0*07 
1*18+0*24 
1*12+0*04 
0 99+0*07 
1-30+0*14 
0*86+0*08 
0*89 + 0*06 
0*89+0*06 
0*91 +0*15 
0*85+0*07 
0*84+0*06 


Order. 


1 

1 

2 

<> 
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1 22 volts. Considering all sources o£ inaccuracies the 
possible error for this peak should not be greater than about 
7 per cent. 

Discussion* 

The results of this experiment indicate that electrons can 
be diffracted by a crystal grating in the manner suggested 
by the wave theory. Table I. indicates that they agiee with 
the theory within the accuracy of the experiment. This 
fact does not agree with the results of Davisson and 
Germer (2 K They found two types of diffracted beams. The 
first type is due to rows of atoms in the surface layer of the 
crystal acting as a plane diffraction grating. These are 
spoken of as surface diffracted beams. The second are those 
which correspond to Laue X-ray beams, as explained pre¬ 
viously. These are depth diffracted beams, or considering a 
set of planes in the crystal as reflecting the waves when the 
angle and wave-length are such that they satisfy relation (1), 
they may be called depth reflected beams. These so-called 
depth diffracted beams, in the case of Davisson and Grermer’s 
experiment, may also be considered as positions of maximum 
intensity in the surface diffracted beam. Such maxima 
exist because more layers than one are effective in producing 
the beam. If a large number of layers was effective the 
beams would be all suppressed except the one at the position 
of this maximum. These depth diffracted beams should 
occur in the same directiuns as Laue X-ray beams of the 
same wave-length. The results of Davisson and Germer 
did show a set of depth diffracted beams arranged with a 
three-fold symmetry around the direction of the incident 
beam corresponding to a set of X-ray beams. However, 
they did not occur at the same angles that X-ray beams of 
the same wave-length would have oecured. They could 
be made to fit the corresponding set of X-ray beams by 
assuming a contraction of the crystal in the direction of the 
incident beam by a factor of about O'7. This contraction 
factor varied for different beams. Patterson*** pointed out 
that by a different association of the electron beams with 
the Laue beams the two could also be made to agree 
by assuming au expansion factor in the same direction. 

Eckart (4> and Beth© m have suggested what seems to be a 
much more satisfactory explanation of the difference in 

n ition between electron beams and corresponding X-ray 
ms. It is the assumption of an index of refraction for 
the de Broglie waves in the metal. Bethe shows that the 
existence of this index of refraction may be due to the 



Electrons from an Aluminium Crystal. 737 


X as 


V2m (E - V) 
where E is the kinetic energy of the in,.; 1 ± . 

maybe taken as the potentfal tLough which ^ am , and V 
mast pass in going through the <mrf a J* ^“ lc ^ the electron 

«■ * «• -4 «i eSSiSssr °/d« Pr ™ 


fl as 


X vac 


X metal 


vrr 


v 

M r 


out of the metal the surface potential must b™™ 8 ^ e " niB * 
which accelerates the electron as \t pjS dlr f 

surface and retards it as it passes oS Th? tLe 

that the velocity of the electron u l w< >nld mean 
the phase ,.hoci ty deelLX™ "»» 

Tins means that the index of refra otiL decreased, 

than unity. This index of refraction «h, If ? ,€ Sweater 
the accelerating potential. TJsimr rh ° U t | , a so . vai 7 wi th 
and Geriner, Bethe has calculated H.f r ® snlts of Davisson 
Mential and obtained an average vll n T k 
B e also points out that this i« Ue c °f a ^ )0,,t 15 volts. 

on the Sum m erf eld theory of eouductioif *iVn”®** 1 *'*"! 
Gernier s later results, using a Brag* Z * A“ ^™ on fnd 
show some uncertainty as to the S^of“fj re . flexio f» they 
give two sets of refractive indices n, « of the) r peaks and 

less than unity. The set bavin a vll ^ reater and the other 
is probably the correct value l f|,I * ^ greater than unity 
to 1-01 for voltag^ from 28 Var * from 1*» 

the surface potentials from this data ‘ A calculation of 
of about 14 volts. tiata g,ves 80 average value 

the results of the present experiment fit +k l 
assuming an index of refraction of unifr tb ® . tfaeor * T 
«rror equal to tbe estimated accuracy of* ,, Assmmn S a « 

(7 per -ce.it.) for the second order Zk lt ^d^ u™?* 
refractive index would be 1*013 Thif k n 122 voits > the 
* surface potential of £t„„„ th„ Tl d oor "»P<'»d to 
rhf, peak* ^ fuSi” “V°"- ™ ,l \ 0,8 

order peak .ere *™»»d 

would b. about 35 rofta. Mo jff” petwM 

lt » it seems unreasonable that there should ®^way one takes 
once between nickel and aluminium. b W b 8n ° h a diSer ' 




728 Reflexion of Electrons from an Aluminium Crystal. 

There are possible explanations of the divergence between 
the results of the present experiments and those of Davisson 
and Germer, but they can all be ruled out with a fair 
amount of certainty. It might be that the residual magnetic 
fields in the present experiments were stronger than it was 
thought. Considering the precautions taken this seems very 
unlikely. Again, no correction was made for the diffuse 
background scattering, as the curves did not give sufficient 
information about it. It is, however, unlikely that such a 
correction would change the position of the peaks sufficiently 
to account for the divergence. It is also conceivable that 
the magnetic properties of the nickel crystal in the experi¬ 
ments of Davisson and Germer have some effect on the 
results, but it is very doubtful if such an effect would 
be noticeable as the fields would have to be very intense and 
so arranged that they would not interfere with the three¬ 
fold syinetry 


Summary. 

Experiments have been performed iu which electrons have 
been reflected by the planes of an aluminium crystal in the 
manner suggested by tbe wave theory. The apparatus was 
similar to a Bragg X-ray spectroscope having the beam of 
X-rays replaced by a beam of electrons. It wonld be 
expected that a beam of electrons would be reflected in 
a manner analogous to X-rays when the accelerating poten¬ 
tial, spacing constant of the crystal, and angle of reflexion 
were connected by the usual relations 



mv 


and n\ — 2d sin 6. 

Four different orders of reflected beams were found whose 
position agreed with that predicted by theory within the 
accuracy of the experiment. Two orders of another set of 
beams were found, which are attributed to aluminium oxide 
or some other contamination of the surface of the crystal. 
A comparison is made between these experiments and those 
‘of Davisson and Germer (Phys. Rev. xxx. p. 705, 1927), 
who obtained different results with a nickel crystal. Their 
results differed from those predicted, but could be explained 
by the assumption of a refractive index. 

In conclusion I weald like to thank Prof. G. I. Taylor 
for making this experiment possible by lending me the 
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aluminium crystal with the required information about 

th £°t» “T a- * ™ P r,nc, P aI planes. I should also like to 
thank Prof. Sir Ernest Rutherford and Dr. J. Chadwick 
for interest and advice. vnauwicK 
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'V cfoa Scattered Radiation. By R. 

T„x ( edi“" ,unIC “ i0D N<> - 7 from L “ mi * 

[Plate IX.] 

T HE very important and surprising discovery recently 
announced by Professor 0. V. Raman and K. S 
JVrishnan opens up a new field in the study of molecular 

They found that if various transparent media, such as fluid 
organic compounds, crystals, and even water, are illuminated 
with monochromatic light, the spectrum of the lieht 
scattered by the medium shows, in addition to the line of 
the illuminating radiation, other bright lines the wave-lengths 
of which depend upon the nature of the medium. This at 
tot sight might appear to be no different from fluorescence, 
but a closer inspection, as Prof. Ramsay showed, compels us 
to admit that the phenomenon is quite different and wholly 

may be well illustrated by the case of 
T ^- hl L h is , one of the substances which I 

This snhir h Wh, M 1 ! Wi ” be IMOre fn % described later. 
™ wTh”* 'it*” ll, " mm , ated by % ht of practically any 
wave-length m the region below the green mercury line, 

gives a companion line of wave-length greater than that of 
the exciting line (about 90 A.U. in the case of excitation by 

* Communicated by the Author. 
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the violet mercury line 4358). If the spectrum of the 
scattered light is photographed with a quartz spectrograph, 
we find every strong line or group of lines reproduced 
exactly by faint lines or groups of lines about 90 A.U. on 
the long wave-length side. Now Hainan has shown that the 
frequency difference between the companion line and the 
exciting line is constant, and equal to the frequency of an 
infra-red absorption band. This means that the light- 
quantum gives up a portion of its energy to the molecule, 
raising it to an excited state, and then passes off with 
diminished energy, recording itself in the spectrograph as a 
line'of greater wave-length. An explanation of the pheno¬ 
menon on the classical theory would have been difficult, to 
say the least, and it appears to me that no more convincing 
proof of the quantum theory of light has been found up to 
the present time. The line which I have found with quartz 
corresponds to the absorption band at 21 /*. Two other 
lines, much fainter and closer to the exciting line, indicate 
absorption bands at 49 and 80 §i respectively. No trace of a 
line corresponding to the band at 8’5 ft has been found np to 
the present time. This is perhaps to be expected, as this 
band would correspond to a higher state of excitation which 
would be less probable than excitation to lower vibrational 
states. My spectrum of the quartz emission shows Hg 3125- 
3131 and 3650, 3654, 3663 beautifully duplicated. In 
the ease of benzol, Raman found that a line of shorter wave¬ 
length than that of the exciting line was also present with 
the same frequency difference (measured against the exciting 
line) as was the case with one of the lines of longer wave¬ 
length. This could mean only that the impinging quantum 
•of violet light (4358) gathered up some energy from a 
molecule already in an excited state, and then rebounded as 
a quantum of greater energy which recorded itself on the 
ultra-violet side of the exciting line. The line was so faint 
that it did not appear on the reproductions of his photo¬ 
graphs, bat a curve made with a recording photometer 
showed a very small hump at the right place. Employing 
higher dispersion I find a double line at this point, a matter 
which will be more fully discussed later on. In the 
case of carbon tetrachloride I find anti-Stokes terms 
{shorter wave-length lines) almost as strong as the corre¬ 
sponding lines of longer wave-length, the group being 
reproduced as a “ mirror-image,” regarding the exciting 
line as the mirror (PL IX. fig. b). With improved methods 
•of illumination I have been able to record the stronger 
Raman lines with an exposure of only a few minutes. 
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Raman Spectra of Scattered Radiation. 
Apparatus and Methods. 
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the sloping cone as nearly as possible in coincidence with 
the tube’s axis. This bead, when backed by a lamp, is 
visible as a bright star when viewed through the other end 
o£ the tube, and is of great assistance m adjusting the tube 
parallel to the axis of the collimator—a very important 
matter. With the tube filled with liquid, it is impossible, 
without the bead, to send a ray of light down its axis, on 
account of refraction by the oblique wall. ,,, • . 

The tube is painted on the outside with black paint 
(the new celluloid enamel paint for automobiles is best), 
as shown in fig. 1, taking care not to cover the bead, and 
surrounded by a second glass tube provided wi h si e u e» 
for the in- and out-flow of the water. The seals at the ends 
are made from rubber stoppers m the following waj 
a method not as well known as it should be. _ A stopper of 
size sufficient to allow it to be slipped easily for two-thirds 
of its length into the large tube is inserted snugly into a 
short length of brass tubing, preferably made slightly conical 
on the inside to fit the stopper This is mounted m a lathe 
and spun rapidly. A pen-knife with a long thin blade 
made very sharp at the point is moistened with glycerine, 
and rested, cutting-edge up, on a tool 8U PP°rJ “djusteil 
parallel and very close to the protruding face of the stopper. 
The point is now pressed lightly against the stopper, marking 
a circle, which should be of a diameter equal to that of the 
inner tube. The blade is now pressed through the stopper, 
taking care to keep it parallel to the axis ot 
tangential to the circle which is being cut. It will go 
through the stopper in a few seconds, giving a clean-cut 
ring with a central ping, which is easily pushed out after 
removing the stopper from the brass tube. It is possible to 
Se ring. . mE.tr. or two in tfcickn-. from »toop.r» 
4 or 5 cm. in diameter. The position of the knife blade 
with respect to the rotating stopper is sho«n m ng-~- 

The exit tube for the water must be on the top of the 
outer tube, and be bent sharply down as shown, so that the 
tube of the mercury arc can be brought down to j hinj 
centimetre or two of the tube, as shown in fig. 1. Without 
the cooling system most of the fluids studied would have 
been raised to the boiling-point in a few minutes. 

Water was delivered from an iron pan with a brass tube 
soldered through the side close to the bottom, and a glass* 
stop-cock in circuit with the rubber tube controlled tbeflow 
insufficient cooling being indicated by the rise of &e fitttdui 
the small bulb surmounting the oblique cone. The quart* 
mercury arc must be mounted in some type of support free 
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from metal supports on the underside, so that it can be 
brought down almost in contact with the upper surface of 
the water jacket. Two reflectors augment the illumination, 
one of them above the arc, and resting on the quart* tube. 


Fig. 2. 



the other, bent to a heini-cylinder oi slightly less diameter 
than that of the inner tnbe, clamps around the latter on the 
underside. These reflectors were made of very highly- 
polished sheet aluminium of about the thickness oE writing- 
paper (a commercial product). An alternative method 


Big. a 



would be to silver the inner tube on the lower surface. The 
disposition of the reflectors is shown in flg. 3. 

By this arrangement practically the entire emission of the 
quartz arc is thrown into the inner tube, and the intensity is 
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still farther increased by reflexion back from the cylindrical 
reflector. 

In the case of solids, such as quartz, calcite, or glass, the 
method employed is shown by tig. 4. The front face of 
the block is painted black, with the exception of a circular 
aperture and a bent cone of glass cemented to back face with 


Fig. 4. 



C ' '» wax: this cone is filled with glycerine and is painted 
; a glass bead is provided for collimation. On the 
upper face four small glass rods are attached with surgeon’s 
tape: these form a wall to retain the pool of water, 
constantly renewed by a small stream, which keeps the block 
cold. The block is mounted at a slight angle on a sheet of 


Fig. 5. 



0 


the reflecting aluminium, so that the water overflows on the 
cone side and the front window remains clear, the water 
being carried away by a tin gutter. A third and simpler 
arrangement is shown in fig. 5. This was employed in the 
excitation of fluids in a quartz tube by the total radiation of 
the arc. The end of the tube was blown out into a thin bulb 
the front of which was then flattened in the flame. The. 
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tube rested in a cylindrical gutter of the highly reflecting 
aluminium previously described, the cooling being effected 
by five jets of water which played continuously against its 
upper surface. This tube, like the block of quartz, was 
mounted at a slight angle to prevent the water from running 
out of the upper end of the gutter. The water-jet tubes 
point in a nearly horizontal direction just under the edge of 
the aluminium reflector which covers the lamp. The 
brilliancy of the light scattered by pure dust-free liquids 
under these conditions is very surprising, and it is hard to 
believe that the fluid is not turbid. 

The aiming of the spectrograph is a matter of great 
importance if scattered light from the walls of the tube is to 
be avoided. It is best accomplished in the following way. 
Two diaphragms are formed by perforating two rather large 
squares of black cardboard with holes about I cm. in 
diameter. These are mounted in clamp stands about 30 cm. 
apart, with the holes in line with the axis of the tube; An 
incandescent lamp with a frosted bulb is placed close to the 
glass bead, and the screens adjusted so that the bead is visible 
centrally placed when viewed through the two holes. 
The spectroscope is now placed with its slit about 20 cm. 
from the first screen, the collimator pointing through the two 
holes at the illuminated bead. Before bringing the spectro¬ 
scope into place, it is well to light the arc and make sure 
that only the illuminated fluid is visible through the two 
holes when the eye is moved about over the first hole. 
Next, bring the eye up to the region where the spectrum is 
focussed, and, with the slit wide open, adjust the instrument 
to such a position that the illuminated bead is seen exactly 
at the ceutre of the camera lens. It will be coloured, of 
course, tho colour depending upon the position of the eye. 
Remove the incandescent lamp and mount a lens of about 
18 cm. focus close to the first screen. The lens forms an 
image of the hole in the second screen on the slit of the 
instrument, and on placing the eye at the focus, the whole 
field of the instrument should appear illuminated with green 
light when the pupil of the eye is in the position of the 
green mercury line. The slit is now closed and the ex¬ 
posure made. This method of aiming a spectroscope will 
be found useful in the case of many other investigations. 

Experimental Results. 

An important point to be settled is the relative intensity 
of scattering for the exciting aud modified wave-lengths* 
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To accomplish this we most be sore dint only light scattered 
by a dust-free and pure fluid enters the spectrograph. 
I have made only a rough preliminary examination of this 
point in the case of some of the strongest Raman lines, and 
found that the ratio of scattering is of the order 1; 500. This 
determination was made by making a series of exposures of 
varying time and picking ont the two which gave the 
modified and unmodified lines of the same intensity. We will 
now take up the results obtained with a selected few of the 
liquids and solids examined up to the present time. Wave¬ 
length determinations have not been made of all of the 
plates, as preparations are now under way for photographing 
the spectra with a prism spectrograph of 40 foot focus. The 
photographs were made with a constant deviation Banach 
and Lomb one-prism spectrograph of 50 cm. focus, with a 
comparison spectrum of iron running across the centre. 
The spectrograph was kept at a constant temperature by a 
toluene thermostat, as in some cases exposures of several 
hours were necessary. 

It was at once apparent that still higher dispersion was 
desirable, as some of the lines were found to be bands sharp 
on the long wave-length side and shaded oft* towards the 
violet. 

Turning now to PI. IX., we find at the top the spectrum of 
the quartz mercury arc used for the excitation of the 
the materials. It was much over-exposed for the purpose of 
bringing all of the fainter lines, which otherwise might l>e 
mistaken for Raman lines, on the spectrograms. Below 
this is the spectrum scattered by carbon tetrachloride, which 
has been reproduced of full width, showing the lines both 
above and below the iron comparison spectrum. The other 
prints have been trimmed narrower, showing iron on one 
side only. 


Carbon tetrachloride. 

This is perhaps the most striking photograph of all, on 
account of the great intensity of the modified lines of wave¬ 
length shorter than that of the exciting line. Immediately 
to the right of the 4358 line of mercury we find a strong 
triplet with the lines spaced thus || |, while to left, and 
symmetrically placed, the same triplet reversed thns HI, 
this being the anti-Stokes group. We find in addition a 
close double line further along towards the green region. 
This same complete set of lines will also be seen to the right 
of the violet 4047 line, the Raman lines being indicated by 
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ink dots below tbe spectrum. Still more remarkable is tbe 
appearance of the groups, both Stokes and anti-Stokes, 
excited by the green line 5461, also indicated by dots. 
Raman reported that he found no trace of excitation in any 
case by this line, as might be expected from tbe Rayleigh 
law of scattering, but in the case of carbon tetrachloride, 
chloroform, and some other substances the green line 
produces strong scattering of modified lines. One of the 
anti-Stokes lines is in coincidence with a very faint mercury 
line, which appears much intensified by the superposition of 
tbe Raman line. Tbe wave-lengths and frequencies are 
given in the following table :— 


Carbon Tetrachloride. 


X of Exciting 
Line. 

Freq. of 
Exciting Line. 

X of Modified 

Line. 

Freq. of 
Mod. line. 

j Frequency 
j Difference. 

40*6-8 

mom 

4082*0 

244909 

2130 



4098*3 

243932 

3107 



412*7 

242491 

4548 



4174*4 

239488 

7551 



4179*6 

*239190 

7849 

4077 

245161 

4155*0 

240606 

4555 

4358 

229333 

4317*3 

231561 

—2178 



*4400*2 

227199 

2184 



4299*45 

232523 

-3139 



*44190 

226240 

3143 



42726 

233984 

-4601 



*4447*05 

224805 

4578 



*4507*35 

221798 

7585 



*4513*7 

221484 

7899 

4347 

229653 

4388*8 

227794 

2159 



4407*5 

226823 

3130 



4435*6 

225386 

4587 

4339 

230363 

4426-9 

225829 

4564 


The triplet and doublet previously mentioned are indicated 
by stars. We find in this table the wave-lengths of the 
modified lines excited by the fainter mercury lines in 
the vicinity of 4046 and 4358 (shown on the upper 
spectrum of PI. IX.., and better resolved because of less 
exposure in the lower spectra). The frequency differences 
in the right-hand columns have been arranged slightly 
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displaced, so that those which belong togetlier can he seen 
at a glance. Anti-Stokes lines are indicated % a minus 
sign. 

We see from the table that we are dealing only with the 
five frequency differencies corresponding to the five lines 
previously mentioned. The maximum and minimnni values 
are 2184 and 2130, 3143 and 3107, 4001 and 4548 for the 
triplet, and the average of all values for die doublet are 
7570 and 7875, these two last being the frequencies corre¬ 
sponding to wave-lengths 13*2/* and 12*2 ft. Now, Coblentr/s 

Fi*. 6. 



curve of the infra-red absorption of carbon tetrachloride 
shows complete absorption between 12'5/t and 13*5 ft. This 
carve is reproduced (fig. 6). 

The close double line at X. 4507 and 4513 thus corresponds 
to this absorption band, and proves that it is in reality 
a doable band. The other three frequency differences corre¬ 
spond to absorption bands at 46 ft, 32 ft, and 22 **, a region 
difficult or impossible to investigate by absorption methods. 
An attempt to find these bv the method of residual rays will 
be made in the autumn, if they cannot be found in the 
literature, which seems nn likely. 

1 have given the fall set of values in this and some of the 
following cases, as they form such a complete verification of 
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the theory of Professor Raman, ami show the value of the 
method for the investigation of the remote infra-red ab¬ 
sorption region by the study of modified lines in the visible 
part of the spectrum. 


Chloroform. 

The modified lines of this substance are shown in spectrum 
c of Pl. IX. They occur in pairs, the anti-Stokes terms are 
strong, and they are excited by the green line as well as 
by the violet lines. The values are given in the following 
table:— 


Chloroform. 


A of Exciting 
Line. 

Freq, of 
Exciting Line. 

I X of Modified 
! Line. 

! 

Freq. of 
Mod. Line. 

Frequency 

Difference. 

i 

4347 5 

mtm 

4307*4 

227343 

2610 



4417-7 

226290 

3654 



4477 1 

223296 

6654 

4358 

22**383 

4408*8 

226756 

2027 



4308 4 

233040 

-2857 



44271 

225716 

3067 



42800 

233040 

-3657 



4480*4 

222084 

mm 



4234*3 

236100 

-6717 



4507 

221815 

7658 


247030 

4080*7 

244448 

2591 



41501 

24O360 

6670 



4174 l 

230465 

7574 

4077*8 

245101 

4101*0 

238488 ■ 

0073 


The average values of the frequency differences are 2621, 
3655, 6682, and 7571, corresponding to infra-red absorption 
at 38*15 p, 27*93**, 24*96 ft, and 13*20 p respectively. 
Coblentz gives complete absorption at 12'5/x. 


Benzol. 

Coming now to a ring molecule, we find that the modified 
lines of shorter wave-length than that of the exciting line 
are absent or so faint that they come out only with very 
long exposure. Spectrum d was made with this substance. 
To bring out the faint lines it is necessary to distil the 
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substance, as it contains an impurity which causes a strong 
continuons spectrum (probably fluorescence) in die blue 
and green regiou. 

If a spectrogram is made of the residue left in the 
flash, this spectrum is so strong that the Raman lines are 
practically wiped out. 

If was with benzol that Ramau found his anti-Stokes line 
at 4178*5, so faints however, as to be almost invisible, and 
reproduced in his paper only by a very small hump on the 
nucrophotoincter curve. With long exposure I have found 
two lines at this point very close together, one of wave¬ 
length 4177*3 excited by 435fl, and another of X = 4190 
excited by 4046. 

The source of excitation of these lines was determined 
by filtering out the 4046 line from the light of the arc by 
adding chromate of potassium (not bichromate) to the water 
supplying the cooling system. The amount to be added 
depends upon the thickness of the layer of water between 
the tubes, and is best determined by adding increasing 
amounts to the water in the pail until the 4538 line 
scattered by the liquid in the inner tube shows a trace 
of weakening. This can be done visually or, better, photo¬ 
graphically. Under these conditions 4046 is practically 
removed. * The 4358 line can be removed, permitting 
excitation by 4046 and lines of shorter X by means of 
fluorescein. The out-flow runs into a second pail on the 
floor, from which the upper pail is replenished. These two 
substances were used in the case of a number of other sub¬ 
stances in which there was doubt about the origin of the 
modified lines. 

On examination of the benzol spectrogram with a high- 
power magnifier, it was at once evident that the strong line 
at 4618*8 (indicated by a dot) was in reality a sharply- 
shaded band, very intense and sharp on the side towards the 
red. This line is originated by the 4046 excitation, as was 
found by Raman and verified by the chromate of potassium 
filter. 

Benzol was the only substance for which wave-lengths 
were determined by Raman (at least in his first paper), and 
as they were made without an iron comparison spectrum 
from the mercury lines as standards, they are remarkably 
good. The values given in the following table are probably 
a little more accurate, and eight or ten lines not found by 
Raman are given. The increase of accuracy results from 
the use of about double the dispersion employed by Raman 
and the presence of the iron comparison spectrum. 
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Benzol (with intensities of stronger lines estimated). 


X of Exciting 
Line. 

Freq. of 
Exciting Line. 

X of Modified 
Line. 

Freq. of 
Mod. Line. 

Frequency 

Difference. 

4339 

230393 

4533*5 

220514 

9879 

4347*5 

229953 

4542*1 

220101 

9852 

4358*3 

229383 

4476*7(3) 

223316 

6067 



4525-8 

220896 

8487 


* 

4555*8(5) 

219439 

9944 



£029-6(4) 

; 198768 

30515 



4681*7 

213538 

15845 



4687-1 ‘ 

213297 

16086 



4594-7(3) 

219581 

11702 



4177*3 

239322 

-9939 

4046-8 

247039 

41477 

241024 

6015 



4190-5 

238568 

8471 



4215-7(10) 

237142 

9897 



4090-8 

244382 

2654 


(band) 4618-8(8) 

216446 

30593 



4322*9 

231261 

15778 



4327*3 

2310*26 

16013 

4977*8 

245161 

4180*9 

239116 

6045 



4215 

239142 

8019 



4248*9(4) 

235289 

9872 



41237 

242491 

2670 



4657-5 

214648 

30513 

41081 

243353 

4282*2 

233459 

9894 

3650 

273883 

4109*7 

243317 

30566 

3654 

273535 

4115*1(4) 

242945 

30590 

3662*9 

272937 

4125-5(4) 

242326 

30605 


The last three lines represent the reproduction of the 
mercury ultra-violet triplet in the violet region, the first 
member falling a trifle on the long wave-length side of the 
mercury line 4108. It is scarcely resolvable from this in 
the reproduction. 

, frequency difference 30564 corresponds to an absorp¬ 
tion band at 3*27 ft (Coblentz gives 3*25 m), 15812 to a 
band at 6'30 /*, and 16050 to a band at 6*23 u (Coblentz. 
6*25 p). 
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Toluol and Monochlor benzol. 

Raman spectra of these two compounds are shown on 
PI IX (e and f). The chlorine compound became milky 
undeMhe action of th. light, a»d oo M e,aen. ly ttammmy 
lines nn very strongly scattered, none ot the lin® to the 
• U4. rtf 4Q1 Wff bciu 0, Rum&n linos, xh© spBCtra. 

quite similar in appearance, owing to the j^hirity j> 
two molecules, chlor benzol being regarded as toluol with 

of the ware-lengths ofthese 
substlnSs have been made at the present moment, and »t 
does not^em worth while to publish them, as xt is expected 
that spectra under vastly higher dispersion ^ll be obtamed 
very shortly. Benzol, toluol, and xylol appear to have m 

™ Tbe*spectrum ot xylol is reproduced (spectrum P) 
b, the Kl radiation ot the arc, and spectrum • exerted wtt. 
4046 removed b, the chromate of potash. ^ 

some strong lines in the group to the right ot 4358 ar« do 
to 4046 Below these are reproduced spectra of ether, 
methyl alcohol, and ethyl alcohol. Spectra have also been 
mad/of bisulphide of carbon, sulphuric acid, water, mtro- 
benzol, and a number of other substances, but the plates have 
not yet been measured. 

Quartz. 

The lines scattered by a large block of very clear crystal 
quartz are reproduced (spectrum 0. three 

2040 and 1246, corresponding to absorption bands at 

nt 20-7 a. which is given by the 4448'3 line. So far a 
knowdSnte hands of longer ^avo-lenuth l.-vo not been 
observed. Quartz is moderately transparent at 5t>/i and 

as y.t Of a ftoinanlinc corse- 
spending to the Well-known absorption band atiibp. 

Colcite. 

ModMed linos hav. been obtained with •*«»?«“ 
spar) alto. The freqnoncy differences in ^ 
1^70,17302, and 2802 co,re.pondmg to t|f 

^nl r^only 5 Sndf.l'i'l Z ««,. -a 3*3,. 



The Equation of State of a Perfect Gas. 743 

Preparations are under way at the moment for a record with 
a very large and clear crystal with which observations can 
be made in several directions. 

The observations on calcite were made with a very clear 
natural rhomb measuring 4x5x2 inches, backed by a 
reflector and surmounted by a pool of running water. 

The wave-lengths of the lines excited by 4358 are given 
in the following table, together with the corresponding 
absorption bands (calculated) in the infra-red. Such ab¬ 
sorption bands as have been observed are given in the last 
column:— 


Modified line. 

^(eaL). 

f* (ob».) 
residual rays. 

4386-45, 

68 


4387*35 l Barely rewired . 

65*9 


4389 15 J 

62 


4412 (strong). 

35*67 

30*3 

4498-2 (faint) . 

14 

11*3 

4574*0 (very strong)... 

9*18 

6*46 


The calculated absorption bands in this case are of con¬ 
siderably longer wave-length than those observed by the 
method of residual rays. 


Rock-tall. 

No lines have been found with rock-salt np to the present 
time. 

In conclusion, I wish to express great obligation to 
Mr. H. M. O’Brvan, who determined the wave-lengths and 
rendered much assistance in picking out the lines which 
belonged together. 

Loomis Laboratory, Tuxedo, N.Y. 

Sept, 8tb, 1938. 


LXX. The Equation of State of a Perfect Gas . 

To the Editors of the Philosophical Magazine. 
Gentlemen,— 

I N a paper that appeared in toe June number of the 
Philosophical Magazine, the writer showed from thermo¬ 
dynamical considerations of the zero of entropy that toe 
equation of a perfect gas, or the limiting equation of state 
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of the substance when the volume is infinitely large, » 

sWcUy p „ - MRTf, 

where f is a function of the volume », absolute temperature 
T and mass M in mols. The proof may be given an 
improved form which will now be pointed out. The term 
n(vi —t ! i) in equation (3) may be written where 

p) and Pi denote the pressures in the condensed and vaporous 
states repectivelv. Equation (b), which applies to 1 — > 
may then be written 

Now s=0 at T = 0 (Phil. Mag. iv. p. 262, 1927), 

\ ui /n 
and hence 

r, (a?X = °- 

siderations of the zero of entropy. The writer has shown 
(J. Franklin Inst. 206 (5) p. 692, 1928) that a 
gas at infinite volume near m temperature to the absolute 
fero has a maximum specific heat whose value is abnormally 
large, which depends on the fact, deductable from Clapeyron s 
equation, that the internal heat of evaporation at 1-0 is 
zero. Thus the specific heat at constant volume is a 
function of the temperature, and this will ^ ere ‘® r ® 
hold for w, the ratio of the specific heats. Now the tem- 
Iterator. Lie oE a perfect gas thermometer J"* 

the thermodynamical scale of temperature only if 7 *• a 
constant, and hence these scales strictly do not coincide 
Therefore, if the temperature, as measured by the P® 1 *®*^ 
gas thermometer,is expressed in terms of the 
on the thermodynamical scale, the equation of a perfect gas 

teC ° meS pv = ET. £(T'). 

jt can now bo shown similarly as before that the function 
6 also involves the volume « yoQrg ^ 

R. D. Klbbmah. 


r jhe Editors do not hold themselves responsible for the 
inews expressed by their correspondents.} 
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LXXI. Ionization Measurements of y-Rat/s. 

By J. A. Chalmers, 13.A., Queens’ College, Cambridge *. 

1. Introduction. 

M EASUREMENTS on 7-rays can only be carried out 
by measuring some property of the secondary / 3 -rays 
they release from matter. Various properties are available, 
and, in particular, the most direct information is yielded by 
measurements of the numberW or the energy (S> of the 
/9-rays; but such experiments, owing to their length and 
difficulty, are not available for a great deal of the work 
on 7 -rays. The work has largely been carried out by 
measurement of the ionization produced in the gas in a 
chamber, and thus it is of great importance to consider what 
meaning may be attached to such measurements. 

Since the ionization is a tertiary effect, being produced 
by the secondary /9-rays, it is clear that ionization measure¬ 
ments cannot be expected to give direct information about 
the primary 7 -rays. Though it has long been recognized, 
e. g. by Bragg (4) in 1910, that ionization from 7 -rays is a 
complex phenomenon, yet many workers have, in default of 
other data, been forced to assume that ionizations measure 
either number of quanta [e.g. Ahmad (6) , Kohlrausch <6) , etc.] 

* Communicated by Sir E. Rutherford, P.R.S. 

Phil. Mag. 8.7. Vol 6. No. 38. Suppl. Nov. 1928- 3 C 
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nr -v-rav enercv \e.q. Miss Szmidt< 7> , Ellis and Wooster*), 
and others in connexion with the BaB/BaO y-rvy energy 

“The variation with frequency of the ionization per quan¬ 
tum is conveniently termed the “ ionization funcUon, and 
clearly might depend on the conditions used, e.g. on the 
shane J size, and material of the chamber, on the gas 
contained, on the relative positions of the sonrce and 

me.mre.mmto of r-mj* *»*7 >» »* 1 *J 
two main chums = («) comparum. of aource. baragJ" 

. . j _i a* 



frequency aistnouwuu — r ~ , i i ,t * _ 

Measurements of class (a) cannot be affected by tbecon- 
ditions nsed, but those of class ( 6 ) may be so affected. 
The simplest case to consider is that of the comparison 
of two homogeneous 7 -ray beams, and this can easily be 
extended to more complex cases ; what we can *ctuaUv 
measure are J„ J s , the ionizations produced by N„ N, 
quanta respectively of the two beams ; if Ij, U are the 
values of the ionization function of the electroscope for the 
two frequencies of the 7 -rays, then Ji = *Mi> *>* 

If we keep the external conditions unaltered, the relative 

number of quanta will he unaltered, i.e. is constant; 

so and hence we can investigate the change in 

Jj Is* 

t b e ra tio of the values of the ionization function for two 
Ij* 

frequencies. 

2. Objects and Nature of Experiments. 

The objects of the experiments carried out were to 
demonstrate as simply and unambiguously as possible the 
effect of the ionization function on 7 -ray measurements, 
to obtain an idea of the magnitude and to see how it must 
influence past and future 7 -^y ionization work. The 
source used was a radium standard of 7*65 mgm. giving 
almost entirely from BaB and BaU * Bus » parti¬ 
cularly suitable as there are two distinct .groups of 7 -ray», 
from BaB and BaC respectively, of considerable frequency 
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difference, while each group is itself heterogeneous. Thus 
if we can measure the relative ionizations of the two groups’ 
or of two parts of the same group, we should expect the 
results to be dependent on the conditions if the ionization 
function has any appreciable effect. For measuring the 
ionizations a gold-leaf electroscope of a normal type was 
used, the leaf being suspended inside the chamber invest!- 

To vary the relative intensities of rays of different 
frequencies in tbe beam, absorption in lead sheets up to 
3 cm. m thickness was used ; the results can be plotted as 
the logarithm of the ionization against the thickness of 
absorber. It was found, as is well known, e. q. <*> that 
beyond about 1*8 cm. the points lie well on a straight line 
t. e. that the absorption is exponential. The slope of the 
line gives the absorption coefficient of the KaC rays, and 
the intercept on the axis of zero absorption gives, vide W 
the fractions of the total ionization due to the RaB and RaC 
7 -rays. For the complete description of the absorption 

« if necessar y to find the absorption coefficient 
of the RaB rays by subtracting the effect of the RaC rays. 

It is not possible to make use of a change in ionization 
function due to altering the shape or size of the chamber or 
the relative positions of source and chamber, for as has 
been pointed out by Keetman «°> and others, the absorption 
curves are here altered owing to differences in the 7 -rays 
entering the chamber, because of scattering. We are here 
concerned with tbe difference in the effects of similar beams 
of 7 -rays, so we must keep all conditions outside the 
chamber constant. The changes in conditions that remain 
available are alterations of the gas or pressure inside the 
electroscope, and change of lining of the electroscope 
the first experiments carried out were concerned with the 
effect of pressures above atmospheric; but, to an accuracy of 
about 4 per cent, in relative ionizations, the absorption 
carves showed no definite alteration for pressures up to 24 
atmospheres, so description of the experimental arrange¬ 
ment is needless. The variation of the gas in the chamfer 
was carried out in one instance by using CO. in place 
of air, and the effect was inappreciable ; but there are con¬ 
siderable features of interest in other work on the subject; 
Rutherford and Richardson <“> and Richardson <*» used 
methyl iodide in the chamber, and increased the effect of 
the RaB per cent, of the total effect, as 

compared withl 0-20 per cent, for air ; they also noticed 
that the absorption coefficient for the RaC rays is different 

3 C 2 
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with methyl Iodide from that with air ; these results will be 
considered later together with the results of the present 
experiments. The alteration of lining was next inveati- 
jmted, and lead and aluminium were used ; eight different 
arrangements could be obtained by changing the base, walls, 
Mid top. Work on the variation of kmng hu previon siy 
been carried out by Bragg (4> , Keetinan * 

Clark <*», and others ; Bragg and Keetman fou ^ 
with the y-rays nsed, of the relative ionizations for different 
linings ; Sutherland and Clark found variation with the 
position of the source; and Keetman made some measure¬ 
ments of absorption curves, m which he found the soft 
rays more effective with a lead lining than with zinc or 
paper linings. These results will also receive further con- 

sideration. 


& Experimental Arrangements * 

Owin o' to the great effect of the particular geometrical 
form of the apparatus used, this must be described in some 
detail, and its general form can be best seen from the 

^^he electroscope was a cylindrical brass vessel with axis 
vertical: the base was 4 mm. thick and the walls 2 mm. 
The electroscope was covered with 2-3 mm. of lead to 
exclude stray scattered y-rays, which were further decreased 
by the position of the electroscope m front of a glass window. 
The lead linings were 1*53 mm. thick the aluminium lid 
and base linings 1*63 mm., and the wall linings i'2b mm. 
To change the linings the lid was completely removed. 

The lead blocks enclosed a rectangle about 24x5 cm. ; 
the absorbing screens were rectangular, and all within the 
limits of 10x8 cm.* and 6 x 6 cm. ; the source was 
cylindrical, of diameter about 1 cm. and length about 
4 cm The geometry of the apparatus was so arranged that 
the only y-rays able to impinge on the side walls were 
those scattered in the base; this obviously is the best 
arrangement for theoretical discussion, but the canalization, 
necessary to ensure this result, reduces the intensity 
considerably, and would not in general be desirable. 
To ascertain the effect of allowing the y-rays to hit the 
sides of the chamber, another set of experiments, referred 
to as Set II., was carried out, when the distance from the 
source to the base of the electroscope was 18 cm., the thick¬ 
ness of the lead blocks 4 cm., and the square enclosed of 
side about 4 i cm. Set II. represents more nearly the 
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disposition of the apparatus in the normal use of a 7 -ray 
electroscope.^ Other conditions were similar in the two sets. 

sensitivity of the electroscope did not remain quite 
constant, and so readings were taken with a standard 
absorber [1*69 nun. of lead] between readings with other 
absorbers; each group between standards contained cases 


Fig.l. 



of large and small absorption intermingled, to eliminate 
systematic changes.g 

Headings were corrected in the usual way for natural 
leak, and the results represented by plotting log I/Io against 
absorbing thickness, where I 0 is the corrected rate of leak 
for the standard absorber, obtained, for the time when 
I was measured, by interpolation between the two standard 
readings. 
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The best straight line on the logarithmic curve, for points 
beyond 1*8 cm. absorption, is drawn, and from the slope 
and intercept we can obtain the absorption coefficient and 
fraction of ionization dne to soft rays. Since the drawing 
of the best line is subject to some errors, no very great 
accuracy can be claimed for the results, and there may be 
3-4 per cent, error in the absorption coefficients and 10-15 
per cent, error in the fraction due to soft rays. 

Hie experiments carried out were intended mainly to 
show the alterations in tbe absorption corves, but the results 
obtained can also be used to give rough values of J/J', 
the relative ionizations for two linings. For any one lining 
the accuracy of relative ionizations is about 1 per cent., 
but in comparing two linings there is the possibility of 
a change in capacity, so results for J/Jj cannot be relied on 
to more than 10 per cent. The voltage sensitivity remained 
fairly constant at about | micrometer division per volt, with 
a microscope giving a magnification of about 20 diameters; 
the capacity was abont 5 cm., but could not be measured 
very accurately. The values given represent the current in 
volts per minute for zero absorption. 

In addition to the table of results the complete absorption 
curves for two cases are given in the accompanying graph 
(fig. 2). The two cases chosen are those for wholly lead and 
wholly aluminium linings in Set II.; this pair is chosen 
since they best show up one of the features of which 
mention will be made. 

4. Table of Experimental Remits. 


Conditions. 

.. A . 


Set L 



Set II. 

✓ ' 1 

Base. Walls. Top. 

Fraction 
dm to 
soft rajs. 

Absorption 
coefficient 
of hard rajs. 

Tolts per 
min. for zero 
absorption. 

Fraction 
dm to 
toft rajs. 

"" .^ 

Absorption 
coefficient 
of hard rajs. 

4 - Pb 

*25 

*50 

43*4 

'185 

*54 

< - AI -* 

•12 

•51 

20*7 

•00 

*52 

Fb 4 ™ Al~> 

•19 

*51 

19*8 

*20 

*51 

AI 9b AI 

•19 

*51 

43*2 

*265 

*50 

4—Fb —4 Al 

•22 

*50 

30*5 

*22 

*58 

AI 4r — Pb **4 

•20 

•52 

53*4 

*28 

*52 

4-A!~* Pb 

*20 

•50 

28*0 

*18 

*52 

Fb Ai Fb 

*20 

*49 

27*2 

•19 

*52 
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5. Discussion of Experimental Results. 

It is at once obvious t'rotn the table, and, perhaps, more 
obvious from the graph, that the absorption curves are very 
materially altered by changing the lining. It must be 


Fig. 2. 



emphasized that all conditions, except the lining, are kept 
identical throughout one set. Although we may not be 
able to define what 7 -rays actually are entering the electro¬ 
scope, we can be confident that for any one absorption, in 
one set, the same beam of 7 -rays enters the electroscope no 
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matter what may be the luting i ^ hi £ 

made for absorption of 7 -™?*™ *'« ‘'t" 

notion 

‘SSjSsr;— 

sss^as"^ a £ r “£ t . ke i. ab rr.°iv 

than in the present erpenments, there is definite evidence 

^ntlnfto tiTlSX the” M ft fraction, or. which 
.iS Si tt. same thing the B.B/R.C ionisationn-atg 

there con he no doubt that the replacement of alnroimnmj 
lead gives an increase, winch may be as m 
of 2:1. Now, as previously emphasized, the 

!iurr^r;r\LTtttC'.i. t - e ,i™.iK 

on. electroscope did ««“™ ^"ly To 

SS^TB**mtsnre a definite property of the 

^ yS * the relative total ionizations, we see that a 

iSr^Zt^L: ionization, hut a \ead base canses 
a decrease which is less than that accountable for by extra 

*kf^nce°tbe l geometry is altered in passing from Set I to 
Set II., w. cannot malt,LtrJope. 

!risT"u-brr™"grh; «-* ***. 

lead ’walls have more effect in Set II. than in Set I. 


6. Explanation of Results, 

Up to this, the ionization has 
an indirect result of the passage of the -y-rays , but tor 
any explanation of the results, it is necessary ul^ en th« 
in some detail the various processes involve between the 
» .t o ... ravs an( l the ionization proaucea. 

•ItaTrays may he' .Urbe^ photo-electrically or scattered 

fa ,he ” ,e ? 1 or ,?™ .2 

and wiiHn each case give rise to a secondary £-r y , 
J-rays produced in the metal may emerge into the gas, 
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the chance of so doing depending on their place of origin, 
energy, and direction of emission, and on their chance of 
absorption before emergence. The /S-rays, when travelling 
m the gas, will lose energy which appears as ionization, the 
amount depending on the velocity of the y 9 -rays; when 
they strike the walls of the electroscope the / 8 -rays may be 
absorbed or they may be scattered back [reflected], the 
chance depending on their velocity. Also, y-rays which 
have been scattered will possibly again give / 8 -rays later. 
For a complete analysis of the problem it would be necessary 
to use: (a) the laws of scattering and absorption of X-rays 
and their conversion into / 3 -rays ; ( b ) the laws of the 
passage of the / 8 -rays through matter, including scattering 
and loss of energy ; and (c) the relation of the energy lost 
by / 8 -rays in a gas to the ionization produced. Besides the 
great amount of calculation involved, there are so many 
features of uncertainty in the laws that the calculation of 
the ionization function is not, at present, practicable ; rongh 
approximations will be considered later. But, fortunately, 
the main features can be given a qualitative explanation 
without such calculations. 

To simplify the discussion, we must take the RaB and 
RaC rays each to form a homogeneous group of X-ravs. 
Experimentally we find J/J 8 the ratio of the soft and hard 
ionizations; if N,N 2 are the number of quanta and TJ* 
the ionization functions, then Ji/J 3 =NiIi/N s 1 3 ; without the 
calculations mentioned we cannot obtain Ij/I 3 theoretically. 


and without a knowledge of Nj/N s we cannot obtain I/Ij 
from experiment. All data for N|/N 3 , except Kovarik’s (2> , 
which is only obtained indirectly, are derived from ionization 
measurements, i.e, depend on N,Ii/SfjI 2 . If primed and 
nnprimed letters refer to two different linings, then experi- 


i. e. 


N,I, 


and 


Nil/ 


the 


w 

same. 


J j / 

mentally we can obtain A and -A 

N 

since A is unaltered, the geometry being 

"» J /J ' I /I ' 

Hence we can get A / ~ = J f A, and no knowledge of 
«/ Jj hi f* 

•sr is now needed. 


We are now in a position to consider the explanations 
advanced by previous workers, in particular Bragg w and 
Keetman Uo) . Bragg’s work is concerned with different 
linings, without alteration of the quality of the 7 -rays, 
i,e. he is concerned only with the variation with lining of 
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the ionization function for one beam, not, as m the 
experiments, with the change of the relative values tor two 
beams. His theory is that the ionization is proportional Uk 
( a) the mass absorption coefficient ol the lining, aut M^) 
total range in the lining of the 

see that other factors are also concerned, but Braggstbeory 
contains the most important features. Keetman measu 
the relative ionizations in lead- and paper-lined chambers 
fo? MsTh and RdTh in each case 

filtered ^nd unfiltered; by considering the »oo» za *ion to 
depend only on the chances of absorption m the gas and 
metal, he obtains an explanation which, though incomplete, 
is adequate to account for his experimental results. 

To account for the experimental results, we must eoropar 
in turn, pairs of condition, -hero one part alone«| 
lining is altered from aluminium to lead. An^bo > * 

suffices 1 and 2 refer to soft and hard rajs, « } 

and uttprimed symbols to the two lining condition , 

^i *!_l where J’s represent 


experimentally the ratio J g ; 

ionizations. This, we have seen, is equal to wUere 

I’s represent the ionization functions Since 
is due to the secondary /8-rays, and these can bate 
origins, we must divide each I into four parts, A, B, ( , »nj 
D corresponding to photo-electric effect and Compton effe 
Ja’ the metal and the two effects in the gas respectively. 

_ Ii /V A x +B x + Cl, + Di A/+JV+S!/+IV 
So lJl s '-A,+~B;+O a +i), A,' + B x '+Ci +Di 

We know theoretically <14) that for 7 -rays the chance 

effect < 1# >-<‘ 7 >, where* variation with wave-length is na . 
Jnd with Z of the first power. Thus we see that pboto- 
electric effect is negligible for air and aluminium, compa 
with Hie Compton effect, but of the same order for bad , 
fV,;. i« verified bv Ahmad's {S) separation of the effects 
proportioned to Z and to V. So, with nir in 
we may neglect the “C” tonne, while /«■>«"« ""°“ 5r 
- of aluminium we may also neglect the A 
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As the simplest case for detailed consideration, we will 
take the replacement of au aluminium base lining by one of 
lead, the rest o£ the lining being taken, for definitiveness, 
to be aluminium, though the arguments apply equally to the 
other Cases. If the unprimed and primed symbols refer to 
the aluminium and lead base linings respectively, and the 
suffices 1 and 2 to the RaB and RaC 7 -rays, then tbe 
measured RaB/RaO ratios give, as we have seen, a value lor 

I*/ij’ wl,er ® 18 &re iouization function9 or ion izatinns P er 

quantum. In Set I. this is, in the case considered, equal 
to -4 approximately, and we nave to account for this. Since 
tbe lead base absorbs the 7 -rays more than does the 
aluminium base, and this is more effective for the soft rays, 

this alone would make ^ equal to about 1'3*. So the 

*2/ A* 

remaining effect, accountable for by the partition of I into 
A, B, C, D, must give, if acting alone, a value for 

I 1 ji! of ^ = *3, and we must account for this value, 

i/l’s Le now ionizations per quantum reaching the top of 
the base lining. The ionizations due to Compton absorption 
in the gas and top I ami also in the walls when the argument 
is extended to Set II.] will be unaffected by the change of 
base lining; so. including the effect from the top lining 
with that from the gas. Di*D,' f p 2 =D s '. It can be 
shown that the ratio of ionizations due to Compton effect 
in the base for tbe two 7 -rays is the same for both linings, 

i. e. ^ , but this is considerably less than the ratio for 

B 2 B s m 

• Using priming and suffices as before, let #*iW absorpbcm 
coefficients, *' the thicknesses of the basettaft ^Thra 

numbers of quanta at the under side of the base lunng. lh 
the numbers of quanta at the upper side ot tbe base Umng will to. 

Nie-si*, Nje-w', Njs-s*'*'. If this alone affected £ / |V 

♦ 

it would give a value of 

I ~ 

Using the values 

^=•57 cm."', R ,=' 1 S cm.- ! , ^'*2-9 cm."', *,'«*61cm.-\ 
x=-163 cm., x 1 =-153 cm., 

this gives i-ss— sixieSsaeW approximately»1*8. 
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A ' 

photo-electric effect, This shows certainly that 

I /X f 

Y / T ~, will be less than 1, and we can obtain the expected 
hf h 


a Neglecting the change of y-ray intensity in the 3-ray range [though 
this can be brought in by altering later], the base lining may be 
considered to be a homogeneous though non-isotropic source of Compton 
secondary 3-rays. For any given y-ray the energy of the 3~ rft y ejected 
at any angle is independent of the metal. Experiments have been 
carried out by W. Wilson Varder RW, Madgwick W, and others on 
the ionization due to homogeneous 3-rays after passage through various 
thicknesses of absorber, using different metals and 3-ray velocities; the 
resulting curves cannot be directly used, for they depend on the electro¬ 
scope used, but they show two general results of considerable use: 
(a) the “ range ” of "the 3-rays, in electrons per sq. cm., is nearly the 
same for all metals for one 3-ray velocity; (&) the form of the curve is 
nearly the same with change of abscissa! scale, for one metal for all 
velocities; that is to say, tne area under the curve is equal to the 
product of the ionization "for zero absorption, the range, and a factor “/” 
which depends only on the metal and not on the velocity. 

Since 3-rays are produced at all distances under the surface, the 
total ionization due to 3-rays ejected at angles from 8 to 0-\-6d will be 
this area mentioned; this is/, k d &.». E cos 3, where k dd is the chance 
in nnit distance [1 electron per sq. cm.] of one quantum causing the 
ejection of a 3-rav at this angle, i the ionization produced by one such 
3 -ray ejected at the surface, and R the range [in electrons per sq, cm.] 
[&, % and R all depend on 0, but the suffix is omitted]. Using lead in 
place of aluminium, t, and R are unaltered, depending only on the 
Compton effect, which is an electronic, not atomic, property; so the 
ratio of ionizations will be f\f\ Integrating for all angles, we get 

Bi/Bi' =///’. SimilarlyBj/B/ = fjf. Thus^=^. 

Now, turning to the u AJ * terms, we can use priming to refer to photo¬ 
electric effect, for the Compton effect is the same for the two bnings, 
except for u fn” If E*, E* are the energies of Compton electrons at 0 for 
y-rays of frequencies v x v 2i we have < ai >: E,/E 2 = {where !o<2. 
If Ej # , E 2 * are photo-electric energies, E//E/ = ri/r*, If we assume 
that lit cos B cc o*», then 

Riii cos 0/R 2 4 cos 8 ss (vi> 2 )«» and B»Vi' cos 8filt h' cos 8 m (P\lv t ) m 
Hence 

Bj/B 2 m (vijpf) mn . o* 1 / 0 * 2 , 

where 0 * 1 , <r 2 are Compton absorption coefficients, and 

cr 1 / 0*2 ® (pi{» 2 )P, 

where -Kj»<0. But 

Ai'/Aa' » (viM) m . n/r 3 , 

where n, r t are photo-eleetric absorption coefficients, and 


n/n ss 

where ~a<r< ~2*5< u >. So 


A/ IBS 

Ad i %' 
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value of *3 by a rough calculation * of the relative magni¬ 
tudes of the ionizations from different sources; since 
considerable approximations have been made, as much 
reliance cannot be placed on this agreement as might at 
first he expected, but it does show that the relative magni¬ 
tudes are not far wrong. The same argument can be 
applied to all cases of the replacement of the aluminium 
base by lead, and a very similar effect is shown in the 
replacement of the aluminium top lining by one of lead ; 
since the Compton electrons are all ejected forward, those 
emerging from the top lining must have been scattered 
back, and so it is not possible to apply this preceding 


Now 1 —n and r are negative, p is < —r, so we can deduce that 

If 0 is the 3~ray velocity, then, neglecting high-order terms in 0 f 
E ac 0* and i for unit distance cc 2 ; we can say that t probably oc 
where —3<$< — I. So Hr cos e ac 0*+ 9 or x E 2 + 2 R Thus m = 2+-R. 


So 


Ai / IV __ M\(2+4*Xl-»)+e —p ^ /pj 

S?/S7“W ~ U 


where the outside limits for t are — 5|<f< —2|. But yi /v 2 =sapprox. 
so we get 


3 s * > 


A,' IV 

:v / Bj' 


>3’* 


” “ 0> w/b > “- 


* The mean energy of the Compton electrons can he found from the 
theoretical values t 21 ) of the numbers and total energies of the Compton 
electrons | if a is the value of *024 fk [A in Aj, the mean energy E is 
2 /I 

For the EaC rays, a = 1*5 nearly, so E a = ^ m 0 c\ 

i + -a 4 

while Eg 1 , the energy of the photo-electron, is am 0 c 3 ; thus E*/E» =s‘37o; 
then, as before, 

Hgi’a cos B/IIJh cos 0 » (£*/£*>, 


where | < tn < li, giving *23 < Bg^cosd/B/fY cos#< *01. Using 
Ahmad’s values of <r a , r* per atom of lead as 13*8 X 10~ 21 ana 
7*2x10*“ 314 respectively, *44<BY/AY<V16. 

Bg=s£4BgCos0./; where d is the height of the electro¬ 

scope in electrons per sq, cm. Thus B 2 /Da=E 2 cos Bfjd ; similarly 
Bi/l>i=Ei cm0/Jd, So 

IIM-IW-W*, 


where 1<»<2. There is, in addition, the part of the ionization due to 
Compton effect in the top; hitherto we have considered this with I), but it 
must now be treated apart. This effect can only be due to Compton 
electrons scattered back; we know 33) that reflexion at aluminium 
gives about 30 per cent of the initial ionizing power, but the rays are 

less penetrating, so E is less. We will take this as approximately |B* 
From Varder’s ( l *> ranges we can get R for electrons of the mean energy 
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analysis directly. For the change of wall lining from 
aluminium to lead there are two opposing effects ! ***£ 
there is that of 7-rays scattered from the base ; here, m t 
same way as f<£ the base, the presence of lead 
the RaB/RaC ratio. On the other hand, there is an effect 
due to reflexion of 0-rays at the walls; it is known 
that 8 -rays are more readily reflected by lead than by 
2£*!h2s the faster the 0-ray the greater is the energy 

loss on reflexion, and hence the greater the loss of miming 

cower for the fraction reflected varies slowly with ™ l °city, 
SS n^re energy is lost by 0-rays from the hard 7-reys 
1 re energy is lost at aluminium walls, we see that this 
“tld Sra .‘Krara « the RaB/RaC ratio .hen l«d 
renlaces g llnminium for the wall lining. The two opposing 
effects give in some cases an increase and in some a decrease 

° f We'have seen how the general results for the RaB/BaC 
ratio can be explained qualitatively for Set I., ^nula 
derations ca!i be applied to Set«. bearing m mind toat 
+he tv-ravs from the source are falling directly on the walls. 
Thelbsorption coefficients can be dealt with similarly, most 
cimnlv bv considering two groups of RaC y-rays ; then we 
should expect to finf a higher absorption coefficient where 
there is a higher RaB/RaC ratio. This is not noticeable in 
Set T but may be found in Set II.; but, if there is a small 

fnaccuracyin drawing the line, this will, at the same time, 
Increase the RaB/BaC ratio and decrease the absorption 
Inefficient or vice vend. The definite change of absorption 
Client in the work of Rutherford and Richardson '; 
•sdth methyl iodide is explained by photo-electric effect m 
the gas, l e. by the “ C ” terms here negligible._ 

and, usinglmTthe angle ccrrMpondingto 

the meS enW, we get B,/D 2 = 3/ approximately. In order to make 
■calculations, we use 


Kx' IK 
a;7 b,' 


m |/a-i. r-i. /-I 


Then 

R/li'- 

tJ is' ~ 


80 


Bi+Ui /Ai ’+B/d-D/ 

Bs+bJ aTs'+bT'+iv 

B. +B.X + ^ / 10QB,'+B,'+B,'X ^ + 
B a '+B»'-i*^| + -^' 


B*+ 


b, 

3x£ 


B, 

T 
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* 1+I+* / 1+1+!+* 




Ionization Measurements of y-Rays. 759 

Taming to the resalt* for relative intensities in the two 
electroscopes, these can also roughly be explained *, though 
the agreement is only to 20 per cent.; bearing in mind the 
difficulty in connexion with the capacity, this is quite 
satisfactory. 

It is possible to use the same approximations, as have 
given riie above agreement with experiment, to obtain 
a value of the RaB/fiaC energy ratio ; this gives a value 
of about *10 f, in good agreement with accepted values, 
e.g . w ; this might make it appear desirable to carry out 
the calculations in more detail, but at present there is so 
much margin of doubt in the fundamental laws used that 
we must wait until further experimental data can give the 
laws more definitely. Though the approximations used are 
very rough,' they give a satisfactory explanation of other 
results, and so may justifiably be applied to the calculation 
of the RaB/RaO ratio. 

7 . Electroscope Measurements. 

As suggested by the arguments in the introduction, 7-ray 
ionization measurements are very considerably influenced by 
the ionization function. Ionization measurements, particu¬ 
larly with electroscopes, are exceedingly convenient for 7-ray 
work, but electroscopes can only measure ionizations, and we 
have seen the difficulty of correlating ionizations with 
definite properties of the beam. By considering various 
types of 7-ray measurements, we will illustrate the uses and 
limitations of the electroscope. 

An interesting type of measurement to consider is that of 
the comparison of radium and thorium standards by means of 
7-rays ; since the 7-rays are of different hardness, it has 
long been recognized that the comparison must depend on 
the amount of filtration, and comparisons are always given as 
measured through a certain thickness of lead ; but, since the 

* For hard rays in the wholly aluminium electroscope, the ioniration 
is - 88x 207 volte/minute; with* a lead base, it is '81X 19'8. This gives 
a ratio experimentally of 18'2/16-0=1T4. In the preceding calculations, 

hut B,/B a '=/Zf=3/2; so I„/I 2 '=7/8; correcting for 

absorption in the base, this gives •68/*74s=*92. 

t For a wholly aluminium electroscope, NiIi/N s I a = *12/*88 experi¬ 
mentally* From the previous calculations, I,/I 9 = T B ‘/”b j and 
Bi/B a =s(*i/i' a ) ms+p - With the same kind of approximations as before, 
Whence we get I,/I 2 : *452; so Ni/N a =*30 and 
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7-rays are of different qualities, the electroscope used will 
have an effect, and so a comparison of 7-ray activities of 
radium and thorium sources should include a specification of 
the electroscope used, as well as of the thickness of’ lead. 
An important determination of this type is the ratio of the 
number of «-particles from radium and thorium when the 
7-ray activities, measured through a certain thickness of 
lead,' are eoual; this has been carried out by Shenstone and 
Sehlundt and by Watson and Henderson <w) , but their 
results are not absolute, depending as they do on the 
electroscope used ; but, since Watson and Henderson 
required their results for work 011 the heating effect of 
a-rays ( * 5) , and they used the same electroscope for the 
purpose of measuring the strengths of sources in the two 
experiments, so they are justified in using the results. Any 
other property of the sources would have been equally 
useful, but the 7-ray ionization is most convenient. This 
forms a good example of the way in which ionization 
measurements may be applied without error, even though 
they are concerned with 7-rays of different qualities. 

As seen from the present experiments, and from previous 
work on the subject, the BaB/RaO ratio depends very 
largely on the electroscope used. It also appears probable 
tbat absorption coefficients are similarly affected ; since 
absorption coefficients are made the basis of much theoretical 
work, e.g . (!) - <e) - (S6> , it is useful here to consider them more 
fully ; if we can measure quanta, N, or energies, E, as well 
as ionizations. J, we can obtain the three absorption 

coefficients /%, /**, and yu.j, from N=Noe -#,! ‘ s etc. With a 
homogeneous beam of 7-rays, /t E , and would be 
equal, but no such beam can be obtained, and if obtained 
would soon become heterogeneous by scattering; thus 
ftj can never be equal to fi or p, E , and this is the reason 
why absorption coefficients for ionizations cannot be used to 
give energy values, e. g. (i) . 

The most interesting of the deductions from absorption 
coefficients is that of Kohlrausch <6) . Using 7-ray intensities 
deduced from Thibaud’s <J7) results, and the accepted 
absorption laws (, ® )> U6) , be calculates the expected absorp¬ 
tion coefficients, and finds divergences from those from 
ionization measurements; he is tacitly assuming that each 
quantum produces equal ionization, thereby neglecting the 
ionization function, but it is unlikely that this will produce 
sufficient effect to account for his divergences, which must 
still be traced to the absorption laws. 

From these experiments it is also possible to obtain 
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Phi. Mag. S. 7. Vol. 6. No. 38. Suppl. Nov. 1928. 3D 
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8 . Summary. 

The ionization produced in a chamber is only dependent 
on primary 7 -rays through the agency o£ the secondary 
S- rays, and hence may not measure any definite property of 
the 7 -ray beam ; experiments have been carried out which 
show striking alterations in the relative ionizations of the 
RaB and RaC 7 -rays when the electroscope lining is altered, 
the y-rav beam being the same. A qualitative end a 'ery 
rough quantitative explanation are given, using well-known 
id ea s of absorption and scattering of /9- and 7 -rays. Ihis 
demonstrates the part of an u ionization function in 7 -ray 
measurements, and the consequences of this are considered 
in relation to past work and in connexion with the limitations 
necessary in the use of ionizations to measure 7 -rays. 

It is a great pleasure to thank Professor^ &ir Ernest 
Rutherford, who suggested the problem, for his interest, and 
Dr. 0. D. Ellis, who is responsible for many of the ideas 
embodied in this work, for his constant help and advice. 
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LXXtL The Heartbeat considered as a Relaxation Oscil¬ 
lation, and an Electrical Model of the Heart. By Balth. 

van pee Pol, D.Se., and J. van bjeb Mark *. 

[Plates X.-XIL] 

1* Relaxation Oscillations. 

T HE equation 

S — r-f m*t?=sO (1) 

is representative of an oscillatory system of which the 
resistance is a function of the elongation. When a is a 
positive quantity the system has a resistance which for a 
small amplitude is negative* Therefore, the position 

r=0 

is unstable. When, further, 

**» a?, ....... (2) 

it is obvious that as long as 

tp*«l f 

the variable t» will initially leave the value t?»0 in an 
aperiodic way, but when later 

the resistance has changed its sign and has become positive 
and, therefore, v will have the tendency to go back again 
towards r=*0. The possibility of (1) even with the 
condition (2) having still a purely periodic solution is made 
plausible by the above considerations, and a full description 
of the solutions of (1) was given by one of the present 
authors some years ago f. 

It followed from the research mentioned that the 
fundamental period T^ of the solution of (1) with the 
condition (2) is 

v Communicated by the Authors, A more detailed account of these 
considerations will appear in the next issue of L’Onde Electriquc. 

f Baith. van der Pol. Phil. Mag. ii. p, 978 (1926) ; Jarhh. d. dr. Tel. 
(Zs.f Hochfreq. Technik) xxviii. p. 178 (1926), xxix. p. 114 (1927). 

3D t 
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II (1) is taken to represent an electrical oscillation 



and thus 

T*ei = 1*61 RO, 

and therefore the fundamental period of the new oscillations 
is, apart from the numerical constant, given by a time 
constant or relaxation time, and for this reason the name 
relaxation oscillation was suggested. In fig* 1 (taken from 
the paper mentioned above) the solution of (1) is depicted, 
and it is seen that the “ wave form ” deviates very con¬ 
siderably from the sinus function. 


Fig. 1. 



Graphical representation of the eolation of equation (5) with the 
condition €=«/<» = 10. In this case the equation represents a * 4 re¬ 
laxation oscillation” which is characterized a,c\ by its form depart¬ 
ing in a very marked way from a sinus curve. Sudden j umps are 
seen to occur periodically. 


A further research of the behaviour of a relaxation system 
under the influence of an impressed periodic electromotive 
force of small amplitude revealed very remarkable synchroni¬ 
zation properties *. 

In fact it was found that, when this E.M.F. was near 
resonance, the free relaxation period of the system could be 
varied over a wide range (of the order of an octave), the 
system continuing to vibrate with the impressed period. 
Also the system was found very easily to synchronize on 
a subharmonic of the impressed E.M.F., L e* 9 when the 
frequency of the latter was oiq, the fundamental frequency 
of the i6 forced 99 oscillation in the system was a> 0 /n, n 
being any whole number up to 100 or 200. These relaxation 

* Balth. van der Pol and J. van der Mark, ** Frequencv Demulti plica¬ 
tion,” 4 Nature,’ Sept 10th, 1927. 
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Ti!- tlOnS ^ eref0re ® nable 1,8 to realise a frequency demulti- 

felSttinn n T M, e f. penme ?f 8how ® d that <he amplitude of the. 
elaxahon oscdlation could not considerably be influenced by 

the external E.M.F. Therefore, the frequency of a rS 

on ^illation can easily be influenced by an external periodic 

iT *1 * h * a “^ tBde is £ I uite “ ri gid-” Exactly the 

coXtLn ^ CaSe WUh SJSteU1S obeyin ^ W bnt witb ‘ b e 

a $ «m 9 y 

1 .M F*’ * tn0(3e oscilIator nnder ‘he influence of an impressed 
have ™ mariZmg the pro P erties of relaxation oscillations we 

(a) their time period is determined by a time constant 
or relaxation time; 

(b) their waveform deviates considerably from a sinus, 
and, as very steep parts occur, many higher 
harmonics of pronounced amplitude are present; 

(c) a small impressed periodic force can easily force 
the relaxation system in step with it (,automatic 
synchronization even on subharmonics) while under 
these circumstances, 

(«) the amplitude is hardly influenced at all. 

Though relaxation oscillations were originally derived in 
the way outlined above, it will be clear that they are to be 
found m many realms of nature, for there are many 
different types of relaxation time. We are mostly used to 
hnd a decay phenomenon to occur only once in a special 
experiment, and it. is typical in the case of relaxation oscilla¬ 
tions to hnd such an asymptotic occurrence to repeat itself 
periodically. Obviously this automatic periodic re-occurrence 
ot such a typical aperiodic phenomenon is closely related to 

ft ? 6 Ifff u*- 06 ! °f 80m6 form ot energy source which is to be 
found behind the negativity of the resistance of (1). 

fcome instances of typical relaxation oscillations are : 
the seolian harp, a pneumatic hammer, the scratching noise 
ot a knife on a plate, the waving of a flag in the wind, the 
umming noise sometimes made by a water-tap, the squeaking 
of a door, the multivibrator of Abraham and Bloch f, thf 

application date Febr.l7tb IM TW clxm.p.402, 

iTfouad in Balth van » * 

Abiaham & Bloch, Ann. de Physique, xii. p. 237 (1919). 
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tetrode multivibrator *, the periodic sparks obtained from a 
Wimshurst machine, the Wehnelt interrupter, the inter¬ 
mittent discharge of a condenser through a neon tube, 
the periodic re-occurrence of epidemics and of economical 
crises, the periodic density of an even number of species of 
animals living together, and the one species serving as food 
for the other f, the sleeping of flowers, the periodic re¬ 
occurrence of showers behind a depression, the shivering 
from cold, menstruation, and, finally, the beating of the 
heartJ. 

In all these examples the frequency of these periodic 
phenomena is not determined by the product of an elasticity 
and a mass but by some form of relaxation time. 

That the frequency of these periodic phenomena is not 
rigidly constant is due to the fact that a relaxation time 
is determined a . o. by some form of resistance, and it is a well- 
known fact that outer circumstances may much easier 
influence a resistance than a mass or elasticity. 

2. Schematic Dynamical Representation of the Heart, 

In applying the theory of relaxation oscillations to the 
beating of the heart we will consider the heart as a system 
of three degrees of freedom : the sinus t the atrium (amide). 
and the ventricle. As normally the two auricles heat in exact 
synchronism and the same can be said of the two ventricles, 
we will further speak of the auricle and the ventricle. 

When we consider the heart as having three degrees of 
freedom only, it will he obvious that we exclude at the 
outset those movements of the heart which can only be 
described by partial differential equations. For instance, 
we cannot find hack the finite velocity of propagation of 
contraction over the wall of the heart. We therefore shall 
not consider flutter or fibrillation, as these phenomena are 
directly connected with progressing and standing waves, 

Beturning to the view of the heart having the above- 
mentioned three degrees of freedom only, we consider each 
of them to be able to perform a relaxation oscillation by 
itself, each of the three having its own natural perioil. 
Moreover, a coupling exists between the sinus and the 
auricle, the former acting on the latter. Another coupling 

♦ Phil* Mag, li. p* 991 (1926). 

* Volterra, Accad. Lines i, MU (1026). 

t The view that heart beats belong to the type of relaxation oscilla¬ 
tions was first expressed two years ago bv Balth. van der Pol (Phil. 
Mag. ii. p. 992 (1926)). ' ' 
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exists between the auricle and the ventricle, which coupling 
ts realized through the existence of the bundle of His. 

In a normal heart both the couplings mentioned have the 
peculiarity that they transmit a stimulus in one direction 
7' i.c., from the sinus to the auricle, and from the 
auricle to the ventricle, respectively. These couplings are 
therefore in the normal heart of a unidirective character. In 
an electrical model to be described later on, these two 
couplings are therefore represented by two triodes, which do 
not amplify at all, but which were simply inserted in order 
to provide a unidirective instrument. 

P or P ose of this paper is to give a general connected view 
of the heartbeats considered as relaxation oscillations. The 
properties of these oscillations, which have lately been studied, 

*%• 2 . 

E 


C 


A system capable of producing relaxation oscillations. It consists of a 
neon lamp Ne a condenser 0 of approximately 1 microfarad, a 
resistance K of the order of ] megohm, and a battery of about 
180 volt. 

enable us to consider the rhythm of the heart from a new 
general point of view, giving a logical connected account of 
the heart-rhythm. According to this new theory some anoma¬ 
lies of the heart-rhythm can be predicted, which, so far as 
the authors are aware, have not yet been observed or 
recoguizod in the human heart, 

3. Electrical Model of the Heart. 

In constructing a model of the heart according to the 
theory expounded above, various systems capable of pro- 
dncing relaxation oscillations could be chosen. As a very 
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practical example, which is also well snifced for demonstra¬ 
tions, an intermittent discharge through a neon tube can be 
made use of. Such a system is depicted in fig. 2, where E 
is a battery of say 150 to 200 volts, R a resistance of the 
order of 1 megohm, and C a capacity of the order of one 
microfarad. 

As the charging-np time of the condenser is given by the 
product of the capacity 0 and the resistance R, the time 
period -Trei of this relaxation oscillation will b© about 

Trei = CR =510~ 6 .10" { ' 6 =1 see. 

We therefore see the neon lamp to give a short flash once 
abont every second. 


Jig. 3. 



Schematic representation of the heart by three relaxation systems: 
fjj:r t DU8) ’ A (=Auncnlum), and V (==Ventrieulum). l{ is a 
re^tion system representing in the model the finite time 
neceamry for a stimulus to be transmitted through the A-V bundle. 


In fig. 3 the heart is represented by three such svstems, 
where the first one S stands for the sinus, A for the atrium, 
and V for the ventricle. Between A and V a rectangle It 
is drawn representing a retardation system imitating the 
mute time taken for a stimulns to be transmitted from 
the atrium through the atrio-ventricular-bundle to the 
ventricle. In our electrical model this retardation is 
brought about by the action of a fourth neon tnbe, which 
eistore takes care that the ventricular systole sets in 
somewhat later than the corresponding auricnlar one. 
However, any other retardation system could be chosen, and 
we want to stress the fact that the working of our model 
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is independent of the type of system used for this retarda¬ 
tion, 

.-£■ J^°*° the complete instrument is given in fig. 4 
j xr'H » „ ifc is seen that the three neon tubes S, A, 

iVt ? ' 3 are brought to the front of the instrument, 
each flash corresponding to the activity of the respective 
part of the heart. 

tbe back of the instrument three keys are mounted, 
with which a short electrical impulse can be given to the 
8} stems 5, A, and V of fig. 3, thus causing extrasysfcolae of 
the sinus, auricle, and ventricle respectively. Moreover, the 
coupling between A and V (the auricle and ventricle) can 
e varied at w ill, thus imitating the, beautiful experiments of 
ikrlanger of gradually clamping the bundle of His. 

The whole model consists of resistances and capacities 
onlj, and no intended inductances are introduced in the 
system. 

Electrocardiograms could be taken from this artificial 
heart by adding the current impulses in the auricle and 


Fig. 5. 


Tvpi^l decirocardiogram of the artificial heart. The P top and the 
v|KS complex are clearly visible. The T top however is missing’, 
due to insufficient definite data at hand as regards its origin. 


m the ventricle; a further filtering circuit was used to 
remodel somewhat the form of the impulses, which were 
registered, after amplification, with a Uambridge oscillo¬ 
graph. Obviously this filter circuit had no influence on 
the working of the model, and is not used for ordinary 
demonstration purposes. J 

A typical electrocardiogram of our artificial heart, 
working in a normal way, is shown in fig. 5, where the 
. to P a . n<i Q R S complex is plainly visible, while the T top 
is missing. As the origin of the T top in the electro¬ 
cardiogram ot the human heart is not quite certain yet, we 
could not insert a representing mechanism for it. 


4. Observations and Measurements made with the 
Electrical Model. 

4 a. Heart block. —In fig. 6 we give nine films taken with 
our model giving the effect of gradually decreasing the 
coupling. between auricle and ventricle, thus imitating 
the experiments of Erlanger on clamping the bundle of His. 
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Film No. 1 gives the normal heart beat; No, 2 shows an 
occasional failure of the ventricle ; in No. 3 these failures 
become more frequent; in No. 4 we approach the ease of 
2 :1 heart block , which stage is reached in film No, 5. 
In No. 6 we have alternatively 2:1 and 3:1 block. 
Further, we see in Nos. 7 and 8, respectively, 3:1 and 
4 :1 block, till at last in film No. 9 the coupling hus become 
zero, which gives complete heart block , 

A typical case of nno-auricular block is given in fig. 7 
(PL X.), where the first film gives the normal heart beat 
and the second shows clearly the block just mentioned. 



Electrocardiograms from the artificial heart obtained by gradually 
reducing the coupling between the A and V system (clamping the 
bundle of Hist. The development of 2:1, 3 : i, and 4 :1, as well 
as complete heart block, is clearly shown. 

4 b. Extra systolce When our heart model beats in the 
normal way we can impress a small electrical impulse on 
the ventricle. If this is done directly after a ventricular 
systole we find that nothing happens* The ventricle 
therefore is still in its refractory period : the condenser 
of the T system is not yet charged up to such a potential 
that the extra E.M.F., superimposed upon it canses the 
total potential to reach the Hashing potential of the neon 
lamp* When we repeat the same experiment slightly later, 
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after a ventricular systole, we find a flash of the V system* 
to occur; the ventricle has now passed its refractory state. 
When this flash occurs and we have therefore excited a 
ventricular extrasystole, the condenser discharges through 
its neon tube in a normal way down again to the potential 
where the gas discharge breaks, and thus we find back the 
famous law of u all or nothing ” : a stimulus has either no 
effect at ail or it causes a complete systole to occur. When 
we investigate into the magnitude of the stimulus necessary 
to cause a ventricular extrasystole as a function of the 
phase of the ventricular cycle, we find this stimulus to 
decrease exponentially with an increasing phase, as was 
to be expected. The magnitude of the stimulus E necessary 
to produce an extra systole as a function of the time t y 
counted from the moment of a former systole, is therefore 
represented by the formula 

E = 

which follows directly from the manner in which a con¬ 
denser is charged through a resistance. No doubt a similar 
law applies to the real heart. 

Consider fig. S (PI. XI.), where the film No. 1 again 
represents the electrocardiogram of our artificial heart 
beating in the normal way. Film No. 2, however, shows 
a ventricular extrasystole given shortly before an impulse 
from the atrium arrives. It is clearly seen that the next 
following auricular systole finds the ventricle still in the 
refractory period, so that it does not cause a normal 
ventricular systole. When, as in No. 3, the ventricular 
extrasystole is caused to occur earlier in the ventri¬ 
cular cycle, the next coming auricular systole does have 
effect and causes the normal ventricular systole, so that 
here we have the case of an u interpolated ” ventricular 
systole. 

Again in fig. 9 (PL XI.), film 1 represents the normal 
working of the heart. In film 2 an auricular extrasystole is 
caused. Here, again, the auricular extrasystole is followed 
after the normal time by a ventricular systole, but a 
compensatory period is found after this auricular extra* 
systole, so that the next one comes at the normal time 
rigidly determined by the frequency of the sinus. Film 3 
represents the same case, but with the difference that the 
auricular extrasystole was excited a little earlier than in 
film 2. Therefore the auricular extrasystole finds the 
ventriculum still in its refractory period, and under these 
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circumstances therefore the auricular extrasystole is not 
followed by a ventricular one. 

Fig. 10 (PI. XII.), No. 1, gives the normal heart beat. 
Film No. 2 represents a case of a sinus extrasystole. It is 
clearly seen that the original rhythm has been lost, as is the 
case in the bn man heart. 

Finally, we reproduce in fig. 11 (PI. XII.) an electro¬ 
cardiogram of the human heart, taken in three normal 
positions 1, 2, and 3, with the same special amplifier used in 
the experiments with the artificial heart and also with the 
same Cambridge oscillograph, which has a shorter natural 
fame period and therefore responds quicker than the string 
galvanometer. 

This amplifier, which had the property of amplifying the 
very low frequencies of say one half period per second or 
less, as well as the higher frequencies, enabled us to make 
visible the real human heart. beat as periodic flashes of a 
neon tube. This neon tube flashed twice in each heart 
cycle, when it was connected to the output side of the 
amplifier, the input side being connected to the two hands 
of the patient. 

5. Final Considerations and Suggestions of new Possibilities. 

The very close analogy between the working of our 
model and the beating of the mammalian heart leaves no 
doubt that the view expressed in the former paragraphs of 
regarding the heart beat as a relaxation oscillation is correct. 
Therefore, without going into the detailed nervous and 
physical-chemical action of the heart, it can safely be con¬ 
cluded that what ultimately determines the period of the 
heart is a diffusion time (a relaxation time). As mentioned 
above, the model described represents a first approximation 
only to the action of the heart, and it could be extended in 
several directions, thus assigning to the heart more than 
three degrees of freedom only. 

Moreover, a reduction of the electromotive force of the 
battery connected to the model reduces the ‘‘tonus,” and 
soon a point is reached where our electrical heart does not 
beat any more. The system under these conditions closely 
shows, so far as the response to an external stimulus is 
concerned, the behaviour of an ordinary muscle. In fact, 
a cross-striated muscle can be represented by what may be 
called a “ relaxation cable?’ about which we hope to report 
in another communication. 

In conclusion, we give some further possible disorders 
mainly obtained mathematically and which were all verified 
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with the aid of our model. Possibly these anomalies either 
have or will be found in the human heart as well. 

It follows from the considerations expounded above that 
there are two possibilities that may cause a partial heart 
block: 

(a) the amplitude of the stimulus arriving through 
the A—V bundle at the ventricle is smaller than, 
normal; 

t b) the natural relaxation period of the ventricle is* 
prolonged. 

Both causes may result in exactly the same working 
of the heart, though means may be found to distinguish* 
between the two. 


Fig. 12. 



Transient periods elapsing after a ventricular extrasystole is given at 
the moment indicated by the first arrow. Only at the moment 
indicated by the second (dotted) arrow is the normal periodic 
action of the heart resumed. This figure gives the course of events 
calculated and verified experimentally with the aid of the model, 
and with the condition that the free natural relaxation period T a of 
the ventricle is larger than that (Ti) of the auricle. 

But also an acceleration of the natural free ventricular 
period may result in anomalies, which bear some resemblance 
to a combination of heart block with ventricular extra systolse. 
Especially these anomalies occur when the free relaxation 
period of the ventricle is slightly greater or slightly smaller 
than the period of the sinus and when the conduction 
through the A—V bundle is reduced. Let, e.g., fig. 12 
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represent the auricular and ventricnlar systolse. The shaded 
portions following the ventricular systolse represent the 
duration of the refractory period as determined a.o. by the 
amplitude of the stimulus arriving from the A-V bundle. 
Calling: 

Tj = period of the stimulus arriving from the A-Y bundle. 
Tj = free relaxation period of the ventricle. 

P = length refractory period. 

Pig. 12, Nos. 1, 2, 3, and 4 represent different effects of 
extrasystolae. The durations of T x , T 2 , and P are given at 
the side of the figures in arbitrary units. In this fig. 12 
% < T 2 . Under these circumstances a ventricular extra¬ 
systole may temporarily disturb the rhythm (mathematically: 
transients). The extrasystole is everywhere indicated by 

Fig. 13. 
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Some possibilities (derived theoretically and verified with the aid of the 
model) when the free natural relaxation period T a of the ventricle 
is slightly smaller than the auricle period Ti. The shaded portions 
indicate (like in fig. 12) the refractory period of the ventricle. 
Especially No. 1 shows the possibility that the fundamental period 
of the rhythm in this case is not equal to the period of the auricle, 
but is twice as long. Here three ventricular systolse occur in the 
time of only two auricular systole. The last ventricular systole in 
each fundamental period resembles somewhat to cause a retrograde 
beat of the auricle. 

an arrow, while the dotted arrows give the beginning 
of normal working of the heart again. The anomalies or 
figs. 12 and 13 have been derived on the basis of a strict 
unidirectional conduction through the A-Y bundle, and it 
will be clear from these figures that some of the anomalies 
resemble somewhat u retrograde beats.” 

It is seen from fig. 12, No 1, that with the numbers as 
given in the figure, it takes the time of 7 auricular systolse 
after the exfrasytole before the normal rhythm is restored 
again. Wox the special instant of the extrasystole of No. 2 
and For the corresponding T x> T*, and P, the transient period 
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lasts a boufc three auricular beats. Again, in Nos 3 and A. 

it takes respectively about 5*5 and 2*5 auricular periods 

be £?. re n he ° 0r ™ al action is restored again. P 

Here na T 7 >T % 13 possible anomalies are depicted. 

Sorter than tL ’ h - 6 ° atnra ^ ventricular free period is 

OSZ , Thus the Possibility 

Ssts of a wb5 d u 1 P £ mod of the complete system 
consists ot a whole number of auricular systolae i e the 

phenomenon repeals itself exactly only after, e o 4’or 5 

or 6 auricular beats. This fundamental period ts indwJ? 

brackets un dern eath each drawing. We therefore 

We are °[ V *L 2 = 3 Woe/and a 5 llUol 

real heart. ***”* whether these phenomena occur in the 

From the fact that, when 

^ riod * u »■“ s 

t = „t„ 

is determined bj- the following two DUphMic i^ualUU, 
R< (nTj —n*T s ) < T 2 , 

where both n and m are whole numbers and « the smalW 
possible one satisfying the inequalities. 684 

EiD | h0 ^ n i, N ^ u . apkuB< % Laborstorium 
der N. V. Philips’ Gloeilampen-fabrieken. 

May 1928. 


f / liaU u «*> »“ * 

B.A.\ Interface. By R. Stevenson Bradley, 

T H !a^Stir ft °V?° QrS f n the surface o« mercury 
spondin^ cas^of considerable interest; the corrl 

has not yet been studied! ° metals ^ w ®olved in mercury 
• Communicated by Prof. R. Whytlaw-Gmy. 
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Schraidt * and Oppenheimer + have published values for the 
surface tension of alkali metal amalgams at low concentrations. 
The publication by Bent X and Hildebrand of the activities 
of the dissolved metals enables the Gibbs surface excess T to 
be calculated. 


r =M®TST‘ n< ‘* a >’ 

where tr is the surface tension, a a the activity of the 
dissolved metal. 

Hildebrand’s equations refer to pure alkali metal as the 
reference state ; when the latter is transferred to infinitely 
dilute amalgams they become 


log^Cs = 

log# K = 

iX 2 


15620 „ 

—q,~ As 


11630 


N, 


log# Na 


.(*“2 + «*)k 


$7 


where N s is the mol fraction of dissolved metal. This 
transference is equivalent to the omission of the constant 0, 
which disappears on differentiating. There appears to be 
a misprint on p. 3024 of Hildebrand’s paper; the coefficients 
of N s should be changed in sign in the three equations for 


The temperature has been taken as 18°0. Schmidt 
worked at about 18° C., Oppenheimer at 20 C. Temperature 
variations of a few degrees do not affect the values for « 3 . 

When <r is plotted against log a 2 a straight line is obtained, 
and this constancy of T down to the lowest concentrations 
used and over a concentration range of over a hundredfold 
for sodium, and. over tenfold for potassium and caesium, 
suggests that a unimolecular surface layer is formed, even 
at 0*0007 per cent, of the alkali metals. At still lower 
concentrations the curve must bend sharply, and run nearly 
parallel to the axis of log « s . 

In Tables I., II., and III., the fourth column gives the 
value of a read off from the graph at the corresponding 
value of log 

* Ann. der. Pkysik, xxxix. p. 1108 (1912). 

t Zeittchr.f. Anorg. Chem. clxxi. p. 98 (1928). 

| 3. Amer. Chem. Soc. xlix. p, 3011 (1927). 
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Table I. 

Sodium Amalgams. 


Wt. °/ 0 Na. 
00002 
0-0007 
0 - 00*22 
*0-019 
*0025 
0-049 
0-067 
0124 


<r. 

-log*,. 

corrected 

435-5 

4-76 

4352 

424-2 

4-21 

426*1 

418-8 

3-71 

417-7 

404-0 

2-75 

401-7 

399-0 

2-62 

399-4 

893-8 

2*28 

393-7 

391*3 

312 

391-0 

884*4 

1-77 

385-3 


Ctkaph L 



Wt. % K. 
00007 
00018 
0-0068 
00136 
0-018 


Table II, 

Potassium Amalgams. 
*' -l°g*s. 

436-0 4-44 

405-1 3-00 

^*8 2*32 

888*4 j.gg 

382*5 i-8i 


corrected 0 *. 
433*9 
405*4 
392*3 
383*6 
382*3 


PM a 7 VfTiT o OSe of 

PArf. 1%. S. 7. Yol. 6. No. 38. iyr or . 1928 


3 E 
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Table III. 


Caesium Amalgams. 


Wt % 0* 


-1<«**• 

corrected <r. 

0*0008 

427*6 

4*92 

426*2 

0-001 

418*8 

4*82 

418*5 

0*0016 

403*1 

4*62 

403*1 

00028 

883*5 

4*37 

383*6 

0*0131 

835*4 

3*69 

332*0 


From the straight lines values of P may readily be 
calculated ; for sodium, potassium, and caesium we find for 

^in A.TJ. per atom the values, 

55*4 47*9 14*7 

These afford an interesting confirmation of the view that the 
deviations of the alkali metal amalgams from the perfect 
solution are to be attributed to compound formation. Bragg * 
gives for the atomic radii of sodium, potassium, and caesium 
the values 1*77, 2*07, and 2*37 A.U. respectively, whilst 
Kolkmeyer + assigns 1*51 A.U. to mercury. We may 
assume that for sodium amalgams each atom of the surface 
is snrrounded by six others. The area occupied by each 
atom may be taken as that of the circumscribing hexagon. 
This gives for the area occupied by the complex Na—Hg a , 
in which each sodium atom is surrounded by a ring of six 
mercury atoms, the value 58 A.U. There are thus roughly 
six mercury atoms to one sodium atom on the surface. For 
potassium the ratio is less. This agrees with the ''reeling- 
point data of Kurnakow %, the stability of the com r ounds 
R—Hg*, R—flg a , being greater, as measured by the degree 
of sharpness of the maxima, for sodium than for potassium. 
The value 14*8 A.U. for caesium is less than that of the 
circumscribing hexagon 22 ’0 A.U. The constancy of F with 
varying concentrations makes the possibility of a poly* 
molecular layer unlikely, so that presumably the eaesium 
atoms are more tightly packed than in the crystal. 

* Phil. Mag. sL p. 169 (1920). 
f Sec. Trav. Stye Bat, xliii. p. 677 (1924), 

J Zeitschr.f. Anorg. Chan, xxiii. p. 439 (1600). 
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Summary. 

For the amalgams of the metals sodium, potassium, and 

* » d(T 

caesium at low concentrations -r is constant. Values 

</(log a 2 ) 

of F, the surface excess, are in agreement with compound 
formation in the surface-layer, roughly to the extent of 
Na—Hg« for sodium, rather less for potassium. Caesium 
atoms alone occupy the surface of caesium amalgams. 

The University, 

Leeds. 


LXXIV. On the Application of Tensor Analysis to Physical 
Problems. By Francis D. Murnaghan, Professor of 
Applied Mathematics , Johns Hopkins University *, 

A LTHOUGH the methods of tensor analysis are generally 
admitted to l»e of great power and usefulness from a 
theoretical point of view, these methods are not commonly 
applied to problems in what may be called the older physics, 
the simple reason being that they are supposed to lead to 
expressions of too high a degree of complexity. We propose 
to treat in this paper the problem of determining the form 
of the stress-equations of elasticity in any system of curvi¬ 
linear coordinates, orthogonal or not, and we trust that 
a comparison of our method with that given in Love’s 
standard treatise t for the special case of orthogonal curvi¬ 
linear coordinates will show that the methods of tensor 
analysis are not only more general bat easier to follow than 
the method given there. 

Before proceeding to a consideration of the particular 
problem with which we wish to support our thesis, it is 
necessary to point out that in physics we measure quantities 
that are usually different from the quantities met with in 
tensor analysis^ Thus we say in the latter theory that if a 
set of » quantities X r are the components of a contravariant 
tensor of the first rank in a coordinate system then the 

* Communicated by the Author, 

t A. E. H. Love, ‘ The Mathematical Theoiy of Elasticity,’ 3rd edition, 
pp. 87-89. 
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components in any other coordinate system x are given by 
tiie equations 

X r a* X a ^^ (« is a summation symbol). 

If we wish to give a geometrical interpretation to this 
description of a tensor, we may consider, from the x 
coordinate system, the family of level surfaces S r =const.; 
then the n expressions (}x r fox a are, at any point x, the 
covariant components of the gradient vector to that par¬ 
ticular level surface of the family which passes through the 
point in question. The magnitude of this gradient vector is 



where the g rt are the contra variant components of the 
metrical tensor, and, in accordance with the formulae of 
transformation for the components of a contravariant tensor, 
this is simply (g rr )*- Upon dividing jour equation for X r by 
this magnitude, we see that the ratio X r /(<?")* is the resolved 
part of the tensor X r in the direction of the gradient vector 
to the x r coordinate surface. Now, it is these resolved parts 
of tensors, i. e. these scalar quantities, with which we actually 
deal in physics. Since the gradient vector of any surface 
has the direction of the normal to the surface, drawn in the 
direction towards which the constant of the surface is in¬ 
creasing, the resolved part of the tensor X* in this direction 
may be conveniently represented by the symbol N r , and we 
have the relation _ 

X r = (^)*N r . 

If, then, we wish to translate a theorem of tensor analysis 
which involves the components of a contravariant tensor of 
the first rank into a form suitable for the practical purposes 
of physics, we should replace each component X r of the 
tensor by (0 rr )*N r , where N r denotes ihe resolved part of 
the tensor in the direction of the normal to the coordinate 
surface aT— const., the normal being drawn in the direction 
towards which x r is increasing. Similarly, if we consider 
the formulae of transformation for the components of a 
covariant tensor of rank one, namely. 



we see that the n quantities which appear as 
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coefficients in the rth of these formulae, are the contra- 
variant components of a tensor which is tangent to the 
& coordinate carve, i. e. the carve along which all the co¬ 
ordinates x, save are constant. The magnitude of this 
tensor is 

( _ 

or simply (j/rr)K since the g~, are the covariant components 
of the metrical tensor. Upon dividing our equation for 
X- by this magnitude, we see that the ratio XrfgrJ is the 
resolved part of the covariant tensor X r in the direction of 
the tangent to the x r coordinate curve through the point in 
question, the tangent being supposed drawn in the direction 
in which of is increasing. This resolved part may be con¬ 
veniently denoted by T r , and we then have the equation 

x, 

If, then, we wish to translate a theorem of tensor analysis, 
which involves the components of a covariant tensor of rank 
one, into a form which is of practical utility for physics, we 
must replace each covariant component X r by ((jw)*T„ 
where T r denotes the resolved part of the tensor in the 
direction of the tangent fo the «r r coordinate cnrve through 
the point in question, the tangent being drawn in the sense 
in which x r is increasing. 

As examples of what we mean, let us consider two 
particular results:— 

(a) In tensor analysis we have, associated with any 
contravarianl tensor field X r of rank one, a scalar quantify 
known as its divergence. The formal expression for this 
divergence is 

7 ,» Wr) * 

We rewrite this expression iu the form 

When the curvilinear coordinate system x is orthogonal, 
we may put 

(<&)*= (dx')*/k l *+(d* ! )W+ - +0***)W, 

* Hare, as elsewhere throughout this paper, summation symbols are 
denoted by Greek letters. 
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so that 

ffrr — (1/Ar)* J 9r» = 0 (r s) ; ff = (1/ftift* . .. A*) 8 

lad 

S'" = hr 8 ; 0 r * = 0 (rgfe*). 

On substituting from these eqoations, we obtain the 
familiar formula for the divergence of a vector field in 
orthogonal curvilinear coordinates, namely 

hihf ... ft* | ^j(Nj/ft*... ft») + (btj/ftjft* ... ft*) + ... 

(see Love, loc. cit. p. 54, eq. 37). It should be observed 
that when the coordinates are orthogonal the gradient vector 
to the coordinate surface x r has the same direction as the 
coordinate line stf, so that we could have written T r instead 
of N r in the expression for the divergence. 

(ft) Associated with any covariant vector field X r we have 
an alternating covariant tensor field of rank two, which is 
known as the curl of the given tensor field. Its components 
X„ are defined by the equations 

X r . = 

In accordance with our remarks above, the X r which occur 
on the right-band side of these formul® must be replaced 
by (^,r)* T r , but it is necessary to find out what physically 
measured quantities are described by the components Xr, of 
the alternating covnriant tensor of rank two. From the 
formulae of transformation we have 


v _ -v - 3*®* 3®^. r%r 3(^** 

” * **W **) ’ 


where the prime indicates that the summation labels a and /3 
run over all pairs, without repetition, out of the n labels I 
to ». The n(n—1)/2 Jacobian determinant® may be said to 
define an element of area on the (P, x*) coordinate surface, 
t. e. the surface en which all the coordinates se, save x r and 
sf, are constant. The magnitude of this element of area is, 
by definition, the square root of 


^a- r , P) ’ 
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where the summation labels (*, /3) and (X, u) ran, inde¬ 
pendently, without repetition over all pairs out o£ then labels 
1 to n. I£ we introduce the symbol 

this is a covariant tensor of rank four, which is alternating in 
the first two labels (pq) and also in the last two (rs). Our 
expression for the magnitude of the element of area takes 
the form 

r'_ 

or simply (yfrom the formulae of transformation for a 
eovariant tensor of rank four. If, then, we divide on* 
equation for X r , by this magnitude, the result is the flux of 
the alternating tensor X n through the element of area of the 
(sf, P) coordinate surface divided by the magnitude of this 
element of area.We shall denote this by T„, and may call 
it the resolved part of the tensor X„ in the direction of 
the (i r , &*) coordinate surface. We have the equation of 
connexion __ 

X„= &,.„)* 

or, in the x coordinate system, . 

X M = (^r*, r»)^T w — (<Jrr 

Hence the desired, physically useful, form of the equations 
of definition of the curl of a covariant tensor field of rank 
one is 

In the special case of orthogonal curvilinear coordinates this 
takes the form 

(of. Love, loc. cit. p. 55, formulse 38). 

We now proceed to a consideration of the stress-equations 
of elasticity theory. The rfile of the stress-tensor is that of 
associating with any element of area at a point a vector 
which is the stress, or force, per unit area, across that 
element. In the usual presentation of the theory the stress- 
tensor is given as a tensor of the second rank, and when 



784 Prof. F. D. Murnaghan on the Application of 

rectangular Cartesian coordinates are nsed the nine com¬ 
ponents are denoted by the scheme 

( X, X, XA 
Y, Y, Y.J. 

Zx Zy Zx f 

Thus Xy, for example, denotes the ^-component of the stress 
across an element which is placed perpendicular to the 
v-axis. It is assumed that the stress-tensor is symmetric, 
so that we hare the three relations 

Y, = Zyi Z* = X«; X y = Y*. 

Xhe stress-equations are 

<)Xxfdx+'dXy/'dy+'dX x fd2 = p(x—X), 

"dYxfd^+'bXyfdy+'dYxfd^ — p{y—Y), 

TiZxfba +"dZyfdy + t)Z z fdz — p(z— Z) 

(cf. Love, loc. at. p. 33), and it is our purpose to rewrite 
these equations when the coordinates in use are any set of 
curvilinear coordinates whatever. 

Since the r61e of the stress-tensor is to set up a corre¬ 
spondence between elements of area and vectors, toe stress- 
tensor mnst.be covariant of rank two and contravariant of 
rank one ; in all, it is of rank three, and it is alternating in 
the two covariant labels. Denoting it by X P9 r , we have 

The vector, or contravariant tensor of rank one, associated 
by means of the stress-tensor with any element of area is 

X r ='XJ d(**, a?), 

where the «(«—1)/2 Jacobian determinants d(#“, a?) serve 
to define the element of area. In order, however, to conform 
with the usual practice of representing the stress-tensor as a 
tensor of rank two, we multiply the triply-labelled tensor 
Xpg r scalarly by the alternating tensor r”*, whose com¬ 
ponents have the values + \jgl or zero, and arrive in this 
way at the contravariant tensor of rank two, 

X" = K* «= (X« r ) Ny. 

Here p and q are the two labels which are different from r, 
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arranged so that the arrangement (sp q) is an even rearrange¬ 
ment of the standard order (123). Explicitly 

X lr =(X„')/v^; x*’’ = (X 81 r )/ \fg ; X*«CX,/)/^- 

This doubly-labelled tensor X* r may be called the contra- 
variant stress-tensor of rank two. It is then apparent that 
the stress-equations already given are merely the rectangular 
Cartesian form of the tensor-equation 

X“,. + F = 0, 

where the symbol X**,« means that we first take the covariant 
derivative X* r ,< of'X* r and then contract with respect to the 
labels r and t. The tensor F' is the contravariant presenta¬ 
tion of the tensor whose components in rectangular Cartesian 
coordinates are 

p(X-2), p(J-y), p(Z-S). 

We shall call this the force tensor per unit volume, in 
accordance with D’Alembert’s scheme of reducing a 
dynamical problem to a static one by including amongst 
the forces acting on the system the reversed inertial forces. 
As far ms tensor analysis-goes, the problem is over; the 
stress-equations in any coordinate system whatever are 

X“,«+F* 0. 


In order, however, to put this result in a form which may 
be useful in practice, we mnst ask ourselves how the 
components X*’’ of the contravariant stress-tensor are 
connected with the stresses which are actually measured. 
In order to answer this question, we shall first consider the 
stress-tensor in the form in which it actually arises, t. e. in 
its triply-labelled form X P9 r . When a transformation to any 
other coordinate system & is made, the components of the 
stress-tensor become 


X„ r = 


b(a*, x 6 ) da* ~ 
d {.rP, jf) B* 4 ’ 


where the prime indicates that the summation labels («, /9) 
run over the three pairs (2, 3), (3, 1), and (1, 2) without 
repetition. If we divide this equation through by the 
magnitude 
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of th® element of area of the (® p , a 5 ) coordinate surface and 
also by the magnitude 

f^*z**y 


of idle contravariant tensor which is tangent to the 

5T coordinate line, we obtain the resolved part of the stress, 
i. e. force per unit area, across the element of area of the 
(«r, 5*) coordinate surface, in the direction of the x T co¬ 
ordinate line. This resolved part of the stress may be 

denoted by the symbol pq^r, and our equation for X M r is 
equivalent to __ ___ 

X M r = \/ (ffpp Sw ffpq ) 9* pgTr. 


Upon multiplying this through by Iffi, we find 

X* r - 

where (s,p,q) is an eveu rearrangement of (1,2,3) and 
Sr denotes precisely the same physically measured thing 
as pqyr- Dropping now the bars, we see that 

X" = X / ($ppff<,',-9p9 i )!7 rr l9 31 y" 

since 

g" = {$pp9ii 9n)l$!’ 

These are the expressions that must be substituted for X" in 
the equations X“,«+ F*=0 to make them practically useful. 
Even when this is done, there is one further step to take. 
Since the F* are the components of a contravariant tensor of 
rank one, we write them in the form 

F' = (y**)iN., 


and obtain the desired form of the stress-equations: 


(/*)-* X*“,.+N, = 0 , 'J 

X" « •J(p„9< M —9n)tf T l9 & > 

a* Sg a 9 rr J 

Here (*, p, q) is an even rearrangement of (1, 2,3), and 
N, denotes the resolved part of the force-tensor along the 
normal to the coordinate surface =const. We may put 
this result in a somewhat more explicit form. Thus, from 
the formula for covariant differentiation, we have 

x", ( « dx*7d**+x*- iy+x* iy, 
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where the r M r are the Riemann-Christoffel three index 
symbols of the second kind. Hence 

x te ,. = bx^/b.^+ x* iv+x* 3 rv 
= bx* 7B*‘+x* iy+x*^io g v7 

In the particular case of orthogonal curvilinear coordinates, 

W } 2e re 

(ds)* SB (dx l )*/k l i + ... + (dapy/hf, 

IV«*“ r 1M = —(bhifb^Jh ; 

r u .a= -iBWd**=(BA./d*W; 

IV=<7 m r„, 2 =(Vd/H/d^)/Ai 8 ; 
r 1! , 1 =r 21 , 1 =iBa 11 /B^= -(B/i,/B*W; 

r ul = —(dh l fda?)/h 1 ; 

r 13 . s = 0 ; iv^r^o, 

X U =VU; X 12 =M» 12; X 13 = V'a 13, etc. 

Since the contra variant stress-tensor is symmetric, these 
equations show that ifssfs. On putting s=l, the first of 
our three equations becomes 

N, + i { hMs [J^r (hU/h a h) + (12/A.) + ^ (13/A,)] 

—A* 11 2A t 12 BAi/Ba?*—2A 3 13dii/d^ 

+Aj*22 (BAs/B*r 1 }/A i +Aj 5 33 (BA$/B#*)/A$ ^ 5=5 0# 

«. £. 

N,+Wh { (li/AjAj)4- ^(12/Mi) + ^(13/A.A,) } 

+12 Ms |L (i/A,) +13 (1/Ai) 

—22 Aj/tj (I/A*) — 3d A|Aj^j(l/A # ) = 0 

(</. Love, loc. cit. p. 89, formula 19). 
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It would be somewhat pedantic to point ont that the 
argument as outlined here is applicable to tensors of any 
rank provided they are alternating. Indeed, it may not be 
too much to say that alternating tensors suffice for physics; 
the underlying reason therefore being t-hat the elements of 
content, i. e. area, volume, etc., are described by means of 
Jacobian determinants, which are in their very nature 
alternating. The obvious rejoinder to such a remark is a 
reference to the contravariant stress-tensor X*% which is, as 
we have remarked above, symmetric. However, the stress- 
tensor should really be regarded in its triply-labelled form 
X« r , the doubly-labelled form X" being artificial. To say 
that X**=X* S , for instance, is to say that X u *—X M , or, 
equivalently, that X 1S S +X U *=0, since the stress-tensor is 
alternating in its covariant labels. Expressed in tensor 
form, this says that the result of contracting the triply- 
labelled stress-tensor is the zero-tensor, i. e. 

= 0 . 

A similar remark would apply to the symmetrical tensor G>„ 
which, in Einstein’s theory, vanishes in space at points free 
from matter. This may lie presented as a tensor of rank 
four, fr ,— r T which is alternating in the covariant labels. 
The condition of symmetry is 

Gh~ = 0. 


LXXV. A General Theorem on Screened Impedances. By 
Raymond M. Wilmotte, B.A. (of the National Physical 
Laboratory) *. 


Summary. 

For accurate measurements, especially at high frequencies, 
it is necessary that all impedances and apparatus used 
should be surrounded by metal screens kept at definite 
potentials. By this means, the leakage and capacity effects 
to earth can be rendered perfectly definite, and the apparatus 
electrically independent of the surrounding objects. Even 
when this is done, there is some ambiguity regarding the 
value c£ the impedance of the apparatus. The impedance is 

♦ Communicated by the Author* 
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the ratio of the potential difference across the apparatus to 
the current. Now, both the potential difference and the 
current depend on the potential of the screen ; moreover, 
the current may be measured at various points. One o£ the 
most usual values of Hie impedance is obtained when the 
screen is kept at the same potential as the terminal where 
the current is being measured, but is not directly con¬ 
nected to that terminal. On this definition o£ impedance it 
would be natural to expect that there would be two possible 
values, depending on which terminal is kept at the potential 
of the screen. In this paper the curious result is obtained 
that these two values are equal, and certain limitations are 
considered. This general result is of considerable impor¬ 
tance, as it makes it unnecessary to connect the apparatus in 
any special way, so long as the screen is kept at the same 
potential as the terminal at which the current is measured. 


Introduction. 

C APACITY effects to earth have brought about the uni¬ 
versal use of metal screens surrounding any apparatus 
whiob is to be used for accurate measurements, especially at 

J. 


»P P Ia a! IB i© 



high frequencies. The only case in which it is legitimate 
to do without metal screens is when the impedance of the 
apparatus is small. 

Generally, then, an impedance has three terminals—one at 
each end, and one on the screen. Let these be A, B, and 
0 respectively, as shown in fig. 1. 

The value of the impedance is the ratio of the potential 
difference between A and B to the current. This will 
depend on the potential at which the shield 0 is kept 
relatively to A or B, and the point at which the current 
is measured. The screen S is usually connected to some 
point P in the circuit. This point P is not necessarily 
directly connected to A or B, but is instrumental in fixing 
the potential of 0 relative to A or B. For any setting 
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Two other values, sometimes required, occur when the 
screen is directly connected to one of the terminals. That 
is, P coincides with either A or B. If P coincides with A, 
the current Is should be measured and not Ip. The reason 
for this is that, owing to the comparatively large size of the 
screen, appreciable current may flow vid the earth to the 
screen from other apparatus in the circuit, and the current 
Ip will depend not only on the potential difference between 
A and B. but also on the circuit arrangement. On the 
other hand, the current ip is independent of the circuit, 
being equal to (u + to). 

The three common values of an impedance can be repre¬ 
sented diagrammatically by a network of three impedances, as 
shown in fig. 2. This method of representation may be useful 
in some cases (e. a., a condenser) in order to gain a physical 
conception why the different values exist; but, in general. 


Fig. 2. 


— 'Smmcmxm&s- 8 


1_1 




this is unnecessary, since in any case the complete data of 
the impedance of a piece of apparatus used in such a way 
that the screen is kept by some means or other at the 
potential of one of the terminals, must consist of at least 
three values. 

The above results have been stated for a special case in a 
previous paper by L. Hartshorn and the author*, but no 
proof was given and the result was not generalized, nor 
were the limitations considered. 

Proof. 

Consider the impedance made of a network of admittances 
interconnecting the points 1, 2, 3,... n, such that Y„ is the 
admittance joining the points r and s. The points I and n 
correspond to the terminals of the apparatus. Let a current 
L enter at the point 1 and I* leave at the point n. Let Yj, 

* L. Hartshorn A B. M. Wilmette, “Note on Shielded Non-inductive 
Resistances,” J. Sri. Inst. iv. pp. 33-37 (1926). 
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y. y_ ... V„ be the potentials of the junction points of the 
admittances. Let the screen be denoted by the point O. 
Since the the total current entering a junction point is 

zero, we have 

I, . (V 0 _Y 1 )Y 01 +(V,-V 1 )Y 1S +(V S -V 1 )Y 18 + ... 

+(V,»—V 1 )Y 1 „ 

= -V, r i*(Y lr )+V 2 Y 1S + V,Y 18 + ... -t-V„Y 1 »+VeYoi. 


r=0 


Similarly, 

0 = V 1 Y ls -Y 2 i(Y 2r ) + V s Y s8 + ... +V„Y„+V 0 Yo, 


-I* = 

Y,Y u +Y t Y 

* B +Y 8 Y S »+ ... Y 

****** 

,i(Y M )+V 0 Yo». 

0 

Eliminating Vj, V 8 , 


from the first (n — 

1) equations. 

we obtain 

IiV 

= ViVi + V.V,+VoVo, 

• • 

• (2) 

where 







v = 

— 2(Y Sr ), 

0 

Y**, 


Y a ... 

-1 



y S3 , 

i(Y 3r ), 
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y 8 .„. 




* * • * 

» • • 

Y3. n — b 

***•*’> 

-i(Y 

0 


E 

and 







Vr= 

Yir, 

y m , 

Ym 


Yi. 

»~1 


Yj,, ~ 

■Icy*), 

0 

Y*j, 

••****» 

Y a 



Yjr, 

Yjs, 

-i(Y, r ), 

03 


Ys 



• • * ♦ 

Y»_i.„ 

• * * 

Ya.*_i, 

Ys.»_i, 

• e 

- 2 (Y r .„.i) 

0 


It should be noted that both V and V* are symmetrical 
with respect to 1 and «, that is, X and « can be interchanged 
without changing their value. This symmetry does not 
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exist in Vo ° r Vi* The following relation can also be 
shown to obtain 

V0 + V1+V» = 0.(3) 

Now let V 0 , the potential of the screen, be given a certain 
value between V x and V», so that it can be written in the 
form 

Vo ~V,+*(V„-Y I ), ..... (4) 

where it is a constant. 

Equations (2), (3), and (4) reduce to 


Ii _V«-*.V 0 

v s _y; *" yy * * * • * W 

The left-hand side of this equation is the admittance of the 
apparatus with the screen at a potential k{V»— V x ) above 
that of the point 1, and the current measured at the point 1. 
This value of the admittance will only be equal to the value 
when the screen is at a potential i(V„ —V x ) above the point 
n and the current measured at n, if the rigbt-hand side of 
equation (5) is symmetrical with respect to 1 and n. This 
will only occur for either of the two conditions: 

(a) that V 0 he symmetrical with respect to 1 and n, or 

(b) that &=0, that .is, V 0 =Vj. 

The first of these conditions will only occur in special 
cases, while the second only means that the potential of the 
screen must be kept at the potential of one of the terminals. 
The admittance in this latter ease is 

V. 

V * 

The effect on the admittance of measuring the current at 
the other terminal is equivalent to putting £=1 in equation 
(5). The admittance is then 

V„-Vo 

V ' 

This is not symmetrical with respect to 1 and n in the 
general case unless Vo is symmetrical. There will, there¬ 
fore, generally be two values for this admittance, depending 
on which terminal is kept at the potential of the screen. 

It may be noted that in the proof no restriction whatever 
was imposed on the nature or magnitude of the admittances, 
so that tbe result will hold even if the admittances to the 
Phil. Mag. S. 7. Vol. 6. No. 38. Suppl Nov. 1928. 3 F 
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, Nor wore there any limitations 
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In practice it often happens that the currents in Z x and 
Li, or Za and L 3 , are not absolutely equal owing to small 
stray capacity effects. These will cause a deviation to the 
first order of small quantities. If, moreover, the mutual 
inductance is also small, the error will depend on the product 
of the capacity and the mutual inductance, and will only 
be of the second order. 

Another effect that may invalidate the theorem is the 
presence of eddy currents. This is purely due to a mutual 
inductance between a coil and a lump of metal, and can be 
treated as an ordinary mutual inductance. The theorem will 
still be correct, therefore, if the coil is connected to the lump 
of metal through au impedance carrying the same current as 
the coil. 

The final cause, owing to which the theorem will fail, is 
closely connected with the exact definition of potential dif¬ 
ference. The lines of electric intensity are not solely due 
to the distribution of charges or current alone, but to a 
combination of the two. Any alteration of one which is not 
followed by a similar alteration in the other will affect the 
lines of flow of the displacement current in the dielectric, and 
will cause an alteration in the distribution of the capacities. 
In a general case, the distribution of capacities will differ with 
the potential of the screen. In all practical cases, however, 
this effect will be quite' negligible, with certain exceptions, 
when the size of the apparatus is comparable to the wave¬ 
length. 

10th July, 1928. 


LXXVI. On the Penetration of an Electric Field through 
Wire-gauze . By W. B. Mobton, Queen 9 s University , 

Belfast *♦ 

I X a method which has been frequently used for the 
investigation of the mobilities of gaseous ions, the appa¬ 
ratus consists of a cylindrical vessel which is divided into 
two compartments by a partition of wire-gauze. Ions are 
generated in one compartment and are acted upon by a 
steady electric field which pushes them through the meshes 
of the gauze into the other compartment. Here they come 
under the influence of an alternating field. If this is strong 

* Communicated by the Author. 
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enough, and the alternations slow enough, ions leaving the 
gauze will be carried to the plate which forms the other 
boundary of the field before they are turned back by the 
reversal of the electric force. The plate is connected to an 
electrometer; so that the current reaching it can be measured 
for different values of the alternating r.D. The mobility 
can be deduced from the value of the smallest field widen 
can produce a current between gauze and plate. 

The values arrived at by different workers vary rather 
widely and several suggestions bave been made to account 
for this. Among these there is one on which special 
emphasis has been laid by Loeb *, namely, that a source of 
error is to be found in the interpenetration of the two fields 
through the meshes of the gauze. It is the object of the 
present note to examine this as a purely mathematical 
problem, with a view to finding an upper limit to the 
importance of this source of error. Any disturbance of 
the applied field due to the presence of the ions will be 
neglected and the ions will be supposed to move along the 
lines of force with a velocity proportional to the strength ef 
the field at each point. 

It seems obvious that the effect of the penetration of fields 
will be increased by each of the following three modifica¬ 
tions of the actual experimental arrangement. These at the 
same time reduce the problem to a form easily tractable : 

(1) Remove one set of wires of the gauze, so transforming 

it to a grating. 

(2) Reduce the wires to mathematical lines. 

(3) Consider only ions which move along lines of force 

midway between the wires. 

In this way we shall arrive at a disturbance of the theoretical 
result greater than that to be expected under the actual con¬ 
ditions. It will appear that, even after this exaggeration, 
the error is only a small one. We require, to begin with, the 
field of a freely charged grating of thin parallel wires. This 
is contained in Maxwell’s solution of the problem of electric 
screening by a grating. It may also be obtained as the limit 
of the ease of plane strips regularly spaced in their own 
plane. It is easy to verify that the relation 

sin (x + iy) = sin 8 cosh (<f> +i^f), 

where $ is the potential, gives the field of a series of strips 
in the plane y=0 with spacing tt, the breadth of a strip 

* Loeb, Journ. Franklin Inst. v. 196, p. 771 (1928). 
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being 28. The force at a great distance from the grating is 

unity. The straight line of force i|r=s 0, # = g P asses trough 

the centre of a space, the magnitude of the force along 

it is sinhy/(cosh*y—sin s 8)*, the line passes 

through the middle of a strip, magnitude of force is 
coshy/(sinh 3 y + sin 2 8)*. Making 8 = 0, we find that the 
force due to a freely charged grating of thin wires, in a 
plane midway between wires, varies as tanhy, when the 
distance between wires is w, or as tanh (wy/f) when 
the spacing is s . By superposing a uniform field perpen¬ 
dicular to the plane of the grating, we obtain a field which 
has values Ej, E g at great distances on the negative and 
positive sides respectively* The expression for the force 
along the midway line is then 

|(E,+Ej) 4- £(Es-~ E i) tanh (gn//s). 

We take Ej, on the negative side, to be the steady auxiliary 
field which pushes the ions through the gauze, and E *, on the 
positive side, the alternating force by which the mobility is 
measured. The equation of motion of an ion isi got by 
equating dyjdt to k times the above expression, where k is 

the mobility. . , , 

Two methods have been adopted in practice as regards the 
alternating field: (1) the “ square-wave” plan, in which, by 
means of a commutator, the force E g is suddenly changed 
from a constant value in one direction to a constant value 
in the opposite direction; (2) the sine-wave method, in 
which E g is given by an alternator. In the first case the 
equation of motion can be integrated ; in the second case 
the variables cannot be separated, and recourse must be 
had to either arithmetical or geometrical methods. 1 have 
used the latter to obtain approximations which are, perhaps, 
close enough for the present purpose. 

(1) When Ej is constant the integral is 

2 wiSrEiE,< 

= 5 {(E S +E l )i?-(E 8 -E 1 ) log (E je i + E ie --»)}+const. 

in which y is written for nyjs. 

Suppose the force to continue at the constant value E, tor 
time T in the direction which moves the ion away from 
lie gauze. Then the distance, if the gauze introduced no 
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disturbance of the field* /tke^actuarilistance 
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Under a continued succession of simple reversals in the 
field the ions would work their way across any distance. To 
prevent this, and to ensure that all ions which do not reach, 
the plate are swept back to the gauze, it is usual to make 
the reversed force greater than the direct. He above 
figures show that, from the purely electrostatic point of 
view, a comparatively slight degree of asymmetry in the 
alternations would be sufficient to secure this. That other 
considerations must enter into the matter is shown by some 
results given by J. S. Rogers in a recent paper *. To get 
definite measurements he found it necessary to make the 
reverse force greater by 25 per cent., although he was 
working with a continuous plate instead of gauze. 

With the reversed field there will be a plane of zero force 
near the grating which acts as an impassable barrier to the 
returning ions. The position of this is given by 

yjs as —log pj 2 ir . 

It thus lies on the positive or negative side according as p is 
less or greater than unity, as is otherwise obvious. Some 
values are given below :— 

Ej/Itj — *01 yjs as *753 

- -I *367 

1 0 
10 —367 

(2) When the alternating force varies in a simple har¬ 
monic manner, E ? sin 2irnt is to be put for E s in the equation 
of motion. The “ undisturbed ” distance travelled by an ion 
during the positive half-period is now c=kE i /irn. Let p 
again represent Ea/Ej and put iryjs=:y, ircfs=y, 2irnt=f. 
The differential equation is then 

( 4 pjy) dtjjd% = p sin £(1 + tanh if) + (1—tanh if). 

When the auxiliary field is very weak (p large), this 
approaches the integrable form : 

(4/<y) dr/ldl- * siu £(1 +tanh if), . 

which leads to the following equation for the value reached 
by i) when f=ir, beginning with if=0 for f=0, 

«?-$*“** *7—i- 

As before, the exponential can be neglected, so that, exactly 
as in the former case, the range is shortened by «/ 2 w=s"I 59 - 

* Phil. Mag. v. p. 888 (May 1928). 
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For the general case an approximation to the truth <*n be 
got by the method o£ “isoclines . The P ,a “® Swe 
covered with a family of curves, the lorn of points where 
dnldf has a definite value and an integral cu 
which crosses each of these at the right slope. In ^ 
account of this method given by M. d’Ocagn,em his Oak* 
GraDhique et Nomographie' it is pointed out that a mor 
definite mode of approximation is obtained when the g 

b? W Xch, aC whe“th°e point on one inline is kixo^n, tbe 
■corresponding point on the next can be found. Jhi s de pen 
on the fact that two tangents to a panabola mterasct on 
vertical midway between the verticals through thepoint t 
^ a mnch sinmler construction to the same enu i 

"S by Mother parabolic property. If two tangMta to 

l^boh/mak. with the perp.ndrcnlar.o 

tan -1 «ii, tan -1 mi, then it is easily shown that the cn 

joinin^tbeir points of contact makes"SSI 

belonging to 

‘"irSto'prljent .onso, if we writ. 9 for ( 4 ,*) <I,W the 
equation of a isocline is 

P sin f as (0—1 + tauh ij)/(l + tanh ij). 

A definite value having been assigned to j>, the above curves 
were drawn, each marked with its 0. This diagram could 
rt»«n be used for any plate-distance ; the slopes on th 
Moves bring found by dividing 0 by the assumed vnlne of 

iP l„ practice the axis of f was divided in degrees, and 
this changed the factor 4p/«y into 

720»/vny = 120spjir' l c = 72*97p*/e. 

To simplify the arithmetic, round numbers were taken for 
this magnitude, such as would give reasonable values for e/s. 
^It'waTnot necessary to earrf on the conatMctmn fortt. 

t JSrthm, Md th. <*^«g ont of A. work of *rawjw, 

to my broth©** Mr* F . Morton. 
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o£ sine-form and the remaining distance can he ca]«nlated. 
The curved portions of the isoclines could therefore be 
drawn on a large scale, covering the region m which the 
disturbing effect of the openings of the gratmg is felt. H 
the sine-motion is taken to begin on isocline it is ^7 to 

show that the total value of v » got by adding to the height 
already reached the amount 


W2 *- 


Vi 

The ions which reach the greatest distance are no longer 

those which start at *=0. When E s > El ^IdThe^k zero 
which leave the gauze when the combined field there is zero, 

i'e- - sin-MEJK,). For E,=Er this becomes f * - 90 , 
the alternating force has its greatest backward value. For 
F IP fliA greatest range continues to be attained by 10 
irtbg at thfs'pl The following numerical results have 

been obtained 


E s = Ej f c/s = 14‘6 
t 36-5 


E s — 2 E, 


{- 


c/s = 14-6 
36-5 


(y-c)l* - ' u 
•49 

(*-•)/- * * 66 
•07 


The numbers are only rough approximations, for the method 
is no ipable of much accuracy, but thev are perhapssuf- 
ficfentT show that the error is again of the order r of the 
smcing On the whole, therefore, it appears probable that 
tKferoenetration of the fields is not a source ot serious 
error in the measurements. 

I am indebted to Prof. J. J. Nolan for suggest!ng this 
investigation and for references to the experimental wo . 


LXXVTI. Quantum Theory and the Analysis of Observations. 
By F. J. Selby, C.B.E., M.A. 

T HE aim of science is to give a simple description of our 
perceptions. The description must itself be ine 
perceptions; the field to be described widens as, with various 
aids, our perceptions are extended. 

* Communicated by the Author. 
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In oar description we employ certain conceptions, ab¬ 
stractions, defined more or less accurately in terms of our 
perceptions. Thus in physics we employ the conceptions 
length, time, mass, ami we say that all physioal quantities 
are measurable in terms of these three conceptions, t. e. in 
terms of certain arbitrary units of length, time, mass. 

As we attempt, however, to increase the exactness of the 
description of our perceptions, of our observations, we find 
that we cannot define these conceptions with absolute 
precision. Our unit of length may be the distance between 
two marks on a bar, but the mark is not a Euclidean line 
and has indefinite boundaries. We may employ a wave¬ 
length of light as our unit, but, as we shall see, this again 
cannot be precisely defined as an object of perception. 
Time, likewise, is not susceptible of exact definition^ as 
a physical quantity. Mass presents similar difficulties; 
its very definition, indeed, has always proved somewhat 
intractable, though the accuracy with which mass can be 
measured, in terms of an arbitrary unit, is not less high 
than the accuracy of measurement of time and space. 

Einstein has suggested that our observations are mainly 
of coincidences in time and place. A complete observation 
of any physical phenomenon involves, however, all the 
three quantities above mentioned. I will direct attention 
especially to observations involving, directly or indirectly, 
the use of the eye; hot the statement is true of all observa¬ 
tions, with the aid of whatever sense they are made. 

In the observation of any natural phenomenon, any 
“ event,” we are accustomed to differentiate between (lire© 
things : the entity, external to ourselves, which is the object 
of our observations ; the means, mechanism, sense organ, by 
which the observation is made ; and the subjective self, 
mind, consciousness, which receives and records the obser¬ 
vation. There is no observation in which these three are 
not involved; there is no perception in which the relative 
contributions of the three can be entirely separated. They 
form a trinity in unity: three incomprehensibles and yet 
one incomprehensible. 

My main aim is to consider the methods of analysis of 
the more delicate observations of modern physics, in which 
electrons and protons, waves and radiation are involved. 
In all such observations the eye, as sense-organ, is directly 
or indirectly concerned. We may employ intermediate 
mechanisms, photographic plates, thermopiles, photo-electric 
cells, electrometers as energy receivers and recorders; but 
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in our interpretation, of intensities, in our energy measure¬ 
ments, we base ourselves on comparisons in which the eye 
is the ultimate judge. It would be easy to conceive an 
analysis based on a definition of mass derived, say, from the 
sense of touch ; this would not affect the principles I wish to 
educe or the main features of my argument. 

In these refined observations, where we are reaching the 
limits of perception, we find that it is no longer possible to 
maintain the differentiation between the three aspects of our 
trinity. There is interaction between the observed pheno¬ 
menon and the observing mechanism; the perception is 
further conditioned by the limitations which restrict the 
response of mind and consciousness. Some partial dis¬ 
crimination between subjective and objective may still be 
possible ; complete separation of the three components of 
the trinity will probably remain for ever beyond human 
capacity, though we ar** continually extending onr means of 
observation, and there is no'need to be dogmatic. We have 
enlarged the world of our perceptions, bnt they still set the 
boundaries to knowledge. 

Let us examine now a simple case of observation to which 
the foregoing ideas are applicable. I will take the example, 
of much interest of late years in relation to the quantum 
theory, of the hydrogen spectrum. We will suppose the 
radiation from glowing hydrogen gas to be refracted by 
a prism, the resulting spectrum being observed by the eye. 
Using the ideas of modern wave mechanics, the energy from 
the glowing hydrogen, after passing through a narrow slit, 
is conveyed in wave-groups to the prism ; it does not “ pass 
through ” the prism, but is dispersed by it, and after both 
surface and internal losses, due to the prism, travels on 
in a number of divergent wave-groups to the eye. Let us 
suppose the eye to be receiving from one selected direction 
a single sequence of these wave-groups. The energy trans¬ 
ferred to the retina—no doubt by resonance, since the loss 
of energy is small—is seen as a spectrum “line,’’ so called, 
actually a spectrum band of small width and of a definite 
brightness. I have, of course, not followed the whole 
coarse of events in detail: I have selected the changes on 
which I wish for the moment to concentrate attention. 
The theories of Planck and Bohr tell us that these changes 
are not continuous in character : they take place by discrete 
amounts, quanta ; they are finite changes, brought about by 
resonance, from one stationary state to another. The trans¬ 
fer of the energy to the retina is one of these changes and 
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of the same nature as the rest: it takes place by quanta. 
But let us examine the phenomenon from the receiving end ; 
consider its aspect from the point of view of the eye and the 
conscious mind behind it. It would be in accord with our 
general experience to suppose that there is a mimmum 
sensibile, a minimum disturbance below which no effect is 
produced on the consciousness ; a minimum change, also, 
which is perceptible, which may (or may not) be of identical 
amount. The eye receives a succession of wave-groups 
associated with a certain Frequency, the group or beat 
frequency : it responds by resonance, after a very brief 
interval: the natural measure of the response is therefore 
of dimensions energy x time, i. e of action. Let us suppose 
that there is a certain minimum of response, the quantum 
of action, which is perceptible by the eye and the nund 
behind it. We ean now trace back our phenomenon to its 
©bieetive end, but we must retain our quantum of action 
as an indivisible unit. We realize at once the reason for 
the appearance of the quantum in all visual phenomena; 
it is inherent in ourselves. Planck’s constant h, :Bohr s 
quantum of action, cannot but be identical with it , since 
any transfer of energy to the eye as a receiving mechanism 
will be governed by the usual quantum laws. Indeed, it is 
difficult to suppose that there could be two independent 
quanta involved in phenomena. , f 

Let os continue our analysis. Reception by the eye ot 
the light from the single hydrogen “ line ’ is associated with 
a definite frequency, the group or beat frequency. The eve 
is comparable with a heterodyne receiver, capable ot re¬ 
sponding over a certain range of frequencies ; the range 
is no doubt different for different eyes, as the range ot 
audibility is different for different ears. The group fre¬ 
quency is related to the wave frequency by the Rayleigh 
formula. If we denote the energy received m the usual 
manner by CWX, we realize that the wave-length is a con¬ 
ception, an abstraction, merely *, it is one of the boundaries 
of an integral field. But it is clear that we can think m 
terms of the ordinary wave theory; and the conclusions 
reached with the aid of that theory hold good ^e mote’m 
passing, that the wave-group has no definite boundaries, 
ft dies 8 away rapidly from a maximum, but may be supposed 
to extend to infinity in either direction: a succession of 

* We cau conceive that the minimum semibile may he a 
of A,but“here would appear to be no means of perceiving sach a dxs- 

tinction. 
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wave-groups is a succession of maxima, of singularities, in a 
wave-field. 

In considering next the dispersion of the hydrogen light 
by the prism, we can adopt the usual wave theory ; but we 
must bear in mind in our analysis that we are dealing with 
indivisible quanta of action, and frame our conceptions 
accordingly. The transfers of energy which take place 
again occur by resonance. 

Tracing our phenomenon further back to the radiating 
atom, we have the option of treating it by the methods 
of particle mechanics, or by the new methods of wave 
mechanics. We must, however, recognize that our particle 
is comparable with the wave-group, the singularity in a 
wave-field, and has no definite boundaries. Newton’s cor¬ 
puscular theory of light and the wave theory combine to 
form a more comprehensive whole. 

Let us return to the ideas with which we started. 
To describe our perception of an event, we make use of three 
conceptions—length, time, and mass; or we may say length, 
time, and action. There is a natural, indivisible, unit of 
action, the quantum. Expressed in terms of mass, the 
dimensions of this quantum are MV*T or MVL, where V is 
velocity, of dimensions L/T. If, now, we choose arbitrary 
units of mass and length, say the mass of the electron and 
the wave-length of the red cadmium line, there is a corre¬ 
sponding definite value of V which is not infinite ; we must 
not suppose V to become infinite without at the same time 
supposing M or L to become infinitely small. We are, in 
fact, dealing with a ** complementarity,” to use Bohr’s term 
with a somewhat different significance, a trinity in unity, 
and we must adjust our conceptions accordingly. We thus 
reach what we may call an extended theory of relativity, 
which includes quantum theory, in which length, time, and 
mass are inter-related and the quantum of action is an 
invariant. 

Let us now suppose that in the observation of any pheno¬ 
menon we wish to follow the changes of some quantity 4>. 
Our quantum, wave-group, electron or proton is capable 
of motion in three directions and of rotation about three 
axes in space. Let its position or configuration at any 
instant be determined by the variables «, y, z, 6 , <f>, ifr. 
Other variables involved are t and nh, where w, however, 
mnst be an integer, h being Planck’s constant, the quantum 
of action. Our quantity ^ is a function of these variables: 

•**»♦. ih *» «*)• 
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Experience indicates that, as a first approximation in con¬ 
sidering the changes o£ we can neglect differential 
coefficients of higher order than the second. The changes , 
■will thus be given by a differential equation of the form 


’dP^ +/r B|r +/ ° 


0 , 


where £ denotes any one o£ the variables and the fs are 
functions of any or all ®£ the variables *. Our procedure is 
to try to fit solutions o£ this equation to the phenomena, 
remembering that n can ouly change by integral steps. 

Various methods o£ obtaining solutions of this equation m 
particular cases have been devised by Bohr, Heisenberg, 
Sehrodinger, de Broglie, Dirac, and others, and remain 
applicable without modification with the conceptions intro¬ 
duced above. It is very instructive to realize how the 
experimenter, by inductive reasoning, has been led to 
introduce into his conceptions, in order to explain observed 
phenomena, the “subjective ” unit, the quantum, which was 
unavoidably involved in the limitations of his powers ot 

perception^ ^ ropoge tQ f 0 u 0W mv subject further in the 

present note. Much no doubt remains to be dene in 
the devising of rapid methods of calculation applicable 
in the analysis of observations of the kind to which 
attention has been devoted, but already good progress has 
been made. It is hoped that the foregoing may assist the 
physicist who has not acquired the mathematical technique 
to grasp at least the rationale of the procedure which is 
being followed. He will find much further information 
in Bohr’s article published in ‘Nature’ on April 14tb, 
to which this note may be regarded as a corollary. 

I have been concerned with microscopic or, I might say, 
sub-microscopic phenomena. In dealing with macroscopic 
or statistical phenomena we can employ the usual procedure; 
it is only at the surfaces of bodies, or at the boundaries oE 
our field, that we may need to resort to the more com¬ 
plicated technique of the new methods. 

♦ Repetition of suffixes implies summation, as in relativity notation. 


May 28th, 1928. 
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LXXVIII. The Continuous Spectrum, of Hydrogen. By F. 
H. Newman, D.Sc., F.Inst.P., Professor of Physics, Uni¬ 
versity College of the South- West of England, Exeter *. 

[Plate XIII. ] 

1. Introduction. 

T HE origin and exact character of the continuous 
spectrum of hydrogen, which has been investigated 
by many observers, still remains uncertain. In some cases 
this type of spectrum possesses the peculiar characteristic of 
occurring without the presence of either atomic or molecular 
lines, and an explanation of this fact has been advanced by 
Kaplan f, who suggests that when the hydrogen molecule 
in the first electronic state possesses more than 0‘50 volt 
vibrational energy, it may split into two atoms with emission 
of energy as radiation, the value O'50 volt being derived 
from the observed short wave-length limit of this continuous 
spectrum. The absence of observed lines is due to the fact 
that transitions from the initial excited state of the molecule 
to lower ones give rise to lines lying far down in the 
ulira-violet region. 

This spectrum, which is quite distiuct from that one which 
begins at the limit of the Balmer series and continues 
towards the shorter wave-lengths, appears in celestial spectra 
in the absence of the Balmer lines and the secondary 
spectrum, and its limit on the red side is always at wave¬ 
lengths greater than X 3646 ; for example, as an absorption 
spectrum it begins in * Cygni at X 3710, having a maximum 
intensity at X 3660, approximately, and in Vega it commences 
at X3800, its maximum being at about X 3710. 

Crew and Hulburt t found this type of spectrum to be of 
similar character, although of differing intensity, in a 
number of sources, including a long hydrogen tube con¬ 
structed after the manner of Wood with the light coming 
end-on through a quartz window from the central portion 
only, an ordinary discharge-tube, the separate striations 
of the positive column, the condensed spark in hydrogen 
at pressures above atmospheric, and in the water spark. In 
all cases it was of appreciable intensity near Ha, rising 
slowly to a maximum in the rear ultra-violet, and descending 
slowly in intensity from X 3000 to X 2200. 

* Communicated by the Author, 
t Nat. Acad. Sci. Froc. xiii. p. 760 (1927). 

1 Phys. Rev. xxviii. p. 986 (1926). 
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Adopting Bohr's theory, a continuous spectrum extending 
into the ultra-violet should begin at the limit of the Balmer 
series, \ 3646, and it may be noted that Herzberg * * * § , using 
the electrodeless ring discharge in hydrogen, has obtained 
this type of spectrum, the intensity variation in the con¬ 
tinuum being continuous with that in the Balmer series. 
The wave-number at the beginning of this spectrum corre¬ 
sponds to the energy set free in the fall of an electron from 
rest at infinity into the second orbit. If such an electron 
possesses additional energy of its own, it giveB up more 
energy when it is bound than one at rest, and this energy 
appears as radiation of wave-length less than that corre¬ 
sponding to the Balmer series limit. Since the initial 
kinetic energy of the electrons, external to the atom, varies 
from one electron to another, it is evident that the resulting 
radiations constitute the continuous spectrum beginning at 
the limit of the Balmer series and extending towards the 
ultra-violet. This theory is based on the assumption that 
the atomic orbits extend to infinity ; but originally it was 
supposed that the size of the orbit system is restricted by the 
density of the radiating gas, and from this Wright + has 
inferred that it is necessary to substitute for the orbit at 
infinity the largest orbit in effective operation. Into this 
orbit, therefore, will enter electrons of all energies from zero 
upward. An electron thus entering the effective orbit and 
having zero initial kinetic energy will, on transfer to the 
second orbit, give rise to radiation of wave-length which 
forms the limit of the continuous spectrum on the red side; 
and it is to be expected, therefore, that the continuous 
spectrum would begin somewhere on the less refrangible 
side of the last visible line in the Balmer series, and that 
there should be an overlapping of this series and the con¬ 
tinuous spectrum. As Nicholson t has pointed ont, however, 
numerous experiments now show that the number of lines 
in the Balmer series available for observation is not deter¬ 
mined necessarily by the density of the gas; and he cites his 
experiments made in conjunction with Merton §, in which 
they observed fourteen sharp lines of the series in a tube 
filled mainly with helium at 42 mm. of mercury pressure, 
such that the radius of the hydrogen atom emitting the 
last member on this Bohr theory was twice the average 
distance apart of the atoms. Wood's experiments with long 

• Phut. Zeit*. xxviii. p. 727 (1927). 

t ‘Nature,’ cix.p. 810 (1922). 

j Rov. Astron. Soc. Monthly Notices, lxxxv. p. 263 (1926). 

§ Proc. Roy. Soc. A, xcvL p. 116 (1919). 
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discharge-tabes also preclude any correspondence between 
the number of lines visible and the density of the gas. 

Nicholson supposed that this spectrum arises from the 
actual binding of stray electrons by the atoms, Hie electron 
having any kinetic energy in excess of that required for its 
motion in the path of the atom which it enters, the excess 
being emitted as radiation, so that the wave-numbers of the 
resulting radiation will form a continuous set, giving rise to 
a continuous spectrum. If the law of the distribution of 
velocity among these electrons which are thus captured is 
that deducible from the kinetic theory, the law of intensity 
throughout this continuous spectrum can be calculated and 
compared with that found experimentally. Crew and 
Hulburt* calculated this energy distribution by statistical 
methods, and found that the relative intensity involves an 
unknown probability, a., that the atom exists through the 
nth orbit, the region beyond being unquantized. When a n is 
evaluated, approximately, from general physical considera¬ 
tions, the formula agrees qualitatively with the relative 
intensity throughout the spectrum obtained from the 
hydrogen stars and laboratory sources. 

2. Experimental . 

The author has found another method by which this 
continuous spectrum may be produced at very low pressures, 
viz. by means of the electric arc passed between cold elec¬ 
trodes in a rarefied hydrogen atmosphere. An intermittent 
electrical discharge is passed between two iron electrodes in 
a discharge-tube, and between one of these electrodes and a 
third one a potential difference of 200 volts is applied con¬ 
tinuously. The tube contains hydrogen at a pressure of 
IQ -8 mm. of mercury, and on passing the electrical discharge 
an arc through the gas may be produced. The resulting 
radiation shows no trace of iron lines, provided that the arc 
is allowed to continue for a few seconds only, otherwise 
owing to the heavy current through the gas, which may 
amount to 10 or more amperes, the electrodes quickly reach 
a sufficiently high temperature to emit the ordinary iron arc 
lines. The radiation emitted, which is pale blue or whitish 
in colour, has been examined and photographed through a 
quartz window by means of a quartz spectrograph. It has 
been found that the resulting spectrum varies according to 
the condition of the gas ; but in all cases, and in spite of 
the low pressure, only a few of the Balmer lines actually 

* Loe . ext. 

Phil. Mag. S. 7. Yol. 6. No. 38. Suppl. Hov. 1928. 3 G 
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appeared, those of wave-length shorter than H* not being 

*•— 

l«rW those at X3064 and X 2811, were prominent together 
w & a L Balmer lines, but there was no contmuoas 
snectram. On the other hand, when the gas was dry the 
JLtar bands were absent and the contmnons spectrum 
Kwame^wery marked, being accompanied by the secondary 
WhSren lines. It was difficult to estimate with any degree 
^exactness the limit of this continuous spectrum on the red 
side^butthe average value of this limit, taken from numerous 

«««wpnt the wave-numbers of the limit of the contmuou 
lESm on th. rod .Me, the limit ef the Balm., sene, and 
the last detectable line of this series, respectively, 


or 


v s —wj = v a —n, 

24373-21320 = 27420-24373, 
3053 = 3047. 


Although these numbers are only approximate, the result 
suggests That the margin of overlap ot this continuous 
spectrum and the last observed Balmer line is equal to the 
interval between this line and the theoretical limit of the 
series. This supports Wright’s view of the phenomenon ; 
but it must be remembered that on the whole comparatively 
few electrons of approximately zero velocity are to be 
expected on the kinetic theory, and as these determine the 
limit at the red end of the spectrum, this limit will necessarily 

h 6 An Interesting feature of the spectrograms is the effect of 
water-vapour on the appearance of this continuous spectrum. 
Tf the water lands are prominent the continuous spectrum 

L“s lwn at I. ?P1 XlllO.wWa. it beaom™ mo,, 
and more intense as the bands disappear (II., PI. Alll.). 

The continuous spectrum may not arise from the inter¬ 
action of an electron with the nucleus of a free atom: the 
Item may be influenced directly by other atoms or ions; for 
example, it may arise from the molecules, and Herzbei g 
suggests that the experimental conditions of excitation 
accord best with the view that the breaking-up of molecular 
ions H 8 + is the cause. 


* Itoe. eii* 
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The present experiments show that association of water 
molecnles with the hydrogen atoms and molecules opposes 
the continuous spectrum excitation, and suggests that it is 
associated with the atoms, and certainly not with molecular 
aggregates. It must be noted, however, that this does not 
necessarily mean that the hydrogen molecules are ineffective 
in the emission. The restricted outer orbits may be part of 
a molecule. 

In connexion with this type of spectrum, there is the case 
of iodine in which an emission spectrum has been photo¬ 
graphed by Steubing * * and which appears as a continuous 
band, even at the highest resolution. Franek + has explained 
this from the electro-negative behaviour of the iodine atom 
with its tendency to perfect itself into an eight-shell by 
taking up an external electron, but in this case the iodine 
atom need not be ionized to attract the foreign electron; the 
electron affinity suffices to effect the assimilation of the 
foreign electron, even in the case of the neutral iodine atom. 
In this phenomenon the continuous character of the spectrum 
also corresponds to the continuous distribution of the initial 
kinetic energy of the assimilated electron. 


LXXIX. The Electric Arc in Gases at Low Pressures. By 
F. H. Newman, D.Sc., F.Inst.P., Professor of Physics, 
University College of the South- West of England, Exeter % 

1. Introduction. 

4 NEW type oE electric arc in high vacua has been 
described by the author § in which with cold elec¬ 
trodes an arc could be started and maintained in various 
gases at very low pressures, provided that an initial electrical 
discharge was passed between one of the “ arc ” electrodes 
and a third electrode placed within the discharge-tube. 
There were two separate effects: first the ordinary arc in 
which the current reached 10-15 amperes, and secondly 
a brilliant glow discharge during which a very small current 
passed through the tube. Both of these effects could be, 
excited at such low gas-pressures that there was practically 

* Zeits. f. Phys. v. p. 428 (1921). 
t Ann. d. Phyt. Ixiv. p. 698 (1921). 

£ Communicated by the Author. 

$ Phil. Mag. ii. p. 796 (1926). 
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no luminosity due to the electrical discharge. Later, 
Ratner * observed a very similar arc carrying many amperes 
which could be maintained in a vacuum as high as 10~ 3 mm. 
of mercury. For example, he found that at 10 -8 mm. pres¬ 
sure a potential difference of 60 volts was sufficient to start 
the arc, at 5 x 10~ a mm. 120 volts was necessary, while at 
1 mm. pressure a potential difference of 230 volts was not 
sufficient. It is evident, however, that the requisite voltage 
not only depends upon the gas-pressure, but also upon the 
distance between the electrodes. The latter may be of any 
metal, and the arc shows the usual current voltage charac¬ 
teristics. In some respects it is unilateral in that the 
polarity of the arc must bear some relationship to the polarity 
of the auxiliary electrical discharge, the arc only passing 
if the electric fields are in the same direction. Ratner 
has also found a similar unilateral relationship, although he 
noted, in addition, that the arc strikes independently of the 
direction of the field between the two “arc” electrodes when 
the third electrode, which is concerned solely with the elec¬ 
trical discharge, is the anode. 

The formation of such an arc, passing practically unlimited 
currents, is interesting and surprising because the very low 
pressure in the tube made it almost impossible for the dis¬ 
charge to pass, and there was no sign of luminosity, the tube 
walls fluorescing under the cathode ray action. Occasion¬ 
ally a brilliant white glow was formed between the “ arc ” 
electrodes, but it was a momentary effect, existing prior to 
the starting of the arc proper. During this glow the elec¬ 
trodes remained cold, the actual current passing being but a 
small fraction of an ampere. 

These effects indicate that the mechanism of the arc is 
entirely different from that of the ordinary electrical dis¬ 
charge, and further investigations on the actual conditions 
necessary for this arc to be started have been made. 

2. Experiments, 

The actual apparatus used was similar to that described in 
the previous paper, and although the effects can be produced 
with any type of metallic electrodes, iron rods were employed 
in all the experiments, chiefly because thick rods of this 
metal were available. With such heavy currents as were 
passing, these electrodes became very hot after the current 
had been flowing for a short time-interval, and finally it was 
found necessary to water-cool the electrodes to prevent the 

* ‘ Nature,’ cxx. p. 648 (1927). 
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wax, by means o£ which they were sealed into the discharge- 
tube, from softening. Another difficulty, due to the intense 
heat generated, was the liberation of gas from the walls of 
the vessel and from the electrodes with resultant increase 
of pressure within the vessel. To overcome this a large 
reservoir was sealed to the tube so that this gas emitted did 
not materially change the pressure in the apparatus while 
the arc was passing. 

When the arc was first started the radiation emitted was 
entirely that from the gas molecules within the vessel, but 
the electrodes rapidly became red-hot and the characteristic 
radiation from the iron quickly made its appearance, the 
electrodes then becoming incandescent. As a rule, however, 
the arc was allowed to persist only for a short interval, as, 
once started, it is easily maintained, and it is the actual pro¬ 
cess of striking that is interesting and worthy of stndy. In 
passing, it may be noted that this method is very convenient 
and useful for starting and maintaining an iron arc in a 
very high vacuum, if it is desired to study the iron lines 
in vacuo . 

The lowest applied potential difference with which it was 
possible to strike the arc was 108 volts, but it started most 
consistently at 200 volts, and the curretvt which could be 
passed varied from 0*4 ampere upwards. Below this limiting 
value it was impossible to maintain the arc. Another factor 
which greatly influenced the process of starting was the type 
of electrical discharge employed. If the latter was feeble 
it was ineffective. A momentary discharge produced by 
temporarily switching in the induction coil commutator 
proved to lx* the best means of starting the arc. Thus a 
very high potential difference from the coil is necessary, and 
the most consistent results were obtained when the secondary 
di-charge was unidirectional. The arc would not strike at 
pressures above 10 mm. of mercury, and worked better 
at lower pressures, particularly those within the range 
IO- 2 -IO - 3 mm. 

In order that the arc may occur, the gas present must he 
ionized, and for this energy is required. This comes from 
electrified bodies which have acquired high velocities under 
the electric force from the transient electrical discharges, the 
initiation of the latter being due to stray electrons or elec¬ 
trified atoms, particularly to stray electrons. Before these 
electrons can ionize the gas, a time must elapse which is large 
in comparison with the time-interval between one collision of 
the electron with a molecule of the gas and the next, since 
before the electron can ionize it must obtain from the electric 
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field energy greater than the ionizing potential of the gas y 
and this energy must be conveyed to an electron in a mole¬ 
cule before an electron can be liberated. Thus there is 
produced a fairly copious supply of electrons which, under 
the farther influence of the field due to the applied potential 
difference, form more ions by collisions, provided that the 
mean free path of the electrons is so large that they attain 
energy equivalent to the ionizing potential of the gas through 
which the electric arc passes. It seems, therefore, that the 
function of the electrical discharge is to provide those elec¬ 
trons which are ordinarily supplied by the incandescent 
electrode of the ordinary arc, or by the incandescent filament 
of a low-voltage arc. 

In connexion with the initial ionization in a gas, Sir J. J. 
Thomson * has given an account of experiments on the radia¬ 
tions inside a closed vessel containing gas at a low pressure 
through which an electrical discharge is passed. These 
experiments indicate that the passage of the electrons 
through gases gives rise to Rontgen rays which may be of 
far higher frequency than any of the characteristic radiation 
of the gas. For example, he finds that, when electrons 
formed by a potential difference of 1500 volts are sent 
through hydrogen, Rontgen radiations having a frequency 
corresponding to 1500 volts were detected. The type of 
radiation at constant pressure depends upon the means mcd 
to send the discharge through the tube ; for example, it 
depends upon the nature of the interrupter and its working. 
This is to be expected, as the potential difference between 
the electrodes often depends upon the nature of the 
discharge. 

In addition, some of the radiation within the discharge- 
tube is of an exceedingly absorbable type, so absorbable that 
it is practically stopped by the equivalent in mass of a layer 
of air a few millimetres thick at atmospheric pressure. He 
supposes that this soft radiation produces the ionization in 
the negative glow. 

At the lower gas-pressures the electrons, ovung to their 
greater mean free path, have large amounts of energy, and 
they give radiations over a larger range of frequency than 
those with smaller amounts, although the density of the 
energy is not so great. At each collision the fast elec¬ 
trons may not produce much more radiant energy than 
the slow ones, but they are able to make many collisions 
with atoms and molecules before their energy is so 


• Phil, Mag. xlix. p. 761 (1925). 
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much reduced that they are unable to generate Rontgen 
radiation. Hence the total amount of radiant energy pro¬ 
duced by a fast electron will be much greater than that 
formed by a slow one, with the resultant increased ionizing 
effects. Thus we should expect a greater concentration of 
the electrons at the lower pressures ; and this explains why 
the arc in the present experiments can be started more easily 
and consistently as the pressure is reduced. As Thomson * 
has shown, the radiation from the cathode rays is a mixture 
of soft radiation with quanta represented by a few volts* 
together with much harder radiation whose quanta may be 
comparable with a hundred volts. In addition there is the 
softer type of radiation produced by the positive rays. 
Seeliger f has shown that the total number of ions produced 
by a positive ray does not vary much either with the speed 
of the ray or with the gas-pressure ; and this suggests that 
the ionization is due, not to the energy of translation of the 
particle, but to energy internal to it, such as might be repre¬ 
sented by supposing the particle to contain a limited number 
of undischarged radiation quanta. These excite the ioniza¬ 
tion. The experiments made by Thomson * on the electrode- 
less ring discharge show the existence of such radiations of 
wave-lengths shorter than those of visible light. 

3. The Effects of Foreign Bodies on the Arc . 

After the arc electrodes had been used for some time, it 
was impossible to start the arc, and on examining the elec¬ 
trodes they were found to be coated with a film of oxide 
arising from the decomposition of carbon-monoxide and 
carbon-dioxide gases, which are very difficult to remove 
from the vessel. If the electrodes were withdrawn and 
scraped, the arc could be produced as before. On the other 
hand, it was found that when patches of fused salts, such as 
potash, soda, sodium chloride, and calcium carbonate, were 
placed at the ends of the electrodes, the arc would strike 
more readily and consistently, this effect being, in fact, 
the reverse to that produced bv the film of oxide on the metal. 
In addition, it was noted that usually a brilliant spot 
appeared on the cathode, even in the absence of any fused 
salt, and that this spot continuously changed its position* 
as it does in the mercury arc. 

The effect of the fused salts can be explained by an 

* Phil. Mag. ii. p. 074 M92G). 

t Phj/s. Zeits. xii, p. 839 (1912). 

J Loc, at. 
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abnormal local heating, brought about by the bombardment 
with the positive ions. The salt, or a small part of it, is 
raised to incandescence, with the result that it emits 
a copious supply of electrons ; and we have, therefore, 
a thermionic source similar to that of an incandescent 
^cathode, only on a small scale. As a result the starting of 
the arc is facilitated. As opposed to this effect, the oxide 
film prevents these positive ions from bombarding the 
cathode, and, accordingly, there is no local heating-effect at 
the small particles of impurities, which exist even in the 
purest of iron. Thus the arc cannot be started. 

These experiments seem to prove conclusively that this 
phenomenon of the cold electrode arc is due mainly to the 
localized heating-effect at these foreign particles which gives 
a copious supply of electrons from such local sources. Any¬ 
thing that shortens the life of the electron will increase the 
difficulty of getting the arc, but anything that reduces 
the number of collisions, required by one electron to detach 
another from a molecule, will facilitate the arc starting. 
It has been found that a thin deposit of sulphur is formed on 
the walls of the discharge-tube after the experiments have 
been continued for some time, this sulphur coming from the 
iron electrodes. Now, sulphur is very strongly electro¬ 
negative, and, presumably, a sulphur molecule would be 
likely to capture an electron in collision, so that, although 
the vapour-pressure of sulphur is exceedingly low, the 
presence of this element would diminish the life of the elec¬ 
trons. The various gases present in the tube, such as 
nitrogen, hydrogen, etc., combine with the sulphur, and if 
these products, like sulphur, possess the power of capturing 
electrons, then the ionization in the tube is decreased, and 
this precludes the starting of the arc. On the other hand, 
complexes formed by aggregation, such as are produced by 
traces of moisture, facilitate the production of the arc. This 
may be explained by the electron detaching an electron more 
easily from one of these aggregates than from a single 
molecule. The moisture appears to act as a catalyst for the 
arc as it does in many cases of chemical combination. The 
existence of these aggregates is suggested by some experi¬ 
ments of Thomson *. The 01 dinary electrical discharge 
through gases produces also other modifications of the gases 
which only persist for a short time. In some camps, for 
example, with nitrogen and oxygen the existence of these 
modified forms is shown by the visible after-glows. We also 


• Phil Mag, iv« p. 1128 (1927). 
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know that the discharge and the arc can be maintained with 
lower applied potential differences than those required to 
start them, and this fact can be explained by the discharge 
and arc producing systems which are more easily ionized 
than the normal molecules. 

It is evident, therefore, that in the present experiments 
the initial electrical discharge gives rise to two effects which 
facilitate the starting of the arc. In the first place it pro¬ 
duces intense local heating of impurities lying on the surface 
of the cathode with resulting thermionic emission, and in the 
second place modifications of the gas arise, these modifica¬ 
tions being more easily ionized than the gas in the normal 
state. 


LX XX. The Motions of Electrons in Ethylene . By J, 
Baknon. B.Sc and H. L. Bkose, Jl.JL, D.PhiL , 
FJnst.P. * 


I N an address given by Professor Townsend at the cen¬ 
tenary celebration of the Franklin Institute in Phila¬ 
delphia, September 1924, the type of instrument used in the 
present research has been fully described. The instrument 
affords a ready and accurate means of determining the 
velocity W in the direction of the electric force, and 
the velocity of agitation U of electrons in gases. It has 
been found that in nitrogen, hydrogen, and oxygen 
amongst other gases, these velocities depend only on the 
ratio of the electric force Z to the gas pressure p. A similar 
result has been obtained for ethylene, especially for values 
of Z Ip greater than 5. Exceptionally tedious was the work 
on this gas, which appeared to alter as a result of making 
observations. This alteration manifested itself solely as an 
increase both in W and U. 

In Table I. the values of Z and />, with the corresponding 
values of k and W, are given, where k represents the ratio 
of the mean kinetic energy of agitation of an electron to 
the mean kinetic energy of a molecule of a gas at 15° C. 
The numbers given are the means of several experiments, 
which are in good agreement. For values of Z/p, equal to 


* Conmmmcated by Prof. J. g, Townsend, F.R.S, 
f 3. 8. Townsend & Y. A. Bailey, Phil, Mag. xlii. p. 875 (Dec. 3921) 5 
II. L. Brose, Phil. Mag. 1. p. 545 (1925). 
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and less than 5, the values of k increase appreciably as the 
pressure is reduced. This indicates the presence o£ some 
ions at the higher pressures, for, within any particular 
region of relative velocities of electrons and molecules, the 
number of ions formed is a function of the number of 
collisions. A direct method of testing for ions, used by 
Townsend and Bailey, is to apply a horizontal magnetic 
field of intensity about ten times that necessary for the 
determination of W. In the case of ethylene, for Z /p equal 
to 1*26, such a field sufficed to deflect about 90 per cent, of 


Table I. 


Zip. 

Z. 

P * 

k 

WxlO- 5 . 

volts per cm. 

mm. 


cm. per sec. 

1*26 

4*88 

3*87 

2*07 

23*3 

2*47 

9*52 

3*86 

4*51 

39*5 

2*53 

4*90 

1*94 

5*70 

38*8 

5*03 

19*56 

3*89 

13*5 

50*5 

4*95 

965 

MU 

15*4 

53*3 

500 

4*85 

*97 

16*25 

65*2 

10*1 

38*8 

3*86 

28*7 

58*5 

10*2 

18*9 

1*85 

30*1 

59*8 

10*1 

9*7 

*96 

32*5 

82*2 

20*2 

39*1 

1*93 

43*8 

64*8 

20*1 

19*3 

*96 

45*9 

68*3 

201 

9*55 

*475 

45*5 

67*8 

40*3 

38*7 

*96 

645 

89*2 

40*0 

19*0 

*475 

63*4 

87*8 

49*9 

23*7 

*475 

71*8 

1033 

80*0 

38*0 

*475 

95*0 

144*5 


tbe electric charge on to one of the outer electrodes, and at 
least 98 per cent, for Z jp equal to 80. Hence, even for the 
lowest ratio of electric force to pressure the current was due 
almost entirely to free electrons. The magnetic field acts 
as an analyser, separating the comparatively slowly-moving, 
massive ions, which suffer little deflexion, from the small 
rapidly-moving electrons. As ions were beginning to make 
themselves evident, and as k was approaching unity, 
measurements were not made below the value 1*26 for Z//>. 

The curves given in figs. 1 and 2 represent the values of 
k and W for various values of Z jp. For the sake of com- 
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parison the curves for hydrogen and oxygen are inserted. 
The values of k and W, as read from the ethylene curves, 
for the various values of Z/p are given in the first three 

Kg. 1. 



columns of Table II. In the other three columns are given 
the values of U, the root mean square velocity of agitation of 
an electron, L, the mean free path of an electron in the gas at 
1 mm. pressure, and X, the fraction of the mean kinetic 




0 10 20 30 40 SO 60 70 80 

energy o£ an electron lost in a collision with a gas molecule. 

TJ, L, and \ are calculated from the formulae 


U = 1*15 x 10 7 V k , 

W= -815 Z/bx-xL 
r m u 

W* 
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Table IT. 


zip. 

k . 

WxlO-*. 
cm./sec. 

TJ x 10”*®. 
cm./sec. 

Lx 10*. 
cm. 

XxlO* 

1*26 

2*07 

23*3 

16*6 

2*14 

488 

2*5 

5*8 

39*3 

26*5 

2*92 

541 

4 

11*0 

49*6 

38*1 

3*28 

416 

5 

15*0 

54*0 

45*3 

3*42 

348 

6 

19*3 

56*0 

50*5 

3*30 

303 

10 

81*3 

60*3 

64*3 

2*71 

217 

20 

45*3 

67*6 

77*4 

1*83 

187 

40 

64*4 

88*7 

92*3 

1*43 

227 

60 

80*2 

116 

102 

1*88 

319 

80 

95*0 

145 

112 

1*42 

408 


Fig. 3. 



For ethylene, the variation of L with U is shown very 
strikingly in fig. 3. This curve, like the curves of oxygen 
and carbon dioxide, has a very definite maximum, with^a 
less definite minimum. 
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From the sixth column of Table II. it is seen that the 
percentage energy lost by an electron in collision varies for 
the most part between 2 and 5. The minimum fraction of 
energy is lost by the electron when its agitational velocity 
is in the region of 77 x 10® cm. per sec., which is equivalent 
to the volt-velocity 1*7. 

The acquisition of new properties by the gas, either as 
the result of exposure to ultra-violet light or of collisions 
with electrons (with or without an electric field), was the 
outstanding difficulty which presented itself. The extent 
■of the change is indicated by data given in Table III. 
The results are set down in the order in which observations 



Table III. 


♦ 

Sample* 

Date. Z/p. 

P • 

k . 

WxlO-*. 

cra./sec. 


f 5 

23rd May, 1927 \ 40 
{ 51 

*97 

*97 

*955 

16*3 

64*75 

19*4 

54-8 

895 

(<*) .. 

24th May, 1927 

*95 

*95 

20*2 

68*9 

591 

91*0 


25th May, 1927 j 4 q.q 

•94 

*936 

23*3 

71*0 

62*0 

98*2 

<*>. 

30th May, 1927 ( 

1*88 

1*88 

44*4 

12*25 

64*1 

40*0 

<•) . 

7th April, 1928 {^l 

*95 

•95 

34*2 

23*5 


(<0. 

9th March, 1928 j 

1*06 

1*06 

34*8 

23*4 



were made. For sample (a) the first two measurements of 
k for the ratios Z jp equal to 5 and 40 respectively are quite 
in keeping with those shown in Table I. The third, which 
followed immediately, shows a large increase of k for a Z jp 
equal to 5*1. Further increases in the values of k are 
recorded on the following day, and on the third day k has 
reached the value 23*3 for the ratio 5*2 and 71 for the 
ratio 40. A steady increase in the values of W is also 
noticeable. For sample (b) the first reading gives a value 
of k for Z Ip equal to 20*3 in accordance with Table I. 
The reading for the ratio 2*6, however, is more than doable 
that to be expected. The four readings for sample (6) were 
taken within the same hour. Similar remarks apply to (e) 
and (d) as to (&). 

For the purpose of obtaining trustworthy results for 
■ethylene, it was necessary to renew the gas in the instrument 
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about every three hours, and to make observations from the 
lowest value of Z jp upwards. To check the accuracy of 
values obtained in this way the following method of pro¬ 
cedure was adopted. The instrument was thoroughly 
exhausted and, say, 4 mm. of gas were admitted. Readings 
for k and W were rapidly taken for Z jp equal to 1-26, the 
instrument was again exhausted, and Iresh gas admitted at 
4 mm. pressure. This time the ratio was made 2*5. Under 
similar conditions readings for all other ratios were obtained. 

4 second difficulty arose from contamination of the 
reflector used in focussing the ultra-violet light on the 
copper target. It was necessary to clean it about once 
every three days, when using the instrument at the rate 
of six hours a day. That ethylene was responsible there 
can scarcely be a doubt, because (a) the effect never occurred 
when either hydrogen or pentane was used, and (6) the 
effect was not experienced in working with either hydrogen or 
ammonia in a second instrument having a reflector made 
from exactly the same materials in the same workshop. 

Both difficulties seem to have arisen, therefore, as a result 
of the nature of ethylene. The amount of polymerization 
was negligible, as the decrease in pressure of the gas in the 
instrument was not more than one per cent, per day. 
If the molecule decomposed, it could not do so in a way 
to give free hvdrogen, as there would then be a marked 
increase in pressure. But if the molecule lost one carbon 
atom and changed into the saturated hydro-carbon methane, 
thi« would° account for the variation in k and W, for the 
contamination of the reflector, and for the fact that 
the pressure of any particular quantity of gas never 
increased. The slight decrease in pressure noticed through¬ 
out the work was traced to the drying agent phosphorus 
pentoxide, which absorbs ethylene at the pressures of the 
experiments and parts with it again when the pressure is 

^^Estimations based on the electron currents used, the drift 
and agitational velocities, and the mean free paths show 
that electron collisions may account for slow changes in the 
values of * and W for any fixed value of Zi/p, but not for 
the rapid changes observed to occur m one or two hours. 
Hence the view that ultra-violet light—with perhaps the 
help of an electric field—may cause rapid change appears 

^Theelectroncurrents used were of the order 10~ ls ampere. 

The ethylene used in the above experiments was generated 
by dropping ethyl alcohol into a flask highly exhausted of 
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air, and containing orthophosphoric acid at a temperature 
of about 230° C. Oils and other impurities such as alcohol 
vapour were extracted by passing the gas into traps main¬ 
tained at the temperature of carbon dioxide snow. A solution 
of Na 2 SgO s served the purpose of extracting traces of oxygen. 
Bubbling through sulphuric acid helped in part to dry the 
gas, which, after it had passed over phosphorus pentoxide, 
was finally stored in flasks containing the same drying 
agent. In the generating and purifying processes the 
apparatus used was made entirely of glass. Different 
samples of gas were prepared, and the results from all were 
in good agreement. 

We wish to express our warm thanks to Prof. V. A. Bailey 
for valuable assistance during the course of the work. 

Physics Department, 

University of Sydney. 


LXXXI. On the Best Correction Factors for Harmonic 
Coefficients. By Albert Eagle, JE?.<Sc., Lecturer in 
Mathematics in the Victoria University of Manchester *. 

C ORRESPONDENCE in connexion with my paper, 
“On the Relations between the Fourier Constants of 
a Periodic Function and the Coefficients determined by 
Harmonic Analysis,” in the Philosophical Magazine (Jan. 
1928, p. 113) makes it desirable to add a few words by 
way of justification of the use of the suggested correction 
factors. 

It need hardly be pointed out that the ordinary method of 
harmonic analysis makes no attempt to arrive at the most 
probable value of the harmonics from the given data, but 
only to determine them on the assumption that there are 
no harmonics present of a higher order than the number 
of ordinates per half period chosen for the analysis. The 
justification of the use of correction factors lies simply in 
the fact that we are not justified in making any such 
presumption about the higher harmonics ; and that if these 
are present, they will necessarily render the valnes obtained 
for the lower harmonics erroneous. The tables of correction 
factors in my paper are all founded on reasonable assumptions 
about the amplitudes of these higher harmonics ; but if it is 

♦ Communicated by the Author. 
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known> in any particular case, that all the higher harmonics 
are absent , then certainly no correcting factors are required* 
and to apply them would be erroneous. 

With p ordinates per half period, if we assume that 
harmonics higher than the 2pth are absent—which is 
assuming the presence of harmonics up to twice the order 
that ordinary harmonic analysis assumes—the relations 
between the true Fourier constants and the obtained 
coefficients become 

a» = a n ^r a%p~ n 
and b* = b n -b 2p - n 

exactly ; which shows that the coefficient a n needs correcting 
by subtracting from it the value of a^-n, and similarly 
for b*. 


Fig.!. 


c 

*v 

2 



In many cases, instead of using the tables of correction 
factors, the following graphical method will be sufficiently 
accurate ; while it is both more instructive and at the same 
time allows individual judgment being made to suit special 
cases. Let ns plot the obtained coefficients a„ against n/p, 
and suppose that the thick line in fig. 1 represents the 
smooth curve through these points between njp=0 and 1, 
continued by a line representing zero between n/p= 1 and 2. 
The effect of applying correction factors is to assume that 
the coefficients should lie, not on the heavy broken line ABC, 
but on the thin line AC which reduces the ordinates to the 
left of n/p= 1, and increases the (zero) ordinates an equal 
distance to the right by the same amount. 

Similarly, when b n is plotted against n/p y let the smooth 
carve through them be given by the thick line in AB in 
fig. 2. This line necessarily intersects the axis at n/p=l 
since b ? is identically zero. The effect of the correction 
factors in this case is likewise to replace the thick broken line 
Phil. Mag. S. 7. Vol. 6. No. 38. Suppl. Nov. 1928. 3 H 
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ABC by the thin line ABC, which, at B, has half the slope 
of the heavy line. 

The harmonics actually present in the function being 
analysed are obvionsly much more likely to follow the thin 
lines in figs. 1 and 2 than the heavy broken lines ; but, just 
as obviously, if the thick lines AB ran tangentially into the 
axis at or before n/p = 1, no corrections would be needed. 

Some readers do not see how the second half of my Tables 
III. A and III. B * can be applied since ordinary harmonic 
analysis only gives harmonics up to the pth. But it is 
made clear, I think f, that the harmonic coefficients between 
the jsth and the 2joth are to be taken as given by a p+B = a y _„ 
and b P+H = — b p _*. The dotted lines in figs. 1 and 2 show 


Fig. 2. 



these coefficients as continued by these relations; and the 
thin line between n/p = 1 and 2 may be obtained by multi¬ 
plying the ordinates of the dotted curves by the correction 
factors in the second half of the tables, just as the thin line 
between n/p—O and 1 may be obtained by multiplying the 
ordinates of the heavy lines over this range by the correction 
factors in the first half of the tables. 

It may happen that the points corresponding to a* and b» 
are too irregular to draw a smooth curve through them. If 
this is only due to a varying phase-angle, a smooth curve, 
of the n ature of that in fig. 1, may be obtained by plotting 
V■+ b„* against njp. The correction factors then 
indicated when the corresponding thin line is drawn are 
then to be applied to both a„ and b„. 


* Loc, cit. p. 131. 
t Loc. cit. p. 129, near bottom. 
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If the points on this latter curve are too irregular to draw 
a smooth curve through, there is nothing to give any 
indications about the harmonics between the pth and the 
2pi h, and consequently no correction factors should be 
applied. 

It is easily found that adopting the correction factors in the 
last column of Table III. B makes the tangent to the thin line 
in fig. 1 at n/p~l cut the axis at n/p==l-f-0T5 v / tt~T266... 
In many cases this is a very suitable slope; but in some cases, 
such as those in which the thick line AB in fig. 1 takes the 
form of either of the dot-and-dash lines, the most naturally- 
flowing thin line AC having, as it must have, at least 5-point 
contact with the thick lines at A and C, will have a slope 
considerably different from this atn/p= 1. In this case it is 
better to take the corrections from this sketched-in line than 
from the fable* ; but use can still be made of Table III. B if 
desired, since all the functions in it contained an arbitrary 
constant to which a particular value was assigned. By the 
property of the functions *, if we find graphically that 
n/p~ 14- q is the best intercept for the tangent to the thin line 
at njp= 1, the correction factors in Table III. B may still be 
used, provided that (in the case of the last column) any 
given value in the table is not attributed to its actual 
n/p~ I—«r, say, but to a value of n/p ** 1— 9 ^r/ 0 * 266 . Or, in 
other words, the correction factor to be applied for any given 
value of n/p&z, say, is the value given in the table for 
n/p~ 1 —0*266(1 — z)/q; which is easily obtained if the 
function has been graphed.. 

There is no reason why in any work on harmonic analysis 
the diagrams in figs. 1 and 2 should not be attempted to be 
drawn, as they are exceedingly instructive and give much 
valuable information about the function being analysed. 
If it is objected that in much work only the first few 
harmonics are the subject of interest, and that harmonics up 
to n=p are not of sufficient interest to justify their 
calculation, it may be pointed out that, when harmonics 
up to n—pj'2 have been obtained, those from p/2 to p may be 
obtained by merely differencing two groups of terms that 
were added tor the lower coefficients. After this, the 
diagrams, if it is possible to draw them, give a rational 
estimate of harmonics up to 2/>. 

The limited accuracy of harmonic analysis must not be 
overlooked. Thus, suppose each ordinate was subject to a 
probable experimental error of e, then, if the function 


* Loe. cit. p. 128. 

3 H 2 
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analysed possessed no symmetry so that it was necessary to 
use 2p ordinates spread over a whole period, it is easily found 
that the probable error of all the harmonic coefficients is 
e/tfp except in the case of the first and last cosine co¬ 
efficients, ^a 0 and ia„, where it is ej\/2p. The effect of this 
is to replace the thick lines A and B in figs. I and 2 by a 
band within which the values are uncertain. 


LXXXII. A Determination of the Stefan-Boltzmann Radi¬ 
ation Constant using a Callendar Radio Balance. By F. 
E. Boabe, A.R.C.S., B.Sc.*. 

1. Introduction. 

A CCORDING to the Stefan-Boltzmann law the rate of 
emission of radiation from a fully radiating surface to 
surroundings at the absolute zero is proportional to the 
fourth power of the absolute temperature of the surface. 
That is 

E' = oTf. 

E' = radiation in ergs/cm. 2 /sec. 

Ti = absolute temperature of radiator. 
a = radiation constant. 

If the radiating surface is in surroundings at T 2 Abs. 
which are themselves full radiators, then 

E = E' — E" = <r(Ti 4 — T 2 4 ). 

E" = radiation received from surroundings. 

E = net radiation of the surface. 

There have been a large number of determinations of the 
value of a since the law was established thermodynamically 
by Boltzmann f; the agreement between different observers, 
however, is not good. 

2. Description and Theory of Radio Balance. 

The present paper describes some experiments which 
were made with the Radio Balance designed by Pro¬ 
fessor Callendar $. It is designed as an instrument to give 
an absolute measure of radiation, the receiver being an 

* Communicated by Prof. H. L, Callendar, F.R.S. 
t Ann. der Phys. xxii. pp. SI and 291 (1884). 

J Proc. Phys. Soc. xxui. p. 1 (1910). 
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almost perfect 46 black body 99 so that no correction for 
reflexion is necessary. 

In this instrument the radiation is received through a 
small circular aperture, caught in a copper cup 3 mm. in 
diameter and 8 mm. long, and is balanced or determined 
in absolute measure by the heat absorbed or liberated by the 
Peltier effect in a thermocouple through which a measured 
current is passed. 

The Peltier couple is of iron-constantan and is soldered in 
the bottom of the cup, which itself is mounted in a tubular 
thermopile consisting of twelve couples to indicate small 
changes in the temperature of the cup. The lower junctions 
of the tubular pile are fastened to a small copper block 
screwed to the base of a thick hollow copper cylinder 3 cm. 
by 3 cm. internal measurements. The pile and cup are 
duplicated to compensate external disturbances, such as 
changes in the temperature of the surroundings. The piles 
and couples belonging to either cup are connected in 
opposition and the pile circuit is completed through a 
sensitive galvanometer. The deflexion of the galvanometer 
is proportional to the difference in temperature of the cups. 

When taking a reading the radiation is allowed to be 
incident in one of the cups whilst the other is screened. 
The current through the Peltier couples is adjusted until the 
galvanometer, in series with the thermopiles, shows no de¬ 
flexion from its zero position. The cup first exposed is then 
screened, the other cup exposed and at the same time the 
current through the couples is reversed. This should leave 
the balance unchanged. The method of reversal accurately 
eliminates the small Joule effect. If P is the value of the 
Peltier effect in millivolts and 0 is the current in milli- 
amperes required to balance the radiation, the radiant energy 
received is equal to 2 PC microwatts or 20 PC ergs/sec. 

In practice, owing to the impossibility of making two 
soldered joints exactly alike, there will be a slight deflexion 
of the galvanometer on changing the cup exposed to the 
radiation and the direction of the Peltier current, but the 
equivalent microwatts can be calculated if the sensitivity of 
the galvanometer is known in microwatts generated at the 
Peltier junctions to cause one scale division deflexion. 

This is obtained by shielding the balance cups from 
radiation and reversing a known current c milliamperes 
through the junctions, the galvanometer deflexion D being 
taken. The sensitivity is given as 

5 =s 2 Pc/D microwatts per scale division, 
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P being the Peltier coefficient in millivolts at tbe balance 
temperature. 

If D' is the steady galvanometer deflexion when radiation 
is incident upon cup 1 which is also being cooled by tbe 
passage of a current of C milliamperes through the Peltier 
junction, and D" is the steady deflexion when cup 2 is 
exposed and the direction of the current reversed, then the 
radiation received by either cup is given by 


2PC + (D'-D>, 


(D'—D”)s being measured in the direction of the deflexion 
due to passing from cup 1 to cup 2 exposed to the radiatiou 
with no current through the junctions. 

The exact theory of the method of balancing the radiation 
and of reversal to eliminate the Joule effect is fully discussed 
in the paper already cited. 

Assuming that the radio balance is adjusted so that its 
receiving aperture of area a sq. cm. is coaxial with the 
aperture of radius r in the water-cooled diaphragm serving 
to define the source, and that d is the distance in cm. between 
the planes of the apertures, the radiant energy E' in ergs/sec. 
or microwatts, depending on the units used for a, entering 
the aperture from the source at temperature Tj Abs. is given 
in terms of the radiation constant by the equation 


oaTfr 

~d*T? 


If the source is replaced by one of equal area at a temperature 
Tj Abs. the energy E" received from the source is given bv 
the same expression with T 2 in place of 1\. 

The quantity observed is the difference 

E=E' —E"=2PC + (D' — D")s - Do* microwatts, 

where D 0 is the deflexion of the galvanometer measured in 
the same direction as (D'—D"), when first cup 1 and then 
cup 2 is exposed to the source at T s Abs. 

Hence 

<r - {2PC + (P > - D"- D 0 )*}(d* + r 2 ) 

ar 2 (iy-T 2 ‘f. 

microwatts/cm.*/degree 4 . 

Actually the balance has two apertures which are arranged 
to be equidistant on either side of the axis of the radiating 
aperture and tbe same distance from the aperture. This 
displacement of the centres of the receiving apertures bv an 
amount b from the axis diminishes the radiation received in 
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the ratio d^/cP+b 2 on account of the increase of distance 
between the source and receiver centres and in the same 
ratio again because of the obliquity of the apertures. With 
the distances at which the measurements were made this 
correction is very small and is applied sufficiently accurately 
by the addition of the constant 2b 2 to the factor (d* + r*) in 
the previous expression for <r. 

Hence 

_ { 2 PC + (D'—D" — D 0 )s} (d 2 + r 2 + 2b 2 ) 
flfW- IV) 

micro watts/cm . 2 /degree 4 . 

3. Calibration of the Radio Balance • 

The Radio Balance was calibrated by finding the values of 
the Peltier coefficients under similar conditions to those in 
which it was used. 

Two small heating coils were made in the following 
manner. A pair of copper leads were soldered to 32 cm. of 
S.W.G. 40 double silk-covered manganin wire at one end 
and an exactly similar pair at the other, so that the potential 
and current leads joined the manganin wire at the same 
place. S.W.G. 38 double silk-covered copper wire was used 
for the leads to keep the conduction losses small. One pair 
of leads was then pulled through a glass capillary tube of 
about 2’5 mm. external diameter and 3 cm. long, so that the 
soldered join to the manganin wire was just inside the tube 
and thus insulated by it. The manganin wire was then 
wound back on the glass tube to a distance of about 6 mm. 
from the end. By having a double layer of wire all the 
32 cm. of wire was wound on this length. The remaining 
soldered joint was insulated and the coil held together by a 
coat of shellac dissolved in absolute alcohol, which wae 
allowed to become thoroughly dry before the coil was used. 
The other coil was made in a similar manner, and the 
resistance was made to agree to less than 1 part in 1000 with 
that of the first coil by careful adjustment and testing 
with a potentiometer. The resistance of each coil was 
approximately 0 ohms; when complete and the shellac 
thoroughly dry they fitted tightly into the cups of the Radio 
Balance, the top of the coil being at least 2 mm. below the 
top of the cup. The coils were put one in each cup of 
the Radio Balance and a little vacuum oil was put in to 
make a better thermal connexion between the coils and the 
walls of the cups. This is very necessary, for if there is a 
large resistance to the flow of heat from the coil to the cup 
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the values obtained for the Peltier coefficients will be too 
large. 

The current was made to flow through one of the coils and 
one pair of leads connected to the other coil. In this manner, 
by having the same current through the leads of each coil, 
tne heating effects in the leads are accurately compensated. 

The method of taking observations was to balance the 
heating effect in one coil against the cooling effect of 
the Peltier couple in one cup and the heating effect in the 
other. The current was then sent through the second coil 
And one pair of the leads to the first coil, and the current in 
the Peltier circuit reversed simultaneously. Knowing the 
current in the coil circuit and the potential across the coil 
the microwatts expended in the coil can be deduced. 

If 

W as microwatts expended in coil, 

(D f — T) fr )s = scale microwatts, 

C = current in Peltier circuit in milliamperes, 


the value of P is given by 


p = W—^-D"),„, i i|ivoi t ._ 


This is the value of P at the temperature of the Radio 
Balance. 

The currents in the coil circuit and the Peltier circuit 
were found by measuring the potentials across known 
standard resistances of approximately one ohm each, which 
had been carefully compared with N.P.L. standards. 

The potentiometer used for potential measurements in all 
these experiments was the direct reading type 0-90 millivolts 
as made by the Cambridge Inst. Co. The scale, which 
read to one microvolt, was adjusted by means of a Weston 
standard cell w'hich had been compared with N.P.L. standards. 
This cell was a hermetically sealed H type and the E.M.F. 
was taken as 

1-0183 volts at 20° C. 


with a temperature correction given by 

V, = V 20 —0-0000406 (t —20), 

where t is the temperature of the cell in degrees centigrade. 
The temperature of the Radio Balance was measured with 
specially constructed mercury thermometer which fitted 
right into the body of the instrument. The thermometer 
was graduated in half*degrees centigrade and no difficulty 
was experienced in estimating to a tenth of a degree. The 



Stefan-Boltzmann Radiation Constant 833 

temperature was varied by varying the temperature of the 
room, closing all the windows and doors and turning the 
heating apparatus full on for the higher temperatures, and 
leaving the windows and doors open, but carefully screening 
the Radio Balance from draughts, for the lower temperatures. 

The values found for the Peltier coefficients were as 
follows :— 

Temp. °0. ... 35° 17° 19° 21° 23° 25° 

P millivolts... 14-85 14-98 15*11 15*25 15*38 15*51 

These results are represented by the equation 
P, = P 20 +0*066 (*-20). 

In the series of values obtained for P the deviation from a 
straight line when P was plotted against t was always less 
than 1 in 1000. 


4. Arrangement of Apparatus. 

The source of radiation used in these experiments was a 
wire-wound electric furnace, the temperature of which was 
measured with a platinum resistance thermometer. 

A heating solenoid of niclirome wire was wound on a 
quartz cylinder of about one and three-quarter inches internal 
diameter, the wire being wound closer at the ends than in 
the middle in order to compensate for the heat losses from 
the ends of the tube. This tube was surrounded with other 
concentric tubes r *d wrappings of insulating material. 
Into the quartz tube fitted fairly closely a nickel cylinder a 
sixteenth of an inch thick. This cylinder extended the 
whole length of the tube and no part of it was visible when 
taking readings. A nickel block with one end turned up to 
a blunt cone loosely fitted into this tube, so that the cone end 
was approximately in the centre of the furnace. The cone 
end of the nickel block formed the radiating surface and was 
made this shape to prevent direct reflexion into the Radio 
Balance. The other end of the nickel block was bored to 
take a platinum resistance thermometer, the coil being 
completely enclosed in the block and near the radiating 
surface. On the end of the furnace was fitted a water-cooled 
diaphragm made of brass and blackened, the water space 
between the back and front being half an inch. The aperture 
in the diaphragm could be closed with a water-cooled shutter 
mounted directly in front of the diaphragm. The diameter 
of the diaphragm was a little greater than that of the end of 
the furnace in order that no radiation from the heated parts 
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of the furnace could affect the Radio Balance. It is important 
that the flat side of the water-cooled diaphragm should be 
towards the receiver and the bevelled side towards the furnace 
to prevent any possible reflexion of heat by the bevel into 
the receiver. The receiving apertures of the Radio Balance 
were similarly bevelled with the flat side towards the source. 


5. Measurements . 

The diameters of the apertures in front of the cups were 
measured with a Hilger measuring microscope reading to 
0*0001 cm. 


Figure showing General Arrangement of Furnace and Radio Balance. 



A. Movable Water-Cooled Shutter. 

B. Water-Cooled Diaphragm. 

C. Nickel Block. 


N. Nickel Cylinder. 
SjSj. Screens. 

II.B. Radio Balance. 


The mean of 52 measurements for the diameter of 
aperture 1 gave 0*2099 cm. diameter or 0*03464 sq. cm. area. 

For aperture 2 the mean of 50 measurements gave 
0*2083 cm. diameter or 0*03411 sq. cm. area. 

The mean area was taken as a = 0*03411 sq. cm. 

The value of b was obtained by measuring with the same 
microscope the shortest distance between the apertures and 
adding the mean diameter of the apertures to this distance. 

The value found was b =b 0*579 cm. 

The diameter of the aperture in the diaphragm was 
measured, whilst water was flowing through it, with a 
Cambridge Inst. Co. travelling microscope reading to 
0*0001 cm. 
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The value found as a mean of 38 measurements was 
2 r = 2*0527 cm. 

The distance between the source and the receiver, which 
is the distance between the opposing flat surfaces, was 
measured with a micrometer distance piece reading to 
0*0001 cm. 

The current in the Peltier circuit was measured by taking 
the potential across a standard resistance as previously 
described. 

The platinum thermometer used for measuring the tem¬ 
perature of the furnace was of the. usual type as made by 
the Cambridge Inst. Co., having a fundamental interval of 
approximately one ohm. 

The thermometer was used in conjunction with a Callendar 
Griffiths’ bridge and a sensitive coil galvanometer The 
bridge was calibrated by the usual substitution method and 
the small corrections found were applied to the coils. After 
the experiments had been proceeding for some time the coils 
were again calibrated. This calibration agreed with the 
previous one to the accuracy obtainable by this method. 

The fundamental interval of the thermometer was deter¬ 
mined about once a week during the course of the experiments 
and showed a slight change of 0*0003 ohm over this period. 
The ice point changed by 0*0005 ohm in the same period. 

The temperature was calculated from the equation 


. R-Ro 
^ ~ Rioo—Ro 


x 100, 


and corrected to the gas scale by the equation 


£ — pt = d(t — 100 N t . 

pt = temperature on platinum scale. 
t = temperature on centigrade scale. 


d = 1*5 x 10“ 4 . 


When taking a reading the Callendar Griffiths* bridge 
was set to correspond with a previously decided temperature 
and the bridge galvanometer spot kept within limits corre¬ 
sponding to a fifth'of a degree centigrade on either side of 
the balance position by hand manipulation of four rheostats 
in series with the furnace and the 110 volt mains. 

The temperature of the water circulating in the diaphragm 
was measured to a tenth of a degree centigrade on inflow 
and outflow with mercury thermometers totally immersed in 
the stream. The mean of these temperatures was taken as 
T 2 , The difference between the two thermometers rarely 
exceeded 0*5° C. 
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6 . Method of taking Observations . 

The Radio Balance was placed on a long wooden slide 
with a groove to take the feet of the instrument, in order 
that it could be moved along the axis through the centre of 
the radiating aperture. The slide and the Radio Balance 
were carefully levelled and centred, using a spirit level and 
steel rules. At no point was the centre of the Radio Balance 
more than 2 mm. off the horizontal axis through the centre 
of the radiating aperture ; and the error introduced by this 
is much less than 1 part in 1000 for the distances used. 

To prevent extraneous radiation from reaching the Radio 
Balance two screens were placed between the source and the 
receiver. The one nearer the furnace w r a$ water-cooled, 
having a central aperture of 10 cm. and was 5 cm. from the 
furnace. The other was of tin plate with a 4 cm. aperture 
situated 15 cm. from the furnace. Both screens were 
blackened on the side towards the receiver, and the apertures 
were arranged to be coaxial with the radiating aperture. 

The Radio Balance apertures were exposed or screened by 
moving a shutter in close contact with the plane of the 
apertures and a screen on the front of the instrument. 
Both the shutter and the movable screen were blackened on 
the side remote from the furnace and gilded on the other. 

The Radio Balance having been set with the plane of its 
apertures at a known distance from and parallel to the plane 
of the aperture in the water-cooled diaphragm, the latter 
was covered with the water-cooled shutter. First one cup 
of the receiver and then the other were exposed to the 
radiation from the shutter and surrounding bodies at a 
temperature T*. The small galvanometer deflexion on 
changing from one cup to the other was noted. This is D 0 
in the expression given previously for cr. The shutter was 
then removed and one cup of the Radio Balance exposed to 
the radiation from the nickel block, the current through the 
Peltier junctions being adjusted so that the difference in 
temperature of the cups was very small. Galvanometer 
readings were taken every minute for five successive minutes, 
the potential across the standard resistance being taken at 
the same time. The second cup was then exposed to the 
radiation, the Peltier current reversed and a similar series of 
readings taken. The mean of each series was used in 
calculating the value of <r. 

The temperature of the Radio Balance and the inflow and 
outflow temperatures of the water were taken before and after 
each set of readings, and found to be very constant. 
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7, Results. 

Mean area of Radio Balance apertures... 0*03437 sq. cm. 

Diameter of water-cooled aperture . 2*0527 cm. 

Displacement of balance aperture centres 0*579 cm. 
from axis. 

The following table gives the value of o*xl0 5 in 
ergs/sec./cm. 3 /degree 4 :— 


Date 

1928. 


Temp. 

furnace. 

Temp. 

water. 

Temp. 

Eadio 

Balance. 

Total 

micro¬ 

watts. 

Diet. of 
furnace. 

Value of 
<rxl0*. 

April 26 


78600° C. 

16*5° C. 

21*3° C. 

200 15 

36*041 cm. 

5*751 

♦» 


I* 

>> 

21-3 

200*37 

» 

5*758 

a 


777*20 

it 

21*0 

261*74 

31010 

5*758 

»» 

... 

tt 

t> 

211 

260*73 • 

it 

5-735 

»» 

... 

a 

tt 

211 

37110 

26*029 

5*756 

tt 


it 

it 

21*1 

370x3 

tt 

5*747 

April 27 


716*55 

16*9 

19*7 

291-69 

26033 

5*749 



n 

a 

19*7 

291-57 

n 

5*747 

ft 

... 

a 

M 

19-7 

203-88 

31071 

5*720 

tt 

... 

tt 

tt 

19*6 

204*27 

36053 

5-731 



it 

tt 

lit 3 

151*85 

5*733 

»• 

... 

a 

it 

19*2 

15210 

it 

5*742 

June 8 


772*27 

19*3 

220 

541-70 

21*195 

5-681 

» 

... 

it 

„ 

21*6 

361*02 

26*072 

5*723 

»» 

... 

a 

tt 

21*6 

359-23 

it 

5*694 

tt 


tt 

tt 

21*5 

25704 

31*008 

5-760 

tt 

... 

it 

tt 

21-5 

256*02 

tt 

5*737 

June 9 


831 *85 

19*4 

205 

318*90 

30*992 

5*730 

tt 


>» 

tt 

20*5 

3*20*14 

tt 

5*752 

tt 

... 

tt 

tt 

206 

452*03 

26*070 

5*736 

»» 


tt 

tt 

20*6 

451*71 


5*732 

ji 

... 

tt 

tt 

20-6 

237*00 

35*985 

5*725 

»» 


a 

u 

206 

237 18 

»i 

5*729 

June 10 


985-51 

19*6 

200 

400*76 

35*963 

5*734 

tt 


tt 

»t 

20‘0 

400*50 

31*159 

5*727 

tt 


n 

t» 

200 

536*35 

5*765 

tt 

... 

tt 

>t 

20*0 

535 76 

t» 

5*756 

tt 


tt 

»t 

200 

763-51 

26 072 

5*747 

tt 

... 

tt 

91 

196 

1154*5 

21*089 

5*692 

it 


a 

tt 

19*7 

1156*7 

a 

5*703 

June 11 

... 

821*47 # 

19*1 

19*6 

307*05 

31*077 

5*744 

It 


»» 

it 

19*9 

304*39 

it 

5*694 

if 

... 

tt 

9t 

194 

227*96 

35-975 

5*713 

It 


tt 

91 

19*2 

229*90 

it 

5*762 

It 

... 

»» 

it 

19*0 

176*23 

41*085 

5*758 

n 

... 

»» 

it 

19*1 

175*73 

it 

5*741 

it 


» 

it 

19*2 

431*41 

26*195 

5*738 


... 

1* 

»» 

19-4 

431*28 

it 

5*736 


Mean value of <r = 5*735 Xl0~“5 erg/sec./cm . 2 /degree 4 . 






*838 Determination of Stefan-Boltzmann Radiation Constant . 

8. Discussion of Methods* * * § 

The condition which is theoretically necessary in a deter¬ 
mination of the radiation constant is that both the source 
and the receiver should be full radiators or “black bodies/’ 

In the foregoing experiments this condition has been 
realized as far as is possible in experimental work of this 
description, by having constant temperature enclosures with 
good radiating walls and apertures small in comparison 
with the dimensions of the enclosure, 

Keene * has been the only other observer using a similar 
method to determine the radiation constant who has en¬ 
deavoured to obtain “black body” conditions in radiator and 
receiver. In his paper he states that owing to the water- 
cooled diaphragm on the furnace being in the reverse direc¬ 
tion to that used above, his mean value of 5*89 x 10~ 5 c.g.s. 
units may be as much as 2 per cent, high, through beat 
reflected from the bevel re-entering the receiver. A range 
of only 23° C. (1097°—1120°) was used, and the distance 
between the source and receiver was only varied by 0 023 cm. 
The receiver was an aniline Thermosoope of rather high 
thermal capacity which was calibrated by an electrical 
method. 

Coblenfczf has made a determination of this constant 
using a modified Angstrom Pyrbeliometer. His value 
5*722 x 10“ 5 c.g.s. units, is the mean of a large number of 
results using different receivers, but all of similar construc¬ 
tion. The variation in the values of <r is about 4 per cent,, 
after a correction for reflexion, separately determined, has 
been applied to the observed values. 

Other experimenters using different methods, such as the 
ratio of emissivities, have obtained a value for a of the order 
of 5*7 x 10~ 5 c.g.s. units. These results have not been 
discussed in detail here as the principles of the methods used 
differ from those of the methods already mentioned. 

Lewis and Adams J have used the theory of ultimate 
rational units in order to calculate the value of Using 
data based upon the electronic charge e, the gas constant H 
and the Faraday equivalent F* they obtain the value 
5 7 x 10~ 5 c.g.s. units tor the radiation constant. 

More recently Millikan § using Planck’s equation for the 
distribution of energy in the spectrum of a “ black body/’ 

* Proc. Boy. Soc. Ixxxyiii. p. 49 (1913), 

t Bull. Bur. Stds, xii, p. 503 (1916). 

t Phys. Rev. ( 2 ) iiL p. 92 (1914). 

§ Phil. Mag. xxxiv. p. 1 (1916), 
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has calculated the value of or. The value he obtains is 
5*72 ± *034 x 10~* c,g.s. units. 

From a critical examination of the values of a obtained by 
a variety of methods, it now seems well established that the 
value of this constant lies in the range 5*70 to 5*75 x I0~ s e.g.s. 
units. 


9. Conclusion . 

The concordance of the results obtained with the Radio 
Balance under widely differing conditions shows that the 
method used for evaluating the absolute measure of radiation 
is extremely satisfactory, and that the instrument is well 
suited for this purpose. It has the further advantages of 
being easy to manipulate, quickness in working, and accuracy 
in the necessary measurements. 

I wish to express my gratitude to Professor Callendar for 
the continual advice he has given me, and the kindly interest 
he has shown throughout the course of the experiments. 


LXXXIIL Note on a Type of Deierminantal Equation . By 
R. C. J. Howland, M.A., University College , 

London *. 


jgQUATIONS of the type 


a n —\ a 12 . 


U«l? 


9 


* 


a ln 

a* n 


=o. . a> 


» 


a»*— X 


occur frequently in -vibration and other problems, and in 
many such problems not more than two, the highest, -values 
of X are of interest. - 

When equation (1) is expanded, the coefficient of (—X) a 
is unity; that of (—X)" -1 is the sum of the diagonal 
elements; while that of (—X) B ~* is the sum of n(n—1)/2 
determinants of the second order, and is readily calculated. 

\The remaining coefficients, however, appear as the sums of 
determinants of the third or higher orders. Experience 
shows that the calculation of such determinants, using a 

* Communicated by tke Author. 
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calculating machine, is not only laborious, but is of a type 
in which it is easy to fall into error. 

It is the object of the present note to show that the 
equation may also be solved by an application of the root¬ 
squaring method *. The calculations involved are about as 
extensive as those needed for the direct solution, but they are 
of a kind better adapted to the calculating machine, and for 
this reason the method may prove to have some advantage 
in practice. 

In order to form an equation whose roots are the squares 
of those of (1), we first form a new equation from (1) by 
changing the sign of X and then multiply the two deter¬ 
minants in matrix fashion, rows by columns. This gives the 
new equation in the form 



n 


where A r5 = 2 a ri ats . 

t=i 

Since A rt consists of a sum of simple products, its calcu¬ 
lation is of a type to which a calculating machine is well 
adapted. 

The process is now repeated with equation (2), and 
continued until the roots are so far separated that the first 
two can be estimated from three terms only of the equation ; 
these, as we have seen, are readily calculated. 

Consider, for example, the equation 


25-X, 

38, 

39, 

31, 

17 

38, 

64—X, 

69, 

56, 

31 

39, 

69, 

oc 

1 

j* 

69, 

39 

31, 

56, 

69, 

64—X, 

38 

17, 

31, 

39, 

38, 

25—X 


. ... (3) 

which occurred in a problem of the whirling of a shaft. 

* Whittaker & Robinson, 4 The Calculus of Observations/ pp. 106 
et seq . (London, 1924). 
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The first two roots of this equation were found to be 
239*5 and 14*55. The first three terms of the expanded 
equation are 

X 5 -259X 4 + 4705X 3 . =0. . . . (4> 

If the highest root is estimated from the coefficient of X 4 only, 
we obtain Xx = 259. If the second root is estimated from the 
ratio of the coefficients of X 3 and X 4 , the result is 18*2. 

A first application of the root-squaring process to (3) 
gives 


4840—A, 2 , 

8336, 

9558, 

8224, 

4727 

8336, • 

14398-A 2 , 

16560, 

14285, 

8224 

9558, 

16560, 

19125-A 2 , 

16560, 

9558 

8224, 

14285, 

16560, 

14398-A 2 , 

8336 

4727, 

8224, 

9558, 

8336, 

4840-A 2 


The first three terms of this equation are 

X 10 - 57601X 8 4-1*350 x 10 7 X 6 ....=0. . . (5) 

From the coefficient of X 8 we now estimate the first root as 

Xj== v /5760i = 240, 

while the ratio of the coefficients o£ X 6 and X 8 leads to 
X 2 = \/ 1350/5 76 = 15*3. 

The approximation is already quite good. 

In repeating the process, it is necessary to work to seven 
or eight figures if the coefficients are to be accurate to three 
or four. The resulting determinant is therefore rather long 
and will not be written down. It leads to the equation 

X 20 -3-29.1 x 10 9 X 16 -i-1-569 x 10 U X 12 -,.. = 0 . . (6> 

From this we have 

Xx = (3*291 xl0 9 )*=239-5, 

X 2 = (1*569 x 10 5 /3*291)*= 14*78. 

The error in X 2 is about 1*6 per cent,, and, since the frequency 
depends on -y/X, the error in this will be less than 1 per 
cent. Thus the first two roots are obtained with sufficient 
accuracy for most practical purposes. 

In practice it is necessary to judge the degree o£ 
approximation that has been reached by watching tho 
PhiL Mag. S. 7. Vol. 6. No. 38. Suppl. Nov. 1928. 3 1 
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convergence of the sequence of estimates given by the' 
successive equations such as (4), (5), and (6). The three 
successive estimates of namely 18*2,15*3, 14*78, indicate 
a rapid convergence to a value not very different from the 
last of them. Such an indication can usually be accepted 
with confidence^ since it is generally known that the roots of 
the initial equation are real and well separated, conditions 
which are known to be sufficient to make the process a 
rapidly convergent one. 


LXXXIV. Heaviside's Formulae for Alternating Currents in 
Cylindrical Wires . By T. J. Pa. Bromwich *. 

I T was certainly due to Heaviside f that two correlated 
problems of this type were fully solved in terms of 
Bessel-functions; but of late years text-books have usually 
given the much less convenient solutions, obtained later | by 
Lord Kelvin in terms of the her an l bei functions. Lord 
Kelvin himself had certain numerical results tabulated from 
his formulae, being (apparently) unaware that equivalent 
values had been previously tabulated by Heaviside ; in other 
respects Lord Kelvin was fully aware of the importance of 
Heaviside’s work. It is, in fact, due to Heaviside’s work that 
we obtain the (now commonplace) view that the seat of the 
electromagnetic energy is the surrounding medium : that 
this energy gradually soaks into the conducting wire, and is 
there used up in heating the wire. 

Hitherto (so far as I know) no proofs have been given of 
Heaviside’s formulae given in §2 below ; thus, although the 
results are some 40 years old, it may be of service to provide 
proofs, and at the same time to direct attention to the 
advantages obtained by using these formula. 


§ 1. Preliminary Formulae . 

In Heaviside’s discussion of an alternating current flowing 
along a cylindrical wire, the fundamental equations are 
(writing^ for B/dO : 


_ 3H 2 4ir 1? _ ld(rH 2 ) 


-^H 2 = 


dEi 


BE3 

l)r ’ 


* Communicated by the Author, 
t Papers, vol. i. p, 362; and voL ii. p, 97. 

j Lord Kelvin himself refers repeatedly to the work done by 
Heaviside in this connexion. 
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where (E x , 0, JB S ) ] and (0, H 2 , 0) denote the electric and 
magnetic forces (in cylindrical coordinates r, 6, 0 ), and p 
are the specific resistance and permeability of the wire. In 
most practical applications the fields are independent of z 
and the familiar methods of solution give 

Ej= 0, E 3 —AI 0 (gr), H^^AIjCgr), 

where f — ^rrpplar. 

Without going further into the general theory of such 
operational symbols *, we may pass at once to the case of 
alternating currents, for which (assuming a time-factor e tn ) 
we can write simply 

p — m. 

Then q 2 — 4t rmpfa = {4birnpfo) e™ /2 , 

and so qr — r ±irn pi a 

The total current in the wire is 

C* o 0 itt C ?*ir A a 

0=1 ^E^rdr^aRfa^^^I^qa), 

and]the effective resistance is accordingly given by 

E 3 (q) __ / <r \ qaT 0 (qa) 

0 \7rq 2 / 21fqa) 

When p = 0 this expression reduces to cr/nra 2 ^ R 9 the 
steady current-resistance ; but in general it is an operator, 
and is called by Heaviside the resistance-operator . 

§ 2. Certain Series derived from Bessel ± unctions. 

Let us write qr=xe 1 **, 

where x is real, and put I 0 (</r) = q ; 

also let v denote the complex number conjugate to u. 

It will be convenient to write further 

£= logx, .v = e^ 

so that 



* For a convenient introduction (with references to Heaviside’s work 
.and to earlier papers of ray own) the reader may consult Dr. H. Jeffrey s : s 
Tract (No. 23 of the Cambridge Mathematical and Physical Tracts, 
1927). 


3 l 2 
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Now the differential equation tor I 0 (gr) gives 
d / du y 


^ = <fr 2 u =s ix 2 u = 6e 2 ^&, 


and so the final equation for u in terms of f is 


d % u 2 t 

df*= te U - 


(1) 


Since £ is real, we can obtain the equation for v by 
changing the sign of i in (1), and then we have 

d 2 v 




= —te~ g v. 


( 2 ) 


Consider now the actual formula for u : from the familiar 
series for lo(gr ) we see that 


w=l-f 


ex* 




ex* 


2 2 2 2 .4 2 2 2 .4 2 .6 2 + 2*.4*.6*.8* 


[ + •••> 


from which it is evident that the formulae are simplified by 
writing * 

a’ 2 =4 z f log£=f, so that 2f=f+ log 4 . (3) 

Then we have 


— i, tz 3 

u ~ i+ l* 1 3 .2 2 


iz * 


1 2 .2 2 .3 2 1 1 2 .2 2 .3 2 .4 2 


+ ... 


(4) 


and the equations (1) and (2) reduce to the forms 

u" = ie^u, v" =—ie$v, .... (5) 

where accents denote differentiation with respect to 
Multiply equations (5) by u, v and add : then we have 

uv" + u"v=§, 

which may be written 

“l(«p)=2ttV,.(6) 

Differentiate (6) again and the result will be 

^ 3 (uv)~2(u n v r + u t v rr )-=2ee£(uv f . . (7) 

The function on the right-hand side of (7) is of importance 


* This z is the same as Heaviside’s (Electrical Papers, vol. ii. p. 91). 
Also w=M+*N, #=M—iN in his notation. 
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i n the future work ; and to obtain a convenient notation, it 
may be noted that from (4) we have 

u = l + ie s +Q(e ie ), v=l—te € +0{e* e ), 

u!-te s + 00 2ir ), 

Thus Mt/ — u'v = — 4 0(e 2 ^). 

It is therefore convenient to use the real function w 
defined by 

2 to = i{uv f —u'u), . . . • . (8) 

so that the first term in w is e 

It will now be seen that (7) reduces to 

d 2 . 

j^(uv) — 4,e g w .- (9) 

Also —u n v) — e*(uv). . . . (10) 


Remembering the form of (4) we see that 
uv = 1 + \e^ + 0 ( e . 

Thus we can assume that 

uv — 1 + A x e^ 4 A 2 e 4 ^4A s e 6 ^ 4 ... "I 

w =<'/( 1 + Bje 2? +B a « 4 ^ 4 B 3 e 6 ^ 4 ...) J 

and so, substituting in (9) and (3.0), the coefficients A, 
are given by 

2 3 A 3 = 4, 4 3 A 2 =4B 1 , 6 3 A 3 =4B. 

and 3B X = A 1? 5B 2 =A 2 , 7B 3 


—4B 2 , ...) 
= A S , ... J 


( 11 ) 
») Bn 

( 12 ) 


From (12) it is easy to see that 

. _ 1 A 2 _ J. .1 As _ i 1 A, _ 1 ± \ 

' fl ' 1 2’ A! - 2 3 *6’ A 2 — 3 3 *10’ A 3 4 3 '14’”'j 

and j * (13) 

t. _ 1 B 2 _ 1 1 ^ ls_l JL ®i_l JL I 

B, — 2 3 * 10’ B 2 ~ 3 8 " 14 J B 3 “4 3 * 18’'" ' 

Thus, from (11) and (13), we find the first pair o£ 
fundamental series 


uv — Pi-14 2(l + 2 3 .6(l + 3 3 . 10 (l + 4 S .14( 1 + **** ^ 
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w 


— ^(uv'—u'v) =zP 2 , 


I 


and 

2 | 

where \ • (15) 

P 3 = 1 +-g( 1 +^ 3 -^( 1 +g3-I^(l+-j3-^( 1 +... ) 

It is useful to note the numerical values of these successive denominators, 
which are in (14): 

2, 48, 270, 896, ... 

and in (15): 6, 80, 378, 1152,... 


The next series which it is useful to obtain is 


, , Id 2 ,. 1 d 2 P, ... , 

UV • from (6 )‘ 


On differentiating (14) this gives 
«V=£ 2 P s , 

2 / rr2 / ,2 


where 


Ps-1+ * 2.6 ( 1 + 2 2 . 3 . 1 o ( 1 + 3 2 . 4 .u( 1+ ")J 

Here the denominators are found to be 

12, 120, 504. 1440, .. 

Finally we shall use also 

* * 

I f (I y \ (IP J 

uvr»v=^(uv) = -^, 

and from (14) this gives 

uv* + u'v~z 2 Pto 

where 

P 4 =!+ 2*^(1+ 2 . 3 \lo( 1+ 3 . 4 2 . 14( 1 + "')I 


(16) 


(17) 


The sequence of denominators is here 

24, 180, 672, 1800, ... 

It may be convenient to note that corresponding terms 
in these four series are arranged in order of numerical 
magnitude, so that 

p 1 >p 2 >p 3 >p 4 . 

It may also be of interest to observe that the four series 
are connected by the simple identity 

PiPa-P 2 2 =i- 2 P 4 2 ? so that PiP 2 >P 2 *. . (18) 
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In fact we have 

1 1 

j(w r 4-»'v)*— ^(uv T -*^) a ==(ttff)(&V), 

or _ | +(*P 2 )*=Pt^Pj), 

and, on division by z 2 , this reduces to (18). 

As a direct verification, we find that (up to z A ) 

r,P.=i-r (l + i) *■+ (i +1 + i) «•+... 

“ 1 +B* I +.W'*+- 

■’•- 1+ 3' ,+ (^ + ga)' <+ • 

-j . 1 o i 23 4 

==1+ 3*+72b* M '"" 

Thus, on subtracting, we see that 

p, p ,-p,.=^-+±^ + ... 

= i si ( i+ D ss+ '")' 

while P* 2 =l + ^z a +..., 

so that the general formula (18) is verified as far as terms in z A . 

For comparison with Heaviside’s work it is convenient to 
observe that he writes 


' ' M + tN, M—iN 

for u, v respectively. 

Thus in the notation used above, we find that, 


P, = M 2 + N 2 

^P 2 = iKMN'-M'N) 

2 2 P 3 =i^(M /3 + N ' 2 ) ’’ 

r 2 P 4 =r(MM'+NN') . 


• • (19) 


where , in (19), as in Heaviside’s formulas ^ the accents refer to 
differentiations of M, N with respect to r; 

Actually the functions M, N are identical with those for 
which Lord Kelvin introduced (at a later date) the notation 
her , hex ; but neither he nor any others (of those who have 
worked at the subject in ignorance of Heaviside’s formulae) 
gave the formulae (18) and (19)* 
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§ 3. Applications to longitudinal alternating currents . 

In Heaviside’s operational method we write 

.( 20 ) 

where, as above, p=d[dt 7 and <r, p are the specific resistance 
and the permeability. Thus if we write R for the steady- 
current resistance per unit length of the wire , we have 

R = <r/7ra 2 , 

and g 2 a? =4/^p/R. 

In the case of alternations of frequency nj2ir 9 we can write 
effectively p—m % taking q then as a complex with a positive 
real part . 

Thus (fa 2 = Apm/R, 



That is, in the notation of § 2, 

x~2\f pnj R, 

or * z — pnj R. ....... (21) 

Heaviside has shown that the resistance-operator of the 
wire (per unit length) is given by the formula (see § 1) 

%RqaI 0 (qa)Jl l (qa), .(22) 

which reduces to R, as it should, when the current is steady , 
so that we can write je? = 0 or 5 = 0. 

It is usual for numerical work to express the resistance- 
operator in the form 

R' +1 j r p ....... (23) 

and then to call R', L f the high-frequency resistance and self- 
inductance, per unit length of the wire. 

Using the notation of (4), (5), we find from (22) and (23), 

R' + Up= R (^) ~ = R ^{ (uv'+ u’v) + (W - u'v) }. 

* In vol. i. of his Papers, Heaviside uses the alternative notation, 

£ = (4 z) 2 , 

but this seems less convenient in most applications. 
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On substituting from (15)-(17) we see that 


R'_P, 


1 L'n |rP 4 
and -jjT = 


R P 3 R P 3 

the two formulae given by Heaviside*. 
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(24) 


For example, let z=10 or /*»=10R. 

Then P 2 =44*507, P 3 = 17*755, P 4 =7*8454, 


and so 


R[ __ 44*507 
R ~ 17*755 


==2*507, 


R 


39227 

1P755 


= 2 * 212 . 


It is not difficult to deduce Lord Kelvin's formula for 
R ; /R from (24) ; we see, from (19), that 


R' 

R 



To compare with Kelvin’s actual formulae, we must 
express the differentiations in terms of x ; and using (3), 
this gives t 



where 


M = ber a*, N = bei#. 


A table, calculated by Dr. Magnus MacLean, is given in Lord Kelvin’s 
paper and will be found in Prof. Fleming’s book (loc. cit. p. 103). As an 
■example we may take a*=4, for which z— 4 ; then (15) and (16) give 

P 2 = 4*2229, P 3 =2*5168, 

so that P 2 /P 3 =1*6779, while the tabular value is 1*6778. 

An alternative method, when |* : | is large, is to use the 
asymptotic formula for I 0 , namely f 


I 0 (ya) = 


s/lmqa 



+ 


1.9 

2 (Xqaf 



* Papers, vol. ii, p. 98; they are naturally equivalent to Lord Kelvin’s, 
but they are more simple to work with. 

t Lord Kelvin, Math, and Phys. Papers, vol. iii. p. 491; see also 
Prof. J. A. Fleming , i Electric Wave Telegraphy,’ 4th ed. p. 101 (1919); 
and Pidduck’s i Electricity,’ 2nd ed. p. 399 (it is perhaps useful to note 
that the table given in the first edition is erroneous). 

$ Other methods are given in § 6 below; I originally devised these 
in 1908-1909, but they may have been used earlier by Heaviside. 
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Then, by logarithmic differentiation, we see that 

1 . 9 

Ii(gft) JL, 

Io(?a) 


64(^a)' 


4 -... 


^ iqa 128(^a) 2 *** 

Thus *, on taking the reciprocal, we see that 

ga Iq (go) _ ga f 1 1 3 3 1 

2 l 1 (5 r a) 2 l 2</a 8(<?a) 2 &(ga)2 “ J 9 

and proceeding as before, we find that if 

= or s ~ ^2- = V^n/R, 

then (22), (23), and (25) give 


R/ __ / 1 

R ~~ 2 f 4 


3 

32s 


(?) 


L'n 

R 


s 

2 


a 

32s 


+ o( -« 


O 


32s 2 


(?) 


(25) 


(26) 


(27) 


Although (25) was known to Heaviside f at a later date, 
yet he never seems to have used more than the first terms 
in (27)—which constitute the extremely rough approximation 
due to Lord Rayleigh. 

For example, with ^=10, we have s= V2t>=2 V5, and so (27) gives 

i = ^ 5 +J + s|j V 5 ’ nearly 


while 


=2-236-+.-25+ 021 = 2-507, 

3__ 

640 * 


Un 3 /K 

-W= Vo “a2o Vo 


to the same order =2*236—*021— 005=2*210. 


These two values agree extremely well w fch those found from (24) above J. 
Similarly, with z=z20, s=10 V2=» 14*142, and then we find that 
B7R=7*071 -f *25 4* -006=7*327, 
while the value 7‘325 is found in Kelvin’s table. 


* See, for instance, my book on 4 Infinite Series’ (2nd ed.) Art. 117. 
For more details see § 6 below. 

+ 4 Electromagnetic Theory,’ vol. iii= p. 371. (See § 6 below.) 

4 This example was given by Heaviside (Papers, vol. ii. p. 99), but he 
found a discrepancy through using the rough approximation of Rayleigh,. 
R'=L'« = (2*236)R, corresponding to the first terms in (27). 
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§ 4. Lord Kelvin’s method of evaluating B/* 

^Tbis depends on a different physical principle ; it is of 
some historical interest, and affords a useful check, although 
longer (and less fundamental) than Heaviside’s method *, 

Let E 3 , w denote the electric force and current parallel to the axis; then the 
rate of heating (per unit length) is 


j; 


E 3 w . 2t r r dr, 


where w is the complex conjugate to w, 

; New, if H 2 is the magnetic force (in circles round the axis) we have 


4-izrw~ ~ 47rrw= ~~ (rH 2 ), and f*# a =^- 3 . 

j Qr v 2/ d r 

\ Using these results, we can integrate by parts, and then the formula for the 
i*ate of heating becomes 


1 

o 



fxH 2 K 2 dr. 


; The last term gives zero on the average , since it is a perfect differential with 
respect to t ; thus we can take the rate of heating as the time~average of 


i«(E 3 H 2 ) r _ a . 

Now, at r=a, we have 

E 3 =(R'-f L^>)0, and 27raS 2 =47rC, 

where C is the total current and 0 is its conjugate complex. 

Thus our result is the average of (R' + L'/j) (CC), and so the final estimate of 
the effective resistance is again equal to R'. 


§ 5. The correlated problem of a coil surrounding a 
central core . 


It is proved by Heaviside f that the effective resistance 
aud self-inductance are then given by 


Ri / +L 1 '/? = L 1 jp 


$ qal 0 (qa)) 


9 


* It is perhaps necessary to caution readers against the version of 
this method given on pp. 102, 103 of Prof. Fleming’s book: the slip 
made there is often to be found in energy-calculations when complex 
variables are used to represent the electric and magnetic fields. The 
fallacy lies in the assumption that the square of the intensity is equal to 
the square of the corresponding complex ; but it is evident that (.?*H-y 2 ) 
is far from being equal to (.r+ty) 2 , and the former is not even equal to 
the real part of the latter. 

When the square of the intensity is needed, it is necessary to multiply 
the complex by its conjugate ; that is, Or-f-iy) by (x — iy) gives x 2 -\ -y 2 . 

| See, for instance. Papers, vol. ii. p. 99 ; as a matter of rapid calcu¬ 
lation we can obtain all the necessary results (except for small points 
of detail) by an interchange of the electric and magnetic fields in § 1. 
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the expression in brackets simply being the reciprocal of 
that used in the original problem. 

Now, in the notation used before, this bracket is equal to 


4 vl 


(qa ) 2 u 2 tz t\M v) \u v) i 
- 1 

:P 4 


1*! 2it\ 

Writing p=in as before, we see that now 

r v _ ~ IV _ Ps 

L^ - 2 P/ L x “Pi 5 ' 


(28) 


(29>, 


which agree with Heaviside’s formulae (91 h) anil (92A). 

When |#| is large, we can replace (28) by a formula 
corresponding to (25), which gives 


2 Ii (qa) _ 2 C 1 _ 1 

<jal 0 (qa) qa l 2 q 


2 qa 8 {qa ) 2 8 (qa) 


=?-■}• (30) 


Then, if we write, as in (26), qa = s(l +1), the formula (30) 
becomes 


LTV ( 'W 

Iijn Li 

It follows that 


1 + * 1 . 
+ 16s* + 16s 4 ‘ r 


E/ _ 1 

Lj« s 

L/ _ 1 

L| s 


1 

2s 2 

1 


16s* 

1 


16s 3 P 16s 4 


+ 0 
+ 0 


a-)j 


(31) 


(32) 


As an illustration we may take, as before, ^r=10, s= V20=2 V5, for which 
we find that 

¥^198% P 2 =44507, P 4 =7*8454. 


Then (29) gives the values 

B/ = 39*227 
Lji ~ 198*20 = 

And from (32) we find that 

B/ 


*1979, 


V. 


44*507 
198 20 


= 2245. 


L x n 


L 


shi'-mi) -io=' 2229 -' oa50 =' lm 


2 s/o \ * 320/ ^ 64UO 


= *2243+*00016^*2245. 
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§ 6- Asymptotic series for use when | qr | is large. 

These formulae are due (probably) to Heaviside ; the first 
plac^ in which they occur in a complete form is in his 
6 Electromagnetic Theory,’ vol. iii. p. 371. 

In the first place, no confusion with § 2 need arise if we 
write x for what is there called qr ; so that x is now a 
complex number (of phase ^ir ). Then * 

vbK 1+ i + TO + "'} 

+ “-{ 1 -c+ins?p + .->]- 

the sign of v in the second term being positive, since the 
imaginary part of x is also positive. 

In order to obtain a formula for I 0 (x)jlfx) which is of a 
reasonable type, we must restrict x so that the second term 
is small compared with the first. 

This requires that e ~ 2 ^ shall be small where #=£(l + i); for a relative 
order of 1/1000, £ ^3*5, and so | x j ^5, say; for the order 1/10,000, we take 
£=4*6 and 'x\^7 (roughly). 


It is then evident that expansions in descending powers 
of x of the types used in (25) and (30) are possible : to find 
the sequence of coefficients, write 

«=I 0 (*)/Ii(*),.(33) 


where again there is no risk of confusion w ith the former u. 
Then it is easy to verify that 


du , u 2 . . 

— —H-m 2 = 1 + 

dx x 


_1_ 

4a? 2 



1 V 

U 2x) 


. (34) 


Thus, if we try the series 


“= 1+ 5S + 





we find from (34), the identity 

1 2 A 2 , 3 A g 4A4 

2x 2 x 4 x b 



♦ See, for instance, my i Infinite Series/ 2nd ed. p. 353 ; the result is 
due to Stokes. But it should be noted that in the formula given for 
I n (.r) in my book, n must be an integer. 
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or 


Thus 

£ = —i + 2A 2 , 2A 2 =2A 3 , 3A s = 2A 4 + A s 2 , 

4 A 4 =2 A s + 2 A 2 A s , 5A 5 =2A 6 -f 2A 2 A 4 + A 2 2 ., 

5 ~ 22 ’ * ( 35 ) 


» _3 . _3 . _ 63 . 

a 2 —g, a 3 —-g, a 4— J2g > Ae 


949* 


and in addition, A 6 = -vv-h (as given by Heaviside). 

Similarly, if we-write v= Iju in the equation (34), w 7 e 
find that 


dv . v « 

dx ~ 1 X V V ~ 1 2x x 


Bj _ B 


(36) 


and so 


2B 2 , 3B S , 4B 4 


2x 2 




4 + -V +•■• 

itr x 


Thus 


Ax 2 \ x‘ x s ) 


i=4 + 2B,, 2B 3 = 2B 3 , 3B 3 = 2B 4 —B 2 2 , 

4B 4 = 2B 5 —2B 2 B 3 , 5B 5 =2B c —2B 2 B 4 —B 3 2 .. 

so that B 2 =g, B 3 =g, B * = B s= |4j 


(37) 


and apparently 


p _o36| 

b6 ~Tl2 ‘ 


LXXXV. On the Investigation of Predischarges. 

[Plate XIV.] 

To the Editors of the Philosophical Magazine . 
Gentlemen,— 

I N the May number of the Phil. Mag. [7] v. p. 1698 
(1928), Prof. Harvey A. Zinszer, Hanover College, 
writes that the u Schlieren ” method of Toepler and Mach 
has not been made use of hitherto in the investigation of 
the life-history of the spark. He is also of opinion that the 

69 352 

* The last coefficient is given by Heaviside as ~ = ^; but I have 

o4 olJ 

checked the value given above in other ways. 
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“ Schlieren /* method as employed by Toepler, Mach, and 
Wood is ngk qualified for the investigation on the life-history 
of the spark. 

Already in 1922 I published * photographs of brush- 
discharge 44 Schlieren,’* and showed that the 44 Schlieren** 
method has been useful in giving more precise information 
about the life-history of the spark. I believe that I have 
reason to say that by the dispositions of Toepler and Wood 
I got pictures which, in spite of their smallness, render 
the most subtle details more sharply than the shadow 
method of Foley, which has been used by Prof. Zinszer. 
Therefore I send you three photographs (PI. XIV. figs. 1-3) 
with the request to publish them in your Magazine. 


Ing. 4. 



The Experimental Disposition .—The 44 Schlieren ” appa¬ 
ratus was set up and adjusted in the usual manner described 
by Toepler. But to obtain a delay between the illumination- 
spark and the discharge to be examined, a method was 
employed which differs from those made hitherto by Toepler 
and Mach for photography of sound-waves. By an oscil¬ 
latory discharge in the oscillatory circuit of the sound-spark 
the tension of the illumination-spark is considerably raised 
in a wholly determined phase of the first oscillatory circuit, 
and thus led Toepler and Mach to the installation of 
the illumination-spark in a fixed interval of time after the 
sound-spark. But this method is not adaptable for the 
investigation of pre-discharges, where the well-defined oscil¬ 
lations are wanting. Therefore I used two big inductors 
(fig.! 4), and fastened their primary spools one after the 


* Digs. Zeitschr. xxiii. p. 193 (1922). 
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other to the same interrupter. The condenser o£ the 
interrupter had to be enlarged correspondingly, so that 
the light arc of the interrupter was small and short. At 
every interruption of the primary circuit both secondary 
spools receive a shock by which the capacities C t and 0 2 
lying near them are charged. According to the period 
of the oscillatory circuit Tx and T 2 , which depend on the 
self-inductions of the secondary spools and the capacities 
C* and C 2 , the one discharge will take place earlier than 
the other one. 

Besides the two pointed electrodes (left 4*, right —) and 
the “ Schlieren,” some light equidistant lines are to be seen 
on the photographs (PI. XIV. figs. 1-3). They are caused 
by the diffraction of the light by thin threads of quartz, 
which are spread before the lens at the distance 1 cm. from 
one another, so that the dimensions of the discharge may be 
easily read. 

Re suits of the Observation .—The experiments were 
undertaken in order to determine which of the pre¬ 
discharges, the positive or the negative, is the more 
important for long sparks. Therefore the experiments 
alwnys began with sparks, and then only passed over to pre¬ 
discharges by means of magnifying the electrode distance. 
Upon the illustrations we can see distinctly that the discharge 
under the given experimental conditions consists principally 
of a positive brush discharge. The negative part of the 
discharge is upon all photographs very much smaller, on 
the average about six times smaller, than the positive one. 
The middle length of the positive brush discharges 
amounted to 2*4 cm. at the tension of 32-35 kilovolts and 
an electrode distance of 5 cm. The middle length of the 
negative discharge is only 4 mm. ; besides, the longest 
positive discharge was 5*5 cm. long and the longest negative 
only 1*0 cm. For the calculation of the middle length, only 
such plates were taken on which positive and negative 
u Schlieren ,, were to be seen simultaneously; 105 such 
photographs were obtained. It can further be demonstrated 
that by a change of the tension the length of the positive 
part of the discharge is more influenced than the length 
of the negative part. 

Finally it may be mentioned that on moving plates, if several 
oscillations of the illumination-spark are employed, we can 
observe the temporal change of the discharge “ Schlieren.” 
The time-intervals can be estimated by the velocity of 
the plates. By this manner it could b© fixed that the 

Schlieren 99 rendered on figs. 1-3 (PI. XIV.) had been 

* 
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taken about 4-8.10 “ 4 sec. after the discharge. After 
1 .10-s se C . the “ Sehlieren 55 pictures were already indis¬ 
tinct, and after 2.10~ 3 sec. nothing at all was to be 
distinguished. 

Results .—By means of brush-light “ Sehlieren ” it is 
demonstrated that with the long sparks—where the elec¬ 
trode distance is much larger than the radius of curvature 
of the electrodes—the spark track is produced by the 
positive pre-discharge. 


Riga University. 
June 20, 1928. 


Yours faithfully, 

Fr. Trey, 
Dr. Phil. 


LXXXVI, Electrical Properties of Neon . By J. S. Towns¬ 
end, M.A Wykeham Professor of Physics, Oxford , and 
S, P. MacOallum, M.A., Fellow of Neiv College , 
Oxford *. 

1 . f I YEE experiments on the electrical properties of neon 
JL and helium which were made in the Electrical 
Laboratory, Oxford, have shown that in the development of 
large currents the photoelectric effect of radiation from the 
gas is very small compared with the effect of ionization by 
collision f, but the apparatus used in those experiments 
was not suitable for the determination of the coefficients 
a and yS, which occur in the formula for the rate of increase 
of the current with the distance between the electrodes in a 
uniform electric field. 

A new type of apparatus (fig. 1) with parallel plates 
was therefore made to determine the coefficients a and /3, 
which also provided a means of comparing the effect of the 
radiation from the gas with other processes of ionization. 

It was found to be of considerable advantage to have the 
apparatus enclosed in a long transparent envelope, so that a 
high frequency discharge could be used to examine the 
spectrum of the gas and to remove impurities. 

A quartz cylinder 23 cm. long and 5’8 cm. in diameter 
was therefore used to contain the apparatus. Flat quartz 
plates were fused to the ends of the cylinder, and the ultra¬ 
violet light from an external spark gap was introduced 

* Communicated by the Authors. 

t J. S. Townsend and C. M. Foehen, Phil. Mag. ii. (Aug. 1926). 
Phil Mag. S. 7. Vol. 6. No. 38. Suppl. Eov. 1928. 3 K 
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through the lower quartz plate, as shown in figs. 1 and 2. All 
the metal parts were of nickel, except the small bar magnet 
which was used to rotate the micrometer screw, and the 
molybdenum rods with the lead seals in the side tubes for 
connecting to the electrodes. 


Fig. 1. 



The quartz side tubes and lead seals were made very 
carefully by Messrs. Mullard, and the joints were perfectly 
air tight. 

It was thus possible to heat the apparatus to a high 
temperature to remove impurities from the quartz and 
•metal surfaces. The experiments* on the effect of the 
liigh frequency discharge in removing small traces of im- 

* J. S. Townsend and S. P. MaeCallum, Phil. Mag. v. p, 695 (April 
1928). 
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purities from neon which have already been described, 
were made with this apparatus. 

The effects of small traces of impurities on the sparking 
potentials in diatomic gases have been determined by 
Meyer * and Dubois t- Many experiments on this subject 
are described in a recent paper by Prey J. 

2. The arrangement of the electrodes is shown in fig. 1. 
They consisted of two parallel plates A and B, 3*5 cm. in 
diameter, and/ a cylinder C 4*5 cm. in diameter ; a grid 
was formed fc>y a set of parallel saw cuts *5 mm. wide and 


Fig. 2. 



1 mm. apart in the centre of the lower plate, through which 
the ultra-violet light passed and fell on the upper plate. 
A tube D about 6 cm. long and 1*2 cm. in diameter was 
screwed to the base of the plate A, and a thin plate E, 
5*2 cm. in diameter, was screwed over the lower end of 
the tube. 

The ultra-violet light from the external spark gap passed 
through the tube to the grid in A, and the cylinder C was 
screened from the light by the plate E. 

* E. Meyer, Ann. de Phys. lviii. p. 297 (1919), and lxv. p. 335 (1921). 

+ E. Dubois, Ann, de Phys. (9) xx. (Sept, and Oct.) 1923. 

X B. Prey, Ann. de Phys. Ixxxv. p. 381 (1928). 

3 K 2 
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The base of the plate A was fixed to quartz rods of 
rectangular section, and the ends of the rods were fixed 
to a flange on the lower end of the cylinder C. 

The upper plate B was fixed to a spindle with a micro¬ 
meter screw of one millimetre pitch, which rotated in a 
threaded hole in the metal plate F. The upper part of the 
spindle was reduced so as to pass freely through a small 
guiding hole in the cross-piece €r, which was fixed to F» 
A short rod of soft iron was fixed to the uppjer end of the 
spindle, and the distance between the plates was adjusted hr 
turning the iron rod with a horseshoe magnet. 

The metal plate F was mounted on two quartz rods* 
the ends of the rods being fixed to a flange on the upper 
part of the cylinder 0. 

The four quartz rods supporting the two parallel plate 
electrodes were firmly clamped in positions adjusted so as 
to have the two plates exactly parallel. 

The distance betw een the plates w T as given by a pointer P 2 
on the scale S. The pointer was fixed to a small metal 
plate with a screw thread fitting a left-handed screw on 
the upper part of the spindle between F and G. Thus 
for one revolution of the spindle the plate B moved one 
millimetre, while the pointer moved two millimetres, so 
that the divisions of the scale were two millimetres apart 
and w^ere easily seen through the quartz cylinder. The 
pointer P 2 was fixed to the spindle, and the distance between 
A and B was adjusted exactly by setting P 2 in a certain 
position. 

The connexions to the plates A and B and the cylinder C 
were made with molybdenum rods through long quartz side 
tubes with lead seals. 

All the metal parts were carefully cleaned and heated to a 
temperature of 500° 0. in a vacuum before being assembled. 

3 . When fixed in position in the quartz cylinder the 
metal plate E rested on the quartz plate that closed the end 
of the cylinder, as shown in fig. 2. A quartz tube about 
P2 cm. in diameter was sealed in the upper end of the 
cylinder, and led through a pair of coaxial quartz tubes U to 
the tap T. The quartz and glass tubing were connected by 
a ground joint H, which was made air tight with a hard 
elastic cement. 

The arrangement of the apparatus used to purify the gas* 
comprising a quartz tube containing copper oxide with an 
electric heater and a glass tube containing charcoal cooled 
with liquid air, has been described in the accounts of other 
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•experiments which were made in the laboratory with helium 
and neon *. 

The pure gas was admitted to the apparatus through the 
tap T (fig. 2), and it was intended to cool the tubes U with 
liquid air in order to prevent impurities from diffusing 
into the tap. This, however, was not found to be of much 
advantage. If charcoal is used in the tubes the neon is 
slowly absorbed when the tubes are cooled, so that in 
making experiments at different pressures time is wasted 
in waiting for the pressure to become steady. Without 
charcoal there is no appreciable change in the electrical 
properties for one or two days, when the tubes are kept cool 
with liquid air. When the tubes were not cooled a small 
change was observed after the gas had been five or six hours 
in the apparatus, but the amount of impurity was so small 
that it could be completely removed in less than one minute 
by a high frequency discharge in the upper part of the 
cylinder. This method of purifying the gas was found to 
be effective in removing the amount of impurity that 
accumulates in the gas after being one or two days in the 
apparatus. 

4. The calculations of the ionization coefficients a and £ 
are greatly simplified when the sparking potential Y is 
known in terms of the product of the gas pressure p and 
the distance S between the plates, 

A battery of small accumulators was used to determine 
the potentials with a potentiometer to adjust the potential 
to one fifth of one volt. The connexions to the plates were 
made through high resistances with a galvanometer in one 
of the lines. The cylinder C may be insulated or connected 
to a point of the battery where the potential is nearly mid¬ 
way between the potentials of the plates. The current in 
the gas was observed either by the galvanometer or by the 
glow in the gas which was seen through a narrow slit in 
the cylinder C. A set of measurements were made with the 
plates 5 mm. apart and with 36 different pressures of 
the gas from 1*8 to 52 mm. The experiments were made 
with different specimens of pure gas within one or two 
hours after the gas was admitted to the apparatus. In these 
cases no change was observed in the sparking potential after 
the high frequency discharge was passed through the gas 
in the upper part of the quartz cylinder. The same 
values of Y were obtained, generally within half a volt, with 

* J. S. Townsend and 0. M. Fochen, Phil. Mag. ii. p. 474 (August 
1926) ; H. G. L. Huxley, Phil. Mag. v. p. 721 (April 1928). 
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other specimens of gas that were used in the conrse of the 
investigations. The results of these experiments are given 
by the curve (fig. 3), where the ordinates are the values 
of Y in volts, and the abscissae the product of the pressure p 
and the distance S between the plates. 

The experiments which have been quoted * in describing 
the effect of the high frequency current in removing 


Fig. 3. 



V = sparking potential in neon in volts. 
p = pressure of gas in millimetres. 

S = distance between the plates in centimetres. 


impurities from the gas, indicate the degree of accuracy 
that may be obtained in measurements of the sparking 
potentials with different specimens of the gas. The results 
taken from a curve drawn on a large scale are given in 

* J# S. Townsend and S. P. MacCallum, loc. cit . 
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Table I. for definite values of the product px S above and 
below the point of minimum sparking potential, which was 
186 volts near the point where p x S = 3. The ratio X/p = 
Y/(p X S) is given in the third column of the table. 

Table I. 

Neon.—Sparking potentials for parallel plates. 


^>xS. 

Y. 

x/p. 

PXS. 

Y. 

x/p. 

26 

336 

12*9 

6 

202 

33*7 

24 

325 

13*5 

5 

194 

38*8 

22 

313 

14*2 

4 

189 

47*2 

20 

301 

15*0 

3 

186 

62*0 

18 

28S 

16-0 

2*5 

187 

75 

16 

274 " 

171 

20 

194 

97 

14 

260 

18*6 

1*6 

206 

129 

12 

244 

203 

1*2 

236 

197 

10 

229 

229 

1*0 

271 

* 271 

8 

214 

26*7 





5. No change was observed in the sparking potential with 
a fresh quantity of pure gas after it had been in the 
apparatus for a few hours, but after one or two days there 
was a change of several volts. This was due to an impurity* 
in an amount so small that in most cases it could not be 
observed in the spectrum ot the high frequency discharge. 
Occasionally a slight discoloration of the glow was noticed 
for one or two seconds after the discharge was started, but 
the discharge acts so quickly in removing the impurity that 
after about half a minute all traces disappear and the 
sparking potential is brought back to the value obtained 
with the pure gas and remains at that value for two or three 
hours. 

The high frequency discharge thus provides a simple 
means of removing small traces of impurities, and the gas 
used in an experiment may be tested by finding the sparking 
potential before and after a high frequency discharge is 
passed through the gas. 

As a rule the tubes U were not cooled with liquid air, and 
no experiments were made with gas that had been in the 
apparatus for moi'e than two days, as the impurity is not 



864 Prof. J. S. Townsend and Mr. S. P. MacCallam mi 

completely removed by the high frequency discharge when 
if, is allowed to accumulate for long periods. In these cases 
the quartz cylinder was heated and the gas was pumped out 
while the apparatus was hot, and washed out once or twice 
with pure gas before making measurements. 

It is necessary to have gas at a considerable pressure, 
about 10 or 20 mm., in the apparatus when the quartz 
cylinder is heated, in order to conduct the heat to the 
electrodes, otherwise some impurity may be driven on to the 
electrodes. 

When these precautions were observed very consistent 
results were obtained. The experiments were frequently 
repeated with different specimens of gas, and there was no 
disagreement in the results greater than the errors that 
occur in measuring the electrometer currents or in reading 
the pressures with ordinary gauges. 

6. In determining the photoelectric currents, the upper 
plate was connected to an electrometer with a set of con¬ 
densers of small capacity to form an induction balance in 
order to maintain the plate close to the zero potential while 
the current was flowing. The lower plate was connected 
to the positive terminal of a battery of small accumulators, 
the negative terminal being connected to earth. The 
cylinder C was maintained at a fixed potential by con¬ 
necting it to earth or to. a point of the battery where the 
potential was less than half that of the lower plate. 

The photoelectric currents n w T ere measured with a con¬ 
stant electric force X and different distances x between the 
plates. The electrons set free from the upper plate by 
ultra-violet light from an external spark gap acquire energy 
as they move in the direction of the electric force, and after 
a certain point the atoms of the gas are ionized and the 
current increases continuously with the distance x. This 
•effect takes place gradually, and there are no points at 
wrhich the current changes abruptly until the sparking 
distance S corresponding to the force X is reached. 

The initial stages of the process of ionization by collision 
may be observed with a force of 100 volts per centimetre 
and distances from 2 to , 7 mm. between the plates. With 
this force the largest increases in current are obtained 
with a pressure of about 2*5 mm. In this case [p = 2*5, 
X = 100] the increase in current is about one per cent, 
of no [the number of electrons set free per second by the 
ultra-violet light] when the plates are 2 min. npart, and 
the potential of the lower plate 20 volts, but the current 
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does not attain the value 2n 0 until the plates are about 7 mm. 
apart where the potential is 70 volts. 

For a given value o£ the ratio o£ the electric force X 
to the gas pressure p the ratio njn 0 depends only on the 
potential % x X, and for each value o£ the ratio X/p 
the currents may be represented in terms of the potentials 
by a curve. 

The curve corresponding to the case where X/p = 30 is 
given in fig. 4, the ordinates being the currents n and the 
abscissae the potentials X X x in volts, the ordinate corre¬ 
sponding to n Q being taken as 10. Thus, if the force were 



20 40 60 80 


X X X 

Photoelectric currents in neon [ X/p = 30]. 
X in volts per centimetre, x in centimetres. 


100 volts per centimetre and the pressure 3*3 mm., the ratio 
nhi Q would be 1*8 when the plates are 6*3 mm. apart and 
the potential 63 volts. 

The rate of increase of the current in the initial stages, 
where n/n 0 is less than 2 for different values of the ratio 
X/p, is indicated by the ratios N 6 /N 2 given in Table II. 
The current was obtained with plates 2 mm. apart and 
the potential 20 volts, and N 6 with plates 6 mm apart 
and the potential 60 volts with the gas at different 
pressures p. The ratio X/p is given in the last column 
of the table, X being 100 volts per centimetre, and p the 
pressure in millimetres of mercury. 
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Table II. 


X = 100 volts per centimetre. 


p- 

n 6 /n 2 . 

x/p. 

P• 

3VN 2 . 

x/p. 

7*35 

1*43 

13*6 

1*61 

171 

62 

6*50 

1*48 

15*4 

1*165 

1*60 

86 

5*54 

1*54 

18*1 

•772 

1*45 

129 

4*30 

1*64 

23*3 

•633 

1*38 

158 

3*32 

1*73 

30*1 

*520 

1*30 

192 

2*30 

1*78 

43*5 





7. When the electrons have traversed a certain distance 
x f in the direction of the electrical force the currents 
obtained with a constant electric force and a constant gas 
pressure are given in terms of the distance x between the 
plates by the formula 

__ n 0 (ot— ( 
a — .^ 1 ' 

for distances from x f to S, where S is the distance at which 
a spark is obtained. 

Within this range the electrons and positive ions attain a 
steady motion, in which « and /3 are constant and inde¬ 
pendent of x . The lower limit x ! is greater than the 
distance 8 that occurs in the formula, but it is not a sharply 
defined point and it depends on the pressure of the gas. 

If 2 mm. be taken as the shortest distance between the 
plates at which the currents are measured, the values of n 
are in agreement with the above formula for the range of 
distances from x = "2 to x = S, with pressures greater than 
1*5 mm., when the electric force is 350 volts per centimetre. 
Somewhat smaller pressures may be taken with smaller 
forces, but if the pressure be reduced to one millimetre the 
currents with the plates 2 mm. apart are not in accordance 
with the formula, even with forces as low as 250 volts per 
centimetre. 

In order to obtain the constant values of a and i8 the 
plates must be at distances such that the product p x x is 
greater than *3. 

In neon there is no considerable range of distances where* 
the current is given approximately by the formula n~n 0 e aX 9 
which shows that the coefficient is not very small com¬ 
pared with a. With this gas the simplest method of finding 
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*//> and yS/p in terms of X/p is to determine (« — 0) and the 
ratio from measurements of the currents. 

Equation (1) may be written in the form 

€ (a-0)(*-«) 

n ~ n ° l + 7 _ 7e («-)3)(x-«)’ • * • • ( 2 ) 

where ys=/3/(a—^), and since n/n 0 is infinite when x is the 
sparking distance S, the following relation between 8 and S 
is obtained : 


(l+ 7 )€(*- w = ry e (a^m } 
so that equation ( 2 ) becomes 

n ~ X e (<x-/S)(8-<r)_ l .(^) 

This equation shows that (a — yS) may be found from 
measurements of the ratios of the currents n, but in order 
to determine 7 it is necessary to determine the ratio nfn 0 of 
a current n in the range from x f to S to the current n 0 due 
to electrons set free from the negative electrode by the 
ultra-violet light from the external spark gap. 

8 . Let n a , w h , n c be three currents obtained with a con¬ 
stant electric force X and constant pressure /?, with the 
distances a, b, and c between the plates where ( b — a) = 
(<; — 6 ). Three equations are thus obtained, from which n 0 fy 
and S, which occur in equation ( 3 ), may be eliminated and 
the following formula for (a — 8} is obtained : 

€ (*-p)( q~b) _ yziyi—i -) 

(.V2-1) '. (> 

where y x is the ratio n b jn a and y 2 the ratio n c jn b . 

In one set of experiments the currents and n 6 were 

determined w T ith the distances 2, 4, and 6 mm. between the 
plates, the electric force being 250 volts per centimetre and 
the gas at pressures from 1*7 to 7*4 mm. The results of the 
experiments are given in Table III., (a— f3) being obtained 
by equation (4) from the ratios njn 2 and w 6 /w 4 . 

The figures in the second and third columns show that the 
process of ionization represented by the coefficient /3 has a 
marked effect even at the distance of 4 mm. between the 
plates, since the ratios ?? 6 /% are considerably greater than 
the ratios njn 2 . Since the steady motion in which « and B 
are independent of x is not attained in the distance x = *2 
with pressures less than 1*6 mm,, it is necessary to increase 
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Table III. 



x = 

250 volts per 

centimetre. 


V . 

n J» 2 - 

»«/» 4 - 

es. — $ 

~ p ~ ' 

X 

v ' 

1*7 

2*18 

266 

1-87 

147 

2*07 

2*29 

303 

1*58 

120 

2*40 

2*42 

3-40 

1*46 

304 

4*0 

2*51 

3-73 

•92 

62*5 

5*5 

2*41 

361 

*62 

45*5 

7*4 

2*36 

305 

*48 

33*8 


the electric force in order to obtain the values of (a— fi)/p 
that correspond to larger values of X/p. 

The results of experiments with the same distances 
between the plates, 2, 4, and 6 mm., where the force X 
was greater than 250 volts per centimetre, are given in 
Table IV., njn 2 and w 6 /n 4 being the ratios of the currents. 


Table IV. 


X. 

P- 

W4/«2* 

njm. 

« — (3 

V 

X 

P‘ 

300 

1*7 

2-50 

3*6 

2*34 

377 

300 

1-96 

2*63 

4-7 

1-87 

153 

300 

4*4 

3-22 

15*1 

*98 

68*2 

300 

6*0 

3*18 

13*0 

*735 

50-0 

350 

1-68 

2*73 

5*3 

2*25 

208 

350 

2*05 

3*10 

97 

207 

170 

350 

25 

2*12 

2-47 

•126 

14 

350 

44 

1*50 

1*59 

*035 

8 

350 

50 

1*45 

1-48 

*031 

7 

420 

35 

2*21 

2*70 

*093 

12 

440 

44 

1*96 t 

2*34 

*060 

10 

176 

44 

113 

1*14 

? *015 

4 

110 

44 

111 

1*12 

?*010 

2*5 


The experiments with the gas at the pressures from 25 to 
50 mm. were made in order to obtain the values of (a—0)/p 
corresponding to small values of the ratio X/p. In these cases 
it is necessary to have very large pressures as the forces 
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must be large in order to have large changes in the current 
when the distance between the plates is changed. A con¬ 
siderable increase in the current with the distance x is 
obtained with large pressures and small forces as shown by 
the values w 4 /n 2 and nja 4 in the two last experiments 
recorded in Table IV., but the values of ( a —/3) deduced 
from them are not accurate, as a small error in the measure¬ 
ment of the current gives rise to a large error in /3). 

9. In order to show that the formula (2) gives the currents 
up to the distance S, at which a spark is obtained, the electric 
force was increased so that at the distance c, X x c is the 
sparking potential V. In this case v c jvi= go and equation (4) 
becomes 

e (a-fW-a) == «6_ 1 .(5) 

«<. 

(b — a) being equal to (c—h) as before. 

The last experiment recorded in Table III. where the 
pressure was 7*4 mm. may be taken as an example to show 
that the same value of (a — j3) is obtained over the range of 
distance from x = *2 to x = m 8. With this pressure the 
sparking potential is 200 volts when the plates are 8 mm. 
apart, the electric force being 250 per cm. as in the measure¬ 
ments of the currents ?i 2 , n 4 , and ?? G . 

Thus according to equation (5), (<%—/3) is obtained by the 
relation 


e <«-£)*-s _?L«_ 1=2-05, 

n 4 

and from the ratios n 4 /n 2 and njn± equation (4) gives 


€ (a~jS)x-2__ 


( n J/ n J — D x — = 2-02. 

{n 6 /n 4 — l) ?? 4 


In most of the experiments in which X x c was taken as the 
sparking potential the values of X/p were not the same as 
those in the above tables. 

In one set of experiments the currents n 3 and n b were 
measured with the plates 3 mm. and 5 mm. apart and the 
force adjusted to the value Y/*7, Y being the sparking 
potential with the plates 7 mm. apart as given by curve 1. 
The results of these experiments are given in Table V., the 
values of (#—/3) being obtained by the formula (5). In 
this table p is the pressure of the gas in mm., V the 
sparking potential in volts corresponding to the product 
p xS = -7 xp, and X/p = V/(*7 xp). 
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It will be noticed that n 5 /n 8 is nearly constant (about 3*2) 
in these experiments where the currents n z and n 5 are 
measured at the distances 3 S/7 and 5 S/7, the number 
2 S(a—y 8)/7 as obtained by equation (5) is log (2*2) and 
S(a— ft) is thus found to be 2*76 for values of X^p from 
13 to 53. This indicates a simple relation between the 
curves giving (a—yS)/p in terms of X/p and the sparking 

a—/9 2*76 

since -— =- 5 and 

p px b 

X/p = V/pS. 

The results of the various determinations of (<*-—y 8 )/p 
in terms of X/p given in Tables III., IV., and V., are 
shown by the lower curve fig. 5, where the ordinates 

Table V. 


potential V in terms of px S, 


p • 

V. 

njn 3 . 

*—ft 

P 

X 

p 

5 

187 

3*25 

•80 

53*5 

6*5 

191 

318 

*60 

420 

r 8 

198 

3*20 

*49 

3 5*5 

14 

227 

3*21 

"28 

23*2 

16*4 

241 

3*12 

*23 

21*0 

18 

248 

3*15 

*213 

19*7 

27 

295 

3-19 

*145 

15*6 

37*5 

338 

318 

•m 

13*0 


represent (« — j3)/p and the abscissae X/p. The points found 
experimentally were plotted on a large diagArn and a 
‘Continuous curve drawn through them in the ordinary 
manner. The values of (a —/3)/p for certain values of X/p 
obtained from the curve are given in Table VI., and the 
degree of accuracy may be seen by comparing the results 
with the numbers given in Tables III., IVand V.^ 

10. The quantity y may be found by equation ( 5 ) from 
measurements of the ratio n/n Q , n being the current at a 
distance x within the range where the currents have been 
found to be in agreement with equation (3). For this 
purpose the value of n may be taken at the distance x 
between the plates where the potential difference is 60 volts 
nnd xx p greater than *3, The currents n 6 obtained at the 
distance 6 mm. with a force of 100 volts per cm. given in 
’Table II. may therefore be used to calculate 7 , being 
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equal to n 0 (except in the experiments with the pressures 
3‘32 and 2‘30 mm. where n 2 differs by about 1 per cent, 
from »fy). It will be observed that the quantity («—/8)(S— x) 
which occurs in equation (3), may be written as the product 

^^ \ ^ * P ® where each factor has been found in 

terms of X/p, V, and p x S being given in terms of X/p, as 



20 40 60 80 100 120 


X in volts per cm., p in mm. of mercury. 

shown int^Cable II. The values of (»— fi)/p, V, jbxS, 
corresponding to the values of X/p given in Table II., are 
given in Table VI., also the values of nJti Q . The values of 
1/y — («—/8)/yS obtained by equation (3) are given in the 
last column of the table, n being the current at the distance 
x where the potential difference between the plates is 
60 volts. 

The numbers in the last column show that with a constant 
electric force X, the ratio «//3 [ = 1 + l/y] increases with the 
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Table VI. 


x/p. 

V. 

pxs. 

a—(3 

P 

% 

V 

1 

* 

7 


13*6 

325 

24 

*115 

1*43 

12*2 


15*4 

296 

19*2 

*145 

1*48 

12*1 


18*1 

264 

14*6 

*190 

1*54 

11*5 


23*3 

226 

9*7 

*275 

164 

10 


30*0 

207 

6*9 

•395 

1*75 

10*5 


43-5 

191 

4*4 

*63 

1*80 

10*2 


62*1 

186 

3*0 

*90 

1*72 

9*0 


86 

190 

2*2 

1*22 

1*60 

8*4 


129 

206 

1*6 

1*70 

1*45 

8*5 


158 

219 

1*38 

1*94 

1*38 

8*2 


192 

233 

1*22 

2*18 

1*30 

8*1 



pressure. Near the point corresponding to the minimum 
sparking potential, X/p = 62, ft is approximately equal to 
a/10, thus the ratio fi/a is much greater in neon than in 
other gases. 

The values of u/p and j3/p are given in Table VII., and 
&./p is represented in terms of X/p by the curve 2, fig. 5. 


Table VII. 

X/p. 

V 

a/p. 


200 

2*25 

2*53 

•28 

160 

1*95 

2*19 

*24 

120 

1*60 

1*79 

*19 

100 

1*40 

1*57 

•17 

80 

1*15 

1*29 

*14 

60 

*88 

*99 

*10 

50 

*72 

*80 

*076 

40 

*57 

•63 

*060 

30 

•39 

*43 

*038 

25 

*31 

*34 

*031 

20 

•220 

•240 

*020 

15 

*140 

*152 

'012 

125 

•100 

*108 

*008 

10 

*058 

— 

— 

7*5 

*030 

— 

— 
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11. In order to compare the photoelectric effect of radia¬ 
tion from the gas with the effect of ionization by the 
collisions of electrons with atoms of the gas, the current i 
from the cylinder G to the lower plate A (figs. 1 and 2) was 
measured while the current n was flowing from the upper to 
the lower plate. In these experiments the cylinder and the 
upper plate were at zero potential and the lower plate 
maintained at a positive potential. 

It is difficult to estimate the proportion of the radiation 
from the gas that falls on the upper plate and on the 
cylinder. In neon the velocity of agitation of the electrons 
is large compared with the velocity in the direction of the 
electric forces, so that the current between the plates tends 
to spread out towards the edges, and this effect is of impor¬ 
tance in considering the points in the gas from which the 
radiation originates. An approximate calculation shows 
that with the plates 6 mm. apart the amount of radiation 
falling on the upper plate is about the same as that falling 
on the cylinder. 

The current from the lower plate to the cj linder was, in 
all cases, small compared with the current between the 
plates. The ratio ij(n~n 0 ) increased with the distance 
between the plates, and when the distance was 6 mm. this 
ratio was about *01 to *015, depending on the pressure. 

Hence the photoelectric effect due to radiation from the 
gas must be small compared with the increase in conductivity 
due to the process of ionization represented by the eoefficiet ts 
ex. and /3. 

In neon the rate of diffusion of electrons is large, and as 
the main current n tends to spread out towards the 
edges of the plates some of the positive ions may move 
along the lines of force from the lower plate to the cylinder- 
The current between the lower plate and the cylinder, due 
to radiation from the gas, may there be much less than one 
per cent, of the increase of the current (ra —« 0 ) between the 
plates. 

The fact that there was a small current between the lower 
plate and the cylinder shows that with the larger distances 
between the plates the current n between the plates is 
slightly smaller than it would have been if plates of larger 
diameter had been used. 

A corresponding effect was observed in finding the 
sparking potentials for different pressures and distances 
between the plates. For a given value of the product 
pX S the sparking potentials were the same within one volt 
with the plates 4, 5, or 6 mm. apart, but with larger 
Phil Mag . S* 7. Yol. 6. No. 38. Suppl Nov . 1928. 3 L 
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distances between the plates the sparking potential increased 
with the distance. With the plates 7 mm. apart the sparking 
potentials were two or three volts greater than those 
obtained with the smaller distances for the same values of the 
product p x S. For this reason the sparking potentials used 
in these investigations were those obtained with the plates 
5 mm. apart, as given in Table I. 

12. The ratio a/X, as shown by the numbers given in 
Table VII., has a maximum value near the point where 
X/p = 60, which is approximately the value of X/p for the 
minimum sparking potential. Thus for a given force X 
there is a certain pressure [X/60] at which ionization due to 
the collisions of electrons with atoms of the gas has a 
maximum effect. 

The number of atoms ionized per centimetre by electrons 
moving in a uniform electric field is indicated by the 
formula n~7i 0 e ax for the rate of increase of the number of 
electrons with the distances x . On an average each electron 
ionizes one atom of the gas in moving a distance x x in the 
direction of the force when e ax ' = 2 or a#! —*693. Thus the 
potential required to double the current, X X x x is *G93 X X/a. 
The minimum value of this potential is near the point 
X/p = 60 where X X is 42 5 volts. At the point X/p = 30 
the potential X^t’i is 48*5, and at X/p = 120, Xa*, is 46'2. 
The fact that Xx.ri increases as the pressure is increased 
above the value corresponding to X/p = 60 shows that the 
loss of energy of electrons in collisions with atoms that are 
not ionized increases. The number of atoms which can 
radiate energy is thus increased in comparison with the 
number that are ionized, and if the process of ionization 
represented by the coefficient /3 were due to radiation the 
ratio /3/a should increase as the pressure is increased. This 
is contrary to the experimental results which show that /3/a 
increases as the pressure is diminished. With a constant 
electric force X, the ratio a/X diminishes as the pressure is 
reduced below the value corresponding to X/p = 60, and 
since the kinetic energy of the electrons increases as the 
pressure is reduced, the energy of the electrons in collisions 
with atoms that are ionized must increase. Thus as X/p 
increases the electrons acquire energy greater than the 
minimum amount required to ionize atoms of the gas. 

Taking these points into consideration the results of the 
experiments may be examined more closely by the method 
that has already been described *. In another paper we 

* Phil. Mag. vol. xiv. pp. 445 and 1071 (]923). 



875 


Klectrival Properties of JSeon. 

propose to continue the investigations on these lines and to 
compare the properties of neon and helium, when the 
experiments with helium are completed with the quartz 
apparatus. 

13. The experiments are in agreement with the hypothesis 
that the process of ionization represented by the coefficient /3 
is due to positive ions. It is impossible to decide from the 
determinations of the currents between parallel plates which 
of the two effects, that of ionizing atoms of the gas, or that of 
setting free electrons from the negative electrode, is the 
more important *. Huxley^s experiments on discharges 
between coaxial cylinders show that with small values of X/p 
the principal effect of the positive ions is probably due to their 
actions in ionizing atoms of the gasf. The large values 
obtained for the coefficient /3 are in agreement with Huxley\s 
experiments, winch showed that the velocity of the positive 
ions increases rapidly with the electric force. 

14. There are other points in connexion with these 
experiments which are of interest in considering the 
electrical properties of the atoms of the gas. 

It cannot be supposed that the gas contained impurities in 
amounts that had an appreciable effect on the conductivity. 
The effects of small traces of impurities which get into the 
neon when it is kept in the apparatus increase continuously 
and are easily detected. When impurities are present in 
small amounts (which may not be observed spectroscopically), 
the effect on the conductivity is proportional to the amount 
of the impurity. For example, if a change of 2 volts were 
observed in the sparking potential after the gas had been 
f> hours in the apparatus, a change of 4 volts was observed 
after 10 hours. Similar continuous changes are obtained in 
the values of the coefficients ot and The fact that the 
impurities may be removed by two completely different 
methods which bring the gas to a state in which the same 
definite values of the sparking potential and of each of the 
coefficients a and /3 is obtained, shows that these coefficients 
are as characteristic of the pure gas as the lines of the 
spectrum. 

In general it is difficult to determine the amount of an 
impurity required to produce a given change in the electrical 
properties of a monatomic gas. 

With neon at a few millimetres pressure a very large 

* 4 Electricity in Gases, 7 pp. 330-332. 
t H. G. L, Huxley, Phil, Mag. v. p. 721, April (1928). 

2 Ij if 
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change is produced wifch mercury vapour at 10~ 3 mm. 
pressure, and it is quite certain that gas with which the 
experiments were made did not contain mercury vapour at 
one hundredth of that pressure. 

The large effect which impurities do produce in monatomic 
gases may be due to the fact that the velocity of agitation U 
of the electrons becomes very large in comparison with the 
velocity W in the direction of the electric force* In moving 
a distance x in the direction of the electric force the number 
of collisions an electron makes with molecules is U#/W/* 
where l is the mean free path between collisions with 
molecules. Thus the probability of collisions occurring with 
molecules which are present in small quantities increases with 
the ratio U/W, and a small number of molecules which are 
more easily ionized than atoms of a monatomic gas may have 
a large effect in increasing the conductivity. 

15. The increase of conductivity due to ionization by 
collision is easily observed even when an electron collides 
with many atoms of the gas, as it moves in the direction of 
the electric force. With the gas at 44 mm. pressure, and 
the force 110 volts per centimetre, there is a 10 per cent, 
increase in the current when the distance between the 
plates is increased 2 mm. as shown by the figures in the last 
experiment recorded in Table IV. 

The value of X/p in that experiment is about the same as 
in the luminous column of an electrodeless discharge in a 
tube 4 cm. in diameter with the neon at 1 mm. pressure. 
In this case the red lines of the spectrum are very intense, 
and the colour of the luminous column is a brilliant red. 

The value of X/p in electrodeless discharges may be 
increased either by reducing the pressure of the gas or by 
reducing the diameter of the tube. Whichever method be 
adopted it is found that the colour of the discharge gradually 
changes from red to yellow. Hence the number of collisions 
which excite radiation in the red end of the spectrum 
diminishes in comparison with those which excite radiation 
of shorter wave-length, as X/p increases, or, as the kinetic 
energy of the electrons increases. 

Thus with the smallest forces and largest pressures with 
which currents may be obtained, the energy of the electrons 
is not limited by critical properlies of atoms to a value near 
the first resonance potential, which would prevent them 
acquiring energy in such amounts as are required to excite 
radiation in the visible spectrum or to ionize atoms of the 
gas. 
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Since the electrons acquire these amounts of energy when 
the ratio X/p is as small as 2*5, they must acquire energy in 
amounts much greater than that represented by the minimum 
ionizing potential when the pressure is reduced and X/p is 
increased to values of the order 10, or 20. 

The experiments on the determination of the sparking 
potentials with the parallel plates show that the processes of 
ionization which maintain continuous currents sufficiently 
large to produce a luminous effect which is easily seen in 
the gas, are the same as those determined by the coefficients 
a and j8in the experiments with small photoelectric currents. 
The small continuous currents of the order 10~ 7 ampere 
which are obtained with a battery of accumulators are main¬ 
tained with the potential difference of X x S where S is the 
value of x for which the denominator of the fraction in 
equation 3 becomes infinite. 

Thus the process of ionization represented by the co¬ 
efficients « and 0 supply electrons at the rate which is 
required to maintain a continuous current of the order 
10” 7 ampere, and the collisions of the type which produce 
luminosity in these discharges must be supposed to occur 
also in the photoelectric currents*. Hence in all cases, 
however small the ratio X/p, the electrons acquire sufficient 
energy to ionize atoms of the gas and to cause atoms to 
radiate the long-waved light at the red end of the spectrum. 

16. The sparking potentials have also been determined for 
helium with the improved form of apparatus in the quartz 
cylinder. As in neon, the sparking potentials were higher 
in the pure gas than in the gas with small traces of impurities, 
and the impurities are removed bv the electrodeless discharge. 
The sparking potentials in pure helium are given in 
Table VIII. in terms of the product p X S, the minimum 
potential being 223 volts near the point where joxS=4. 


Table VIII. 


px s.... 

... 1*6 2 3 4 5 6 

8 

12 

16 

V. . 

..360 280 230 223 225 232 

249 

287 

324 

V=sparking potentials in helium in volts. 

S—distance between the plates in cm. 
p— pressure of the gas in mm. 


* i Electricity in Gases/ p. 428. 
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These potentials are much higher than those found in 
earlier experiments. The method which was usually 
adopted to detect impurities, with a spectroscopic tube, is 
not sufficiently sensitive to indicate small traces of impurities 
which may have a considerable effect on the sparking 
potentials. 


LXXXVII. The Crystal Structure of Cti 9 Al 4 . (8 Copper — 
Aluminium .) By Dr. A. J. B HADLEY * * * § . 

[Plate XV.] 

npHE alloy system Cu-Al has been investigated thermally 
JL and microscopically by several independent investi¬ 
gators. The most recent work is that of Stockdaie f, who 
has also made a special study of the alloys rich in copper J. 
X-ray methods have been employed by several workers §, 
the most complete investigation by this method being that of 
Jette, Westgren, and Phragmen ||. The results obtained by 
the latter do not entirely agree with the equilibrium diagram 
proposed by Stockdaie for alloys with between 16 and 3'J per 
cent, of aluminium. We have recently made an examination 
of some alloys in this range, which confirms neither of the 
above results, but corroborates the results of further w r ork, 
done recently by Westgren and Phragmen, and communi¬ 
cated privately to us. 

The most important point settled by this recent investiga¬ 
tion is that Stockdale’s S-phase actually only extends over 
the range between 16 and 19 per cent, of aluminium. 
Beyond 19 per cent, of aluminium the photograms become 
rather difficult to interpret, and it was evident that the most 
satisfactory way to tackle the problem was to start by deter¬ 
mining the way the atoms were arranged in the £-phase* 
with between 3 6 per cent, and 19 per cent, of aluminium. 

The clue to the crystal structure of the S-phase is given by 
the close resemblance between the photograms of this phase 
and those obtained from alloys of copper and zinc containing 
between 61 and 69 per cent, of zinc. The structure of the 

* Communicated by Prof. W. L. Bragg. F.R.S. 

t Journ. Inst. Metals, xxxi. p. 276 (19^4). 

J Journ. Inst. Metals, xxviii. p. 273 (1922). 

§ Owen Si Preston, Proc. Phys. Soc. Bond, xxxvi. p. 14 (1923); Jette,. 
Westgren, Sc Phragmen, Journ. Inst. Metals, xxxi. p. 193 (1924). 

(| Loc . cit. 
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latter alloys was found by Bradley and Thewlis*%and in 
the present paper an attempt has been made to trace out the 
relationship between the two structures. 

Data . 

Jette, Westgren, and Phragmen ( loc . cit .) obtained single 
crystals of alloys with 16 per cent, of aluminium, large 
enough to use for a Lane photograph. This showed that the 
crystal symmetry was cubic, the class being T d , 0, or 0 A . 

We have taken powder photograms of various alloys within 
the range 16-19 per cent, aluminium, and find that all the 
lines fit in with the assumption that the structure is cubic. 
The results obtained from two photograms are given 
below, in Table I. Copies of these photograms are shown 
in PL XV. together with a film of copper-zinc taken 

Table I. 


Alloy A. Alloy B. 


2P. 

Badia- 

tion. 

sin 2 9 
Obs. 

sin 2 0 

Caic. 

--N 

Inten¬ 

sity. 

sin 3 9 
Oba. 

sin 2 v 
Calc. 

Inten¬ 

sity. 

5 

Ka . 

. *039 

*039 

m.-w. 

*039 

*039 

m.-w. 

6 

Ka . 

. 1)47 

*047 

m. 

•047 

*047 

in. 

9 

Ka . 

. *071 

*071 

m. 

•070 

•070 

in. 

12 

Ka . 

. *095 

*094 

w. 

■093 

*094 

w. 

14 

Ka ..... 

. Ill 

*110 

w. 

*109 

109 

w. 

18 

Ka - 

. 141 

*141 

v.v.st. 

•140 

•141 

V.v.st. 

22 

Ka .... 

. *174 

*172 

111. 

•172 

■172 

111. 

24 

Ka .... 

. -189 

*189 

III. 

•187 

•188 

m. 

26 

Ka - 

. *205 

*204 

w. 

•202 

•203 

w. 

27 

Ka . 

. *213 

*212 

w. 

•211 

*2 LI 

w. 

29 

Ka . 

. *228 

*227 

v.w. 

•227 

*227 

v.w. 

33 

Ka ..... 

. *260 

*259 

v.w. 

*259 

•258 

v.w. 

30 

Ka . 

. ’284 

*282 

v.st. 

*281 

• *281 

v.st. 

88 

Ka . 

. *299 

*298 

w. 

*298 

*297 

w. 

41 

Ka . 

. *323 

*321 

v.w. 

*320 

•320 

v.w. 

42 

Ka . 

. *331 

*329 

v.w. 

•329 

*328 

v.w. 

46 

Ka . 

. *362 

*360 

m. 

*860 

•360 

w. 

48 

Ka _ 

. 378 

*376 

m. 

•375 

*375 

m. 

50 

Ka . 

. *893 

*392 

HI. 

•391 

*391 

w. 

52 

Ka .. . 

. *408 

*407 

V.W. 




54 

Ka . 

. *414 

*423 

v.st. 

*422 

•422 

v.st. 

56 

Ka .... 

. *441 

•439 

\v. 




62 

Ka . 

. *48 1 

*486 

v.w. 




66 

Ka .... 

. *518 

*517 

st. 

•515 

*516 

st. 


... Jl. 


* Pioc. Boy. Soc. A, cxii. p. 678 (1926). 
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Table I. (. cord .). 




Alloy A. 



Alloy B. 
















v ;,2 Eadia- 

SA • tion. 

sin 2 0 

sin 2 0 

Inten- 

sin 2 0 

sin 2 0 

Inten- 

Obs. 

Calc. 

sity. 

Obs. 

Calc. 

sity. 

68 Ka .... 

.. ’534 

•533 

w. 

*531 

*531 

w. 

70 Ka .... 

.. *550 

•548 

v.w. 

*546 

*547 

v.w. 

72 Ka .... 

.. *566 

*564 

st. 

*562 

•563 

m. 

74 Ka .... 

.. *581 

•580 

v.w. 

*578 

*578 

v.w. 

76 Ka .... 

.. *596 

•595 

w. 

*594 

•594 

v.w. 

78 Ka .... 

.. *612 

*611 

w. 

*609 

•610 

v.w. 

81 Ka .... 

.. *634 

*635 

v.w. 




82 Ka .... 

. *642 

•642 

v.w. 




90 {£;:::: 

.. -704 
.. -708 

•704 

•707 

m . 1 

m. / 

*704 

•703 

m. 

98 f £;:::: 

.. *767 

*767 

m. 

•764 

*764 

m. 

.. *771 

•770 

m. 

•765 

*765 

m. 

102 { kZ :::: 

.. *798 

•798 

m. 

•795 

•795 

m. 

. *802 

*802 

in. 

*800 

*800 

in. 

104 {£;:::: 

.. *814 

.. *818 

•813 

*818 

v.w. 

v.w. 




108 {i£:::: 

.. *8*29 

*829 

v.w. 




.. *833 

*833 

v.w. 




108 { i“; :::: 

.. *845 

•845 

m. 

•842 

•842 

m. 

.. *849 

•849 

m. 

•846 

•847 

m. 

110 {£;:::: 

.. *860 
.. *865 

*860 

*865 

v.w. 

v.w. 




444 {:::: 

.. *892 

*892 

st. 

•889 

•889 

st. 

.. *896 

*896 

St. 

■894 

*894 

m. 

44 ? {£; :::: 

.. *915 
.. *920 

•915 

*920 

v.w. 

v.w. 




448 {15:::: 

.. *923 

*923 

w. 




.. *927 

•928 

w. 




420 {f£:::: 

.. *938 

•938 

st. 

*936 

*936 

st. 

.. *943 

•943 

m. 

*941 

*941 

m. 

422 {£;:::: 

.. *954 

*954 

in. 




.. *959 

•959 

w. 





for comparison. In each case the radiation employed was 
obtained from a hot cathode tube with a copper anticathode, 
the /3-radiation being cut off by the use ot* a nickel screen. 
Only one /3-line can be observed on each film, corresponding 
to the strongest «4ine. At the ends of the photograms the 
a-doublet is clearly resolved. Only measurements from lines 
which are resolved have been used for the determination of 
the lattice dimensions. By this means it has been possible 
to get a high degree of accuracy in these calculations. 
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The number of atoms per unit cell was found to be the 
same in the copper-aluminium structure as in the copper-zinc 
structure, namely, 52. The data from which this figure was 
•obtained are given in Table II. 

Table II. 


Radia¬ 

sin 2 B 

Length of 

Density. 

Per cent. 

Mean 

Atoms per 

tion. 

Sti* 

Unit Cell. 

Al. 

At. Wt. 

Unit Cell. 

a i 

007821 

8-691 1 

6*74 

1785 

51-^6 

52*3 

a 2 

'007860 

8*691 J 






•007799 

8*7041 

6-64 

18-66 

50-81 

52*2 

a 2 

007741 

8-703 J 






sin 2 6 


The values of shown above, are the mean of all 

values from the lines where the a-doublet is resolved. 


Derivation of the Structure of 8 Cu—A1 from the 
7 Cu—Zn Type. 

The similarity between the copper-aluminium and copper- 
zinc pbotograms, which has been pointed out by Westgren 
and Phragtnen, is so great that there can be no doubt that 
the structures are very closely related. The differences are, 
however, sufficiently marked to show that the structures are 
not quite the same in every respect. By carefully studying 
the difference it has been found possible to assign a structure 
to 8 Cu—A1 by a slight modification of the copper-zinc struc¬ 
ture. The structure so obtained has the requisite symmetry 
shown by the Baue photograph. Starting out from the 
assumption that the structure of 8 Cu-Al is based on the 
yCu-Zn type of structure, a variety of possible modifi¬ 
cations suggest themselves. A choice between these 
possibilities has been made, taking the intensities of the 
lines as the sole guide for this purpose. The validity of 
the structure ultimately found rests on the excellent way 
in which it explains the observed intensities, including the 
differences in intensity of corresponding lines on the copper- 
aluminium and the copper-zinc photograms. 

The 52 atoms in the unit cube of the copper-zinc type of 
structure are divided among four groups of structurally 
equivalent atoms, which may be called A, B, (J, and D atoms 
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respectively. There are eight A atoms, eight B atoms, twelve 
C atoms, and twenty-four D atoms. The A and D atoms 
are zinc, the B and C atoms are copper, so that that there are 
32 zinc atoms and 20 copper atoms. The relative proportions 
of the two constituents in the copper-aluminium alloy is quite 
different, there being about twice as many copper atoms as 
aluminium atoms. The distribution of the atoms in 8 Cu-Al 
must therefore be quite different from that in the y Cu-Zn 
alloy. 

This fact gives a possible explanation of the differences in 
the intensities in the photograms of the two alloys. The 
photograms differ in two ways. The relative intensities of 
the lines on the y Cu—Zn photogram are not in every case 
the same as those of corresponding lines on the S Cu-Al 
photograms. There are, moreover, some additional lines on 
the Cu—A1 photograms which, for the most part, belong to 
planes with h + k + l odd, indicating that the unit cube is 
primitive and not body-centred, as in the case of 7 -brass. 

These intensity changes cannot be accounted for by sup¬ 
posing that the positioiis of the atoms have suffered a slight 
displacement , the effect of which would be to produce a slight 
change in the least deviated reflexions and a much larger 
change in the most deviated reflexions. This is just the 
reverse of what one observes. It is therefore safe to conclude 
that the atoms, as a whole, occupy almost identical positions 
in thetuo alloys. The intensity changes must he ascribed 
to the differences in the distribution of atoms of the two 
species, and they can therefore be utilized in order to find 
how the copper and aluminium atoms are distributed. 

The first condition imposed by the reflexions is that the 
unit cube of 8 Ou-AI must be primitive. In order to see 
how this change from the 7 Cu-Zn type can be brought 
about, it is only necessary lo consider what arrangement is 
responsible for the 7 Cu-Zn structure being body-centred. 
The 7 Cu-Zn structure is body-centred because there is for 
every atom with coordinates xy z , a corresponding atom with 
coordinates x + \ y hi * + and each of these pairs of atoms 
is of the same kind. If they were of different kinds the unit 
would be primitive. Thus the unit cube of the Cu-Al struc¬ 
ture will he primitive, provided that, in at least one of the 
four groups of atoms, an atom with coordinates x y z is 
aluminium and an atom with coordinates x+hy+^z^h 
is copper. In other words, each group of atoms. A, B, O, D, 
may itself consist of two structurally independent sets of 
atoms. There are, therefore, eight possible independent sets 
of atoms in the 8 Cu-Al structure. 
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Assuming that the coordinates o£ the atoms in the copper- 
aluminium structure are the same as those m the copper-zinc 
structure, the 52 atoms of the 8 Ou—A1 structure can be 
divided into eight sets of atoms with the coordinates shown 
in Table III. This division of the atoms is the only one 
consistent with the observed symmetry, and no other 
arrangement based on the y Ou—Zn type is possible for 
8 Cu-Al. 

From Table III. it is seen that the 52 atoms of the unit 
cube of Cu—A1 may be divided into 4 A 5 atoms, 4 A 2 atoms, 
4 Bj atoms, 4 B 2 atoms, 6 Ci atoms, 6 C 2 atoms, 12 atoms, 
and 12 D 2 atoms. A detailed examination of the differences 

Table III. 

The Coordinates of the Atoms in 8 Cu—Al. 


A atoms . 

Subgroup 1. 

(i a a a), ( a — a —a), (—a a — «), ( - a —a a). 

Subgroup 2. 

(|+a !+•«' (i+« | — a £—«), (4—® £4-« 4—<®), ( h~ a l~ a 4+®)* 

B atoms. 

Subgroup 1. 

{ — b — b — b), (— b b b), (h —h b), (b b —b). 

Subgroup 2. 

(4-A4-H-*), (4-H+&4+*). (4+* (4+&i+* b-b). 


0 atoms. 

Subgroup 1. 

(oOO). (-fOO), (0 c 0), (0 -^0), (0 0 e), (0 0 -<*). 

Subgroup 2. 

(44-eOO), (i-o 0 0), (0£ + c0), (0§-c0), (0 0 4 + c). (0 0 £-<?). 


D atoms. 

Subgroup 1. 

(«?«?«), (<* —(-dd -«), (-«/ -rff). 

(^ e cZ), (<7 — — tZ), ( — <7 e —<7), (—d —e d). 

(e d d ), (e — c7 — d), ( —e f7 — e£), (—e —d d). 

Subgroup 2. 

(£+<*4+<*i+«). (4+<?4-<*4-0. (£-<*£-< 24 +^ 

£4-e (44-d 4—e i~d) y (i — d i+e d), (£—d b—e %+d). 

(44(44-* 4-^4-^), (4-« 44-<2 £-<*), 

«=010 3 , ^0*35 s , d^m 0 5 , «=CM)4 3 . 
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between the On—A1 and the Cu—Zn photograms enables us 
to find out which of these atoms are copper and which are 
aluminium. 

There are nine different ways in which the atoms may be 
distributed with approximately the given proportions of 
copper and aluminium atoms. These are tabulated below. 


Table IV. 

Possible Ways of placing the Aluminium Atoms 
in S Cu-Al. 

(a) With lft - 9 per cent, aluminium. 

(1) 4 A lt 4 A 2 , 4 Bj, 4 B* 

(2) 12 Du 4 A,. 

(3) 12 D„ 4 A 2 . 

(4) 12 D„ 4 B r 

(5) 12 Dj. 4 B 2 . 

(6) 6 C t , 6 C„, 4 A.. 

(7) fi C u 6 C„ 4 B,. 

/>) With 18'4 per cent, aluminium. 

(8) 12 D„ 6 Cj. 

(9) 12 D lf 6 C 2 . 

A detailed examination of the nine possible solutions is 
given below, in which it is shown that arrangement (3) 
is the only possible solution. 


Method of Elimination . 

The possible solutions based on the 7 Cu-Zn type of struc¬ 
ture fall into three classes, according to the degree in which 
they fit in with the observations. In the first place, solu¬ 
tion ( 1 ) can be ruled out without any detailed consideration, 
since it is a body-centred arrangement, which would give no 
reflexions from planes with h-\-k + l odd. The remainder 
require fuller treatment, but, with the exception of (3) and 
( 4 ), only reflexions from planes with h + k-rl odd need be 
considered in order to show that these solutions must 
be rejected. This greatly shortens the arithmetical work 
and only leaves (3) and (4) for a final detailed treatment. 


Table V. gives the calculated values of 


NS 2 

Xh 2 


for a number 


of planes with low indices with h + k-+l odd. For these 
calculations we have taken the scattering power of each 
atom to be proportional to its atomic number, so that if 
Cu -h Al = l, Cu-Al=0*38, and 2 Cu = P38. 
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The structure amplitudes for planes with h-hk +1 odd are 
as follows :— 

A atoms, 

S — = (4 cos ha cos ka cos la — 4 i sin ha sin ka sin la) (X A —Y A ) * 
B atoms, 

S (4 cos hb cos kb cos lb -f 4i sin hb sin kb sin lb) (X B —Y B ). 

C atoms, 

S= (2 cos he 4-2 cos /cc-f2 cos le) (X c —* Y c ). 

D atoms, 

S = (4 cos hd cos kd cos le — 4 i sin hd sin kd sin le 
+ 4 cos hd cos ke cos Id —*4i sin hd sin ke sin Id 
+ 4 cos he cos kd cos Id —- 4i sin he sin kd sin Id) (X D —Yu) * 

X and Y are numbers proportional to the scattering powers 
of the atoms in the respective sub-groups. Hence, if atoms 
in corresponding sub-groups (e. g . both A 1 atoms and A 2 
atoms) are of the same kind, they contribute nothing to the 
value of S, but if the first set were copper and the second 
set aluminium, there might be a difference effect giving rise 
to a reflexion. 

Table Y. 


2P. 

Observed 

Intensity. 





NS 2 





3 . 


(1) 

(2) 

10 

(3) 

2 

2 

(5) 

12 

(6) 

2 

(7) 

3 

(8) 

8 

(») 

13 

5 . 

m. 

— 

3 

10 

11 

3 

1 

1 

5 

8 

9 . 

... m. 

— 

12 

23 

19 

21 

2 

4 

39 

4 

11 . 

.... — 

— 

5 

— 

2 

5 

1 

— 

3 

1 

13 . 

.... — 

— 

1 

0 

— 

4 


1 

1 

7 

17 . 

.... — 

— 

2 

1 

2 

— 

2 

— 

— 

— 

19 . 

.... — 

— 

— 

4 

3 

1 

1 

1 

4 

1 

21 . 

_ — 

— 

4 

1 

2 

6 

1 

2 

8 

I 

25 . 

.... — 

— 

4 

— 

4 

3 

1 

1 

1 

3 

27 . 

_ w. 

— 

4 

7 

6 

3 

1 

2 

S 

5 

29 . 

.... v.w. 

— 

— 

4 

2 

1 

1 

— 

1 

2 

33 . 

- v.w. 

— 

11 

10 

9 

14 

1 

1 

12 

IS 

35 . 

_ — 

.—. 

7 

2 

7 

3 

— 

— 

2 

4 


Table Y. shows clearly that only solutions (3) and (4) arc 
possible. In order to decide between these two possibilities,. 
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we require to consider the intensities of planes for uhich 
h + k rl is even. In these cases S is given by the same 
formula as above, but X — Y is replaced by X-fi Y. Table VI. 


gives the calculated values of 


NS 2 

th 2 


, for the two possible solu¬ 


tions. In each case the value of line 18, the strongest line 
on the film, is put as 100. It seems that column 5 is in 
somewhat better agreement with the observed intensities than 
column 6, so that solution (3) is indicated as the true 
structure. 

No attempt has been made to get a more accurate evalua¬ 
tion of the parameters, because the good agreement already 
obtained between the observed and calculated values indicates 
that the parameters of the copper-zinc structure are very 
closely adhered to, and with eight parameters to fix, a more 
accurate evaluation would be very difficult. 

The observed and calculated values of the copper-zinc 
intensities are given in Table VI. for comparison with the 
values for copper-aluminium. This table may be compared 
with the copies of the photograms. It is evident that the 
differences in the distribution of the atoms in the two alloys 
completely account for the differences in the photograms. 


Description of the Structure . 

The structure of 8 copper-aluminium containing 16-19 per 
cent, of aluminium is cubic, with 52 atoms per unit cell. 
These atoms have almost the same positions as the 52 atoms 
in the copper-zinc structure, containing 61—69 per cent, 
zinc. There are 16 aluminium atoms and 36 copper atoms 
in the “ idealalloy, so that it may be represented by the 
stoichiometric formula Cu 9 A1 4 , corresponding to a composi¬ 
tion with 15*9 per cent, of aluminium. In alloys containing 
a slight excess of aluminium, aluminium atoms appear to 
replace copper atoms in a haphazard fashion, so that there 
is no appreciable difference in character between a 16 per 
cent, alloy and a 19 per cent, alloy. 

The coordinates of the atoms are given in Table III. The 
copper atoms consist of 4 A x , 4 B b 4 B 2 , 6 C x , 6 C 2 , and 
12 I >2 atoms. The aluminium atoms consist of 4 A 2 atoms 
and 12 D x atoms. The structure can be best understood if 
the two subgroups of atoms ( e.g. the A! and the A 3 sub¬ 
groups) are considered separately. Each subgroup of atoms 
containing atoms A 1? B x , C l9 and D x , forms part of a # cluster 
of 26 atoms grouped around the centre of the unit cell. A 
.-similar cluster of 26 atoms, such as A 2 , is grouped about the 
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Table VI. 


24*. 

Ou 5 Zn s . 

Cu 3 A1 4 , 

Observed 

Intensity. 

NS 2 

"Sthr ' 

Observed 

Intensity. 

m* 

2k 2 ■ 

; ns 2 

I s**' 





Case 3. 

Case 4. 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

3 

— 

— 

— 

0*4 

0*4 

4 

— 

0 

— 

0*1 

0*9 

5 

— 

— 

w.-m. 

1*9 

2*3 

6 

— 

0-6 

m. 

39 

1*1 

b 

— 

0*1 

— 

0*1 

0*0 

9 

— 

— 

ni. 

4*3 

3*9 

10 

— 

02 

— 

0*3 

0*6 

11 

— 

— 

— 

0*1 

03 

12 

in. 

5*0 

\v. 

2*2 

2*5 

13 

— 

— 

— 

0*0 

03 

14 

in. 

3*9 

\v. 

1*8 

3*3 

16 

— 

0 

— 

0*0 

0*1 

37 

— 

— 

— 

0*2 

0*5 

18 

v.v.st. 

100 

v.v.st. 

100 

iOO 

19 

__ 

— 

— 

0*7 

0*6 

20 

v.w. 

0*7 

— 

0*3 

0*9 

21 

— 

— 

—- 

01 

0*3 

22 

111 .-st. 

97 

III. 

6*9 

11*5 

24 

in. 

5*8 

m. 

7*2 

7*2 

25 

— 

— 

— 

00 

0-7 

2G 

in. 

4*1 

w. 

1*9 

5*4 

27 

— 

— 

w. 

1*3 

1*2 

29 

— 

— 

v.w. 

0*7 

0*4 

30 

w. 

1*3 

— 

0*5 

0-3 

31 

— 

08 

— 

0*5 

0-9 

34 

-- 

— 

v.w. 

1*8 

1*8 

34 

— 

10 

— 

0*2 

0 6 

35 

— 

— 

— 

0*4 

1-4 

36 * 

St.-Ill. 

9*7 

v.st. 

12*7 

J0*3 




888 


The Crystal Structure of Cu 9 A1 4 . 

corners of the unit cell. Thus we have around the centre of 
the unit cube 14 copper atoms and 12 aluminium atoms; and 
around the corners of the unit cell 22 copper atoms and 4 
aluminium atoms. 

The essential difference between the 8 Ou-Al structure 
and the y Cu-Zn structure is that in the latter case the 
cluster of atoms at the centre of the unit is the same as that 
at the corners of the unit cell. In this way the structure of 
Cu 5 Zn| is analogous to a body-centred cube, whereas that 
of Cu 9 A1 4 is analogous to the CsCi type of structure. This 
relation between the two structures is shown in Table VII. 

Table VII. 


.Alloy. Atoms in Centre Cluster. Atoms in Corner Cluster. 

Cu 5 Zn 8 . Co—4 B, 6 C. Cu—4 B, 6 C. 

Zn—4 A, 12 D. Zn—4 A, 12 D. 

Cu 9 A1 4 . Cu—4 B, 6 C, 12 D. Cu—4 A, 4 B, 6 C. 

Al—4 A. Al—12 D. 


The structure of Cu 9 A1 4 has the symmetry of the T d class 
like that of Cu 5 Zn 8 , but the space-group is not the same, 
being T/ in the former alloy, and T z d in the latter case. 

Summary . 

(1) Powder photograms of 8 copper-aluminium containing 
16-19 per cent, aluminium show a cubic structure with 52 
atoms per unit cell. 

(2) The space-group is T^, and there are eight sets of 
structurally equivalent atoms. 

(3) There are 36 copper atoms and 16 aluminium atoms 
in each unit cube, corresponding to the formula Cu 9 A1 4 . 

(4) The structure is essentially of the OsCl type, each 
lattice point being replaced by a cluster of 26 atoms, 
with tetrahedral symmetry. The cluster around the centre 
of the unit cell contains a different number of aluminium 
atoms from that around the corners of the unit cell. 

(5) The coordinates of the atoms are not appreciably 
different from those in the alloy Cu 5 Zn 8 . 

The author is indebted to Prof. W. L. Bragg, F.R.S., for 
his kind interest in this work, and to the Royal Commis¬ 
sioners for the Exhibition of 1851 for a Senior Studentship, 
enabling the work to be carried out. 
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LXXXVIII. Hie Energy Losses of Electrons in Hydrogen . 
By H. Jones, B.Sc and R. Whiddington, M.A., D.Sc. y 
F.R.S., Cavendish Professor of Physics, The University of 
Leeds f. 

Introduction . 

T HE energy lost by an electron of determined velocity, 
suffering effective collision with a normal hydrogen 
molecule, is not to be deduced with any precision from the 
results of electron impact experiments which have hitherto 
been madet. Since the ultra-violet spectrum of H 2 has 
been successfully analysed the energy levels of the molecule 
are known with accuracy, and it becomes interesting to 
examine the relation between these and the energy lost by 
electrons of various known velocities, and also the frequency 
with which certain excitation processes occur. 

In essence the experimental method adopted consists in 
the passing of a beam of electrons through the gas under 
investigation and analysing the resulting stream by means 
of a magnetic spectrum device. As might be anticipated 
the issuing beam contains groups of definite energy, the 
determination of the energy differences between these 
groups and the relative number of electrons in each being 
the object of the experiment. No attempt was made to 
investigate the electron streams scattered in different 
directions. Only those electrons flung off in approximately 
their original direction are examined in these experiments, 
those scattered in different directions being made the subject 
of a separate investigation now in progress. 

Apparatus. 

The essentials of the apparatus are indicated in the 
accompanying diagram (fig. 1). Electrons from the filament 
F are accelerated towards the grid G by a suitable electric 
field and traverse the collision space included between Gi and 
a second grid G 2 ; thereafter the composite beam is accelerated 
again by a second suitable electric field between G 2 and a 
slit system S X S 2 , after which the fine beam so produced is 
deflected in a uniform magnetic field before affecting the 

* Communicated by the Authors. 

f In receipt of a maintenance grant from the Department of Scientific 
and Industrial Research. 

% Franck and Jordan, ‘ Anregung* von Quanten Spriingen durch 
Stosse/ p. 256. 

Phil. May. S. 7. Vol. 6. No. 38, SuppL Nov. 1928. 3 M 
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photographic film. Since in operation the pressure in the 
collision space was usually about 10~ 2 mm. Hg., whilst in 
the camera it had to be kept at not more than 10~ 4 , a fast 
working pump system was chosen, viz., a Kaye Backhurst 
steel diffusion pump backed with a Pfeiffer rotary oil pump. 
This combination is very satisfactory for rapid evacuation. 

The magnetic field across the camera was produced by two 
large coils measuring 31*5 cm. long, 23 cm. high, 15*5 cm. 
wide, separated by a distance of 9 cm. Calibration in the 
usual manner showed the field to be 22*0 gauss per ampere, 
and to be sufficiently uniform over a considerable region at 


Fig. 1. 



the centre. On account of the comparatively high values of 
the field employed (13 gauss) and the circumstance that the 
apparatus pointed north and south, it was not considered 
necessary to compensate for the earth’s field. 

The hydrogen was admitted to the all-glass apparatus 
through the gas-inlet shown in fig. 1, and every care was 
taken to ensure the purity of the gas supplied, which, 
electrolysed from barium hydroxide in a eudiometer, 
passed via an all-metal needle valve through the collision 
space GiGg. 

It was found convenient to have, in this part of the 
apparatus, the usual pentoxide tube drying arrangements, 
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the hydrogen being stored in a large glass reservoir at a 
pressure o£ a few centimetres of mercury, a liquid air-trap 
-of ample dimensions intervening immediately before the 
above-mentioned gns inlet. 

A Pirani gauge found a place on this side of the apparatus 
and proved to be particularly convenient for adjusting the 
pressure balance at any desired value, calibrated by reference 
to a permanently connected McLeod gauge. The Pirani 
readings were usually regarded as sufficient, but for the 
determination of the probability of excitation at high 
voltages, where a very accurate knowledge of the pressure is 
•of first importance, a reading was taken directly on the 
McLeod gauge for each photograph. 

To obtain enough photographic effect with electrons of 
velocity below, say, 200 volts, if is necessary to use some 
form of suitably sensitized films. Eastman duplitized 
X-rav films washed in a solution of vaseline in ether—of 
suitable strength—were employed *. By sensitizing large 
sheets and cutting off the films for use across the direction 
in which the sheet had been dipped, it was possible to obtain 
films along whose length the grease was of approximately 
uniform density. The necessity for the application of 
grease (or any fluorescent substance) must always make the 
comparison o£ intensities of widely different parts of the 
film somewhat uncertain. In the present experiments only 
portions of a few millimetres in extent were ever considered. 

The Cathode and Slit System . 

The principal problem in technicpie was that of obtaining 
•a well-directed electron beam passing through a distance of 
some 3 cm. in the gas, then entering the camera, across 
which a uniform, or very nearly uniform, magnetic field 
must exist. 

Two general possibilities are obvious. One may, or may 
not, use a compensating device over the collision space. 
Both methods have been tried. Tn the first case when no 
compensation is applied the electron stream in the gas 
follows its natural circular path of radius appropriate to the 
potential and magnetic field. The cathode for this purpose 
is introduced through a side tube inclined at about 50° to the 
base of the camera. For initial velocities greater than, say, 
50 volts, this arrangement was fairly satisfactory for 
obtaining energy differences, but was not suitable for low 

* G. F. Brett, Proc. Leeds Phil. & Lit. Soc. 1925. 

3 M 2 
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velocities or for intensity measurements, and was not, there¬ 
fore, our final choice. 

Compensation may he effected by coils or by an iron 
cylinder suitably placed. A number of trials of both 
schemes led to the final adoption of a cylindrical iron shield 
placed in the manner shown in fig. 1. 

The presence of so much iron produces a rather serious 
lack of uniformity in the field across the camera, a difficulty 
met by sacrificing the main advantage of focussing (short¬ 
ness of exposure) by using two narrow slits. The first slit 
was 2 mm. long and 0025 mm. wide, the second was 8 mm. 
long and 0*5 mm. wide, separated by a distance of 5 mm., 
the second being in the same plane as the photographic film, 
whilst the line joining the two slits was accurately at right 
angles to this plane. Caie was taken to see that the two 
slits were parallel and that their direction was that of the 
magnetic field. Tn this way—since the field between the 
two slits is reduced by the presence of the iron—electrons 
which are moving perpendicular to the face of the first slit 
enter the camera and strike the photographic film normally. 
This arrangement was found to give lines of considerable 
sharpness. 

The filaments which have been used throughout were of 
pure tungsten wire designed to carry a current of 0*2 
ampere. They were in general 3 mm. long and were bent 
iu hairpin form, bringing the central portion close to the 
grid Gi. 

The total fall of potential down the filament and leads 
under working conditions, i. e at the temperature generally 
used, was 1’24 volts, but on account of the u end effect 5 ’ it 
could be seen that only the middle portion glowed at all 
vigorously. In addition, the grid—a closely-wound flat 
tungsten spiral—was placed at a distance of not more than 
1 mm. from the centre of the filament. Consequently, the 
fall of potential down the effective portion could not have 
been more than 0*2 or 0'3 volt. 

The copper cylinder surrounding the filament and con¬ 
nected to the negative end serves to prevent electrons 
passing directly to the iron cylinder. An advantage of 
using very small filaments consuming little energy is that 
exposures can be extended to any length without appreciable 
heating up of the apparatus. An equally important advan¬ 
tage is that dissociation as a result of contact with the 
glowing tungsten is reduced to an almost negligible amount* 

When the velocity of the electrons entering the camera 
is below about 25 volts the photographic effect, even 
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with sensitized films, becomes very weak. In addition to 
which, external disturbances, <?.<?., the earth’s field, become 
relatively much more effective. This limitation has been 
overcome in these experiments by applying a permanent 
accelerating potential of 75 volts between the grid Gr 2 at the 
end of the iron cylinder and the face of the first slit of the 
camera. It is essential that the grid and the slit face— 
which are separated by about 1 mm.—shall be parallel, 
otherwise the electrons entering the first slit will not be 
moving in such a direction as to pass through the second. 
This, of course, applies only when the velocity of the elec¬ 
trons passing through the second grid is small, say one or 
two volts. When it is greater than this there will always be 
a certain number of those scattered in the collision space 
able to enter the camera, even when the grid and slit face 
are not quite parallel. 

To obtain photographs giving information about the 
excitation probability in the neighbourhood of the critical 
potential requires that electrons, which after suffering 
effective collision, thus having velocities of one or two volts, 
shall in general pass a distance of one or two cm. inside the 
iron cylinder. The dimensions of this cylinder were such 
that an electron of 1-volt velocity moving within it with the 
external magnetic field 13*2 gauss followed a path of radius 
greater than 40 cm. From this it will be seen that the 
shielding is sufficiently complete for the present purpose. 
This is borne out by the photographs obtained at low 
voltages. 

The thermionic current was measured with a Weston 
galvanometer of sensitivity 29xl0” 5 ampere per division. 
A 2-volt lamp was placed in the high-tension circuit to act 
as a fuse. As a rule arcing did not occur with the filament 
and grid separated by not more than 1 mm. unless the 
pressure was raised beyond 0*01 mm. Hg. 

It is essential after introducing a film into the camera to 
continue the evacuation for not less than an hour and a half. 
This was necessary on account of moisture and any vapours 
given off by the film arising from the application of grease. 
After this time a reading of the McLeod gauge in general 
showed the pressure to be less than 10“ 4 mm. Hg., at which 
pressure the magnetic spectrum was found to consist of one 
sharp line only. There was no difficulty experienced by 
adjustment of the needle valve in obtaining a pressure 
balance of gas very close to the desired value, and in this 
state the apparatus was allowed to stand for five or ten 
minutes ; the reading of the Pirani would then b© taken and 



894 Mr* JEL Jones and Prof* R. Whiddington on the 

the exposure made. With the small filaments used no- 
sensible change in the pressure could be observed during 
exposures lasting up to fifteen minutes. 

The question of the purity of the hydrogen is clearly of 
such importance that, although the greatest care was taken 
to exclude impurities, it was nevertheless thought advisable 
to obtain check photographs with air and oxygen*. These 
photographs obtained with high electron velocities were* 
even to a casual inspection, quite unlike those obtained with 
pure h} T drogen under similar conditions when a single well- 
defined line is obtained. At velocities below 20 volts, the 
photographs with H 2 indicate the frequent occurrence of 
an additional energy loss of a smaller amount. The very 
characteristic dependence of the intensity of the line corre¬ 
sponding to this lower loss on the velocity of the impacting 
electrons, particularly the fact that the line completely 
vanishes for high velocities, removes any doubt concerning 
its origin. 

Related to the question of impurities is that of the relative 
number of atoms and molecules at any instant in the collision 
space. As pointed out by Franck and Jordan f, the con¬ 
ditions favouring a maximum percentage of molecules are : 
(1) low pressures, (2) the use of suitable metal surfaces, 
(3) low temperatures, (4) extreme purity of the gas, (5) the 
removal of gas layers from the walls of the collision space. 
In the present experiments the first four points were fairly 
well complied with, but the last condition was not, since it 
did not appear practical to bake out the metal parts before 
each exposure. Favouring a large percentage of molecules 
was the circumstance that a continuous stream of gas was 
being passed through the collision space. It is to be expected 
then that the energy losses shown in the photographs are 
related to the molecular, not the atomic, levels. With 
hydrogen, as the numerical results will show, this is the case. 

Calculation of Data from Photographs. 

As already pointed out, the photographs of the magnetic 
spectrum with gas present, of which just a single illustrative 

* The figures give the energy losses of the primary electrons in volts, 
and the remarks refer to the corresponding lines on the photographs. 

Oxygen .. 16*1 (weak), 13*0 (strong), 10*8 (weak), 8*1 (strong). 

Air. 13*6 (very strong), 8*6 (very strong). 

These results are only approximate, the lines on the air photograph 
being probably combinations of lines due to both oxygen and nitrogen 
lying in this neighbourhood. 

+ Franck and Jordan, loc . cit. p. 259. 
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example is reproduced here (fig. 2), usually consist of several 
separated lines or bands^ the least deviated line corre¬ 
sponding to the full velocity electrons which may have come 
directly from the filament or more usually by way of one or 
more elastic reflexions. It is convenient to express any other 
lower velocity line in terms of the energy difference in volts 
between it and the full velocity line. 

In the initial experiments when the focussing device was 
employed, which makes use of a very wide second slit, the 
velocity corresponding to a line at a distance l from the 
bottom of the film is 

V = {«'■*• (*+*)*} 

a = distance between the two slits. 

b = distance from the centre of the 
second to the bottom of the film. 


Fig. 2. 


One collision toss !ine.^. ^wo collision loss line. 




FuH velocity line. 


Iu the final apparatus the second slit was also narrow and 
much closer to the first. In addition, the presence of the 
iron cylinder reduces very considerably the field in its 
immediate neighbourhood, and to a lesser extent over the 
whole region of the camera. Consequently, a being now 
effectively zero may be dropped out of the equation, b was 
measured and found to be 0*75 cm. The equation used was 
thus 

V = K (-754 l) 2 . 

The constant K being determined by calibration for the 
small range of the film which was actually used. This was 
done for two values of the magnetic field employing 13*20 
and 16-28 gauss, the total applied potential being in the first 
case varied from 80 to 100 and in the second case in the 
neighbourhood of 150 volts. From these two measurements 
the two values of K were found in the usual manner. The 
error in the determination of differences can be estimated by 
observing that the first factor of 

8V = 2K (-75 + Z)« 
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can be found to within 1 per cent.* as shown by the values of 
Y calculated from Z, and the second part can also be deter¬ 
mined to less than 1 per cent. The error to be expected in 
measurements of energy losses is thus somewhat greater 
than 1 per cent. The values given in Table I. bear this out 
fairly well, as most of them can be included within the mean 
value ±0*2 volt. 

When the adjustment of the cathode with respect to the 
camera slit system is satisfactory and no gas is present in 
the collision space, then, as can readily be seen, the single 
lines obtained corresponding to the applied accelerating- 
potential will consist of two parts, which in general will be 
approximately superimposed. First, the electrons issuing 
from an almost point source move down towards the camera 
in very nearly straight lines, and the mailc due to the direct 
beam will have a width limited by the length of the first 
slit, i. 2 mm. Secondly, a number of electrons will suffer 
collision at the metal boundary or slit walls and may, in 
general, have all directions as they pass through the first 
slit; thus these will produce a line of uniform density 
stretching across the whole of the exposed part of the film. 
When gas is present this “ uniform ” line will be enhanced by 
the elastic, or almost elastic, collisions which occur with the 
gas molecules. As might be expected, it was only in 
exceptional cases that the alignments (including in addition 
that of the magnetic field) were sufficiently accurate to bring 
the part due to the direct beam into the centre of the film. 
The portion due to the direct beam is very much more 
intense than the second part and, as indicated here, is usually 
slightly higher up the film, but by an amount which is 
certainly not more than a few tenths of a volt. It is, 
however, a point of considerable interest, since in almost all 
the photographs which have been measured or photometered, 
the intense part due to the direct beam was at either one or 
other edge of the uniform line, and, consequently,all measure¬ 
ments referring to losses are made to the centre, i. e ., the 
point of maximum intensity of this last-mentioned part, and 
may thus be less than the true value by any amount up to 
0-4 volt. With hydrogen present at the pressures usually 
employed, this line should be due mainly to electrons which 
have been reflected from the surface of the metal walls rather 
than to electrons which have suffered collision with the gas 
molecules ; but for those cases in which the alignment was 
accurate, the uniform part of the full velocity line line must 
arise from electrons scattered by the gas, since any reflected 
at the cylinder walls would subtend too great an angle to 
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register on the film. This is borne out by the fact that, in 
such cases, the uniform portion of the line is of the same 
order of intensity as the line due to electrons which have 
suffered effective collision. From this it follows that the 
numerical value of the loss at high voltages given in Table I. 
oan only be regarded as setting a lower limit to the energy 
loss, the upper limit, however, being not greater than 0*4 volt 
beyond this value. Fortunately, less ambiguous results 
can be obtained for the true amount of energy lost by fast 
-electrons from the photographs showing the effect of double 
collision—a point mentioned later in more detail. 

Results. 

The photographs obtained with hydrogen can most easily 
be described by considering them in three groups. 

(1) Those obtained with high electron velocities, above 

50 volts and moderate gas pressures, i. not greater 

than 10 ~ 2 mm. Hg. 

(2) Those obtained at high velocities about 150 volts and 

higher gas pressures of the order of 3Xl0~ 2 mm. 

Hg. 

(3) Those obtained with low velocities, below 25 volts, and 

moderate pressures. 

Table I. 


Photo. 

Pressure, 
mm. Hg. 

Velocity in 
collision space, 
volts. 

Total final 
velocity, 
volts. 

Energy 

volts. 

1 . 

0 007 

16 

91*0 

12*13 

9 

0009 

17 

93*2 

12*38 

3 . 

0-011 

17 

92*0 

12*53 

4 . 

.. not measured. 

24 

98*0 

12T8 

5 . 

* • a 

24 

98*0 

12*08 

6 . 

.. ,, 

24 

97*8 

12*03 

7 .. 

0*009 

25 

97*0 

12*21 

8 .. 

0*009 

26 

89 0 

12*53 

9 . 

0*009 

30 

103*8 

12*31 

10 . 

0 008 

50 

980 

12*22 


Mean Energy loss=12 26 volts. 
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(1) Of these photographs a number were chosen which 
appeared the most suitable tor measurement, both on account 
of the clearness o£ the lines and because o£ the definiteness 
with which the conditions o£ the exposure were known, and 
the results of the measurement o£ all these are given in 
Table I. The loss given here is the only one which appears 
with certainty on photographs taken at high velocities ; it also 
appears, however, at low velocities, and, consequently, the 
measurements given are not restricted merely to the former 
case. It may be that part o£ the small variations to be 
observed in Table I. is due to the distance between the 
points o£ maximum intensity o£ the full velocity line and o£ 
the loss line expressed in volts actually varying slightly 
under different conditions, a variation due perhaps to the 
small losses of energy which the electrons. suffer either in 
collision with the gas molecules or by reflexion at the metal 
surfaces during 66 elastic 99 collision. Photographs taken 
with high electron velocities and low gas pressures all show 
a single well-defined loss line of considerable intensity, in 
addition, of course, to the full velocity line. It appears 
hardly necessary to mention that what may be called purely 
instrumental effects such as lack o£ uniformity of the 
magnetic field, fall of potential down the filament, contact 
potential differences and such like, cannot directly affect the 
magnitude of the energy differences. To the low velocity 
side of this 12 volt loss line, as appears on some of the 
photometric curves, there is an indication of another line or 
edge at about 14 or 15 volts. This corresponds possibly 
to the edge of the continuous absorption spectrum as 
given by Diekeand Hopfield at 14*53 volts, and is considered 
later. 

(2) The photographs obtained in this group at high gas 
pressures were intended primarily to furnish values of the 
excitation probabilit}' at high velocities (see p. 902), but they 
can also be used to provide the correction for the error 
which is introduced by the slight uncertainty of the full 
velocity line. These photographs (one of which is repro¬ 
duced ) show two loss lines : the first very strong, being the 
one already considered, which arises from electrons having- 
suffered a single effective collision ; the second being due to 
electrons which have suffered two such effective collisions. 
The true value of the energy lost by the electron in this 
particular type of collision will be given by the voltage 
separation between the first and second loss lines, whilst the 
difference between the first and the full velocity line will give 
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a value like the mean of Table I. Measurements made on five 
photographs of this sort showed that the true energy loss 
was 0*36 volts greater than the mean value of the separation 
between the first loss and the full velocity line. The resulting 
value of the energy lost in collision is then 12*6 volts to 
within the accuracy of these experiments, which may be 
estimated for the mean as about 1 per cent. 

(3) Photographs obtained at low excitation velocities 
differ from those taken at high velocities, the change being 
a gradual one as the accelerating potential is reduced. 

In this apparatus, where only the electrons which are 
flung forward through a very small angle are examined, the 
change is first to be observed at approximately 26 volts. At 
this potential a faint line appears at a distance corresponding 
to a loss of 9*1 volts. Naturally as the line is faint at this 
voltage, the accuracy of the measurement is small, and the 
value given might be in error by a few tenths of a volt. At 
lower potentials the intensity of this line increases very 
greatly, until at 18 or 16 volts it is comparable in intensity 
with the line at 12*6 volts. At still lower potentials from 
13 to 14 it again vanishes, a number of photographs being 
obtained at these very low potentials, and on none, although 
the 12*6 line can always be seen, does the other appear. 
When the velocity was below that required to stimulate 
the 12*6 loss, the photographs showed only the single line 
corresponding to the applied accelerating potential, but to 
the low velocity side of this there was, in general, a very 
faint shading extending a distance of some 4 or 5 volts. At 
potentials about 16 volts, i. e the lowest at which this second 
loss occurred strongly, there exists shading between this line 
and the full velocity line. The point of maximum intensity 
corresponding to this loss does not appear to be a definitely 
fixed value independent of the excitation conditions. The 
photographs (1, 2, 3, and 23) show this line strongly and 
clearly, and the differences in the value of the loss are 
certainly due to the actual displacement of the point of 
maximum intensity. That this displacement is due to 
extraneous causes is made untenable by the fact that the 
measurements of the 12*6 (or direct mean 12*26) line on 
the same photographs give normally good values. These 
results are not as surprising as may at first sight appear 
when it is observed that this loss is probably connected 
with the dissociation of the molecule. Table II. gives 
the loss in volts corresponding to the maximum of this line. 
The measurements for this table have been taken from 
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Table II. 


Photo. 

Pressure, 
mm. Hg. 

23 . 

0007 


1 . 0‘007 


0-009 


3 . 

0011 

24 . 

0-010 

8 . 

0 009 


Velocity in Total 

collision-space, velocity, 
volts. volts. 


16 

90 

16 

91 

17 

93*2 

17 

92 

18 

81*5 

26 

89 


Loss, Ratio of 
volts. Intensities. 


8*64 


7-30 

024 

8*62 

0T3 

813 

0*17 

9*03 


9*59 

003 


Fig. 3. 



photometric curves similar to fig. 3 which has been obtained 
from the spectrum reproduced above. 

Besides the determination of the energy-loss, estimates 
have been made of the relative intensities of the two a lines ” 
for a few different voltages. This has been done by com¬ 
paring the areas under the two maxima on the photometric 
curves corresponding to the 12*6 and the lower loss. 

As the photographic effect of slow electrons occurs 
through the intermediary action of the fluorescent grease 
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with which the films are sensitized, the intensity of the 
blackening will be related to the number of electrons in 
the beam* in the same way as the blackening depends upon 
the intensity o£ light in the ordinary case. If the blackening 
is not too intense, the photographic density may be taken as- 
proportional to the intensity of the incidental light. Since 
the distance along the wedge of the photometer employed is 
proportional to the photographic density, and as the ordinates- 
of the photometric curves are just the wedge-readings, these 
will be proportional to the number of electrons in the beam 
producing the mark. Thus the relative number of electrons 
having suffered the 12*6 and the lower loss will be given 
directly by the ratio of the areas on the photometric curves 
under their respective maxima. In the last column of 
Table II. are given the values of these ratios for a few cases. 
The photographs from which these ratios were obtained 
differed from those taken for ordinary energy-loss measure¬ 
ments only in that special care was taken to obtain a perfectly 
steady thermionic current and to measure this and the time of 
exposure (usually 4 or 5 minutes) accurately. The greatest 
difficulty in making measurements of intensities was that of 
obtaining a suitable reference line on the photometric curves. 
During an exposure the whole of the film is slightly darkened 
by electrons which are scattered within the camera. More¬ 
over, all those electrons which are scattered near the slits (and 
most of them should be, since the gas is leaking through this 
way into the camera) will strike the film somewhere below 
the line corresponding to the applied potential. Consequently, 
it does not appear justifiable to use the fiat part of the curve 
beyond the full velocity line as the reference level, rather 
should that part be regarded as the true zero which becomes 
flat below the loss line. In the treatment of the graphs, 
such as that shown, the centre of the full velocity line was 
first drawn, being determined from the upper part of the 
corresponding peak. This latter was then made symmetrical 
and the right-hand side of the first loss peak constructed by 
subtracting the ordinates. The left-hand part of this peak 
was then extrapolated to the base-line, and the right-hand 
side of the second loss peak determined as in the first case. 
For the curves referring to photographs taken at high 
velocities for the determination of the probability of 
excitation in which the second line is much fainter than the 
first, the adopted method was to extrapolate the curve of 
the first line, subtract the oi'hinates, and construct the curve 
of the second line from these. In addition, it is known that 
the second curve must be of the same form as the first, withi 
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the ordinates diminished in a certain constant ratio. This 
•serves as a check on the extrapolation. 

Determination of the Probability of Effective Collision . 

Although at the present time there are a few quantitative 
results on the probability of excitation by electron impact 
for electron velocities in the neighbourhood of the excitation 
potential, yet there appears to be no data giving the value of 
this probability for velocities exceeding the critical potential 
by some 100 volts. Seeliger and his collaborators have 
determined the relative excitation probabilities (or quantities 
closely allied) for these velocities by spectroscopic means. 
The experiments described here give a direct method for 
measuring the value of this probability at high velocities. 
Results are given for the A—>C transition of the hydrogen 
molecule at a velocity of 150 volts. 

The essential feature of the method is the obtaining on a 
single photograph of two lines, one due to electrons which 
have suffered a single effective collision, the other to 
electrons which have suffered two effective collisions. As 
will be readily seen, the ratio of the intensities of these two 
lines, a knowledge of the gas-pressure and the path-length, 
is sufficient to determine the absolute value of the probability 
of excitation. 

, The work of Lenard and others shows that a fast electron 
is deflected from its path or loses energy when it passes 
within the boundary determined by the gas kinetic radius of 
the molecule. This is equivalent to putting the mean free 

path of a fast electron equal to 4 V2 times the molecular 
mean free path. 

Now let p be the probability that an encounter (as just 
defined) shall result in the stimulation of the molecule to a 
certain state, and the flinging off of the electron in approxi¬ 
mately the same direction as that of approach. If the path- 
length in the gas be d the probability that an electron shall 

d 

suffer one and only one encounter is - e a, where A, is the 

'electron mean free path. Thus for the intensity of the first 
line we put 

d _ d 

Ii = const, p . e a. 

A 

The probability that an electron shall suffer its first encounter 
between x and x + hx, lose energy, and be flung off in the same 
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direction is pe~ i—. The probability that it shall then 
suffer one and only one encounter in the remaining distance 

^ rjQ <L—X t 1 * » 

is- e IT . Multiplying together and integrating from 

A, 

0 to d , and multiplying by p 9 we have for the intensity of the 
second line 


L> = const. v 9 


d 2 




the constant in each case clearly being the same. 

2 \ J 2 

P = —r . 

The quantity which is determined by the experiment is 
not the true excitation probability ; but for high electron 
velocities it approaches this within 1 or 2 per cent, as the 
results of Langmuir and also of Dymond show. This con¬ 
clusion can also be drawn from many of the photographs 
obtained in these experiments. As already explained, when 
the alignment is such as to bring part of the direct beam 
into the camera, there is produced a short, very intense line* 
superimposed on the uniform part of the full velocity line 
It is found that there is a corresponding increase of intensity 
in the 12'6 loss line at the same position. The meaning of 
this clearly is that the beam composed of the electrons which 
have lost 126 volts, expands only a little at high velocities 
from the original full velocity beam. In other words, most 
of the electrons are flung through only a very small angle 
when suffering effective collision at high velocities. 

Table III. gives the values of the excitation probability 
taken from the only photographs which were photometei’ed. 
It appears that it is of the order of 1 or 2 per cent. The 
mean of the first four values relating to an electron velocity 
of 150 volts is 0*015. 


Relation between the Energy Losses of the Electrons and the 
Spectroscopic Term Values of II 2 . 

The result of an electron impact with an atom, as far as 
energy interchanges are concerned, can be given a straight¬ 
forward interpretation. The energy lost by the electron is 
very nearly equal to the energy difference between two 
states of the atom. In the case of an impact with a molecule, 
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it is still true, of course, that the energy is conserved, but 
that gained by the molecule will in general be distributed 
between the electronic and the nuclear states. The process 
of excitation, according to Franck *, occurs in the first place 
by the change of the electronic state, the -nuclear motion 
being affected only indirectly as a result of the sudden 
change of binding. This picture has been justified to some 
extent by Condon t* When the stimulation occurs by the 
impact of a fast electron, say of 100 volts or more, it is to 
be expected that the molecule will be raised to some higher 
electronic state and that the primary electron will have lost 
this energy and passed on before the nuclei respond to the 
altered binding. Thus it is to be expected that the energy 
lost by a fast electron in collision with a gas-molecule will 
be equal to the change of energy due to the transition of the 


Table III. 



Pho,... 

Ratio of 
Areas. 

Pressure J, 
mm. Hg. 

Excit. Prob. 

V • 

18... 

. 150 

0053 

0*0275 

0*011 

19 .. 

. 150 

0*073 

0*0204 

0*020 

20... 

. 150 

0056 

0*0207 

0*015 

21... 

. 150 

0*057 

0*0255 

0*013 

22... 

. 98'8 

0*060 

0*0245 

3*014 


electronic state plus vibrational energy of an amount corre¬ 
sponding to the potential energy of the two nuclei in the 
higher electronic state, but with their original separation. 

In order to estimate the amount of the vibrational energy 
imparted to the molecule, one only needs to draw the curve 
showing the energy of the molecule in a particular electronic 
state for various separations of the nuclei. When the band 
spectrum has been sufficiently analysed so that the vibrational 
and rotational constants are known, it is possible to do this 
for small values of (r—r 0 ) > where r 0 is the equilibrium 

* Franck and Jordan, loe. cit. p. 252. 

t Condon, Proc. Nat. Acad. Sc. xiii, p. 466 (1927). 

X Owing to the smallness of p 1 the gas-pressure was raised in these 
experiments to the greatest practicable value so as to make X as small 
as possible. This greatest pressure was found to be about 003 mm., the 
limit being set by the necessity of (1) preventing too rapid a leak through 
the slit into the camera; (2) providing the filament with a reasonably 
long life; (3) guarding against too frequent arcing between filament and 
grid. 
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separation, I£ the force between the two nuclei be expanded 
as a power series in (r —r 0 ) the first three coefficients k u k 2y 
k s can be obtained from the band constants. Using the 
numerical data recently collected by Birge *, fig 4 refer¬ 
ring to the C state of H 2 has been drawn showing the relation 
between the potential energy and the nuclear separation. 

It is seen that when the nuclear separation in this state 
is equal to that in the normal A state, i. e. f 0*76 A.U., the 
potential energy due to the displacement of the nuclei 


Fig. 4. 



= 0*74 volt. It appears, then, that a collision with a fast 
electron resulting in the transition to the C state will involve 
the stimulation of vibrational motion and that the most 
probable values of the vibrational quantum-numbers are 
w = 2 or 3. The point of maximum intensity on the photo¬ 
graphs would be expected, therefore, to correspond to a loss 
of some value between 13*0 and 12*78, the precise position 
depending on the relative numbers which lose one or other 
of these values. Actually the adopted mean from the given 
measurements lies at 12*6 volts, but this is sufficiently near 

* Birge, Proc. Nat. Acad. Sc. xiv. p. 12 (1928). 

Phil . Mag. 3.7. Vol. 6, No. 38. SuppL Nov . 1928. 3 N 
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to make it likely that this line is rightly allocated to the O 
state. Still more convincing evidence on this point is that 
Hori, when examining the ultra-violet emission spectrum of 
H 2 stimulated by electrons of velocity varying up to 200 
volts, found that only the bands corresponding to the C->A 
transition were emitted at all strongly. It is noteworthy 
that unless there be some factor in the process of excitation 
by electron impact which tends to make one, or perhaps two, 
neighbouring vibrational levels much more probable than the 
rest, then our photographs would not show anything like a 
line at all, since the vibrational levels of the C state, 
according to Dieke and Hopfield * extend from 12*23 to 
14 53 volts. 

The complete absence of any line at 4*34 volts for high 
electron velocities may be regarded as additional direct 
evidence for the already well-established fact that high- 
velocity electrons are ineffective for producing dissociation 
by direct means, i.e. by yielding up just sufficient energy to 
-carry this process out without simultaneous excitation of 
some electronic state. 

A review of the older work on the measurement of critical 
potentials in hydrogen reveals, at all events, one feature 
which appears reliable, in that it is common to most observa¬ 
tions. This is the existence of a strong radiation potential 
in the neighbourhood of 12 6 to 12*9 volts. It is to be 
remembered that the energy losses measured in this way are 
those sustained usually by electrons whose velocity is in the 
immediate neighbourhood of the excitation potential con¬ 
sidered. Nevertheless, since the photographs obtained at 
low velocities (13 or 14 volts) still show the line corresponding 
to the A->C transition (though of much reduced intensityj, 
it appears that the above-mentioned critical potentials arise 
in the same way as the lines on our photograph, i. e by 
stimulation to the C state. 

As already mentioned, at high velocities, apart from the 
12*6 volt line (and the shading to the low-velocitv side), 
there appears nothing else of noticeable intensity. Now the 
next lowest after the ground state is the 2 *S state, or the JB of 
Dieke and Hopfield’s notation. The non-vibrating level of 
this lies at 11*1 volts beyond the normal state. It appears, 
then, that the excitation of this state must be relatively 
very infrequent. This is in agreement with Hoii's observa¬ 
tion that the Werner bands always appear much more 
strongly than the Lyman bands even at low velocities. As 


* Dieke and Hopfield, Zs. f. Phys. xl. p. 299 (1920). 
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a reason for this, it may be suggested that since the equili¬ 
brium separation of the nuclei for the 2 X S state is 1*55 A.U., 
and that of the normal 1 l S state 0*76 A.U., when excitation 
to the 2 X S state occurs by the action of a fast electron, 
the potential energy imparted to the nuclei, as a result of 
the altered binding, will be great, corresponding to a dis¬ 
placement of 0*79 A.U. Thus, if an impact with a fast 
electron is to result in the transition to the B electronic 
state, then this must be accompanied by the stimulation of a 
vibrational state of high quantum-number, or more likely by 
dissociation. Now according to Dieke and Hopfield, the 
limit of the B state is common with that of the 0 state, and 
lies at 14*53 volts. It would thus appear that is the signifi¬ 
cance of the increased intensity in the shading to the low- 
velocity side of the 12*6 volt line lying at 14 to 15 volts, 
which is especially prominent on the photographs taken 
at high velocities, as appears from the photometric curves. 
The products of the dissociation at 14*53 volts are given 
by Dieke and Hopfield as a neutral atom and an atom in 
the first quantum state, L e. 9 the 10*15 state, this giving a 
value of 4*38 for the dissociation potential. If the energy 
imported as a result of the collision be somewhat less than 
14*5 volts, the molecule may he left in the B state with 
strong nuclear vibration. It is generally considered that 
returns from such states to the ground A state will result 
in dissociation and the emission of the continuous spectrum. 
In a word, then, collisions of fast electrons resulting in the 
stimulation of the B state might be expected, first, not to 
require 11*1 volts, but something in the neighbourhood of 14, 
and, secondly, to result not in the stimulation of the Lyman 
bands, but rather in that of the continuous spectrum. 

The photographs obtained at low velocities appear to be 
rather surprising, but the large number taken under various 
conditions, and even with different forms of apparatus, forces 
one to the conclusion that low speed electrons may lose 
energy as a result of collision with some form of hydrogen 
of an amount much greater than the dissociation potential, 
but less than the first excitation stage of either the atom or 
the molecule. Moreover, for given conditions (mainly the 
accelerating potential) there is one value of the energy loss 
much more probable than any other. This is shown by the 
maximum to be seen on the photometric curves. It is 
especially to be noticed that when the accelerating potential 
is less than 14 or 15 volts, this loss of energy does not occur 
with sufficient frequency to produce a noticeable line on the 
photographs. Thus it would appear possible for it to be made 

3 N 2 
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evident by the critical potential methods, since the number 
of electrons losing this energy increases gradually as the 
velocity is increased, without there being any well-defined 
threshold potential. 

It was at first suggested * that this effect might correspond 
to the excitation of H 3 , as relatively large quantities of H 3 + 
are known to exist under the discharge conditions employed. 
The rare appearance of the loss below about 15 volts 
suggested that H 2 + was in some way connected with its 
occurrence, and this it is known is necessary to the 
formation of H 3 . 

It seems more likely, however, that this line appearing at 
low velocities is intimately connected with the dissociation 
of the diatomic hydrogen molecule. The fact that the most 
probable loss, L e ., the loss corresponding to the point of 
maximum intensity, is not a definite amount, but increases 
as the velocity of the primary electrons increases from 16 to 
20 volts, makes it unlikely that it corresponds to any 
particular excitation state of any kind of molecule. 

When the initial velocity of the electron, suffering collision 
wdth the molecule, corresponds very nearly to the energy 
separation of the two states between which the transition 
occurs, it might be expected that the electron and molecule 
will remain in interaction for a time sufficiently long to allow 
the nuclear motion to affect the amount of energy finally 
lost by the electron. The energy lost under consideration 
may be due, therefore, to an excitation process, which finally 
results in the dissociation of the molecule and the emission 
of radiation which forms part of the continuous spectrum. 
It is interesting to notice in this connexion that Oldenberg + 
has found that the continuous spectrum, but not the Lyman 
bands, is strongly excited by electron impacts in pure 
hydrogen, but when argon is present Lyman bands appear 
strongly and the continuous spectrum very weak. The two 
thus appear to be closely related and probably due to the 
same initial electronic excitation, i . to the B state. The 
essential difference is, according to Oldenberg, that with 
argon present (the excitation occurring then bv collisions of 
the second kind with the excited argon atoms) the vibra¬ 
tional energy is limited to that of the third state, whilst in 
the other case high vibrational states may occur, and there¬ 
fore dissociation in the resulting transition which produces 
the radiation of the continuous spectrum. The work of 

* Jones and Whiddington, Proc. Leeds Phil* & Lit, 8oc., July 1928. 

f Oldenberg, Zs.f. Pkys. xli. p. 1 (1927). 
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Hugh es and Skellett* shows that dissociation occurs almost 
certainly as a result of a simple process, i.e. } not a secondary 
effect, and, moreover, that the dissociation does not set in 
until the electrons have a velocity of 11 or 12 volts, and 
increases for higher potentials. These results fit with the 
observation first made by Horton and Davies f of the exci¬ 
tation of the continuous spectrum at low velocities. They 
gave tentatively as the lower limit for excitation 12*6 volts. 

Finally, then, it appears that (1) the loss not being a 
definite one, independent of the excitation conditions, 
suggests that it is connected with dissociation; (2) results 
like those of Hughes and Skellett indicate that dissociation 
is connected with the emission of the continuous spectrum, 
since there appears no other way of accounting for the 
balance of energy, and does not occur until the electrons 
have a velocity of about 12 volts ; (3) Oldenberg^s results 
may be taken to indicate that the continuous spectrum is 
intimately connected with the excitation of the B electronic 
state, and this, as has been previously mentioned, would 
apparently require the impacting electron to have an initial 
velocity somewhat greater than the 11*1 volts necessary to 
stimulate the B 0 state. This fits, then, with the non-occur¬ 
rence of the loss at very low potentials, and may be taken to 
support the attribution of this Igss to a dissociation process. 

Summary . 

Experiments are described in which the energy losses of 
electrons in hydrogen of controllable velocity are measured, 
and also the relative number in the different energy groups. 
The results of the measurement of the photographs and their 
photometric curves may be summarized as follows:—(1) By 
far the most probable effect of a collision between an electron 
of 50 volts or more velocity and a hydrogen molecule is the 
excitation of the C state w ith a certain amount of vibrational 
energy. (2) The probability of effective collision at 150 volts 
is in the neighbourhood of 1 or 2 per cent. (3) At low 
velocities, smaller losses, the upper limit of which is 8 or 
9 volts, varying slightly with the primary electron velocity, 
are observed, and the suggestion is made that these are 
connected with the dissociation of the molecule and the 
excitation of the continuous spectrum. (4) There is no loss 
of about 11*1 volts to be found, indicating that the B 0 and 
other low vibrational B states cannot be stimulated directly 

# Hughes and Skellett, Phys. Kev. xxx. p. 11 (1927). 

t Horton and Davies. Phil. Mag. xlvi. p. 872 (1923). 
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by electron impact. (5) There is no indication, except at 
very low velocities (8 to 10 volts) when it is very faint, of 
a loss occurring* which might be connected with direct 
dissociation. 

The cost of part of the apparatus used in this investigation 
has been defrayed by a grant from the Royal Society. 

The University, Leeds. 


LXXXIX. The K X-Ray Absorption Edge of Iron. 

By Geo. A. Lindsay and H. R. Yoorhees * * § . 

[Plate XVI.] 

Introduction . 

R ECENT work in X-ray absorption spectra has shown 
that on the short wave-length side of the edge there 
often exists a complicated appearance which has been called 
the fine structure, or multiple structure of the edge. Early 
investigators were Stenstromt, Fricke J, and Hertz §. 
Lindh ||, in an extended study of the K absorption edges 
of sulphur, chlorine, and phosphorus, found one or t.wo 
secondary edges. Coster and Yan der Tuuk If reported a 
secondary edge very close to the K edge of argon. Van 
Dyke and one of the writers ** found a more complicated 
structure for the K edge of calcium than had previously been 
observed for any element. Nuttall ft, working in this 
laboratory 9 has recently shown a structure for the potassium 
and chlorine K edges which is also very complicated. 

The valence of the element affects the position of the 
absorption edge. In the work of Lindh there appeared a 
progressive shifting of the edge towards shorter wave-lengths 
as the valence of the element became higher. 

The present work was undertaken for the purpose of 
extending the knowledge of the structure of the K absorp- 

* Communicated by J. M. Nuttall, M.Sc. 

t Stenstrom, Diss. Lund, 1919. 

X Fricke, Phys. Rev. xvi. p, 202 (1920). 

§ Hertz, Zeits./iir Phys . iii. p. 19 (1920). 

II Lindh, Diss. Lund, 1.923. 

1i Coster and Van der Tuuk, Zeits./iir Phys. xxxvii. p. 367 (1926). 

** Lindsay and Van Dyke, Phys. Rev. xxviii. p. 613 (1926). 
ft Nuttall, Phys. Rev. xxxi. p. 742 (1928). 
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tion region and also with the hope of showing the effect of 
valence on this structure. With this in view, iron was 
chosen because ot* its convenient wave-length, because of the 
fact that crystals containing iron are plentiful, and also 
because iron has two valencies. 


Experimental Procedure . 

Two methods were used to obtain the absorption : first,, 
crystals containing iron were used both as diffracting crystal 
and as absorbing medium ; second, screens were made and 
placed in the path of the beam in the usual manner. The 
first method has the advantage of forming a very uniform 
absorber, and of permitting more radiation to reach the 
plate. It is a very desirable method for long wave-lengths 
and when good crystals are obtainable. On the other hand, 
if the crystals are poor and if suitable absorbing screens can 
be made, the second method gives better results. While 
crystals containing iron are plentiful, they have not espe- 
cially good surfaces, and lienee in this work the better results 
were obtained by the second method. 

Many of the crystals used were not common in X-ray 
work, and it was therefore necessary to obtain the crystal- 
grating constants. This was done by precision measure¬ 
ments on the OuKa line, as outlined by Siegbahn *. The 
natural faces of the crystals were used, but in some cases 
these were polished in an effort to eliminate some of the 
surface irregularities. This polishing no doubt sacrifices to 
some extent the sharpness of the fine structure. The 
absorbing screens were made by mixing the finely-pul¬ 
verized compound with collodion and spreading the mixture 
out in thin films to dry. In this manner screens of suitable 
thickness could readily be obtained. One of the crystals 
used in the first method was lepidomelane, a mica which 
contains iron, and which can be split into sheets as thin as 
0*01 mm. These sheets served as excellent absorption screens 
for the second method. The screens for metallic iron were 
made bj r rolling a piece of pure electrolytic iron which was 
obtained from the General Electric Co., through Professor 
W. P. Davey. The rolling was done between pieces of 
copper, and fairly uniform screens as thin as 0*01 mm. were 
made. 

A sylvite (KC1) crystal was used in the absorbing screen 
method. This crystal gave very good reflexion. Its disper¬ 
sion is somewhat greater than that of calcite. 

* Siegbalm, * Spectroscopy of X-Rays, 1 pp. 62-64. 
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A Siegbahn vacuum spectrograph was used for photo¬ 
graphing the edges. The reference line used on all the 
plates was the FeK/S line. The WL 2 line was also near, 
and served as a check. The distance from absorption edge 
to reference line was measured on a comparator having a 
least count of 0‘005 mm. 

In measuring the edge the cross hair of the comparator 
microscope was brought up just to the point where the 
blackening begins to decrease. The practice has commonly 
been to add to this reading one-half the width of the slit. 
It was found, however, that this correction gave abnormally 
low wave-lengths in cases where the dispersion of the crystal 
was small. If no corrections were made, the values for the 
edge by the two methods were found to agree much better* 
It was also found that the edge was much less sharp for 
metallic iron than for the compounds, even though other 
conditions were the same. This shows that factors other 
than slit-width may determine the sharpness of the edge. 
From these considerations it was thought best to omit the 
correction for the width of the slit. The width of the slit in 
the crystal method was 0’12(> mm. In the screen method, 
where stronger reflexion could be obtained, it was narrowed 
to 0’043 mm. This aided in the resolution of some of the 
details of the structure. 

The curves shown in this work are microphotograms taken 
on a Moll microphotometer. The lens system was modified 
so as to utilize more of the height of the plate, thus elimi¬ 
nating most of the fluctuations due to the coarse grain of the 
X-ray plates. 


Experimental Details . 

The predominant features of the multiple structure are as 
follows : first, a very sharp principal absorption edge ; second, 
an intense white-line absorption immediately to shorter wave¬ 
lengths ; third, several secondary regions of absorption, which 
also sometimes appear as white lines of less intensity. The 
more striking appearance of the first white line is, however, 
partly due to the fact that there is less contrast at the 
secondary edges. The microphotograms show that in many 
cases the secondary absorptions are really as intense as the 
principal white line. The blackening between the secondary 
absorptions by no means approaches in intensity that on the 
long wave-length side of the principal edge. In the tables 
this principal edge, which is the one always measured, is 
-designated simply as the K edge. It forms the long wave¬ 
length boundary of the principal white line. The short 
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wave-length boundary is far less distinct. The secondary 
-edges, that is the long wave-length sides of the secondary 
white lines or bands, are denoted by K 3 , K 2 , K 3 , etc. Certain 
faint and narrow absorptions that are often found near the 
secondary edges are designated as K/, Kg', etc. K/ is 
between K and K b K 2 ' is between K x and K 2 , and so on. 
The structure is quite similar for all the compounds of iron. 
/The structure for metallic iron differs from that for the 
compounds in that the principal edge is less sharp, as is 
revealed by the mierophotogram of fig. 3 (PI. XVI.), and 
there is no white line absorption ol: note until the K 2 edge 
is reached. The multiple structure covers a much greater 
range than in the case of the compounds. 

Results of the Crystal Method . 

The following crystals were used as diffracting crystals 
and at the same time as absorbers :— 

(1) Iron pyrites, FeS 2 ; (2) Arsenopyrite, AsFeS ; 

•(3) Hematite, Fe 2 0 3 ; (4) Epidote, HC0 2 (A1, Fe) 3 Si 3 0i 3 ; 
{5) Lepidomelane, (K,H) 2 (Mg,Fe) 2 (Al,Fe) 2 (Si0 4 ) 3 ; (6) Mag¬ 
netite, Fe 3 0 4 . 

A summary of the results of the crystal method is given 
in Table I. The values shown for any one crystal are the 
average from several plates. The fainter edges are given 
in parentheses. Fig. 1 (PI. XVI.), shows a representative 
plate of this method taken with iron pyrite. In the repro¬ 
duction of the plate fainter detail is perhaps not evident, 
but it may be seen in the accompanying mierophotogram of 
the same plate. 

The summary of the data shows that the bivalent iron, as 
it occurs in iron pyrites and arsenopyrite, gives the same 
wave-length value for the principal edge. The white line 
for these two compounds measured 7 x,u. in width. Close 
study of the clearer plates shows, however, that this white 
line is separated in the middle by a very narrow black line. 
This indicates the presence of a K/ edge in this mid¬ 
position. Such an edge was found later for the bivalent 
iron in the absorption-screen method. This faint KV edge 
is probably less distinct in the crystal method because of 
the wider slit used in that method. The remaining struc¬ 
ture of these two crvstals is quite the same for both, except 
that the pyrite crystal, which gave the better reflexion, 
shows the K 2 ' and K 3 edges faintly, while in the other 
they cannot be detected. The hematite and epidote crystals 
■contain trivalent iron. The wave-length of the principal 



Table I.—Summary of Data for Crystal Method, 
wave-length in x.n. AY = energy difference in volts. 
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edge for these crystals was 1*5 x.u. shorter than for the 
bivalent forms. The white line was here found to be 4*4 x.u. 
in width. 

The lepidomelane and magnetite crystals contain both 
bivalent and trivalent iron. The reflexion from the mag- 
tite crystal was so poor that only the principal edge could 
be measured. The lepidomelane gave very strong reflexion, 
but its grating constant was large, and the dispersion was 
only 55 x.u. per mm. The detail was as sharp as in the 
crystals having iron of only a single valence. 

Results of the Absorption-screen Method . 

The absorption-screen method was more fruitful of results 
because of the excellent reflexion of the (KC1) crystal used. 
The slit was now narrowed in order to aid resolution. The 
dispersion for this sylvite was slightly greater than for 
calcite. 

Absorbing screens were made of the following com* 
pounds:—ferrous carbonate, FeOO s ; ferric oxide, Fe 2 0 3 ; 
ferrous ferric oxide, Fe 3 0 4 ; ferric chloride, FeCl 3 .6H 2 0 ; 
ferrous ammonium sulphate, FeSO^NH^SO*. 6H 2 0; and 
a mechanical mixture of the last two. Thin sheets of 
lepidomelane were also used as screens, and the metallic iron 
screen, made as described above, gave the absorption for the 
uncombined element. 

The mineral siderite (FeC() 3 ) and ferrous ammonium 
sulphate were chosen because they are rather stable com¬ 
pounds. 

Table II. shows a summary of the data obtained by the 
absorption-screen method, while figs. 2 and 3 (PL XVI.) 
show plates of Fe 3 0 4 and metallic iron respectively with 
their microphotograms. In the case of the mechanical 
mixture it may be seen that the principal edge is like that 
for bivalent iron. We should expect this, for if the struc¬ 
tures due to both forms are present, the edge due to the 
trivalent iron would fall in the intense white line due to 
the bivalent iron, and hence would not appear. Where the 
bivalent and trivalent iron are both in a single compound, as 
in the lepidomelane and magnetite, no evidence of a super¬ 
position of the two spectra could be found. The wave-length 
of the principle edge was intermediate between that for the 
two forms of iron. The white line was very narrow and a 
distinct K/ edge was observed. These features indicate that 
the iron is held in these compounds in such a way as to show 
neither bivalent nor trivalent spectral characteristics. It 
rather appears that the iron ions are all alike. 



Tabi*e II.—Summary of Absorption-screen Method. KOI. Crystal. 
X = wave-length in KOI. AV = energy difference in volts. 
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Probably the most interesting portion of this work is the 
spectrum obtained with the screen of pure metallic iron* 
According to earlier views, which attributed the structure of 
the edge to the effect of the outer orbits, one should expect 
to find only a very limited structure for the absorption edge 
ofc* a neutral element. On the contrary, our plates showed 
as many as a dozen secondary edges for metallic iron, the 
structure being distinct to more than 300 volts from the 
principal edge, with less distinct indications for several 
hundred volts further. This is a much greater range than 
has been observed before for the structure of any absorption 
edge. 

It is of note that there is no white-line absorption at the 
principal edge for metallic iron. As may be observed from 
the photometer record of fig. 3 (PL XVI,), the slope of the 
edge is more gradual than for the compounds, and the K/ 
and K x edges appear faintly on this slope. The first appear¬ 
ance of the usual white-line absorption is at the K 2 edge. 
The wave-length of the principal edge was found to be 
greater than for either of the ionized forms. Our value 
of 1739’3 x.u. for this edge is about 0*7 x.u. less than that 
given by Lindh. 


Theoretical Considerations . 

Kossel’s theory of the fine structure was that the ejected 
electron may stop in the outer unoccupied orbits of the atom, 
and thus give rise to secondary edges, depending on the 
particular orbit in which the transition ends. The edge of 
shortest wave-length would thus correspond to complete 
removal of the electron, while the edge of longest wave¬ 
length would correspond to a transition to the innermost 
possible virtual orbit. This theory would account for a 
structure in the case of metallic iron of only a few volts in 
width, and at the most for not over oO volts in the case of 
the trivalent Pe ion. The structure for the metallic iron 
here found is even more extended than for the compounds. 
We therefore think it very likely that multiple simultaneous 
ionization of the atom occurs under the action of the X-ray 
beam. G. Wentzel* predicted such a multiply-ionized 
condition in his discussion of the origin of certain non¬ 
diagram lines. Xuttallf gives this multiple ionization as* 
the probable explanation of his results. 

* G, Wentzel, Ann . der Pkys. Ixvi. p, 437 (1920). 
f J. M. Nuttall, loc . tit. 
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When we attempt to calculate the position of any one of 
the secondary edges from the standpoint of multiple ioniza¬ 
tion, we find it difficult because of our lack of knowledge of 
the transition process in the outer part of the atom. How¬ 
ever, since the portion of the spectrum corresponding to the 
virtual orbits is confined to a narrow region, it is possible to 
compute the general position of the absorption from a 
knowledge of the energy-levels of* the atom. 

It the iron atom has one of its K electrons removed to an 
outer level, its nucleus and K shell together then act, in so far 
as the outer electrons are concerned, like the corresponding 
parts of a cobalt atom. It an M electron were now to be 
ejected, it would require energy about equal to that for 
ejection of an M electron from a cobalt atom, which is about 
104 volts for an Mi electron, 04 volts for an Mu or Mm elec¬ 
tron, and 10 volts for an Mrv or My electron. If the K 
electron were entirely removed from the atom, these values 
would be somewhat more. Now, if one of these M electrons 
is ejected simultaneously with a K electron, the total energy 
absorbed will be approximately equal to the sum of that 
required to eject the K electron from the iron atom and the 
second M electron from a cobalt atom. If the M electron 
stops in some of the outer orbits, this energy value will be* 
somewhat less. Thus, by choosing the proper number of 
electrons to be ejected and the proper stopping-places, it is 
possible to calculate values which will agree with almost any 
observed edge. The only point possible to make here at 
present is that that these computed values agree roughly with 
the structure found for iron. Thus the value lor the Kj 
edge is but slightly under the value computed for the 
ejection of a K electron together with an Mn-in electron ; 
the K g edge is somewhat less than the computed value for 
the ejection of a K electron with an Mi electron. Further 
comparison is hardly worth while until more elements are 
investigated and until causes for variation in the fine 
structure are found. 

From the multiple ionization viewpoint.one might expect 
to find an absorption corresponding to the simultaneous 
ejection of a K and an L electron. Many trials were made 
with different absorption-screens and varying period of 
exposure to show such an effect. Several plates were 
obtained which showed two faint edges in the proper loca¬ 
tion to correspond to the ejection of an Ln or Lm electron 
with the K electron. 

KossePs theory will now be compared with the results 
obtained. According to tables of electron configuration, it 
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would appear that the Nn level is the first one in which a 
K electron might stop if the selection rule is obeyed. The 
absorption of energy sufficient to remove the K electron to 
this level may be considered as the cause of the principal 
edge. The energy necessary to remove the electron from 
this Nn level to infinity ought to be in the case of metallic 
iron about equal to the first ionizing potential for cobalt. 
The first ionizing potential of cobalt is given by Sur * as 
slightly over 8*5 volts. This would be the width of the 
virtual orbit effect, and if the white line is thus explained, it 
should not be more than this width for metallic iron. No 
evidence of a white line was found, but 8*5 volts would be 
equivalent to only about 0’2 mm. on our plates, and sonanrow 
a white line might be practically obliterated by the radiation 
on either side. Applying the same reasoning to .bivalent 
iron, it is found that the width of the white line should 
correspond approximately to the third ionizing potential of 
cobalt, which we are probably safe in assuming is not over 
?)5 volts. This would be equal to a width of 8*5 x.u. If we 
ignore the division of the white line in the case of pyrite and 
arsenopyrite by the faint EV edge, then the entire width of 
the white line is about 7 x.u. The intense portion of the 
white line is much narrower than this. 

Similarly, the limits for the virtual orbit effect for trivalent 
iron would be about equal to the fourth ionizing potential of 
cobalt, which we assume is not far from 50 volts. This is 
much greater than the observed width of the white line for 
trivalent iron. A width of 50 volts would reach about as 
far as the K 7 edge. 

It may be, however, that the white line is only another 
manifestation of multiple ionization, since the second ejected 
electron might also stop in one of the innermost unoccupied 
orbits. We could then think of the principal K edge as 
corresponding to a complete ejection of a K electron, and of 
the white line as the additive effect of M electrons, moved to 
higher levels. This view of the principal edge, however, is 
not in conformity with the low values of A i>/R for the 
interval between the Li edge and the Ly 4 line obtained by 
Miss Chamberlain and Lindsay +. Andrewes, Davies, and 
Horton X are also of the opinion that the principal absorption 
edge corresponds to the removal of the electron to the first 
possible unoccupied orbit. 

♦ Sur, Phil. JMag. iv. p. 36 (3927;* 

t Chamberlain and Lindsay, Phys. Rev. xxx. p, 369 (1927). 

J Andrewe 5 *, Davies, and Horton, Roy. Soe. Proe. cx. p. 64 (3926). 
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Summary . 

The multiple structure for iron, both as a metal and in 
compounds, has been demonstrated to extend over a range 
considerably greater than that of any structure previously 
reported. The magnitude of this range is best explained 
by simultaneous ejection of electrons from outer orbits 
together with the K electron. KosseFs hypothesis appears 
satisfactory only as a possible explanation of the white-line 
absorption. As has been found previously, the principal 
edge shifts to shorter wave-lengths as the valence in creases. 
The effect of valence on the multiple structure is small. 
When bivalent and trivalent iron are mechanically mixed, 
the expected superposition of the two patterns can be 
detected, but when the two valencies were in the same 
chemical compound, as in lepidomelane, no such overlapping 
could be found. 

University of Michigan, 

Ann Arbor, Michigan. 

June 1928. 


XC. Measurements of the Velocity of Sound in Air, Nitrogen, 
and Oxygen , icith special reference to the Temperature 
Coefficients of the Molecular Heats. By W. G. Shilling, 
M.C., JJ.Sc., and Prof J. R. Partington, M.B.E.,D.Sc* 

T HE method of experiment and the apparatus used are 
essentially the same as those described in a previous 
communication f. Except in a few matters of detail, no 
further description is necessary. Description of the deter¬ 
mination of the tube constant has necessarily been amplified 
in reply to adverse criticism of previous work J. 

Preparation of the Gases . 

Air .—The method of purification of the air used in the 
experiments is described in the previous communication §. 

Nitrogen .—Nitrogen, containing as impurities only 0*3 
per cent, (by volume) of oxygen and O'l per cent, helium 
and neon, was obtained from the British Oxygen Company. 


* Communicated by the Authors, 
t Phil. Mag. iii. p. 273 (1927). 
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The oxygen was removed by passage over reduced copper 
heated in a small electric furnace. The rare gases were not 
removed. The gas was dried by stick sodium hydroxide and 
phosphorus pentoxide. 

Oxygen .—Electrolytic oxygen containing only 0'2 per 
cent, hydrogen was obtained from the British Oxygen 


Table I. 

Gases at Room Temperature. 


j 

No. 

Air 20° O. 

Nitrogen 19*5° C. 

Oxygen 

23-6° 0. 


Length. 

X/2 cm. 

Length. 

X/2 cm. 

Length. 

A/2 cm. 

! G . 

34*05 

5 675 





7 . 

39*65 

5*664 

— 

— 

— 

_ 

; 8 . 

45-40 

5*675 

46*20 

5-775 

— 

_ 

9 . 

5100 

5-6 6 

5200 

5-777 


_ 

10. 

5660 

5-659 

57-80 

5-780 

54*40 

5*440 

11. 

62-25 

5-663 

63-50 

5-773 

59*80 

5-436 

12 . 

68-05 

5 665 

69*35 

5-778 

65-20 

5-433 

13 . 

73*65 

5-671 

75-10 

5-777 

70-55 

5-427 

14 . 

79-40 

5-673 

80-85 

5*775 

76*00 

5428 

15 . 

8510 

5-673 

86-65 

5-776 

81*40 

5-427 

16 . 

90-75 

5-672 

92-50 

5*781 

86*80 

5-425 

17 ...... 

96-45 

5*673 

S8*20 

5*776 

92 25 

5*426 

18 . 

102-10 

5-672 

104 05 

5-780 

97*70 

5*428 

19 ...... 

107*80 

5*673 

109-70 

5-774 

10315 

5-429 

20 . 

! 113-45 

i 5*672 

115-50 

5-775 

108*60 

5*430 

21 . 

119*15 

5*673 

121-25 

5-774 . 

114-00 

5-429 

22 . 

124*85 

5*675 

127 00 

5*777 ; 

lli-40 

5*427 

23 . 

130 65 

j 5-680 

132-80 

5*774 

125-00 

5-434 

24 . 

136-25 

5-677 

138-70 

5*779 

130*40 

5-433 

25 . 

141-85 

5*674 

— 

— 

135*80 

5-432 

26 . 

| — 

— 

— 


141*40 

5*438 

Means. 

5*671 

5-776 j 

5*431 


Company. The hydrogen was removed by passage over 
heated platinized asbestos, and the gas then dried by calcium 
chloride and phosphorus pentoxide. 

Measurements were then made, as described in the previous 
paper, at temperature intervals covering the range from room 
temperature up to 1100° C. Tables I. to III. give typical 
sets ©f measurements. The mean cold-junction temperature 
is given at the top of the table. The three columns for each 
gas contain the number of half wave-lengths, the corre¬ 
sponding mean half wave-length, and the temperature in 
PhiL Mag , S* 7. Vol. 6. No. 38. SuppL Nov . 1928. 3 O 
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Table II. 

Gases at abont 460° C. 


N o. 

Air 17 6° 0 ' 

Nitrogen 17'4°C. 

Oxygen 19‘9° 0. j 

\ 

X/2 cm. 

M.V. 

. X/2 cm. 

M.V. 

X/2 cm. 1 

.i 

M.V. ■ 

0 


3*920 


3-798 


3-930 ; 

ft 


_ 

8-898 

3-762 

8-370 

3*965 ! 

6 .... 

8-810 

3-974 

8‘889 

3*882 

8-367 

3-985 j 

7 . 

8-815 

3974 

8-887 1 

3-862 

8-368 

3*985 j 

| 8 . 

8-817 

; 3 935 

8-894 

3-864 

8-374 

3-995 

j 9 . 

8-820 

| 3-980 

8*895 

3-890 

8-378 

3*965 j 

! 10 

8-825 

4-005 

8-897 

3-870 

8-373 

3*955 ! 

11 . 

8 828 

j 4005 

8-901 

3*844 

8*382 

3-920 ! 

12 .. 

i 

8830 

3-975 

! 

! 


8-380 

3-970 j 

Means... 

8-821 

3*971 

i 8-894 

3-846 

8374 

3-963 ! 

O.J. ... 


79 

| 

78 


90 . 

Temp.... 


4*050 

1 

3*924 


j 4-053 j 



460° 0. 

i 

446° C. 


460°0. : 


Table III. 

Gases at about 980° C. 



Air 15-8° 0. 

Nitrogen 17*2° C. 

Oxygen 20*2° 0. ‘ 

No. 







X/2 cm. 

M.V. 

X/2 cm. 

M.V. 

X/2 cm. 

M.V. ! 

0 . 

4 . 

1 5 . 

i 6 . 

7 . 

8 . 

9 . 

10 . 

11-319 

11-321 

11*324 

11-321 

11-330 

11-336 

11-332 

9-940 

9-950 

9*917 

10-015 

9-960 

9-910 

9 820 
9-800 

11-892 

11*910 

11-927 

11-930 

11-930 

11-918 

11*899 

1 

9*758 

9*760 

9810 

9-960 

9*860 

9*8*K) 

9-790 

9-785 

10-760 

10-764 

10-760 

10-803 

10-804 

10-784 

10*787 

9-800 1 
9-905 ( 
9-930 ; 
9-950 i 
9-945 
9-900 
9-805 
9-815 
j 

Means... 
O.J. ... 

11*326 

9*914 

71 

11-915 

9-815 

77 

10-780 

.9-881 

93 

Temp.... 


9985 


9-892 


9-974 



981° C. 


973° C. 


980° 0. 
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millivolts respectively. At the foot of each table is added 
the cold-junction correction and the equivalent temperature 
in degrees centigrade. 

The velocities of sound shown in Table IY. have been 
calculated from measurements over the whole temperature 

Table IV. 

True Velocities of Sound in metres per second. 


Temp. °0. 

I 

Air. 

Nitrogen. 

Oxygen. 

0 .1 

3314 



Boom*. 

340-8 

347-6 

323-8 

100 .j 

387-2 

394-1 

367*4 

200 .i 

435’6 

4433 

413-6 

300 .| 

478-9 

487-4 

454*8 

400 .1 

518-4 

527 5 

492-3 

500 . 

555 1 

564-7 

527*4 

600 .; 

589-3 

599-4 

559-9 

700 .! 

621-5 

632-3 

590-8 

800 .j 

651-7 

6630 

619-8 

900 .j 

680-8 

692-3 

647 3 

1000 .| 

708-4 

720-6 

674-7 


* Boom temperatures as follows : Air 15‘7° C.; Nitrogen 16 7° C.; 
Oxygen 16*5° C. 

Table Y. 


Values o£ the Physical Constants emploj'ed. 


Constant. 


Gas. 



Air. 

Nitrogen. 

Oxygen. 

Molecular weight, M . 

2898 

28*02 

32-00 

Critical temperature, Tc ... 

132-6 

126-5 

154-25 

Critical pressure, p c . 

39-3 

330 

60-2 

Viscosity at 0° C., ?j 0 . 

0000178 

0-000167 

0000193 

Density at 0° C., p 0 . 

0001293 

0*001251 

0*001429 

e = ic/cvr? . ... 

1*772 | 

1*765 

1-867 

Batio, Cp/c^ . 

i 1-403 

1*405 

1-395 

Sutherland constant, S ... 

119-4 

113 

132 

Thermal conductivity, tc. 

0*0 4 522 

0*0 4 52 

0*0 4 57 

Specific heat, c v (approx.) 

0*1701 

0-1760 

0*1582 

The gas constant, B . 

1 

f 8*3157 X10 7 ergs per °C. # or 
l 1*9875 cals, per gm. mole. 


3 0 2 
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range by the method already described. Table V. gives 
the values of the various physical constants used in the 
calculation of the factors required to reduce the experimental 
results. 

If the constants in Table V. are used, the values given in 
Table VI. are obtained. Equation numbers at the heads 


Pig. 1. 



of the columns refer to equations fully explained in the 
previous paper. Bertbelot’s Equation of State has been 
used throughout. 

From the values given in Tables IY. and VI. the results 
given in Table VII. are obtained. 

The values of G v are given graphically in fig. 1, which, in 
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Table VI. 

Constants for Air, Nitrogen, and Oxygen. 


Temp. 

Air. 

Nitrogen. 

Oxygen. 

°oc. 

0 


Eqn. 

0 

V 0 * 

Eqn. 

0 

C p -C„ 

Eqn. 


by (2). 

by (3). 

811. 

by (2). 

by (3). 

811. 

by (2;. 

by (3). 

811. 

0 ... 

1-00072 

1*997 

_ 

1-00057 

1-998 

0-52 

1-00145 

1-999 

_ 

Boom * 

1-00044 

1-996 10*561 

1-00020 

1-996 

0*56 

1-00105 

1-998 

0*565 

< 100 ... 

0*99969 

1*991 

0-707 

0-99955 

1-991 

0-700 

1-00003 

1-992 

0-709 

200 ... 

0-99947 

T989 

0-867 

0-99935 

1-989 

0-859 

0-99967 

1-990 

0*861 

300 ... 

0-99944 

1*989 

1-020 

0-99933 

' 1-988 

1-008 

0-99957 

1-989 

1026 

400 ... 

0-99945 

1-988 

1-165 

0-99937 

1-988 

1-151 

0-99956 

1-988 

1-161 

500 ... 

0-99949 

1*988 

1-306 

0-99941 

1-988 

1-289 

0*99957 

1-988 

1*317 

600 ... 

0-99953 

1-988 

1-442 

0-99946 

1-988 

1-432 

0-99960 

1-988 

1-453 

700 ... 

0-99956 

1*988 

1-573 

0-99950 

1-988 

1-553 

0*99962 

1*988 

1-590 

800 ... 

0-99959 

1*988 

1-702 

0-99954 

1-987 

1-679 

099965 

1-987 

1719 

900 ... 

0-99962 

1-987 

1-827 

0-99957 

1-987 

T-803 

0-99967 

1-987 

1-847 

1000 .. 

099965 

1-987 

1-950 

0-99960 

1-987 

1*923 

0-99969 

1-987 

1-971 

1100 ... 

0-99967 

: 1-987 

2070 







1200 ... 

0*99969 

1-9S7 

2*188 







1300 ... 

0-99971 

1-987 

2*304 








* Boom temperatures as given in Table IV. 
t See p. 293 of tbe previous communication. 


Table VII. 

C„, C p and C„/0 ' p for Air, Nitrogen, and Oxygen up to 1000° C. 


Temp. 


Air. 



Nitrogen. 


Oxygen. 

°0. 

<v 

C . 

V 

C p /C„. 

<V 

<v 

°/v 

<v 

c p- 

yy 

Boom *. 

4-952 

6-948 

1-4029 

4-923 

6-919 

1-4054 

5-049 

7*046 

1-3955 

100 ... 

4-978 

6-969 

1-4000 

4-948 

6-939 

1*4024 

5-072 

7 064 

1-3928 

200 ... 

5 006 

6*995 

1-3974 

4-987 

6-976 

T3989 

5089 

7-079 

1-3910 

300 ... 

5-048 

7*037 ! 

1-3939 

5-019 

7 008 

1-3962 

5*120 

7-108 

1-3884 

400 ... 

5-087 

7-075 | 

1-3908 

5068 

7-C56 

1*3923 

5-158 ! 

7-152 

1-3850 

500 ... 

5*117 

7*105 i 

1-3885 

5-111 

7-099 

1*3890 

5-174 

7162 

1-3842 

600 ... 

5156 

7-144 ! 

1-3855 I 

5*148 

7*136 

1*3861 

5-216 | 

7204 

1-3811 

700 ... 

5*190 

7-178 ! 

1-3830 

5177 

7-165 

1-3839 

5*232 

7-220 

1-3799 

800 ... 

5-246 

7-234 i 

1-3789 

5-234 

7-221 

i T3797 

15-270 

7*258 

1*3771 

900 ... 

5-280 

7-267 ! 

1-3764 

5*282 

7*269 

1-3763 

15-310 

7*297 

1-3742 

1000 ... 

5*323 

7-310 ! 

1-3734 

5-317 

7*304 

1-3738 

j 5-335 

i___ 

7*322 

1-3721 


* Boom temperatures as given in Table IV* Tbe results are in all cases given 
to one place of decimals further than that for which validity is claimed. 
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the case of air, shows also the results of some further 
measurements to be described later. 

From the smoothed curves of fig. 1 the following values 
(Tables VIII. and IX.) have been deduced :— 


Table VIII. 

Molecular Heats at Constant Volume. 


Temp. °C. 

Air. 

Nitrogen, 

Oxygen. 

* 0 . 

4-951- 

4*92 


Boom * . 

4-9:> 

492 

505 

100 . 

4'98 

4'95 

5 07 

200 . 

501 

4*99 

5*09 

300 . 

5*04 

5*02 

5*12 

400 . 

5'08 

506 

5*15 

500 . 

5*12 

5*10 

5*18 

600 . 

5*16 

5*14 

5*21 

; 700 . 

5*20 

518 

5*24 

800 . 

5*24 

5*22 

5*27 

I 900 . 

5*28 

5*27 i 

5*30 

| 1000 . 

5*33 

5*32 

5*34 

! 1100 . 

5*39 

— , 

— 

1 1200 . 

5*40 

— t 

— 

1 1300 . 

5*54 

— 

— 


Table IX. 

Molecular Heats at Constant Pressure. 


Temp. °0. 

Air. 

Nitrogen. 

Oxygen. 

0 . 

6*94t 

6*92 


Boom *. 

695 

6*92 

7 05 

100 . 

697 

6*94 

706 

200 . 

700 

6*97 

7*08 

300 . 

7 03 

7*01 

7*11 

400 . 

7*07 

705 

7*14 

500 . 

7*11 

7-Oil 

7T6 

600 . 

7*15 

713 

7T9 

700 ... 

7*19 

7*17 | 

7*23 

800 . 

7*23 

7*20 i 

7*26 

900 . 

7*27 

7*26 

7*29 

1000 . 

7 32 

7*30 

7*32 

1100 . 

7*38 

— 

— 

1200 . 

7*44 

— ; 

— 

1300 . 

1 

7*53 

- ; 

— 


* Boom temperatures as given in Table JV. 
t From the assumed velocity at 0° C.; Y=331*4 m./sec. 
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Measurements at Temperatures above 1000° C. 

Experimental data for specific heats in the temperature 
region between 1000° 0. and 2000° C. are very scanty. 
Above this temperature interval measurements can be made 
by explosion methods. Apparatus can be devised so that 
most of the other methods of experiment may be used for 
moderate temperatures approaching 1000° 0. 

A furnace capable of being maintained at temperatures 
over 1000° C. is obviously the only modification required 
before the method already described can be extended. 
Attempts were first made to use alundum tubes with 
windings of pure platinum. These failed for several 
reasons, although results, tabulated later, were obtained 
from 700° 0. to 1100° C. 

It was impossible to obtain alundum tubes in lengths 
greater than three feet. The consequent joints and the 
high coefficient of thermal expansion of alundum caused 


Fig. 2. 



mechanical difficulties too great to be overcome in a furnace 
six feet long. In addition, alundum is so extremely porous 
that it is necessary to surround the alundum tube containing 
the gas with an outer jacket of fireclay, so that the furnace 
tube could be surrounded by a layer of the gas under investi¬ 
gation. A further drawback was the roughness of the inner 
walls of the furnace tube. Until these had been polished 
with a carborundum mop it was impossible to make satis¬ 
factory measurements. The intensity of the sound-waves 
was reduced almost to nothing by the time they had reached 
the centre of the furnace. At a temperature just above 
1100° C. the forces of expansion caused the inner tube to 
fracture in several places. The furnace was dismantled and 
a new one designed to incorporate several improvements 
suggested by experience. 

A section of the new furnace drawn to scale is shown 
in fig. 2. The central tube, A, is 2100 cm. long, has a bore 
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of 4 cm. and a wall thickness of 0*5 cm. It was made of 
“ Pythagorascompo ” by W. Haldenwanger of Spandan. 
The tube had a smooth semi-glazed inner surface, was per¬ 
fectly straight, of circular cross-section, and would stand a 
working temperature of 1650° C. At 1200° 0. it is prac¬ 
tically impervious, even to hydrogen. Hence it was 
unnecessary to surround the tube with an atmosphere of the 
gas under investigation. The ends could therefore be left to 
slide freely in fireclay collars, D, D, so that no strain due 
to expansion or contraction occurred. 

Surrounding this tube was a three-inch bore tube, 0, of 
alundum which carried a second, booster, winding of plati¬ 
num. Alundum was employed here because this tube, which 
was in two lengths, was recovered intact from the previous 
furnace. Recesses in the collars, D, D, supported the ends 
of this tube concentrically with the inner tube whilst the 
junction of the two pieces was carried by a fireclay ring, E. 
Surrounding and supporting the whole was a heavy fireclay 
tube, G, of six-inch bore made by the Morgan Crucible 
Company of Battersea. This outer tube was in three sections 
supported by asbestos brick pillars, H, H, at the junctions. 
Each section was slit longitudinally into two halves to 
facilitate assembly of the furnace. 

The resistor of the furnace was pure platinum ribbon of 
cross-section 1 in.x 0*001 in. To wind the inner tube, two 
lengths of twelve feet of this material were used, the central 
ends being brought out to a common terminal. For the 
loan of this platinum and for making necessary repairs we 
ure much indebted to Messrs. Johnson & Matthey. 

Splitting the windings enabled the temperature of each 
half of the furnace to be adjusted independently and current 
to be used economically. Leads from the ribbon consisted 
of six strands of 26 S.W.G. platinum wire welded in six 
different places to the end inch of the ribbon. The six wires 
were twisted together and brought out as one wire, which was 
long enough in all cases just to extend for one inch beyond 
the outer fireclay tube. To extend these leads to terminals 
on the outer furnace casing, copper rods 3/8 in. diameter were 
used, the platinum being clamped into a hole drilled for one 
inch into the end of the rods u The sectional drawing shows 
how the windings and leads were spaced. An accurately- 
measured spacing of 5/16 in. between turns was allowed on 
all windings. 

The cascade winding on the alundum tube consisted of two 
lengths of 10 ft. 4i in. and one length of 20 ft. 9 in. of ribbon 
similar to that used on the inner tube. The long length 
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covered the centre half of the furnace, whilst the two end 
quarters were separately wound. Experience had shown 
that with such an arrangement of windings uniform 
temperatures could be obtained along the whole furnace 
tube. More heat is required near the ends of the furnace 
to balance the greater heat-loss. The leads were made 
exactly as for the centre heating coils, and are shown in 
fig. 2. 

As a further control to balance end-losses, two heaters of 
nichrome strip wound on alundum formers were inserted 
near the ends of the furnace. These are not shown on the 
drawing, but each was wound on a former measuring six 
inches long and having a bore of five inches. This was 
fitted over the alundum tube carrying the second platinum 
winding, but inside the fireclay tube. Each heater was 
wound with about six yards of 0*0625 in. X 0*006 in. nichrome 
strip, and was capable of dissipating 400 watts per second. 

The platinum windings were coated with a thin cement of 
pure alundum, dried and recoated, the operation being re¬ 
peated until a uniform coating several millimetres in 
thickness was obtained. The annular spaces between the 
inner and central, central and outer tubes were filled with 
alundum grain. In the previous furnace the space next to 
the outer fireclay tube had been left filled only with the gas 
under investigation. This was done partly to prevent con¬ 
tamination by the atmosphere of the gas used, and partly to 
ensure more uniform distribution of temperature by convec¬ 
tion and diffusion effects. It was found, however, that the 
furnace functioned much better when the second set of 
windings was well lagged. 

The whole core of the furnace was held concentrically in 
a large rectangular outer casing by means of the asbestos 
brickends, M, M. The outer casing (2 ft. 6 in. X 2 ft. 6 in. 
X5 ft. 4^ in.) consisted of a heavy iron frame lined w T ith 
uralite boards. The whole of the remaining space inside the 
box was filled with lumps of crude bauxite. Owing to the 
weight of lagging—nearly one ton—the bottom framework 
of the furnace must consist of I-iron of cross-section at 
least 4 in. x 2 in. It was found that L-iron slowly twists 
and sags, with consequent strain on the furnace tube. 

A twelve-kilowatt, low-voltage, shunt-w r ound dynamo 
supplied the energy for the furnace. Each of the five 
platinum heating-coils was arranged in a separate circuit, 
with the exception of coils w x and %v% (see fig. 2), which were 
run in series. When necessary a shunt resistance could be 
placed across one of these coils by direct connexion to the 
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furnace terminals. Adjustment of the end temperatures 
was, however, more easily effected by using the nichrome 
end boosters, which could be run from the 240-volt D.C. power 
circuit. Each platinum winding had as a controlling resist¬ 
ance a six-step series of one-ohm coils in series with a six- 
step vernier which had a total resistance of one ohm. The 
resistances were made of 12 S.W.G. nichrome wire. This 
tine adjustment of the resistance, together with the variable 
voltage of the dynamo, gave excellent control of the furnace 
temperature. A total of 3*3 kw. was required to reach a 
uniform temperature of 1000° C. throughout the furnace 
tube. 

Temperature measurements were made by means of a 
Foster Optical Pyrometer of the disappearing filament type. 
Experiments kindly undertaken for us by the Foster Instru¬ 
ment Company of Letchworth shou ed that the instrument 
would 2'eeord temperatures accurately if sighted down the 
piston tube and focussed on the piston lace. When the 
piston is pushed into the furnace, it is necessary to read a 
temperature near the left-hand side of the furnace (see fig. 2) 
whilst sighting through the central part of the furnace. The 
latter is generally at a slightly higher temperature than that 
of the ends of the furnace. Messrs. Foster & Company 
carried out experiments on a disk maintained at 850° C. 
Direct readings v\ ere made and also readings when the 
pyrometer was sighted through a tube six feet long and 
one inch bore, with its central part maintained at 1200° C. 
Both readings were the same, as was also the reading 
through the tube after it had been cooled down. The 
differences of temperature used in these experiments were 
very much greater than any which would normally occur. 
It was found, however, that a tube of six feet length should 
not be less than f-inch bore if the readings were to he con¬ 
sistent. The piston tube, B (fig. 2), was therefore designed 
to have a bore of 24 mm. The wall thickness was 4 mm. 
and the length 2 metres. It was made of Pythagorascompo, 
and the piston head, P, was formed and made in one piece 
with the tube. As in the previous work, the face of the 
piston was made as thin as possible to reduce the temperature 
lag of the back upon which the pyrometer was sighted. 

The pyrometer and the open end of the piston tube were 
rigidly fixed to a sliding platform, so arranged that the 
pyrometer was always focussed on the back surface of 
the piston face. The whole platform was arranged to slide 
by means of a three-point bearing on two steel rods placed 
parallel to the axis of the furnace. A pointer attached to» 
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the platform showed the scale-reading corresponding to the 
position of the piston in the furnace. 

The end fittings of the furnace were of the same pattern 
as those described in the previous communication*. The 
only difference was that the piston fittings had to be 
enlarged. Water-cooling was arranged on the syphon 
system from a ten-gallou drum placed on top of the furnace. 
This was done to be independent of an intermittent water- 
supply. 

With the silica apparatus, contraction of the piston rod 
as it was pulled out of the furnace could be neglected. 
A maximum correction of 0*7 mm. would be necessary if 
the whole 1*5 metre length of the piston w T ere pulled out at 
1000° 0. and cooled to 20° C., assuming the coefficient of 
expansion of silica to be 5*0 x 10~ 7 . At the higher tempera¬ 
tures the full length of the scale could not be used, so that 
the maximum correction would be of the order 0 5 mm., 
w T hich is the limit to which measurements could be made at 
these temperatures. 

The coefficient of linear expansion of alundum is 4*8 x 10~ (5 , 
and that of pythagoras material is of the same order. The 
necessary correction was made directly at each reading, 
since a known length of the tube w T as pulled out. 
After passing the water-cooled gland and remaining 
exposed to the air for the time required for each measure¬ 
ment, the rod was practically at room temperature. The 
temperature drop was assumed to be from the temperature 
actually measured at the particular point down to room 
temperature. Since all the movements are of the same 
length and the variations in temperature along the furnace 
are small, this method gives the corrections to well within 
the required limits. The cooled length w 7 as measured from 
the gland to the reading index. On the furnace side of the 
gland the temperature equilibrium remains the same through¬ 
out a series of measurements, so that no contraction or 
expansion of the rod occurs in this region. This assumption 
is based on the behaviour of the telephone end of the furnace, 
where any disturbance of temperature equilibrium would be 
shown by a changed zero reading. This point has been fully 
discussed elsewhere t- 

The makers state that the coefficient of linear expansion 
of pythagorascompo is the same as that of hard porcelain. 
Mellor and also liieke state that the higher the firing 

* Phil. Ma<y. in. p. 273 (1927). 
t See p. 283 of the previous communication. 
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temperature the lower is the coefficient o£ expansion of 
porcelains. Figures given by Holborn and Griineisen, 
Bedford, and Rosenthal for Berlin porcelain vary between 
3*03 x 10~ 6 and 3*6 x 10~ 6 , whereas Scheel gives 2*8 x 10"' 6 . 
A value of 3*5xl0“" 6 has been taken for our calculations, 
since the coefficient of expansion increases slowly with 
temperature, but will probably be slightly lower than that 
of hard porcelain, since pythagorascompo is fired at a very 
high temperature. 

The maximum correction from room temperature to the 
maximum temperature reached (just above 1300° 0.) is 
therefore about 6*8 mm. for the pythagorascompo tube and 
about 9*0 mm. for the ulundum tube, allowing contraction 
on the full 1*5 metre length. The need for these corrections 
is obvious. 


Results . 

After initial calibrations of the furnace tube, experiments 
with both the alundum and the pythagorascompo furnaces 
were begun at 700° 0. to obtain an overlap to the temperature 
region already explored. 

Measurements with the alundum tube had only progressed 
as far as 1100° C. when the furnace tube collapsed under the 
strain due to expansion. 

The second furnace tube was quite successful, and measure 
ments had been made up to 1300° 0., when the piston tube 
was accidentally broken. Owing to labour troubles in the 
German porcelain industry a long wait for replacements 
ensued, so that it is thought advisable to publish results as 
far as they go. There seems to be no reason why this method 
of experiment should not be successful to the limit of the 
apparatus. The furnace tube will stand a working tempera¬ 
ture of 1650° C., and may even be used for a short time up 
to 1700° 0. With a closely-adhering layer of alundum 
cement to prevent volatilization, the platinum should remain 
intact at 1650° C. 

Table X. compares the velocities of sound obtained : 

1. In the old silica furnace. 

2. In the alundum furnace. 

3. In the pythagorascompo furnace. 

The corresponding values of C v are tabulated in Table XI. 
and are compared graphically in fig. 1. 

Of the three series that with furnace 2 is considered the 
least reliable, since only a few sets of measurements were 
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taken before the furnace collapsed. Final values of C v and 
C p have been added to Tables VIII. and IX. 

Fig. 1 shows the excellent agreement between the three 
independent sets of measurements. There is a tendency for 
the values of C„ to rise more sharply from 1000° 0. upwards. 
This is confirmed by the values calculated by one of the 
authors * from considerations of gaseous equilibria. The 

Table X. 

True Velocities of Sound in Air in metres per second. 


Temp. °C. 

i- 

2. 

3. 

700 . 

621-51 

621*57 

621*42 

800 . 

651-71 

651-71 

65175 

900 . 

680-77 

680-74 

680*70 

1000 . 

70842 

708-24 

708*36 

1100 . 

— 

73140 

734*39 

1200 . 

— 

— 

759*54 

1300 . 

i - 

— 

783*18 j 

i 


Table XI. 
Values of G v for Air. 


Temp. °0. 

1 . 

700 . 

5190 

800 . 

5*246 

900 . 

5-280 

1000 . 

5-323 

1100 . 

— 

1200 . 

— 

1300 . 

— 


2. 

3. 

5-187 

5T97 

5-246 

5*243 

5*282 

5*284 

5-331 

5-326 

5*394 

5*393 

— 

5*453 

i 

5*544 


curve of fig. 1 is similar to those for oxygen and nitrogen in* 
fig. 2 of the above reference. 


The Tube Correction . 

Our method of calculation has recently been criticised by 
Cornish and Eastman f, who state that our results are worth¬ 
less unless recalculated. They state that an explanation of 

* Trans. Far. Soc. xxii. p. 377 (1927). 
t J. A. 0. S. 1. p. 627 (1928). 
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the results may be that our frequency was not correctly 
determined. As has already been described*, the frequency 
of our oscillator was determined for us at the National 
Physical Laboratory. A cop 3 r of the tables of results 
included with the certificate is set out in the reference given. 
In addition, a steel bar standard was made up and calibrated 
at the National Physical Laboratory. This standard had a 
frequency very near that of the oscillator. The exact fre¬ 
quency of the latter could be estimated to one part in ten 
thousand in a few seconds by comparison with the steel 
standard. The standard wave-meter referred to was used to 
check the approximate frequency before the oscillator was 
sent to be calibrated. 

In the later work with the alundum and pythagorascornpo 
furnaces, the oscillator was modified in detail and all switches 
excluded. The changes reduced the total capacity of the 
•circuit, causing the frequency to rise slightly. For the new 
frequency another steel standard was prepared. The oscil¬ 
lator used by Cornish and Eastman is essentially the same 
as ours except that less precautions were taken to ensure 
constant frequency. They used ordinary wireless condensers 
to obtain their capacity. These are relatively unstable and 
usually have a considerable temperature coefficient. J5o 
mention is made of any precautions taken to ensure a con¬ 
stant inductance. The calibration tables for our instrument 
showed that it is essential to maintain the anode current of 
.the valve constant it a constant frequency is necessary. 
For this purpose we included a vernier resistance and a 
milliameter in our filament circuit. In Cornish and East¬ 
man’s work this point seems to have been overlooked. 
Cornish ‘and Eastman’s determination of frequency seems 
to involve the counting of beats up to a possible maximum 
of 600 in two minutes. We have not attempted to count 
this number of beats in the time stated. 

Since the tube correction in Cornish and Eastman’s work 
agrees, by coincidence, with the theoretical equation given 
by Kirchhoff and Helmholtz, the former workers claim 
“ overwhelming evidence ” that the equation is universally 
true. Only a summary of the evidence against this claim 
need be given here, as the fallacy of the Kirchhoff-Helm- 
holtz equation is too well established to need discussion. 
There is no evidence in the literature that large amounts of 
dust were used, as stated by Cornish and Eastman, unless 
for the express purpose of determining the effect of large 

* Phil. Mag. iii. p. 273 (1927 ) (see p. 279 for tables). 
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excesses of dust. Kundt * * * § introduced up to 10 gm. of lyco¬ 
podium powder in some of his experiments. The effect of 
excess dust is quite small. Schneebeli f, SeebeckJ, Kayser §, 
Muller ||, and Sturm H all obtained proof that the law of 
Kirchhoff and Helmholtz does not hold. In addition, we 
have KirchhofPs own admission that the law could not hold 
unless the tube were perfectly smooth. Thiesen ** has given 
a special treatment for the case of closed resonators. The 
factors obtained by Dixon and his co-workers ft also show 
that the Kirchhoff-Helmholtz equation has no general appli¬ 
cation. Finally, our own work on this subject has satisfied 
us that the only possible way to obtain an accurate tube 
correction is to determine it experimentally. This we have 
done throughout all our work, a point which Cornish and 
Eastman have ignored entirely. 

To determine this correction the wave-length of sound in 
pure air at an accurately-measured temperature at, or near, 
that of the room is determined. Since the frequency of the 
note is known, the product frequency X wave-length gives 
the apparent velocity of sound in air at the measured 
temperature. Great care must be taken to measure actually 
the temperature within the furnace tube, since the amount 
of lagging round the furnace renders it useless simply to 
measure room temperature. The lagging renders the tube 
immune from sudden small changes in room temperature. 
A calibrated thermometer pushed down the piston tube was 
used to measure this temperature. A thermometer with 
moderate lag was chosen so that in the few seconds required 
to withdraw it and read the temperature the error could not 
be greater than 0’1° C. 

The true velocity of sound in pure air at the measured 
temperature was then calculated from the velocity at 0 C C. 
on the assumption that velocities are proportional to the 
square root of the absolute temperature. Strictly speaking, 
the velocities are proportional also to \/y> but the difference 
for such small temperature differences is negligible. Hence 
the difference True Velocity—Actual Velocity is accurately 
known. 


* Pogg. Annalen, cxxxv. pp. 337 & 527 (1868). 

t Pogg. Annalen , cxxxvi. p. 296 (1869). 

J Pogg. Annalen, cxxxix. p. 104 (1870). 

§ Ann . Phys. ii. p. 218 (1877). 

|| Ann . Phys . xi. p. 331 (1903). 
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Our tube correction is o£ the form * 

v' = vri-c*],.CO 

where 


V' = the measured velocity in the tube, 
Y = the true velocity in free air, 
k = the tube constant, 
c = a factor given by 



rj 0 = the viscosity at 0° C., 
p 0 = the density at 0° C., 

T =s the absolute temperature, 
t = the temperature in degrees centigrade, 

S = the Sutherland constant, 

€ = k!t]c„ = thermal conductivity/ (viscosity x sp. ht.), 
ry = C p /C v = the ratio of the specific heats. 

Helmholtz and Kirclihoff + represented the velocity of sound 
in tubes by 

V' = V[l-c/2r Y^Nj], .... (3) 

where 

V = the true velocity in the free gas, 

V'= the velocity in the tube, 

N = the frequency of the note used, 
r = the radius of the tube. 


Helmholtz states that the constant c is the viscosity of the 
gas, but, according to Kirchhoff, c depends on the heat- 
exchange between the gas and the walls of the tube, and may 
be represented by 

c = v'R + [V/6-6/V] SB, 

in which 

6=the Newtonion velocity of sound, and /3 = fe/pc vy 

where tj is the coefficient of viscosity, k the coefficient of 


* See 6 Specific Heats of Gases/ pp. 60-56. 
f Pogg. Annalen, cxxxiv. p. 177 (1868). 
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thermal conductivity, p the density of the gas, and c v the 
specific heat at constant volume. Substituting these values 
for a and J3 above, writing e=K,/r)c v , and remembering that 

v ib = vcyu, = 

we have 

c= ✓ + V^(^)]. ... (4) 

The variation of tj with temperature is then assumed to be 
given by Sutherland's equation *, and the density to be in¬ 
versely proportional to the absolute temperature. When 
these additions are made, equation (2) above is obtained. 
This equation, which is Kirchhoff’s equation neglecting only 
the effect of r and of N, takes no account of the nature of 
the inner surface of the tube nor of the thermal properties 
of the material of which it is made. Sturm (loc. cit .) 
showed definitely that the material ot which the tube is 
made affects the velocity of sound in it. The experimental 
constant k (equation (1)) is necessary to correct for the effect 
of the various factors which cannot be determined theoreti¬ 
cally. The assumption must then be made that the tube 
correction does not depend on the temperature. This 
assumption admittedly contains the weakness that the 
thermal conductivity of the tube, and hence the heat-ex¬ 
change between it and the gas, may change with tempera¬ 
ture. The difference must be extremely small, but it is 
unfortunate that sutficient thermal data are not available to 
apply the correction. It seems reasonable to assume that 
the nature of the inner surface of the tube does not change 
at temperatures well below the softening point of the material 
of which it is made. 

For the various tubes used the following values of k were 
found :— 


Tube. A. 13. 0. D. 

k . 0*0168 0-0186 0-00713 0-00136 


Tube A. The short silica tube first used (see Trans. Far. 
Soc. xviii. p. 386, 1923). With this furnace an oscillator 
having a frequency of 2947 vibrations per second was used. 

Tube B. The long silica tube used for experiments up to 
1000° C. (see Phil. Mag. iii. p. 273, 1927). The frequencies 
used in these experiments were between 2992 and 3006 per 
second, changes being due to renewal of valves. Each fre¬ 
quency was accurately determined for a given anode current 

* Phil. Mag. xxx vi, p. 507 (1893). 

Phil, Mag . S. 7. Vo\, 6. No. 38. Suppl . Nov, 1928. 3 P 
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by the steel bar method as recommended by the National 
Physical Laboratory* In the experiments on steam, described 
in the last communication, the tube constant was found to 
have changed slightly. The change, which was the only one 
ever recorded throughout this work, may be ascribed to the 
fact that steam was the last of a series of six gases to be 
investigated in the same tube. The constant used was 
0*0180 instead of 0*0186. 

Tube C. The alundum furnace tube, using a frequency of 
2992. 

Tube D. The pytliagoraseompo tube, used with slight im¬ 
provements to the oscillator and a change of frequency to 
3018*5 per second. 

The values of C*, plotted in fig. 1, show the results obtained 
with tubes B, C, and D. Tubes B and C have, respectively, 
correction factors approximately ten times and three times 
greater than that demanded by KirchhofPs formula, whilst 
that o£ tube D is less than the theoretical value. From the 
excellent agreement of the final values of C v for the three 
tubes, we thus confirm previous workers’ conclusions that 
the Kirchhoff-Helmholtz formula cannot be applied 
generally. 

The differences in the tube constants can be explained 
qualitatively by a consideration of the nature of the tubes. 
The two factors mentioned by Kirchhoff probably account 
for the greater part of the differences. They are (a) the 
nature of the inner surface of the tube, (6) the heat- 
exchange between the tube and the gas. Tube B was or 
silica wiih a glazed inner surface, whilst the surface of C 
was very rough. Tube D had a very uniform and smooth 
surface, but was not glazed as in the case of B. The thermal 
conductivities of the tubes B, 0, D are respectively 0*00082, 
0*00833, and 0*00169. The measurements are comparative 
and are taken from the Norton Company’s handbook *. 
Thermal conductivity seems to play a relatively large part. 
Thus, the excellent surface of the silica tube B is more than 
counterbalanced by its very low thermal conductivity. Hence 
a large correction factor. With the alundum tube the thermal 
conductivity is very high, but the extremely rough and 
porous surface increased what would otherwise probably have 
been a very small factor. The pythagorascompo tube—a 
mixture of aluminium oxide and fireclay—had a conducthity 
probably greater than that given above, which is the value 
for fireclay. It had an excellent inner surface. Hence the 
very small correction factor. The metal tubes used by 
* ‘ Norton Refractory Laboratory Ware/ 1926, p. 9. 
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Cornish and Eastman would have very high thermal con¬ 
ductivity and presumably a fairly smooth surface* The tube 
correction thus might easily have coincided with the theo¬ 
retical value, but coincidence with theoretical values in a 
single piece of research work does not seem to us sufficient 
grounds for dismissing as entirely wrong the work of many 
previous investigators and for claiming overwhelming evi¬ 
dence in favour of the minority. Particularly does this 
apply when the limitations of the theory were pointed out 
by its originator. 

Summary . 

The molecular heats of air, nitrogen, and oxygen have 
been determined over a temperature 0° C. to 1000° C. by a 
method depending on the measurement of the velocity of 
sound in the chemically pure gases. Further measurements 
for air up to 1300° 0. are added, and a reply is given to 
criticism of the method of determining the tube constant. 

Chemistry Department, 

East London College, 

University of London. 


XCI. The Effect of Refraction on Electron Diffraction . 

By G. P. Thomson, M.A.* 

I N a very valuable and important paper on the diffraction 
- of electrons by thin metal films, E. Ruppf considers 
that his results can be best explained by attributing a 
refractive index to the metal for electron waves and calcu¬ 
lates its value in certain cases. These values have recently 
been used by Rosenfeld and Witmer $ in a theoretical paper. 
While the hypothesis that a metal shows a refractive index 
for electrons is intrinsically probable, and seems by far the 
best way of accounting for some of Davison and Grermer’s 
experiments with reflected electrons, it appears that there is 
an oversight in Rupp's method of calculation which greatly 
modifies the conclusions which can be drawn from his 
experiments. The problem is as follows;—Electrons are 
assumed to be guided by waves whose wave-length in free 
space is \~1ijnw. They pass at normal incidence through 
a thin film of metal and are diffracted by the atoms of the 
crystals composing it, a pattern being formed analogous to 

* Communicated by the Author, 
f E. Hupp, Ann . der Phys. lxxxv. p, 981 (1928). 
j Rosenfeld and Witmer, Zeit. f. Phys . xlix. p. 534 (1928). 
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a Debye-Scherrer pattern for X-rays. How will the pattern 
be modified if the wave-length in the metal isnotXbut A/=A.//^ 
where is a quantity analogous to an optical refractive index ? 
When fi= 1 the electrons are reflected whenever they are 
incident on a crystal plane at an angle 0 satisfying Bragg’s 
law 

n\ = 2dsin 6, 

and a diffracted beam occurs with a deviation <f>= 20. 
If this becomes (fig. 1, a) 

nXjfi=2d sin 0', 

and this is the relation (in my notation) which Rupp uses to 
find 6' the new angle of reflexion. For the deviation he 



fa) (*>) 


takes 20', and it is here that the error lies. If the wave¬ 
length is modified in the metal, there must, by Huyghen’s 
principle, be a bending of the rays on emergence. In the 
actual case where the incidence is normal there is no bending 
on entering the metal, but X becomes X' and the deviation 
in the metal is 26’, which is the angle of incidence on the 
second surface. The angle of refraction <f>' is given by 

sin sin 20'. 


Comparing with the case where ji= 1, 
sin 6 / sin 6'=fi 

and 


sin <£'/sin sin 20'J sin 20=cos O' /cos 6 

= V 4:(J?cl 2 — n 2 A. 1 / ft V4dP—n®X®. 

Thus for 0, O' small the effects compensate, and for larger 
angles the small effect is in the opposite direction to that 
given by Rupp’s calculation. 
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Refraction on Electron Diffraction . 


It has been suggested that the diffraction actually observed 
in these and similar experiments occurs at the inner surfaces 
of holes in the metal film (fig. 1, £). While holes are un¬ 
doubtedly present in the films I used, and may have occurred 
in Rupp’s films also (see, for example, Smekal’s paper in the 
4 Transactions of the Volta Centenary 9 on the imperfection of 
crystals), it does not seem likely that these really play an 
important part. If the rays were really reflected from planes 
parallel to the inner face of one of these holes, the effect of 
refraction would be expressed by a formula found by 
Darwin * for the analogous case with X-rays, namely, 

ei-e= 

sm 0 cos 0 


where 0 X is the new glancing-angle outside the metal, and 
^—1 is small. Now in my experiments f with electrons of 

the order of 40,000 volts, 0 1 was of the order thus 

50 

(e x -d)IO~ 50 2 (/*—1). 


But Bragg’s law held in its simple 
1 part in 50, thus 

The theoretical formula 


form to better than 


/*= \/l-f<J>/E, 

where E the kinetic energy of the electron and <t> the 
potential of the metal, then gives ! <X> | < *7 volt. This is 
very small compared with the 18 volts found by Davison 
and Grermer and with any theoretically probable value. 
In addition there is very little difference between patterns 
taken with my original films which had obvious holes, and 
with films which I have been using recently made bj r 
spluttering, which appear quite continuous under the 
microscope. 

In criticizing Herr Rupp’s calculations of the effect of the 
refractive index I should like to emphasize that I am not 
trying to minimize the importance of the exceedingly beau¬ 
tiful work he has done in showing that comparatively slow 
electrons can show well-marked diffraction patterns through 
metal films. The supposed effect of refractive index is only 
a few per cent, in any case, and Herr Rupp himself says 

* O. G. Darwin, Phil. Mag. xxvii. p. 320 (1914). 

t ‘Nature,’ cxx, p. 802 (1927) j Proc. Roy. Soc. A, cxvii. p. 600 
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that it is on the limit of the accuracy of the experiments. 
The discrepancy left, when the calculation is made as indi¬ 
cated above, may perhaps be accounted for by a slight 
systematic error in the measurement of the electron velocities. 

Aberdeen, 

Sept. 27,1928 


XCIL Notices respecting New Books . 

Handbuch der Rcidiologie : Vierter Band , Dritter Teil. u Glilh- 
electroden” von O. W. Richardson; “ pechnische Anwendung 
der Gluhelectroden” von H. Rukop ; u Flammenleitung” von 
Erich Marx. Zvveite Auflage. [Pp. xvi+724, mit 190 Eiguren 
und Abbildungen itn Text.J (Leipzig: Akademische Verlags- 
gesellschaft m.b.H., 1927. Price, brosch. M.48; geb. M.50.) 

'T'HE third part of the second edition of Bd. iv. of the ‘Hand- 
buch der Radiologie’ comprises three monographs. The first 
is a translation, by Prof. A. Karolus, of Richardson's well-known 
work on the emission of electricity by hot bodies. This has been 
brought up to date where necessary by a 32 page appendix, con¬ 
tributed by E. Rupp. The second monograph, by Prof. Rukop, 
written for the new edition of the Handbuch, is an account of 
the technical applications of thermionic emission. It is naturally 
concerned to a large extent with the theory and the various 
practical applications of the triode valve and of tubes with special 
characteristics—tubes with multiple grids, tubes used in conjunc¬ 
tion with magnetic fields, &c. Extending to 138 pages, this 
monograph deals with the subject in a very comprehensive 
manner. 

The third monograph, by the Editor of the Handbuch, deals 
with the conduction of electricity in flames. Since the appearance 
of the first edition, the theory of temperature ionization, advanced 
by M. N. Saha to explain the phenomena of stellar spectra, has 
gained general acceptance. This theory was shown by H. A. Wilson 
and JNoyes to be applicable to the problem of conduction in flames. 
A full account of the theory and of its applications to electrical 
conduction in flames has been included in the new edition; the 
theory has enabled some matters, which were comroversial at the 
time of the first edition, to be settled and the relevant sections 
have therefore been omitted. The monograph provides a valuable 
summary of the present position of practice and theory with 
respect to the phenomena of electrical conduction in flames. 

Although the process of subdivision has been carried further in 
the second edition than the first, there does not appear to be 
any particular advantage in publishing these three monographs in 
one volume. If each were obtainable separately the sales would 
undoubtedly benefit. 



Geological Society • 943 

The Theory of Probability . By the late William Burnside, Sc.D., 

LL.D., F.B.S. j"Pp. xxx4-^106.] (Cambridge: At the Uni¬ 
versity Press. 1928. Price 10$. 6cl. net.) 

The late Professor Burnside became interested in the theory of 
probability during the period of the war, his first paper on the sub¬ 
ject, published in 1918, being concerned with a military question. 
His interest in the subject grew, and other papers on topics related 
to the theory of probability appeared from time to time. Finally, 
he set out to prepare a systematic account of the theory. The 
draft was completed before a serious illness in 1925 ; although it 
contained all the issues which he proposed to discuss, additions 
and amplifications were intended, but remained unwritten. 
A number of notes, elucidating or establishing statements in the 
text were planned: only one was written, and no memoranda were 
left indicating the nature of the remainder. In these circum¬ 
stances the draft has been published, under the editorship of 
Dr. A. B. Forsyth, exactly as it was written and has been prefaced 
by the obituary notice written by Dr. Forsyth for the Boyal 
Society. 

The account of the theory occupies only 100 pages and possesses 
the conciseness and precision characteristic of Prof. Burnside's 
writings. In the introductory chapter, the rule for calculating 
calculable probabilities is properly enunciated, and the method of 
estimating probability discussed. Direct, indirect and approximate 
methods of calculating probabilities are dealt with successively, 
with numerous illustrative examples. Two chapters are devoted 
to the probability of causes and to probabilities connected with 
geometrical questions. The final chapters deal with the theory 
of errors and with Gauss’s law of errors. The volume forms a 
valuable addition to the literature concerned with the theory of 
probability. 


XU1II. Proceedings of Learned Societies. 
GEOLOGICAL SOCIETY. 

[Continued from vol. v. p. 1263.] 

April 4th, 1928.—Prof. J. W. Gregory, D.Sc., F.B.S., 
President, in the Chair. 

r |IHE following communication was read :— 

1. ‘ The Analcite-Syenites and Associated Bocks of Ayrshire.’ 
By George Walter Tyrrell, A.B.C.Sc., Ph.D., F.B.S.E., F.G.S., 
Lecturer in Geology in the University of Glasgow. 

The analcite-syenites of Ayrshire occur in differentiated intrusions 
along with analcite-olivine-dolerites or crinanites, as stratiform 
bands, schlieren, and veins. The principal occurrence is at How- 
ford Bridge, Mauchline, where analcite-syenite forms a considerable 
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part of the sill. In the remaining three described occurrences 
(Dippol Burn, Trabboch Burn, and Prestwick) the analcite-syenite 
is restricted to schlieren and veins. 

The Howford Bridge, Dippol Burn, and Trabboch Burn occur* 
rences form sills intrusive into the Permian lavas and tuffs of the 
Mauchline basin ; the Prestwick sill is intruded into sediments 
of Coal-Measure age. They all belong to the widespread suite of 
analcite-bearing igneous rocks of late-Carboniferous and Permiai^ 
age in the West of Scotland. 

The constituent minerals of these rocks are labradorite, sodic 
plagioclase, potash-oligoclase, olivine, titanaugite, segirine, soda- 
amphiboles, ilmenite, along with analcite and certain zeolites. 
The most noteworthy mineralogical feature is the abundant occur¬ 
rence of analcite, thomsonite, natrolite, and prehnite, which must 
be regarded as late primary crystallizations from the magma. 

Petrographically the rocks are divided into: (A) Olivine-anal- 
cite-dolerite (crinanite), constituting the major portions of all the 
described occurrences; (B^ Analcite-syenite, a coarse-grained, 

comparatively basic type, which occurs as bands, schlieren, and 
veins; and (B 2 ) Analcite-syenite, a perfelsic type, rich in analcite 
and other zeolites, and with abundant segirine and soda-amphibole. 
This variety is found chiefly as veins. Analyses of crinanite and 
analcite-syenite illustrate the chemistry of these rocks. 

The analcite-syenite differentiate is found towards the interior 
parts of the sills. The petrographical variations within the various 
intrusive bodies are ascribed to simple crystallization-differentiation 
aided by the gravitative settling of titanaugite-ilmenite inter¬ 
growths. Several reaction-series, continuous and discontinuous, 
have been traced, and these have been combined in a Goldschmidt 
diagram showing at one and the same time the parallel courses of 
crystallization and differentiation. It is shown that a certain 
amount of lime is probably stored up in the residual liquor, along 
with the usual soda, potash, silica, water, and volatile constituents, 
leading to the final crystallization of analcite, soda-lime zeolites, 
and prehnite. 

An hypothesis for the development of schlieren and veins in 
the sills under discussion by the effects of the varying incidence of 
the pressure due to the superincumbent column of rock, upon a 
crystal-mesh filled with interstitial liquid, is framed. The liquid 
is believed to be progressively driven towards the centre of the sill, 
and also laterally towards those places where the pressure is com¬ 
pensated in various ways, so that free contraction of the crystallizing 
mass can take place. The great development of analcite-syenite 
within the Howford Bridge sill is shown to be concomitant with 
the impoverishment of the associated crinanite in analcite; whereas 
in the other three sills, which contain relatively small developments 
of analcite-syenite, the crinanitic portions are relatively rich in 
analcite. 


[The Editors do not hold themselves responsible for the 
views expressed by their correspondents .] 
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XCIV. The Escape of Heat from a Harmonically Oscillating 
Hot Wire. By R. S. Maxwell, M.A., B.Sc. * 

1. Introduction. 

T HE problem of th9 escape o£ heat by free convection 
from a thin cylindrical wire at rest has been studied 
by Langmuir t and others, while King % has carried out an 
exhaustive research, both theoretically and experimentally, 
on the case when the stationary wire is cooled by a stream of 
air passing it with a certain velocity, i. e. cooling by forced 
convection. When the wire is not at rest the problem is 
considerably more complicated, and up to the present no 
complete mathematical analysis has been brought forward. 
A considerable amount of experimental work has, however, 
been done on the subject by Tucker and Paris § in connexion 
with their Hot-Wire Microphone. They measured the 
escape of heat from the electrically-heated wire when 
subjected to an alternating air-current. The converse 
effect, that of a hot wire oscillating in still air, has been 
dealt with by Richards ||. In both cases the wire is cooled, 

* Communicated by Prof. A. W. Porter, F.R.S. 

+ Langmuir, Phys. Rev. xxxiv. pp. 401-422 (1912). 
j King, Phil. Trans. Roy. Soc. A, ccxiv. pp. 373-430 (1914). 

§ Tucker & Paris, Phil. Trans. Roy. Soc. A, ccxxi. pp. 389-430 
(1921). 

|| Richards, Phil. Mag. xlv. pp. 926-934 (1923). 

Phil. Mag. S. 7. Vol. 6. No. 39. Nov. 1928. 3 Q 
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and consequently its resistance alters. It is shown that the 
change can be divided into two categories :— 

(a) A lowering of the resistance of the whole wire. 

This is known as the steady drop. 

(b ) A periodic change of resistance. 

The object of the present work is to investigate these 
two resistance changes under varying conditions, and also to 
bring forward, at any rate approximately, a mathematical 
theory which will explain the observed effects. 

2. Experimental Work. 

(a) Steady Drop . 

(1) Description of Apparatus . 

The experiments were made with the very fine platinum 
wire—diameter 0*0006 cm.—in the grid of a Tucker hot-wire 

Fig. 1. 


B 



microphone. This grid was mounted on one prong of an 
electrically-maintained tuning-fork, and a compensating 
weight was mounted on the other prong, so that the fork 
would vibrate evenly. The tuning-fork and grid were 
completely enclosed in a large wooden box, so that all 
extraneous draughts were excluded. 

The grid (W) was arranged in one arm of a Wheatstone’s 
network, so that its resistance could be measured, and a 
milliammeter (A) was also included in the circuit. The 
electrical connexions are shown in fig* 1. 
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1 he method o£ taking observations was as follows. 
A rheostat (Rh) in the battery circuit was adjusted until the 
heating current through the grid had reached some definite 
value—say 30 milliamperes—when the fork was at rest, and 
the resistance of the grid was then measured. A long 
straight wire (ST) which had previously been calibrated, 
with an adjustable contact to the galvanometer, was used to 
obtain an accurate point o£ balance. 

When the fork was set in vibration, the resistance of the 
grid decreased as it became cooled, and the new resistance 
was measured by balancing the network again. In order to 
prevent much alteration of the grid heating current, the 
total resistance R x + R 2 in the two resistance boxes was kept 
constant throughout a given series of readings. 

The resistance of the grid was measured for various values 
of the amplitude of the fork, keeping the heating current 
constant. Nine such series of readings were taken for 
different values of the heating current : the resulting curves 
are shown in fig. 2. 

The amplitudes were measured by means of a microscope 
with an eyepiece scale which was calibrated against a linear 
steel scale. 

(2) Numerical Calculations . 

(a) Temperature .—Within the accuracy covered by these 
experiments, there is a linear relationship connecting the 
resistance of the grid when at rest with the excess tempera¬ 
ture of the hot wire of the grid over that of the surrounding 
atmosphere. 

If R 0 = resistance of grid at atmospheric temperature 
and R# = resistance of grid at a temperature excess of 6i 
above that of the atmosphere, then 

R =Ro(l + a^ 1 ),. . • . • • (1) 

where a is the temperature coefficient of resistance of the 
wire of the grid. 

Table I. shows the resistance of the grid when at rest for 
different heating currents. On extrapolating the resulting 
graph, it is found that the resistance of the grid at 
atmospheric temperature, i . e when no current is flowing in 
the wire, is 120 ohms. 

The last column in the table gives the excess temperature 
( 0i ), calculated with the aid of equation (1) and assuming 
a=0*00367 for platinum. 


3 Q 2 
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Fig. 2. 
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From the graph obtained on plotting Re against it is 
found that lohm is equivalent to 2*24° C., i.e. that a 
decrease in the resistance of the grid of 1 ohm corresponds 
to a fall in temperature of the wire of 2*24° C. 

(/3) Velocity .—The change in the steady drop when the 
heating current is unaltered is due to the relative movement 
of wire and air, and is a function of the velocity of the wire 
through the air. This of course is not constant throughout 
the cycle, but the maximum velocity (V) can easily be 
found. 


Table I. 


Heating current (i), 
milliamps. 

Resistance of grid Excess temperature above 

when at rest (R), atmospheric (0), 

ohms. ° 0. 

30 

267 

335 

28 

247 

290 

26 

228 

248 

24 

210 

204 

22 

195 

170 

20 

183 

142 

15 

152 

71 

10 

135 

34 

5 

125 

n. 

(0) 

(120) 

— 

if 

n = frequency of fork 


and 

y Q = amplitude „ „ 

.(2) 

then 

V = 2irny 0 . J 



Now, the frequency of the fork used during the experi¬ 
ments was 96 vibrations per second. The eyepiece scale of 
the microscope was calibrated against a steel millimetre scale, 
and it was found that one eyepiece scale-division was 
equivalent to 7‘5 x 10 -3 cm. Therefore for one eyepiece 
scale-division 

y 0 = 7*5 X 10 -8 cm. 


Y = 2w x 96 x 7’5 x 10" 8 cm. 
= 4 - 52 cm. sec. -1 
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Values of the maximum velocity (V) for various values of 
the amplitude are given in Table II. 

( 7 ) Steady Drop .—The experimental values found for 
the steady drop (A) from the graphs of fig. 2, with the help 
of Table I., are tabulated in Table II. for various known 
conditions of temperature and velocity. 


Table II. 

Experimental Values of A in °C. for Microphone Grid. 


Amplitude. 

Maximum 



Temperature excess (0,) 

0 n 



Eyepiece 

! 

Velocity 

(V)in 










scale- 
diyisions. | 

cm. 

cm. eec.“ T . 

335 

290 

248 

204 

170 

142 

71 

34 

11 

— 2 

0015 

9.0 

2 

7 

4 

6 

6 

4 

3 

2 

0 

4 

0*030 

18*1 

12 

22 

16 

17 

17 

15 

12 

4 

1 

6 ! 

0 045 j 

! 27*1 

41 

46 

43 

36 

32 

27 

18 

7 

1 

8 

0 060! 

36*2 

66 

64 

58 

53 

43 

38 

22 

9 

1 

10 

0*075 ! 

45*2 

81 

77 

72 

63 

50 

45 

26 

11 

2 

12 

0*090 

54*3 

92 

86 

82 

70 

57 

48 

28 

13 

2 

14 

0*105 ! 

63*3 

100 

94 

90 

75 

63 

54 

30 

15 

3 

16 

0*120 i 

72*4 

109 

101 

95 

80 

67 

57 

34 

16 

4 

18 

C-135 

81*4 

112 

105 

100 

83 

72 

60 

36 

18 

4 

20 

0*150 

90*5 

J 

118 

110 

104 

88 

76 

63 

38 

20 

6 


(b) Oscillatory Changes . 

The first experiments which were undertaken with a view 
to investigating the harmonic changes of resistance of the 
grid made use of a telephone receiver which was coupled 
inductively with the grid heating circuit. In addition to the 
fundamental the octave could be heard distinctly, and there 
was also evidence of higher harmonics. A vibration 
galvanometer was afterwards introduced in place of the 
telephone, and the presence of these harmonics was confirmed. 

The instrument used was a Tinsley Moving Coil Vibra¬ 
tion Galvanometer with a bifilar suspension. The suspended 
system had three adjustments, which could be varied to alter 
its natural frequency : 

( 1 ) The length of the suspension. 

( 2 ) The tension of the wires. 

(3) The distance apart of the two wires. 
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When these were adjusted to make the natural frequency 
of the system equal to the frequency of the alternating 
current passing through the galvanometer, the latter was 
said to be “ tuned.’* In this state resonance occurred, and 
the spot of light broadened out into a wide band. During 
these experiments the distance apart of the two wires 
remained fixed, and the tension and length adjustments gave 
a range from about 85 to 500 cycles per second. Scales had 
been engraved on the torsion head and on the side of the 
case near the sliding bridge, so that it was possible to record 
definite positions for the tension and length of suspension 
respectively. Thus any particular condition could be 
repeated at will. The galvanometer had been calibrated for 
frequency by passing alternating currents of known fre¬ 
quencies through it and noting the positions of the bridge 
reading and torsion head. 

The grid heating current, which was known to have a 
complex wave form, was passed through the vibration 
galvanometer, and the adjustments were made throughout 
the whole of the above range. The harmonics present in the 
current could then be picked out at once, because when the 
galvanometer became tuned to any one component, resonance 
was observed. The frequency of the component was then 
found from the calibration curves. 

The results of this analysis showed that, denoting the 
frequency of the tuning fork by 7z, the grid beating current 
hnd a series of harmonic constituents whose frequencies were 
given by 2n, 3n, 4??, and in one case for a very low fork 
5 n, in addition to the fundamental. For these experiments 
on the oscillatory changes several forks were used, of 
frequencies varying from 68 to 167 vibrations per second, 
but in most cases the fork of frequency 96 vibrations per 
second was used as in the experiments on the steady drop. 
The experiments were repeated for a straight platinum wire 
of diameter *001 cm. mounted horizontally on the fork, and 
similar results were obtained, the harmonics being found as 
before. 

A distinction must be made between the two cases, when the 
wire is vibrating (a) vertically, L e . in its own convection 
current, and (6) horizontally. In (a) the fundamental and 
the octave appeared to be of approximately the same magni¬ 
tude, but in (6) the octave was by r far the most predominant 
harmonic present. This distinction is important on theo¬ 
retical grounds, and is discussed in detail in section 4. 
The higher components of frequency 3n, 4n, etc. were 
observed to have considerably smaller amplitudes than the 
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fundamental and octave, although it proved impossible to 
measure any of these amplitudes with a great degree of 
accuracy. Attempts to make such measurements were made 
both directly and by means of photographing the wave form 
with the help of a rotating mirror, but they proved unsuc¬ 
cessful because the galvanometer could not be tuned 
sufficiently far away from the several resonance points 
to give a faithful reproduction of the wave form of the 
current, unless it was made too insensitive. 

Photographs were taken of the vibrations of the prong of 
the fork to see whether the motion was accurately sinusoidal. 
Light from an arc was passed through a small diaphragm 
reflected from a mirror attached to the prong of the fork 
and from a rotating mirror, and finally was focussed on to 
the photographic plate. Several photographs were taken, 
and these showed that the prong was moving with simple 
harmonic motion, as was to be expected. 

3. Theoretical Considerations. 

(a) General . 

The rate of loss of heat from a thin oscillating hot wire 
depends on several factors. 

Heat Supplied .—If the wire is heated electrically, then the 
rate of heat supplied is E 2 /R, where E is the e.m.f. in the 
heating circuit, and It is the resistance of the wire. If E is 
measured in volts, and R in ohms, then the rate of heat 
supplied will be measured in watts. 

As the resistance of the wire is large compared with any 
other resistances in the circuit, the potential drop across the 
ends of the wire may be regarded us constant, and will not 
be affected by the oscillation. 

Radiation .—In the treatment which follows, the loss of 
heat due to radiation will be ignored because Langmuir * 
has shown that for fine wires such as those used in the 
experimental work it is negligibly small. 

thermal Capacity of the Wire. —The thermal capacity (€) 
is defined as the mass of the wire (m) multiplied by its 
specific heat (c). 

Then e dd represents the amount of heat added to or taken 
away from the wire for a change of temperature d0 . 

In the analysis given below the convention is adopted that 


* Langmuir, Phys. Rev. xxxiv. pp. 401-422 (1912). 
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0 is reckoned positive for a lowering of temperature, and 
therefore 


edd =s amount of heat taken away from the wire 
for a drop in temperatnre of dd. 
d0 

Hence = rate at which heat is taken away from the wire. 


Free Convection .—If the wire is at rest , and is heated 
electrically, then it will take up a certain definite equili¬ 
brium temperature when the rate of heat lost by free 
convection is exactly equal to the rate of heat supplied by 
the electric current. 


Let 6 X = excess temperature of the wire above that of 
the surrounding atmosphere ; 

E = e.m.f. in the heating circuit; 

= resistance of the wire at temperature 0 t . 

Then 5- 2 =H^, .(3) 

where H is the free convection constant. 

Forced Convection .—When the wire is cooled by being 
placed in a current of air, the phenomenon is called forced 
convection, and the escape of heat from the wire is 
dependent upon the velocity of the imposed draught. This 
may be treated as completely equivalent to the case when 
the wire is caused to move through still air with a definite 
velocity. 

King * has derived two formulae which give the heat-loss 
per cm. (W) from a wire of diameter d in a steady air- 
current of velocity Y : 

W s= A! 0i + .(4) 

W = .(5) 

where A', B', a', and b r are constants, and 0 X is the excess 
temperature of the wire above that of the surrounding air. 

He found a critical value V<7=0*0187, where V is measured 
in cm./sec. and d in cm. 

When Yd > 0*0187, i. e. for high velocities or thick wires, 
equation (4) must be used. 

When Vd< 0*0187, i. e. for low velocities or thin wires, 
equation (5) is applicable. 

The critical velocity for any wire is denoted by V c . 


* King, Phil. Trans. Hoy. Soc. A, ccxiv. pp. 312-432 (1914). 
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An attempt has been made here to see whether King’s 
formulse can be adapted to the case when the wire is 
subjected to an oscillating draught, or, what is equivalent, 
to the case where the wire itself vibrates when mounted on a 
tuning-fork. 

Let y = displacement of the prong of the tuning-fork,, 
and consequently of the wire. 

By experiment the motion is found to be simple harmonic, 
say y =y 0 sin pt 9 where p is the pulsatance oftthe imposed 
vibration -=2^ times the frequency. 

The velocity (i?) of the wire at any time is given by 

dy 

v = ^ = pyo c° s pt 9 

but as the cooling of the wire is assumed to be independent 
of the direction of motion, the speed of the wire through 
the air at any moment can be written [ cos^tf | *, or 
V|cosjp*|, where V is the maximum value ol the velocity, 
i.e.Y—pyo- 

For generality the escape of heat due to forced convection 
may be written h(0 u V | cospt |), and the appropriate formulae 
(4) or (5) can be applied in special cases. 

Differential Equation .—The general differential equation 
governing the escape of heat from the hot wire when it 
is oscillating can now be written down. 

As before, let 6 1 = temperature excess of the wire above 
that of the surrounding atmosphere. 

When the wire is set in vibration it is cooled by forced 
convection, and its temperature drops. 

Let 0 equal the divergence of the temperature from 0 X at 
any time t 9 and let 0 be regarded as positive when measured 
in a downward direction. 

Then 

4* = HW-tf) +*««,-«). Vlo. >vt |) - 

.( 6 ) 

where a is the temperature coefficient o£ resistance of the 
material of the wire. 

Since 0 is small, equation (6) may be written 

= H(0j - 6) + £((0, - 0 ), V | cos pt | ) - (1 + ad) 

. . / . . (7) 

* The expression |cosp£| is used to signify the numerical value of 
cos pt without regard to sign. The function | cos pt | is thus always- 
positive. 
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In the following sections the applications of this equation 
will be considered. 

(b) High Velocities. 

In this case King's formula for the rate of loss of heat 
due to forced convection may be written 

where ft and y are constants having the same meaning as in 
King's paper. 

Equation (4) now becomes 

d6 E2 

=H(0 1 — 0 ) + (ySVi | cos pt (i + 7) {01-0) - (1 + *<?) 

= “(^ H +7) + ^«y + ((H + 7)^-|- i ) 

+ /3VJ]cos^t |*^ 1 — /SV*| . ( 8 ) 

The last term is of a smaller order than the other terms, 
and to a first approximation it may be omitted. When an 
approximate value for the temperature 0 has thus been 
obtained, it may be substituted in this small term, and the 
equation can then be solved to a higher degree of accuracy. 

The equation may now be written in the simple form : 

^ = — ad + b+c{[cospt j}% .... (9) 

where a = ^ ["(H + 7) + 

and c = ^V^. 

The function {)cosp£j} is not in a form suitable for 
integration. It may, however, be expressed as a Fourier 
Series, and the numerical values of the different coefficients 
can be found by graphical integration. 

If T is the periodic time of the oscillation, then the 
required limits of the function must be £ = 0 and £=T, 
because after this everything will be repeated. 

For brevity let x be written in place of pt ; then, when 
£=0, #=0, and when £=T, #= 27 r//T = 27r, and the limits 
now become 0 and 2tt. 

Tho Fourier Series may be written down: 

{jcos#|}* = a Q + a x cos x+a 2 cos 2 #-f... a n co&nx 
+ 1\ sin x 4- h 2 sin 2x + ... h n sin nx. 
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It is known that 


*0 


-if 


27T 

a7r Jo 
1 i 2,r 


{| cos x j } h dx, 


1 ( 2W i 

= — 1 *{[ cos # |} f cos n# dx , 

wJo 

i r» i 

and = — j {| cos# |} f sin nx dx. 

17 Jo 


The numerical values of these coefficients were determined 
by plotting the graph of the function within the integral 
sign for different values of x between the required limits, 
and finding the area enclosed between the curve and #-axis. 

It was found that 


#1 — O'Z — a 5 — &2n — 1 — 0, 

bi = b 2 = b z = .. b n = 0, 
a 0 = 0*757, 

a 2 = 0*330, 

a 4 = -0*111, 

« 6 = 0*080, 
a 8 = —0*006. 

Therefore 

{|cos#|}i=0*757 + 0*330 cos 2#—0*111 cos 4# 

+ 0*080 cos 6 # —0*006 cos 8 # + . 

Equation (9) now becomes 
d0 

~ = -a6 + b + c{ 0*757 + 0*330 cos 2^-0*111 cos ±pt 

+ 0*080 cos 6 p£ — 0*006 cos 8 /?£ +...} . . ( 10 ) 


The solution of ( 10 ) is 


l a 


0-330 


ala ^/ 4 p i + a i 

0111 


-cos ('2,pt—<ff) 


0-080 


V oos (^-« + 

v / 64p '+»» cos(8yt ~ w } +Ju '"- ' • • (U> 


The last term dies out as t becomes large, and may be 
ignored so far as periodic solutions are concerned. 

The mathematical analysis shows : 
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(1) A steady drop in temperature (A), given by 

A b 4* ca§ 

“ 5 

a 

and (2) a series o£ harmonics of frequency 2n, 4». . 

of which the octave is the most predominant. 

If this value of 6 is substituted in the last term of 
equation (8), no new terms are introduced, but there is a 
small change in the values of the constants. 

(c) Low Velocities. 

For low velocities it is necessary to use the form of King’s 
formula given in equation (5), and when applied to an 
oscillatory draught equation (7) becomes 

^ - <*■-»)- 

log Y[cosp#ld 

.( 12 ) 

The solution of this equation shows temperature changes 
of just the same form as those given by equation (11). 

(d) Critical Velocity. 

It is important to calculate the critical velocity (V c ) 
corresponding to King’s value VcZ = l'87 x 10 -2 for the 
actual wire used in the experimental work. 

In this case d — 6 x 10~ 4 cm. 

„ _ 1*87 x 10~ 2 
Vc_ 6 x 10 -4 
= 31*2 cm.sec. -1 . 

This velocity marks the boundary between the high and 
low velocity formulae, and this must be kept in mind during 
the succeeding sections. 

4. Comparison of Theory with Experiment. 

(a) Steady Drop. 

It is possible to calculate values of the steady drop A by 
means of equation (11), using the appropriate values of yS and 
7 as given by King * in his paper. The values thus found, 
are not in sufficient agreement with those obtained experi¬ 
mentally to be given in detail in this paper, but they are 
of the same order of magnitude. Furthermore, in both cases 

* Loc. ci& pp, 420 and 422. 
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the steady drop is found to increase with temperature and 
with velocity. 

It must be remembered, however, that the experimental 
conditions were by no means the ideal conditions demanded 
by the theory. For one thing, instead of a straight wire 
stretched between two fixed supports, the crumpled wire of 
a microphone grid was used. There are three loops in such 
a grid, and as the grid was clamped in a vertical position, it 
is quite possible that the convection current from one part of 
the wire impinged upon another part, thus lowering the 
resistance of the grid as a whole*. Again, since the wire 
was not straight, it was very difficult to measure its length 
with any degree of accuracy. The value adopted — 07 cm.— 
was found by observing the grid with a microscope and 
measuring those portions of the wire which would be 
effective in contributing freely to the convection current. 
But since the calculated value of A increases with increase 
of length of wire, this uncertainty is bound to introduce a 
small error. 

The wires used in this experiment were very much smaller 
than any used by King in his experiments on forced con¬ 
vection with steady draughts, and it may be that his 
formulae will not bear extrapolation to such fine wires. For 
example, the term depending upon the velocity does not 
appear to have a sufficiently great coefficient to cause the 
theoretical value of the steady drop to increase sufficiently 
for the greater velocities, and it is possible that other 
formulae could be devised which would fit the experimental 
curves better; but it does not seem worth while pursuing this 
line until the theoretical conditions are more accurately 
realized. 

There is yet another factor affecting the cooling of the 
wire which should be noticed. It has been shown above 
(p. 957) that the critical velocity below which the high velocity 
formula given by equation (8) will not hold is given by 
V c ={51*2 cm. sec. -1 . Now, in the analysis put forward the 
actual velocity of u=V cos pt has been replaced by a mean 
velocity a 0 V, where a 0 =O757. Actually, however, the 
velocity varies between the limits v — V and t = 0, the velocity 
falling to zero twice during each complete vibration of the 
fork. Thus, even if V is considerably greater than V c , the 
actual velocity v must be less than V„ during certain portions 
of the cycle, and it cannot be expected, on this ground 
alone, that the theoretical equation would show exact agree¬ 
ment with the experimental results. 

* Cf. Tucker & Paris, p. 396. 
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The last error which must be considered is that arising 
from neglecting the term j cos pt | *0. I£ this term is 
worked out numerically, using the values of 6 already 
obtained, it is found that, for the case where it could have 
the greatest possible effect, the error is less than 10 per cent., 
which is smaller than some o£ the other errors which have 
been considered above. 

(b) Oscillatory Changes. 

Effect due to the heating-up of the surrounding air :— 

The mathematical analysis given in Section 3 does not 
indicate the presence of the fundamental, or the odd 
harmonics. This is because the theoretical treatment is con¬ 
cerned entirely with the free and forced convection from a 
hot wire vibrating in cool air, and no account has been taken 
of the general heating-up of the air in the~neighbourhood of 
the wire. As in King’s analysis, it has been assumed that 
the wire is always moving into air of atmospheric tempera¬ 
ture. In this case, if the wire is vibrating with frequency 
7i~p/27r there are two positions, one at each end of the swing, 
in every complete vibration, when the wire is at rest. The 
cooling is thus identical in the two halves of the cycle, and 
is periodic with a frequency 2n. Hence it follows that on 
this theory the octave is the most important term. 

In practice, however, it is essential to take into account 
the heating-up of the surrounding air ; and this depends 
upon the general convection current of the heated air which 
rises from the hot wire. There are two quite distinct 
cases :— 

(a) Hot wire vibrating vertically .—As the wire moves 
upwards it travels with the convection current ; as it moves 
downwards it travels against it. Thus it is quite clear that 
the escape of heat from the wire to the air is different for 
the two motions ; consequently, any term arising from this 
convection effect will be periodic with the frequency of the 
fork, and the fundamental note occurs. 

(b) Hot wire vibrating horizontally .—The motion of the 
wire is at right angles to the convection current; the heated 
air escapes upwards, and so does not affect the cooling of 
the wire further. This case approximates more to the 
simple theory, and the octave predominates. 

The effect of considering this heating-up of the air near 
the wire is to introduce a periodic term of the same 
frequency as that of the driving-fork. There is no evidence 
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available concerning the physical nature of this term, but 
since it is periodic, it should be possible to represent it as a 
Fourier series containing all the harmonics. In any case, 
the fundamental is probably the predominating term, and 
without in any way being dogmatic in the matter, it is of 
interest to see the effect of introducing a term d<$Q$pt to be 
added on to (9), which then becomes 

— = — ad + b+c{ [ cospt\}*+d cospt .(13) 


0 == ~—hC 
a 


{ 


0*757 


0-330 


a \/ 4p 2 + a 
0-111 


=- cos ( 2 pt—<f> 2 ) 


x/ 16 p 2 - 

d 


-a 


cos (4 pt — <£ 4 ) -+■ 
cos {pt — . . 


\/p*+a 2 


} 

• • (14) 


the decaying exponentials being ignored as before. 

If, now, this value of 0 is substituted in the last term of 
( 8 ), terms of the type 

cos (pt—<f>i) cos 2 K pt 

= Jcos( 2 K + l— (f> i) + % cos ( 2 K —1 + <f>{) 
arise for all integral values of K. Thus the complete 
equation becomes 

0=zy o + yi cos (pt—x i) + 7 sCos (2 pt—Xs) 

+ 7 s cos (3^)t—^ 3 ) +...., . . . (15) 


which agrees with the experimental results in indicating the 
presence of a steady drop and the full series of harmonics. 


5. Wire cooled by a Steady Draught of Yery 
Low Velocity. 

It appears permissible in conclusion to discuss briefly 
some of the difficulties which occur in dealing with King’s 
formula for loss of heat when the velocity of the cooling 
draught is small. 

The experimental curves found for the cases when the 
draught is steady, and when it is oscillatory, are very similar 
in character, and the difficulties which underlie their inter¬ 
pretation are more or less the same in both cases ; so it is 
convenient merely to consider the simpler case, namely that 
in which a hot wire is subjected to a small steady cooling 
draught. 
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Thomas* * * § , in his researches on the hot-wire anemometer, 
obtained a series of curves of the type shown in fig. 3 for a 
straight wire cooled by a steady draught. Richards f, using 
a microphone grid, and E. Gr. Richardson $, using a grid 
constructed of thicker wire, have both obtained curves of 
the same type. This curve should be compared with those 
shown in fig. 2, which were obtained by the writer for 
oscillating draughts. The curve is concave to the Y axis 
for very small velocities ; indeed, it is approximately para¬ 
bolic near the R axis, but it becomes convex to the Y axis 


Fig. 3. 



as the velocity increases. Tucker and Paris § obtained only 
the parabolic portion of the curve, using a microphone grid, 
but their velocities never exceeded 5 cm. per sec. 

In every case the point of inflexion occurred when the 
velocity was far below the critical veloeitj r V c for the wire 
in question ; therefore it appears that the experimental curve 
for low velocities is made up of two distinct parts. 

* Thomas, Phil. Mag. xxxix. pp. 505-534 (1920). See fig. 8. 

t Loc . cit . p. 927. See fig. 1. 

% Proc. Roy. Soc. A, cxii. pp. 552-541. See fig. 2. 

§ Loc . cit . p. 408. See fig. 7. 

Phil. Mag. S. 7. Vol. 6. No. 39* Nov. 1928. 3 R 
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Thomas also found that “ the velocity at which the change 
o£ curvature of the respective graphs occurs is greater the 
larger the heating current employed / 5 This statement is 
also true for oscillatory draughts, as may be seen on 
examination of the graphs given in fig. 2 . 

Turning now to King's formula, given in equation (5), 

^ _ a '0 _i f .(5) 

~ b' 

lo *T<J 


it will be of interest to work it out numerically for a given 
temperature and for a series of velocities. 

Preserving the notation, used by King, the constants a! 
and V may be written 


where 


a r = 27r^, 
b ~ svV 


and «=thermal conductivity o£ air 

= 5*2 x 10 ~ B calories (cm.) - 1 (sec .) -1 (° C.)~ J , 
<r=density of air=1*3 x 10~ 8 (grm.) (cm.) -8 , 
s —specific heat per unit mass of air 
= 1*71 x 10“ 1 calories (grm .) -1 (° C.) -1 , 
y=Euler’s Constant=0*57721. 

.*. =1-52. 


Numerically 

2x5*2xl0 -5 xl-52 
b — 1*3 x 10 -8 x 1*71 x 10 -1 
= 7*15 x 10 -1 *. 

For the wire in the microphone grid < 2=6 x 10 -4 . 

.*. 3 = 1*19 x 10 3 . 

a 


Now consider a particular temperature excess above 
atmospheric temperature, say =335° C. The heat-loss 
(W) will be given in watts per cm. of wire. 

* This constant V will he unaffected by a change of units from calories 
per second into watts, as long as jo and $ are both measured in the same 
units. It is of the dimensions of a length. 
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In this case * most be expressed in watt units, i. e. 

k—2'Z7 X 10 -4 watts (cm.) -1 (°C.) -1 
and a'Oi — 2 7rx2*37 xl0 -4 x 3‘35xl0 2 

= 4-96 xlCT 1 . 


W = 


a'Oi 

lo g‘W 


4-96 xlO -1 


1-19 xlO 3 

V 


watts cm." 1 . 


The resulting graph is shown in fig. 4. 


HEAT LOSS (w) 

IN WATTS CM-» 


Fig. 4. 
w = 


4*96 X I0~* 
log e H9 x IQ 3 . 



It can be seen from equation (5) that a graph plotted for 
a wire at a different temperature would be of exactly the 
same shape, because the only difference would be in the 
value of 0i. Hence the graph of fig. 4 must be regarded as 
typical of the theoretical values predicted by King. 

The question which must be faced is how to reconcile the 
theoretical curve shown in fig. 4 with the experimental 

3R2 
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curve in fig, 3, for very small velocities, i . e. to explain the 
“ parabolic portion of the experimental curve. No attempt 
at a quantitative analysis is here put forward, but perhaps 
the following qualitative suggestions may throw some light 
on this rather complicated phenomenon. 

Consider a hot wire at rest in absolutely still air. Then 
any heat which is lost must be lost by free convection. Let 
a very slowly moving air-stream pass across the wire. If 
the velocity of this stream is sufficiently slow, the wire will 
still lose heat almost entirely by free convection, and any loss 
due to forced convection must be extremely small. As the 
velocity increases, the loss of heat due to forced convection 
will also increase, and for a time such an increase will be 
fairly rapid. Such a state of affairs would be represented 
by the “ parabolic ” portion of the curve which has been 
found by all observers. When the velocity is increased still 
further, the forced convection would have become an appre¬ 
ciable factor in the cooling of the wire, and would increase 
less rapidly. This would correspond to the point of inflexion 
in the graph of fig. 3. For velocities higher than this and 
below V c , King^s low-velocity formula would hold, as shown 
in fig. 4. 

The weakness in the above argument is that it differentiates 
so clearly between free and forced convection at these very 
low velocities. It is probably impossible to separate these 
two phenomena in practice, because they are both so inti¬ 
mately connected with the loss of heat from the wire. 

Very little seems to be known about this portion of the 
subject, which appears to offer a field for further research. 

6. SlJMMABY. 

An electrically-heated platinum wire was mounted upon 
the prong of an electrically-maintained tuning-fork of fre¬ 
quency n. The hot wire was cooled, owing to the periodic 
motion through the air, and superimposed upon the steady 
fall in resistance ; there was also a periodic change, with a 
corresponding periodic change in current. This current was 
analysed by means of a vibration galvanometer, and was 
found to contain harmonics of frequency 2n, 3n, and 4 n in 
addition to the fundamental. 

The escape of heat from the wire is due to the following 
factors:— 

(1) The Free Convection effect, which is the same whether 
the wire is at rest or in motion, except in so far as it depends 
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on the temperature of the wire, which is, of course, lowered 
when the wire is vibrating. 

(2) The Forced Convection effect which depends upon 
the velocity o£ the wire through the air, and which gives 
rise to 

(a) The steady drop in resistance. 

(b) Periodic changes o£ resistance o£ frequencies 2n y 

4n, 6n. 

The magnitudes of (a) and (b) depend upon the tem¬ 
perature and diameter of the wire and the velocity of the 
cooling draught. 

(3) The effect due to the heating-up o£ the surrounding 
air, which causes the fundamental and probably all the rest 
of the harmonics to be present. 

A mathematical theory is developed which is found to 
account qualitatively for the observed results. 

The writer’s thanks are due to Mr. R. 0. Richards for 
some very helpful criticism, and to Prof. A. W. Porter, 
F.R.S., for his assistance and general direction throughout 
this research. 

Carey Foster Laboratory, 

University College, London. 

July 1927. 


XOV. Hie Electrical Conductivity of Metals as a Function of 
Pressure according to the Sommerfeld Electron ± lieory. 
By A. T. Waterman, Ph.DAssistant Professor of 
Physics , Yale University , U.S. National Research Fellow 
at Kin if s College , London 

I N a recent paper Houston + has made a noteworthy 
contribution to Sommerfeld’s + theory of electrical con¬ 
ductivity in metals by working out the dependence of the 
mean free path upon temperature, pressure, and other 
variables This is done by recognizing the wave nature of 
the electron, and thus treating the problem after the method 
used by Debye § for the interference of X-rays. 

* Communicated by O. W. Richardson, F.R.S. 
t Zeits. f. Phys . xlviii. p, 449 (1928).5 
J Zeits. f. Phys . xlvii. p. 1 (1928). 

§ Ann . d. Phys . xliii. p. 19 (1914). 
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The result shows very fair agreement with observation for 
the temperature gradient of the conductivity, qualitative 
agreement for the pressure gradient, and the correct order 
of magnitude for the conductivity itself, as well as several 
other interesting applications. 

In the case of the effect of hydrostatic pressure upon the 
electrical conductivity of metals, Houston has merely given 
an approximate formula, and has briefly pointed out that 
its application is qualitatively correct. When subjected to 
quantitative calculation, this formula is found only to give 
the right order of magnitude for the pressure coefficient of 
resistance, as seen in Table J. (p. 969,). The accuracy of 
Bridgman’s data * for the pressure coefficients of metals, 
however, warrants a more exact formula, which may be 
deduced as shown below. 

The formula given by Houston + for the specific resistance 
of a metal is 

9 V 3 ) mA M» A 2/3 • 

where L==Loschmidt number, 

Z= number of free electrons per atom, 

0 = characteristic temperature, 
d — density, 

C x 

<£>(#) = Debye function 1 jx \ %d%l(eZ — 1), 

Jo 

H(c) = (1 + 2c)/(1 + c) - 2c log (1 + c)/c, c = X 2 /(4t rh) 2 

= electronic wave-length, 6 = constant determining the 
range of the ionic field). 

Houston’s approximation for the pressure effect lies in 
the assumptions : first, that the Poisson ratio is independent 
of pressure, so that 0= const. ci~ 1/6 /e“ 1/2 , where /c = compressi¬ 
bility ; and secondly, that the temperature is high enough, so 
that </>(#) may be replaced by T j0. Then p = const. Hac, 
writing H for H(c), and for the pressure coefficient 

1/p dpjdpz* SlogblogH/dp- . . . (2) 

The first term on the right may be evaluated from the 
experimental data for the fractional change in volume 

* Proc. Amer. Acad. lii. p. 571 (1917). 

t Loc. cit . eq. (29). 
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AY/V 0 underpressure, given in the form AV/Y 0 =Ap + Bp 2 . 
From this we readily derive 

B log * _ 2B A-+-2Bp 

Bp A + 2Bp 1 +Ap-fBp 2 ’ 

or, at zero pressure, 

(B log^/Bjp) 0 =2B/A—A. 

The remaining term, B log H/Bp> is evaluated in the 
derivation given below. 

The approximations underlying eq. (2) may be avoided 
by adopting Gruneisen’s * method, as applied by him to 
Wien’s conductivity theory f, for the derivation of the 
pressure coefficient of resistance* The feature of this method 
consists in distinguishing between the adiabatic and the 
isothermal pressure variation. Since the derivative at 
constant entropy of any function of 6 /T vanishes, 

(3<M«)/3p) 4 =0, 

so that, taking the logarithmic derivative of eq. (1) at con¬ 
stant entropy, we have 

(3 log P fdp) s =Cd log H/djt?) s 

- (3 log &/dp) s -%(d l°g d ldp) e , • (3) 

assuming BZ/Bp^O. 

In order to transform from adiabatic to isothermal con¬ 
ditions, we use the relation 

(^l = (^)t + 

Also (d log 0/3p), = 1/T(BT/^) S , d(log d) = — d(log V) ; 

and, since measurements involve the actual resistance R 
instead of the specific resistance, 

(3 log R/3p) T = (3 log pj 3p) t - M3 log V/3p) T . 

Hence 


/3 logR\ 

( 3 log H\ 

V dp h 

p \ dp ) 


, /3T\ |731ogH^ 1 ^logR^ 

+ \dpJsl\ 3T ) P T V 9T JJ 

But 

(3T /dj>)s = T/G p (dV/bT) p . 


* Verh. d. deutscke Phys. ges. xv. p. 186 (1913). 
t Columbia Univ. Lectures, 1913. 
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Hence, finally : 



+ 


<r(lr) [ T (^r) 

/pL V u-L /p 


-1-T ( 


BlogR\ "I 

BT / P J' 


Writing «= (B logR/BT),,, /3= (B log V/BT ) p , c' = specific 
heat per gram, the pressure coefficient of resistance becomes 


J- /BR^| __ / B log H 
R vdp/ T ~ \ Bp 



For the two derivatives of log H : 


Blog H 

BT 


)]• 




(B log H/Bp)t = B/H(Bc/Bp)t, 

vhere 

B = l + 2/(l + c)-21og(l + e)/c, 

c = l/(47r&) 2 (87r/3?n)*, 

where n =number of free electrons per cubic centimetre. 
Then 


/dc\_/87r\t l r 1 / Blog n \ / Blog b \ ~1 

\dp/T \3 / Sir^bhti j_3 \ Bp /t V dp )tJ 


Taking n equal to the number of atoms per c.e., as done 
by Sommerfeld, if b A r aries under pressure directly as the 
mean atomic separation, or b cc n~°, then 

(BlogZ>/Bp)T = — i(Blogu/Bp) T and (Bc/Bp)t = 0, 

•o that (BlogH/Bp)T = 0. 

If b remains constant under pressure, say b = aS 0 , where 
Sq =mean atomic separation at zero pressure, then 


/BlogH\ _ /87 t\JB 
\ dp )t~ \ 3 / H 


K 


247r s a 2 So :! n3 ’ 


(5) 


where K= — 1/Y(BV/B/0 t = compressibility. 

Similarly for (B log H/BT) P ; if b <x «"*, (B logH/BT p =0 ; 
if a=aS 0 = constant, then 


BlogH\ _/8 tt\SB /9 
BT ) p _ J H247rVV« i ’ 


( 6 ) 


where /9=1/V (BY/BT) P =thermal expansion coefficient. 

Taking a=£, i. e. bs=jr8, with Houston, Table I. gives 
the observed pressure coefficients, 1 /R(BR/Bp)t, and the 
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values computed by eq. (4), both for b =constant and for 
b cc n~&. The last column shows the values o£ the pressure 
coefficient as computed from Houston’s formula, eq. (2), 
which uses b=^S Q — constant. 


Table I. 

(All values negative unless otherwise indicated.) 


Element. 

Calc. 

(6 cc 

Calc. 

(5 = const.). 

Oalc. 

UDS ‘ (Houston). 

Li. 

-23 

- 38 

+ 6*9 

+12 

Xa ... 

43 

68-0 

- 68 

-F 7 0 

K . 

72-5 

128 

200 

+10 

Cu ... 

3*2 

4*2 

205 

- 5*6 

^ . 

4*8 

62 

3-7 

6*7 

An. 

3*5 

4-4 

3*2 

9*5 

Mo ... 

0*88 

1*52 

1-36 

4*5 

W. 

0*76 

1*32 

1-31 

9*5 

M . 

2*40 

3-0 

1*61 

7*0 

Pd. 

2*32 

3-0 

202 6-9 

Pt. 

1*92 

2*40 

2*02 9*4 

A1. 

60 

7-9 

4*25 

2*1 

ca ... 

7*5 

11-6 

10-8 

5*3 

Fe. 

2*30 

3-4 

2*5 — 

Pb. 

12*2 

15*7 

14*7 

5*1 


The general agreement is best for the values calculated by 
the formula here developed, eq. (4), for the case 6 = constant, 
i. e. the range of the ionic field practically unaffected by 
pressure. The agreement may be considered fairly satis¬ 
factory, considering the necessarily approximate treatment 
of the field of an ion involved in Houston's theory. The 
present method apparently does not account for the positive 
pressure coefficient of Li, unless the value of & as a fraction 
of S 0 differs markedly from that of other substances. 
If b ocn 3, there is on this theory (and also in Houston’s 
formula) no possibility of a positive pressure coefficient. 
Houston's formula gives positive pressure coefficient for Li, 
Na, and K ; for the other elements the pressure coefficient 
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is negative and in most cases considerably higher than the 
observed values. 

I wish to express my indebtedness to the United States 
National Research Council and to the Internationa] Edu¬ 
cation Board for the opportunity of study at King's College, 
London, and my sincere thanks to Prof. 0. W. Richardson 
for his continued interest and encouragement. 

King’s College, London. 

August 24th, 1928. 


XCVI. The Variation of Velocity Amplitude close to the 
Surface of a Cylinder moving through a Viscous Fluid . 
By N. A. Y. Piercy, JD.Sc., and E. G. Richardson, B. A., 
D.Sc., Ph.D* 


1. Introductory. 

I T has been tentatively suggested | that the discrete eddies 
appearing in the wake of a body moving through a 
viscous fluid beyond the range for streamline flow, may grow 
into being from the coalescence of neighbouring vortices 
during their passage over the surface of the body. Experi¬ 
ments directed towards investigating the matter in the case 
of an ogival wedge J in a stream, showed comparatively 
steady motion near to the surface through the vortex sheet 
cast off from it. The counter suggestion was therefore made 
that the periodic motion in the wake was due to the rolling- 
up of the vortex sheets some distance behind the body. 

An exploration of the fluctuation of velocity adjacent to 
the surface of a circular cylinder, placed with its axis across 
the stream, has recently been carried out in the aerodynamics 
laboratory at East London College. The results differ from 
Messrs. Fage and Johansen's experiments at the back of a 
wedge and tend rather in support of Prof. Levy's view, 
with the proviso that the cumulative process is limited to a 
small area of the surface. 

2. Nature of Investigation. 

A quantity that is roughly proportional to the amplitude 
of the velocity fluctuation was observed at short intervals 
round twelve circles, concentric with the cylinder and 

* Communicated by the Authors, 
t Levy, Phil. Mag. ii. p. 844 (1926). 

% Fage and Johansen, Phil. Mag. v. p. 417 (1928). 
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separated from its surface by distances ranging from 0’0025 
cylinder diameters to one hundred times that amount. The 
readings were found to be sufficiently consistent to permit 
of the construction of contours, and the results to which 
these pointed were in part checked by an alternative method. 
The second method, in which the periodicity was made 
audible, it is thought may prove of general use in experi¬ 
ments of this nature. 

3. Apparatus and Methods . 

The smooth aluminium cylinder, turned to 4 inches 
diameter, reached from wall to wall of a 4-foot wind- 
channel. It was supported in bearings at the walls so as 
to permit of orientation about its long axis without inter¬ 
rupting the air-stream. The hot wire was of platinum, 
0*001 inch diameter and 1*0 inch long, and was fastened 
between the ends of two thin brass rods, which were threaded 
through insulating bushes fitted along parallel diameters of 
the cylinder and projected an adjustable distance from its 
surface. These rods served as leads for a current of about 
0*5 amp. 

The quasi-periodic variation in resistance of the hot wire 
due to its heating and cooling in the fluctuating stream, 
induced oscillatory e.mf.’s in the secondary coil of a step-up 
transformer connected with a vibration galvanometer of 
unifilar type. The instrument was set considerably out of 
tune with the frequency of the.motion and thus acted as a 
string galvanometer which was not critically damped. 
Various tests, reported elsewhere *, confirmed that in this 
use of the instrument the amplitude of the oscillation of the 
string could be regarded as roughly proportional to the 
amplitude of the velocity fluctuation, assuming nearly 
constant frequency and speed. The refinement of allowing 
for the variation of mean velocity was not attempted. 

In the alternative method, the oscillatory e.m.f.'s induced 
in the secondary of the transformer were amplified until 
they were capable of producing an audible note of corrre- 
sponding frequency in a telephone receiver. We used a 
three-valve resistance-capacity coupled amplifier in which the 
secondary of the transformer with its oscillating e.m.f. formed 
the u grid-bias of the first valve (fig. 1). 

To illustrate the use of this method, some estimates were 

* In a paper submitted by us to the Aero. "Res. Coimn. See also 
Relf and Simmons, Phil. Mug. xlix. p. 509 (1925); and Tyler, Phil. 
Mag. v. p. 449 (1928). 
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made of the frequency in the wakes of a few thin rods, as 
follows :— 


Velocity, 

V. 

Diameter, 

D. 

Frequency, 
n. 

V 

nU. 

400 

0*12 

600 

5 '55 

562 

0*51 

215 

5*10 

400 

0*24 

315 

5*83 

562 

0*24 

413 

5*68 

400 

0*40 

186 

5*40 

562 

0*40 

265 

5*20 


The above values of n were determined by comparing the 
note heard with a note in the sonometer. The results are in 
agreement with those obtained by other means *. The path 


Fig. 1. 



of the vortices was traceable downstream by means of the 
’phones, while a diminishing intensity of sound showed a 
damping out. By choosing suitable cylinders the critical 
value of Reynolds’s number could be found, the channel speed 
being gradually increased until a note became audible. 

4. The Results . 

The readings obtained with the vibration galvanometer are 
given in fig. 2, plotted in cylindrical coordinates. The 
numbers attached to the curves give the distance of the wire 
from the boundary—constant for each curve—expressed in 
terms of the diameter of the cylinder. From these curves 
and those of fig. 3, contours of equal galvanometer ampli¬ 
tude have been prepared and are shown in fig. 4. The 

* Richardson, Proc. Phys. Soc. xxxvii. p. 178 (1925). 
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numbers attached to the contours are proportional to the 
width of the band of light thrown upon the scale less its 
static width. The peculiar form of the contours near the 
front of the cylinder led to the more detailed exploration in 
this region recorded in fig. 3. 


Fig. 2. 



Amplitude of deflexion of vibration galvanometer with the hot wire' 
various constant distances from the surface, as marked on the curves 
in cylinder diameters. 


It will be seen that the front stagnation point is a centre 
of disturbance, which, however, is damped out in the air as 





Fig. 3. 



-DISTANCE FROM SURFACE (D/AMS.)- 

Exploration by vibration galvanometer near front stagnation point. 
The angles are measured from the upstream direction. 

Fig. 4. 
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it flows out o£ the region. The reading close to the surface 
again begins to have an appreciable amplitude at an angle 
o£ 60° with the upstream direction. From there, the ampli¬ 
tude rapidly increases, reaching a maximum at an angle of 
about 80°. After this sharp peak, it as rapidly decreases, 
and is then built up more gradually to a large value that 
extends round the back of the cylinder. These features are 


Fig. 5. 



Locus of peak values of velocity amplitude, as determined by the 
vibration galvanometer method (crosses) and the audible method 
(circles). 


similar in many ways to those that we have found close to 
the upper surface of an aerofoil so that it is likely that 
they apply to cylinders differing widely in section. 

The peaks of fig. 2 mark the position of a wedge of large 
velocity amplitude, which is shaded in fig, 4. Within this 


* Loc* ext* Aero. Res. Comm. 
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wedge the low frequency ramble discernible in the telephone 
receivers, using the second method of experiment, attained 
maximum intensity. In fig. 4 is also drawn a contour along 
which the periodic motion became audible. 

Fig. 5 gives the position of maximum amplitude found by 
the vibration galvanometer and for comparison includes that 
indicated by the other, or telephone, method. Fig. 6 shows 
the variation of maximum amplitude with distance from the 
surface of the cylinder. From the latter figure it will be 
observed that at a very short distance from the surface the 


Fig. 6. 



Variation of maximum velocity amplitude with distance from surface, as 
determined by the vibration galvanometer method. 


amplitude reaches half-way towards a maximum, which 
itself occurs, according to this method, at no greater distance 
from the surface than 004 cylinder diameter. 

t5. Conclusions . 

These experiments show that the turbulence in the region 
of the front stagnation point of a circular cylinder is not 
carried by the fluid round the surface. The velocity appears 
steady over about one-third of the surface facing the wind. 
Well before the shoulder of the section is reached, however, 
turbulence sets in anew, and rapidly increases to a maximum, 
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or peak, value. A wedge-shaped funnel of high velocity 
amplitude almost abuts on the surface here. This may 
possibly form a species of exhaust duct for coalesced vortices* 
such as Prof. Levy envisages, but in that case the vortices 
are collected from only a small area on the neighbouring 
surface. The experiments might well be developed at some 
time to take account of variation of mean velocity. 

Dr. Piercy has pleasure in acknowledging assistance from 
the Keddey Fletcher-Warr Studentship Fund, and from the 
Dixon Fund, both of the University of London, which 
enabled this investigation to be carried out. 


XOVTI. On the Dynamics of an Electron . 

By D. Meksyn *. 

I. Space and Time in Physics. 

§ 1. The General Principle of Relativity and Motion of 
Electrons . 

A N attempt to apply the General Principle of Relativity 
. to the motion of Electrons is met at the outset with 
insurmountable difficulties. It appears as if the problem is 
inherently self-contradictory. As a matter of fact, the track 
of an electron in an electromagnetic field is a curvilinear 
one ; on the other hand the space, as follows from the law 
of motion of an electron, is not curved (unless a gravitational 
field exists) ; hence the motion cannot be a free one, as it 
should be according to the General Principle of Relativity. 

It seems that this contradiction is intimately connected 
with the conception of Space and Time in the Principle of 
Relativity. 

§ 2. Space and Time in Geometry and in the Special Theory 
of Relativity . 

Space and Time are considered in the Special Theory 
of Relativity and in Geometry to be a physical Entity 
sui generis , which imposes its metrical laws upon solid bodies 
located in it. So, for instance, we could conceive two spaces 
(and times) which are similar in every respect, except that 
the dimensions of the first are, say, only half of the second 

* Communicated by H. T. Flint, D.Sc.] 

PhiL Mag . S. 7* Yol. 6. No. 39. JVov . 1928. 3 S 





978 Mr. D. Meksyn on the 

one. I£ we transfer a solid body from the second space into 
the first one, the latter will cause the body to shrink and 
take only half the size that it had previously. Such a change 
in dimensions of Space can be brought about, according to 
the Special Theory of Relativity, if we set a body in motion. 

Until the appearance of the Principle of Relativity it was 
usually held that space had three dimensions, and its metric 
was given by Laws of Geometry. The Special Principle of 
Relativity has discarded the conception of a three-dimensional 
space and one-dimensional time, but has accepted the idea of 
Geometry that space is a kind of objective physical Entity 
which imposes its metrical laws upon solid bodies ; therefore 
the Theory of Relativity has drawn the conclusion that, 
because it follows from Lorentz’s transformations that the 
space dimensions of a fourfold system decrease if the latter 
is set in motion, a solid physical body which belongs to a 
moving system will shrink in its space dimensions. 

§ 3. Geometrical or Rigid Space . 

What, however, is meant by Space in Geometry is as 
follows :—There exist solid phj r sical bodies which possess 
some metrical properties ; they have finite dimensions 
(length, surface, volume) ; they do not change their 
dimensions if transferred from one part of space into 
another. 

Now, it appears that it is possible to account by deduc¬ 
tion for all metrical properties of solid bodies, if we 
construct an appropriate system of reference, a “ space/’ 
in such a way that all metrical properties of solid bodies 
(length, surface, volume) are properties of the space itself, 
and every element of length is expressed by some definite 
(quadratic) function of three appropriately chosen directions 
in space. 

Hence, rigid bodies do not change their size if transferred 
from one part of Geometrical Space into another, not because 
the latter is homogeneous, but conversely the Geometrical 
Space is homogeneous for bodies which do not change their 
dimensions by such transfer. 

It does, of course, not follow that there is no objective 
space, or that this space has no metrical properties of its 
own. (We do not touch upon this question here; what it is 
necessary to notice is that the Geometrical Space, which 
gives us the metrical properties of solid bodies, is something 
quite different from the objective space (if we admit its 
existence).) 
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§ 4. Eour-dimensional or Kinematical Space . 

The idea of Space in Geometry will become clearer if we 
turn our attention to classical kinematics. It was built up 
upon different lines than Geometry. 

In Geometry, as we have seen, all metrical properties of 
solid bodies are properties of the space itself. 

In classical kinematics, side by side with metrical 
properties of Space, it was necessary to introduce some 
quantities which do not belong to the space (velocity and 
acceleration). The classical kinematics has lacked the unity 
of design which characterized Geometry. 

The achievement of the Special Principle of Relativity 
was to restore this unity. The four-dimensional space is 
constructed in such a way that all kinematical elements of 
motion appear as metrical forms of the space itself ; so 
velocity is the tangent of the angle between time axes, and 
acceleration is the radius of curvature of the four-track. 


§ 5. Dynamical Space . 

If we turn our attention to the dynamics of the Theory of 
Relativity we notice that here again the above-mentioned 
unity is not maintained; the fundamental quantities of 
dynamics, momentum, and Energy appear not as metrical 
properties of the Space itself, but, so to say, as properties 
brought into the space. 

It is clear, therefore, that the natural generalization of the 
Special Theory of Relativity is to construct a dynamical 
space in which momentum and energy would be properties 
belonging to the Space itself. 

§ 6. Electricity and Gravitation . 

Before proceeding further we must bear in mind the 
divergence between an Electromagnetic field and a field 
of Gravitation. An isolated mass-point possesses a field of 
Gravitation, and it is usually held that an isolated charged 
mass-point has also an Electromagnetic field. We think, 
however, that the latter appears only if there are at least 
two electrons at a finite distance. 

Hence, in the corresponding fundamental form this must 
be brought out by appearance of cross-terms of different 
spaces rather than by a change in the fundamental form of 
•every space separately. 

3S2 
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II. The Fundamental Form of Dynamical Space. 


§ 7. Lagrange’s Equations in the Special Theory of Relativity. 

The idea of a dynamical space is not a new one. Such 
space is used in Lagrange’s equations. Lagrange's space, 
however, is built up in conformity with the old kinematics, 
L e . in it the time coordinate is separated from Space. This 
ought to be modified in such a way that time shall appear 
symmetrically with Space; this is necessary to bring it into 
agreement with the Special Theory of Relativity. 

Lagrange's equations are : 

d BT 

dt d#* d#* h 


In the classical Mechanics T is the kinetic Energy; but in 
the Theory of Relativity T is the so-called kinetic Potential, 
a quantity which has neither a dynamical nor a metrical 
meaning. 

"The first step to be made is to bring Lagrange's equations 
in the Special Theory of Relativity into such a form that it 
shall contain only metrical quantities. 

For one material point this is easily done. If the funda¬ 
mental form is 

ds 2 — dt 2 ~~d% 2 — dy 2 —dz 2 , .... (2) 

where t is chosen in light seconds. Lagrange's equations 
become in a variational form 


J 8 j *(m ds + Ydr) = 0,.(3) 

* JT 0 

where Y is the potential Energy. The Geometrical inter¬ 
pretation of (3) is that the four-track is a geodesic line on 
some surface Y = 0. If Y disappears the track is a geodesic 
line of a free space. 

In the case of several material points we consider Ihe 
fundamental form 

k—n 

ds 2 = 2 m' k (dt k 2 —dx k *—dy k 2 — dz £), ... (4) 

tel 

which has 4n dimensions. It is easily seen that Lagrange's 
equations become 

8 J (ds-t —7== Y<2t) = 0 : 

Jr v VZmji / 

9 k 


. . (5> 
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as a matter of fact, from (5) we obtain 

d / dxk\ 1 5V _ A 

k dr\ds) 

k 


( 6 ) 


There are in all In — 1 independent equations and only 3 n 
given space projections of force, so that we are left with 
n — 1 time projections which we can dispose. 

We define them from the following n — 1 equations : 

dt£—dxi?'—dy 1 ?—dz£'=zdt?—dx?—dy? — dzi 1 . ( 7 ) 

they are evidently equivalent to 

3L Jc dx k + Yhdyjc + Tikdzic— T*<£4=0, . . (7a) 

where X* Y& Z k T* are the projections of the force. 

From (7) the denominator in (6) becomes 

/1—a 

ds~ \/ % mi . (dt k 2 — dx k — dyj? — dzk 2 ), 

v i=i 

or inserting ( ds ) in (6) we obtain 

d /_ dx k _\ _ 

mk dr l 'Jdti-dLxf-dyi-dz,?) + d** ’ 

which is the law of motion. 

The expression V2 m k in (6) appears to be rather disap¬ 
pointing, as it has had hitherto no dynamical meaning ; 
it need not, however, trouble us, because it will later 
disappear in the rigorous laws of motion. 

What we have to notice is, that for several material 
points the law of motion is a geodesic line of a 4 n dimen¬ 
sional space. 


§ 8. 2he Electromagnetic Field and the Form of Space, 

We turn our attention to the case of an Electromagnetic 
Force. Lagrange’s equations for an electron are 

where T is the kinetic Energy, 

^iF — t?! G—... (9) 

— is the scalar, F, G, H the vector potential of Force, 
e\ the charge, and u x v 1 wx the velocity of the electron. 
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To find now the fundamental form of space, we must bear 
in mind two points: 

( 1 ) In ( 8 ) the kinetic and potential Energies appear 

perfectly symmetrically. 

( 2 ) Lagrange^s expression ( 1 ) for the equations of 

Motion becomes a geodesic if T is a quadratic 
function of wu* 

Hence our task will be achieved if we transform (9) into 
a quadratic expression. 

Suppose that the external field is produced by one moving 
electron whose coordinates, charge, and velocity are 

X 2 1/2 &2 ^ 2 j ^ 2 > ^ 2 ? ^ 2 * 

Then (9) becomes 

M= — 2 ( 1 — u i u 2 —^' 2 — w i w i)’> • • • (10) 

where 

r=*/ix l —x 2 f + ly 7 —y 2 Y + {z 1 - z 2 ) s . 

This expression for M suggests at once the expression for 
the fundamental form of space in this case. It is 

ds 2 =s m(dx 4 2 — dx x 2 — dx 2 2 — dx 3 2 ) 

e<) 

H—— (dec 4 dx 8 — dx y dx 5 — dx 2 dx e — d.r 2 dx~) 

+ M {dx 8 2 — dx 5 2 —dx 2 — dx 7 2 ') .( 11 ) 

In the general case where the external force is produced 
h 7 n — 1 electrons, i. e . in the case of the n electron problem, 
if we denote the mass, charge, and coordinates of the &th 
electron respectively by 

Tiljc^ €fa &k+l &k+2 &k+Z ^Ac-h45 • • • * (12) 

we obtain the following expression for the fundamental 
form 

ds 2 ^g^ v dx^dx v 

lc—n 

—^ {dx 2 k+i — dx 2 k+ i — dx 2 k+ 2 —dx 2 k+3 ) 

Ic n l—n 

+ ^ $H(dXk+4,dxi +4 

k t 2—1 

— dxk+idxi+i—dx k+ 2 dxi + 2 —dx k+s dxi +s '),. (13) 
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k*f=l and d> k i= — 11 

rid 

ru=*/ (^fc + i—« j+i) 2 +(#* +2 —*»+*)*+(a?* +s —x J+3 )* 


, (14) 


or 


if 


<f>kl = 


fk Cl 
c 2 rjd 


c is the velocity o£ light. 

The Equation of Motion will be 


Sjds = 0,.(15) 

or a geodesic line in 4 n dimensional space, which we proceed 
to discuss. 


III. The Two-Electron Problem. 

§ 9. The Form of Space. 

We consider the problem of 2 electrons. The fundamental 
form for this particular case is 

ds 2 — m{dxf—dxf — dxf — dx$~) 

*?E 

— {dx± dx 8 — dxx dx- 0 —•• dx 2 dx$ — dx z dx 7 ) 

+ M (dx$ 2 — dx$ 2 — dx 2 — dx 7 2 ) .(16) 

A glance at this expression shows ns that it satisfies the 
physical conditions of an electromagnetic Field. The eight¬ 
dimensional space is split up into two four-dimensional 
spaces which are Euclidean, but taken as a whole this space 
is not Euclidean because of the cross terms. Hence an 
electron will not move in a straight line. 


§ 10. The Fundamental Tensor . 

The discriminant g is equal to 

#11 . . • #xs • m m 

• #22 ... #26 • • 

• • #33 • * • #37 

• • • #44 #48 

#51 • • * #55 ... 

• #62 • • • #66 

• * #73 • • • #77 

• • • #84 • • • #88 

and is split up into four separate determinants. 


# = 


(17) 
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Or 


9 — 9bo —^35 2 )(</22'/66 — <726 2 ) (.933 #77— #S~ 2 )(#44#88 9i& 2 )> (18) 

and the contravariant tensor g* v is equal to 


~n_ 9s 5 

9n9ss~9\s 

„15_ 9ll 
9u9ss — 9\s 

in onr particular case 


/ 6 =- s , 

* 9\\ 9ss— 9is 

q 48 — ~9iS 

9a988~9i8 i '' 


. (19) 


where 


9 n ~ 9 ^= 9 ^~ — #44= — m , 

#e«=#68=#77 = — #88 = - I 

«E ( 

9is=9k— 9sr— — 9m— ~> J 


m, e, Xx x 2 x s x A) and M, E, x 6 x 6 x 7 x% 


( 20 ) 


relate respectively to the Electron and Proton. 


§ 11. The Equation of Motion is, as we have seen, a 
geodesic line of this space, or 


d?x a 
ds 2 


+ {five*.} 


dxp dx y 
ds ds 


0 . . 


• • (21) 


In the general case of an eight-dimensional space, there 
are 288 three-index symbols, bnt in our case the number 
reduces to 136, and, if g^ v does not depend upon lime, to 102. 
The only symbols which do not vanish are 


where {of 


{«<*,«} = 

n aaL' dffaa' 

9 3*.’ 

\ 

IT 

& 

II 

J, r*aot f ^9 aa 

(but {#a ; , a} — 0), 


.... 1 

* 9 . d*a 

— Xaa« d.W 

29 bxx ’ 

{/**',*} = 

1 

8,9 

/ 

II 




( 22 ) 
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There are in all 8 equations ; the first four give us the 
motion of the electron ; the last four, of the proton. 

If we write out the equations (21) and insert the values of 
the 3-index terms, we obtain the following expressions :— 






Byisy) 

l V, _i_ r M I 

'By 8 4 V 

B.^sey \y 

B* 4 5 J 


vB#2 8 

B*4 7 

Bysr v ' 
B^4 \ 

K+<n 


B^SyW 

B#8 / 

B<7m v \ 
B*r 8 V 

+ W|f7 V ‘-S? Yl ) v ’ 

^ 48 v 2+ ^ 8 v 3 

0^2 O#; 3 

+ ^ 48 y 4 ' 

0*^4 / 

) V - 

^#84 y 

B^e * 


+ ' 
+ B* 8 8 , 

)v, = o. 


. . . (23) 


§ 12. The equations (23) could be brought in a form which 
will at once show their relation to the usual equations of 
Motion of an electron. 

Let F, O, H, — <p be the vector potential ; then the 
electromagnetic force is 

_ BH BG 
““By Bs •••’ / 

•y- _ BF _ B$ ( 

& B# ■"* / 


• • (24) 
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see that (except for a 

From the values ot g i6 , we 
constant factor) 

2 16 V 5 =-«F p , *,V.—^ ^ = +^1 

,„y 1= -EF„ ^■ = ;^ =+E ,j 

... (25) 

V a V 2 V,V 4 =V„ V,V,V t V,-V,.. . (26) 

, e / 9 j.\ and (25), the equations (23) 

J£ we maxe use or (24) ana ), 

become , 

d 2 %\ _ —[X p V 4 + Y p V 2 -^V 3 ] 

_<7 i5 E [X.Vg + Y.Ve-^TJ 

-4sw v * + l£ v * + ^ v ' + ^ v ') v ‘ 

-,K!? v - + & V!+ ^ Vs+ ^ v ‘ )v '’ L 

£** = g“e [X p Vx+YpV 2 + Z p V 3 ] 

^ +^ 8 E [X.V«+Y.V,+ Z.V T ] 

-*-(& T > + £ T>+ tS T,+ £ T ‘) T '; 

. , „ . 1 ,- pase of a steady electromagnetic 
1 . Let us co ^ider the c 5 ase_o ^ t £ the 

field. Or we assume that m.—r 
proton U V „V„T,-»0. 


,u = _I, p*<= + i, p'* = <-*• = ?”“ S'” = °. 


Then 
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and (27) becomes: 

m^r 1 =* [X P V 4 +YpV 2 — (3pV a], 
mj 4 = « [X P V i + Y p Y 2 + ZpV 3 ] , 


987 


• (28) 


Now the four-velocity can be transformed as follows :— 
ds 2 = m(dx 2 —dx-f—dx 2 —dx^) + TA{dx 2 —dx 2 — dx^ — dx 7 ) 2 

+ — (dx^dxg — dxidx & — dx 2 dx & —dx z dx 7 ) ; 

V 


to the first order of approximation the last term may be 
omitted because — ^or if c is the velocity of light^ 


is small in comparison with the mass of an electron j also, 
the force acting on the electron satisfies to the first approxi¬ 
mation the equation (7 a) ; hence we have 


dx^—dx^ — dx^—dxi 1 = dx 8 2 —dx 5 2 — dx 6 2 —dx 7 2 , (29) 


as this does not impose new conditions on the variables. 
Whence 


ds 2 = (m 4 M.)(dx 2 — dx 2 —dx 2 2 —dx B 2 ) 

= (m + M) (dx 8 2 —dx 5 2 — dx 2 — dx 2 ). 

The factor %/M -t-m appears twice in the denominator of 
the left and the right side of (28) (in the electric force 
through the vector potential, and in the velocity) ; hence it 
drops out from the equation of Motion, and they become, if 
we divide both sides by V 4 , 

. ) . . ( 30 ) 

d dx± p . r v, „ - I 

m ^^ =eCX ^ +Y ^ +z ^ ] ’ I 

where w, v 9 w is the three-velocity, and 

dr 2 — dx 2 — dx 2 — dx 2 — dx 2 . 

These are the usual equations of motion for the electron. 
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2. In the general case, as is seen from (27), the force 
consists of four parts. Two of them are due to the direct 
action of the proton, and the other two forces to the reaction 
on the proton, due to the electromagnetic force of the 
electron. 

The first one is the usual Lorentz’s force, the second one 
is some new force ; it is equal to 

-p u (gradp 15 . Vp)V s —£ 16 (grad g lh • Ye)Y 1 . 


3. From the equations of motion ( 21 ) a remarkable conse¬ 
quence follows concerning the number of degrees of freedom 
of an electron. 

As is known, 


dx a f d 2 x a did 1 dx v '\ . 

s\-di + ^-d: *) = 0 ' 


(31) 


or there are only 4 n — 1 independent equations for n elec¬ 
trons. If we assume that the proton has three degrees of 
freedom, then we are left with 4 n —4 equations for n —1 
electrons; or an electron has four degrees of freedom. 

The fourth degree of freedom is in the direction of time, 
or, better, it is the kinetic energy, which is not equal to 
dt 

as the Special Theory of Relativity gives, but has 

to be found from the equations of Motion. 

Our assumption (29) about the connexion between different 
times is only an approximate one. We must choose one time 
(of the proton) as an independent variable, and find all others 
from the equations of motion. 


4. The^ so-called vector potential of Electrodynamics is 
the covariant velocity in the dynamical space. 

For instance, 

das 5 dx h dx* 

ds~ ■ di 


which, for the particular case where the proton is at rest, is 
proportional to the vector potential of the electron 



r.... 




§ 13. The Wave Equation 

y<t> 


(32) 
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is rather complicated. We consider here the simple instance, 
when g 16 = g 26 = g 37 = 0, or o£ a purely electric field. For 


this 


case 


<!f > M „ = ^ , except for the expression 


: 

B^B^i 


*G 


+ o \9 


.11 ^48 B<fr | 22 ^48 B<ft j «8 

B^i B^i y ~dx 2 ~dx 2 y 


Bff 4 8 B<ft 


+ g 5 S ^48 M + 66^8^0 + Ml 


(33> 


We neglect, however, the cross terms in (33), because 
from the expression of <£, which we shall take, the second 
term for the Hydrogen Atom is only ~ 10~ 10 of the first 
one. 

So that the wave equation becomes 


7 nW 

1 w 


+9 


,44 


B 2 d> 


+9 


,55 


B 2 d> 

B^s 2 


+9 


88 

B«8 2 


+ 2g 


,84 


B 2 <ft 


= 0. (34) 


Inserting in (34) the values of the tensor g'**', we obtain 
after easy transformations 


1/B^_ , V± , B!£\ , 1 /BV , B 2 d> , B^\ 
ti»VB*i* B * 2 2 + B*sV MVB ^ 2 B^e 2 W! 

, f 1B 2 ^> 1 B 2 <£ , 2V B 2 4> 1 =0 

?» MBV Mm B^B^s j ’ 


(35) 


where V=-~ is the electrostatic potential. 


This can be brought (under special assumptions) ta 
Schrodinger’s wave equations. Let us take for <f> the 
expression 


0^^./r {(m+E>1+(M+E2K} ' : , . . (36) 


or we assume in conformity with de Broglie’s ideas that not 
only Energy due to motion of an electron passes a frequency 

5 but also Energy due to the rest-mass has a frequency. 

For the Hydrogen Atom ^ = V 2 ~ 10 -5 ; hence Ei 2 , E 2 2 

could be neglected in comparison with mE h ME 2 , and E lv 
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E s in comparison with m and M. Under such approxi¬ 
mation we easily obtain from (35) (36) the equation for yfr: 

1 (&± , By , BV\ 1./By By V±\ 

toVB^i 2 + B^ 2 2 B^3*/ + MW + B-V d.v 7 2 / 

+ S £ [M±^ +(E| + El) rv]+=0. (37) 

We can now transform (37) as follows :—Let us change 
the variables: 

x = x x —x h (m + M)f = mx x + M.r 5 ,j 
y = x 2 —x 6 (m + M.)r) = mx 2 + Mx 6 ,/ . . (38) 

z = x 3 —.v 3 (m + M)g = mx 3 + \la? 7 .j 
Using (38), we obtain from (37) : 

i / By By _j_ By 


m 






+ - 1 .(l 

'■) ^ m + M V; 


By | By , By) 


+ 


dz 2 / + B*?* BSV 

8w 2 f M + m 


f[^y^+(Bi+e 2 )-v]^ = o, 
mM 


h? 

/t = >7+l 


. . . (39) 
. . . (40) 


Let us assume for yfr : 

=/(*> y ^ s ) y(£, v, 0 ; 

hence 

ky: /+ M ^7:r% 

x [M + m +(Ei + Ei) _ v j y = 0 _ _ _ (41) 


Let 


m + M 


w=- 


4 tt 2 
A* * 


.... (42) 


From (41) and (42) we obtain 

£vy+^[(E, + E.)-V]/=0, . . (43) 

which is Schrodinger’s equation. 

The radiation function is 


2 jt 

tSt« ¥(M+m+El+Ea) "» .... (44) 
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because to the first order of approximation 


the rest time. 


X 4 Xg — t, 


§ 14. The Metric of Space . 

The bearing of the fundamental Form of Space to 
Einstein’s gravitational tensor G^ and G is as follows :— 
To the first order of approximation (or neglecting the 
squares of g aa ‘ and g aa ' in comparison with g aa ) we obtain 

ri _ 1 0 <rp f ■ BVmp _ BVjiff _ B^pr \ 

P-v 2 9 \2)X,J)Xy^ "dxjbx v 'dx p C)X v B^B^V/ ’ 



We have to take for our approximation only <r=p; hence 


G. 


3 Vj»; BVi 


=1^(91_ 

r - 9 \w BjvB*. 


_ <rgw \ 

B.ivB^o-/ 


and we obtain 

G = — n 55 ^ 2 ^ 15 
11 9 dxidx B 

G — l I a 11 d 2 ^ 15 
(J15_2 \ 9 B^i 2 


_1 q 66 ^V 26 _ 

B«iB^5 2 " B^B-V 


+ <7 


,22 3 fflo 

B«2 2 


+ •••+/ 8 


BVio 

B^S 2 

b^ 5 

B-i’i 


} 


(46) 


_1 -55 B 2 .yi5 

a ^ B^5 2 • 


(47) 


From (47) it is easily seen that G,, v =0 only if G^=const., 
or if there is no electromagnetic connexion between the 
electrons. 

The gravitational invariant G is equal to 

G=<rG„„ 

_ _ 2 q X y 5 + BVlS + BVlS __ BVlS \ 

J ,y \ 3 ^j b*sB*6 o ^7 B^B^s/ 
Hence ?=0 for our fundamental Form. 


My thanks are due to Dr. H. T. Flint, for his criticism 
and help in the writing of this paper. 

Wheatstone Laboratory, 

King’s College, London. 
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XCVTII. An Example of Operational Methods . 


To the Editors of the Philosophical Magazine • 
Gentlemen,— 


S INCE the publication of Dr. Jeffreys^ Tract * on 
Heaviside’s operational methods, several enquiries 
have reached me, from which tit would seem that a few 
additional easy examples may be found of interest to 
students of these methods. One such has suggested itself 
from reading a leader in ‘ The Times y (of the 8th June) on 
the effect of the deep-earth-temperature : it seems that, 
roughly speaking, when this temperature is below 47° Fahr. 
pulmonary diseases are prevalent; and above 57° Fahr., 
infantile diarrhoea is to be feared. The mathematical 
problem suggested is the following:— Suppose the air 
outside a conductor {having a plane face) to he kept at 
temperature v 0 , an d the deep-temperature in the conductor to 
be v x . Find the temperature at the surface , allowing for 
radiation . 

Take the face of the conductor as # = 0, and the positive 
direction of x to be inside the conductor : then, using the 
notation explained in my paper f, we have (inside the 
conductor) 

*>=*! +(tv- v t )e~ qx 9 


where v 2 is the temperature at x = 0 and q 2 ~p/k, p='d/'dt. 
The correct form of the surface-condition is uncertain, but 
we may use an equation similar to that which holds at a 
metal surface, namely 

= h (^2 ^o) • 


Thus 

or 


v 2 )—h(v 2 — Vo), 

_ hvo±qv i 

2 h + q 


An exact calculation of v 2 can be made in terms of error- 
functions (by means of the formulae on p. 96 of Dr. Jeffreys’s 
Tract) : but in problems ©f this kind, as remarked by 


* c Operational Methods in Mathematical Physics ’ (No. 23 of the 
Cambridge Tracts), 1927. 
t Proc. Camb. Phil. Soc. vol. xx. p. 411 (1921). 
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Heaviside ( 4 Electromagnetic Theory,’ vol. ii. pp. 14-16), 
there are two easy series which may be found, the first being 
suitable when t/r is small, the second when tjr is large, 
where r is the time-interval given by 1 /t= 7 i 2 &. 

In the present problem exact values of the constants k 
are not available, but if we make estimates on the lines of 
Lord Kelvin’s article * on “ Conduction of Heat r (Encyclo¬ 
paedia Britannica, 9th ed., vol. xi. pp. 580, 586), it seems 
not unreasonable to take r to be from 40 to 50 hours. Thus 
the solution to be aimed at corresponds to the hypothesis 
that t/r is small ; or, in the symbolic calculations, we may 
treat hjq as small. This gives the result 


./ft ft* ft 2 \ 
!-«x+(vo v i )(- q 2 + q*~ **7 


2 . 2.2 
1.3.5 V, 


The series converges for all values of t , but is convenient 
for calculation only if £/t <\ (as a rough guide). 

However, in the application suggested, the interval t i 
not likely to exceed 7 hours, and tjr may be taken as abou 
}; this gives roughly ^ as the value of the series in the 
brackets. This shows, for instance, that if the maximum 
outside temperature is 90°, and the deep-temperature is 54°, 
the surface-temperature would not be likely to rise above 66°. 
These numbers make no pretensions to great accuracy; but 
they do seem to confirm the conclusions of the ‘ Times’ 
that the deep-earth-temperature is of more importance than 
the air-temperature in determining conditions of health at the 
surface of the earth . 

I am, Gentlemen, 

Your obedient servant, 

Cambridge, T. J. I’A. BROMWICH. 

8th June, 1928. 


* Reprinted 
Papers/ 


in volume ii. of Kelvin’s 4 Mathematical and Physical 


3 T 


Phil . Mag . S. 7. Vol. 6. No. 39. Nov. 1928. 
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XCIX. The Potential Function due to certain Plane Poundary 
Distributions . By C. Fox, M.A.(Camb^), D.Sc.{Lond.) *. 

§ 1. Introduction . 

T HE object of this paper is to give the potential function 
throughout space when either the potential or (in an 
electrical problem) the charge is known over (i.) a plane 
and (ii.) two parallel planes. The method is illustrated by 
application to several problems : for example, the guard-ring, 
the freely-charged elliptic disk, and the problem of the 
potential field arising from an infinite conductor bounded 
by two parallel planes with two elliptical disk electrodes, 
applied so that the join of their centres is perpendicular to 
the bounding planes. When the two axes of the elliptical 
disks are equal, so that they become circular, the last 
problem becomes identical with that of Nobili’st rings, first 
solved by Riemann. 

The method consists in applying a theorem, due to 
Neumann, as follows : 

27rf(r, <f>) = f udu f i /(R, <I>) 

Jo J-w Jo 

x Jo [u ✓{ R 2 + r 2 —2Rr cos (<£>- <£)} ]RdR(1.1) 


provided that the following conditions J are satisfied :— 

(iJi /(R, <I>) is a bounded function of the real variables 
R and <E> whenever —7r_<S><7r and 0_R, and is such that 


C f °/rR, <fc>) R^Rc?<E> 

J-* Jo 


exists and is absolutely convergent. 


(ii.) /(R, <J>) as a function of R is of bounded variation in 
the interval (0, oo ) for every value of lying between jr7, r, 
this variation being an integrable function of <E>. 


(iii.) If f2(R, <l>) denote the total variation of F(R, <&) in 
the interval (r, R), let 12(R, <S>) tend uniformly to zero with 


* Communicated by the Author. 

t The solution of this problem with references is given in Gray, 
datthews, and MacKobert’s i Bessel Functions/ p. 144, § 3,1922 ed. 

X Since writing this paper I have discovered that condition (ii.) is 
superfluous, whilst condition (i.) can be replaced by another which 
is satisfied by all the functions that occur here. The proofs have not 
yet been published. 
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respect to <J> as Et— >r throughout the whole interval (•—tt, 7t), 
with the exception of values of <E> in a number of sectors the 
sum of whose angles may be assumed arbitrarily small • 

(iv.) If (n <£) is a point of discontinuity of f(R, <&), then 
f(r , <f >) on the left-hand side of (1.1) must be replaced by the 
mean value of f(R 9 <!>) taken round a small circle with the 
point ( 7 % <t>) as centre . We assume that this mean value is 
finite . 

This theorem is proved in Watson’s 6 Bessel Functions 9 *, 
where it is also shown that the order of the integrations on 
the right-hand side of (1.1) with respect to R and may be 
interchanged. 

Thus (1.1) can be written 

2irf(r, <f>) = f udui f /(R. <&) 

Jo Jo J-w 

x J 0 [u ✓ {R 2 + r 2 - 2Rr cos (<£- <f >)} ] Rd®dR. (1.2) 

The conditions above are too narrow t, as we shall show by 
an example later on. We shall also make use of the fact 
that in cylindrical coordinates 

e ±uz J 0 (ur) .(1.3) 

is a solution of Laplace's equation. On changing the origin 
in the plane z = 0 to the point (R, <!>), it follows from (1.3) 
that 

e ±uz J Q \usf (R 2 + r 2 — 2Rrcos(4> — <£)}]. • (1.4) 

is also a solution of Laplace’s equation. 


§ 2. The Potential Field arising from a Known 
Plane Distribution . 

2.1. If the value of the potential J over the plane z = 0 is 
given by f(r 9 $), which satisfies the conditions of § 1, then 
the potential function V throughout space is given by 

2ttV = \ e^udu) \ /(R, <E>) 

Jo J-irJo 

X Jo [W1/{ R 2 + r 2 - 2R r cos (<&-£)}] RdRd®, (2.11) 
* P. 470. 

T See footnote p. 994. 

t Cylindrical coordinates are used throughout the paper. 

3 T 2 
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or by 

2t rV = Ce^uduC f"/(R, 3>) 

Jo Jo J-W 

x J 0 [u \/{ R 2 + r *—2 Rr cos (<3>— <f>) } ] R(2<I><iR, (2.12) 

whichever is more convenient, the upper or lower sign being 
taken according as z is positive or negative. These formulae 
follow immediately from (1.1) and (1.2) on putting 2 = 0. 

As an illustration, consider the case of a unit point charge 
at the origin for which 

/(r, <f>) = r~K 

Conditions (i.) and (ii.) of § 1 are both violated ; never¬ 
theless, on substituting in (2.12) we get the correct result, 
showing, I think, that the conditions of § 1 are too narrow. 
The calculations are as follows :— 

We have 



x J 0 [« ^/{R* + r 2 - 2Rr cos (<£-<£)}] d<f>dR. . (2.13) 
Also it is known that * 

Jo \u^/{R? + r 2 —2Hr cos (<J>—<£)}] 

=J 0 (ttR) J 0 (ur)+ 2 X‘J™(«B)J ro («r)cosm(3>-<£), (2.14) 

m—1 

and that we may integrate term by term with respect to <f>. 
Hence (2.13) becomes 


Now t 


and t 


/* CO /-TOO 

= 1 e^ uz udu i J 0 (wR)J 0 (w)dR. . (2.15) 
Jo Jo 

CO 

J J 0 (uR)cfR = it' 1 

/-too 

j e~ u *J 0 (ur)du = (r 2 + z 2 )~* . . . (2.16) 


if 2 > 0 . Hence (2'15) reduces to 

Y= (r® + 2 s )" i 


* Watson, ‘ Bessel Functions,’ pp. 127-128. 
t Watson, be. cit. p. 391 (1). 

% Watson, loc . cit. p. 384 (1). For the case 3=0 we use (1), p. 391. 
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for all values of r and z. This, it is well known, is the 
potential due to a unit charge at the origin. 


2.2. If the charge at the point (r, <f>) in the plane e=0 is 
given by f(r , <f>), which satisfies the conditions of § 1, then 
the potential at the point (r, <f>, z) is given by 

r°° fir 

V = 1 e^dui I 

Jo 0 

x Jo [u i/{ R 2 +r 2 - 2R r cos ($> -<j >)}] RdRd®, (2.21) 


the upper or lower sign being taken according as z is 
positive or negative. The order of the integrations with 
respect to R and <I> may be interchanged. 

To prove this from Neumann’s theorem, § 3. 

/-co .,00 

j u du 1 j f( R, <I>) 

Jo J-»J 0 

x Jo [tt v / {R 2 -f - 2Rrcos (<J>-</>)}]RcZR^ 

converges when considered as an integral with respect to w* 
Hence 

r 1 ® /-tt r*® 

1 e ±uz udu\ j ,/(R, <I>) 

Jo J-*Jo 

xJ 0 [^V{R 2 + ^ 2 -2Rr cos (<&—</>)}] RdRd<& 

converges uniformly with respect to We may then 

differentiate the right-hand side of (2.21) under the integral 
sign, and so 

on using Neumann’s theorem once again. But for a plane 
distribution 



where or is the intensity of charge per unit area. Also 
there is only one potential function which gives rise to a 
given charge distribution. Hence this potential must be 
given by (2.21). 

As an illustration, consider the elliptic disk whose semi¬ 
axes are a and b . The charge * at (R, 3>) is proportional to 


{ 


R 2 cos 2 <I> 

5* 


R 2 sin 2 4) 

b 2 J ’ 


Jeans, ‘ Electricity and Magnetism,’ § 287, pp. 248-249. 
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■where R varies from 0 to the positive root of 
R 3 cos 3 <3> R 3 sin 3 <t> _ n 

1 

and <I> varies from — it to i r. For other values of R the 
charge is zero. If we let 

^ 2 =T5- -/. a . 2^ , . . . (2.22) 

b 3 cos* <f> + a 2 sin 2 <I> v / 

then 

where K is a constant. From (2.21) the potential function * 
throughout space is 

X J 0 [> t/{R 3 + r 3 - 2 Rr cos (3> - <j>) }] RrfRcf^, 1 (2.23) 

the upper or lower sign being taken according as z is 
positive or negative. 

The integral on the right of (2.23) with respect to R can 
be evaluated in terms of hypergeometric functions defined 
by 

pfifa 15 **2’ •••*?! Pi) p2i "’Pi > **0 

— ? r(a 1 +»)r(« > +«)... r(« P -t-n) 

n =iT( Pl + n)T( Pi + n) ... r(p g + n) n! 

On using the power series for the Bessel function and 
integrating term by term, a process which is known to be 
permissible for a power series, we have 

~ivVV(*tfP)* ; m + l,£m + §; ~i« 3 ^ 3 ). 

. . . (2.24) 


* /(R, #) is not of bounded variation in an interval which includes 
the value Rss^, thus violating (ii.), § 1. This difficulty is easily over¬ 
come by taking the range of integration with respect to R in (2.23) to 
be (0, 1 ® r —e), and then letting There is no difficulty in showing 

that this limit is given by the right-hand side of (2,23). JBut see the 
footnote % on p. 994. 
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Now substitute (2.14) in (2.23). The series in (2.14) 
being uniformly convergent with respect to R, we may 
interchange the order of summation and integration. 
On using (2.24) and simplifying the first term, (2.23) 
becomes 

V = Kp .J ( w )d<f> 

Jo J-w W 

+ V ttK f e^ Ui du \ T' 2 1 

Jo J“ IT W = 1 

X i/ 2 (im + 1 ; m +1 ; |?n + § ; — £« 2, 'i r2 ) 

X J m (wr) cos?n(<l>— cj>)d<$> .(2.25) 

It is not difficult to show that this series converges with 


the same rapidity as 2 m 2 . 

m — 1 

When a — b the disk is circular. We then have from 
(2.22) ^ 2 = a 2 , and it can be seen that all the integrals with 
respect to <J> vanish except the first, giving us 

V = 27rKa( e* uz sin au3 Q (ur) — , 

Jo u 

which, it is well known *, is the formula for the potential 
field due to a freely-charged circular disk of radius a. 

To obtain the potential of the elliptic disk itself it is 
sufficient to find the potential of the origin, i. e. we make 
r = ^ = 0 in (2.25). We then get 


K ( du ( 

„ T sin u*Sr T _ 
^- d<& 

Jo 

-n U 

2K( * du 

C* T sin w'I r , _ 

1 ^- d<P, 

Jo 

Jo u 


since 'SP is always positive. 
Again, since 


sin vW 


u 


du 


* Gray, Matthews, and MacRobert’s 6 Bessel Functions/ pp. 141-142. 
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is uniformly convergent -with respect to ^(>0), we may 
interchange the order of integration of (2.26), when we get 

V = 2K( "wsf 

Jo Jo u 

= Kwf tydQ 
Jo 

_ IF _ xf' 

- ^* cos t^ + a » sin *®}** 

an integral well known in the theory o£ elliptic functions. 


§ 3. The Potential Function due to two Parallel Plane 
Distributions . 


3.1. If we are given that in the plane 3 = — c the potential 
at the point (R, <l» is f(R, <E>), whilst at the same time in 
the plane z~c the potential at the point (R, <I>) is F(R, <I>) 
both of these functions satisfying the conditions of § 1 , then 
the potential V in between the two planes 2 = ±c is given by 



sinh u{c—z) 
sinh 2 uc 



/(R, <*>) 


x Jo[W{R 2 + r 2 — 2Rr cos (4>-(/>)}]RrfR^ 
x J 0 [^^/{R 2 +^ 2 ~~2Rrcos (<3>—(£)}]RJRd<&. 


(3.11) 


We may change the order o£ integi*ation with respect to 
R and <E>. 

As an illustration consider the problem of the guard-ring. 
In this problem V = 0 over the whole plane £ = and 
V = a constant, K say, over a circular disk in the plane 
— c of radius a and centre on the 2 axis, whilst V = 0 
over the rest of the plane 0 =— 0 . Thus F(R, <I>) = 0, 
whilst/(R, <E>) sss K when R <a, and /(R, <E>) = 0 when 
R > a. Hence 


2*-V - I " n^^=i>du f“ f' K 
J 0 smh 2uc JoJ-T 

x J 0 [« v^R 2 + r 2 —2Rr cos (<E>—<&) JJRrfR^ 

= 2wKf ” u( “ J 0 (ur)J 0 («R)RrfR 
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on using (2.14) and integrating with respect to O. But on 
using the Taylor's series for J 0 (wR) and integrating term by 
term, we get 



RJ 0 (wR)dR = iiau). 


The potential function between the two planes z—+c 
then reduces to 


v =“ K f si lhL s) «“') du - 


3*2. If we are given that the intensity of charge at the 
point (R, <3>) on the side of the plane z= —c facing +c 
is /(R, <J>) per unit area, and that the intensity of charge at 
the point (R, <J>) on the side of the plane z=c facing —c 
is F (R, <1>) per unit area, then the potential function between 
the two planes z= ±c, corresponding to this distribution, is 
given by 


y 


-r 


cosh u(c—z) 7 
sinb 2 uc 


r r 

J-rrJo 


/(R,®) 


+ 


xJ 0 [«V'{R 2 + t --2Rr cos (<l>- <f >)}] RdR<Z<I> 

2 C cosh <e + z) du f’ f" F(R, <I>) 

Jo smh 2 uc J-wJo 

x J 0 [u\f{R 2 + r 2 - 2Rr cos (4> - <£)}] R dRd®. 

.( 3 . 21 ) 


Formulae of this type can also be used to solve the 
following problem. An infinite conductor is bounded by 
two parallel planes £ = and two elliptical electrodes are 

applied to these planes. To simplify the analysis we shall 
assume that the centres of the disks lie on the axis of 2 , that 
both the ellipses have semi-axes a and b (a>&), that both the 
major axes are in the plane < l>=0, and that the potential of 
the plane z =0 is zero. The last assumption does not entail 
any loss of generality. 

The disks being at constant potential, the charge at a point 
(R, <E>) on one of them at any instant is proportional to 

R 2 cos 2 <I> R 2 sin 2 <l> \ -* 
a 2 b 2 ) ’ 



whilst at other points on the planes z=+c the charge is 
zero. 
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Again, if "V is the potential function of the system (V must, 
of course, be a solution of Laplace's equation), the rate*of 

flow from the upper disk, say, to the medium is — 
with z—c. B« 

We must therefore have 


BV 

= 0, for s= +e and (R, <I>) a point outside either 

of the elliptical electrodes, 

k ]ay 

B* ' 


KU 


{ 


R 8 cos 8 <I> R 8 sin 8 <I> ■) 


h 8 


J , for s = 


+ c 


and (R, <l>) a point inside either of the electrodes, 

where K is a constant. If we assume that the disk in the 
plane £ = e is at positive potential whilst that in the plane 
zs T 7 m c * s a negative potential (i. e . the flow of the elec¬ 
tricity is in the negative direction of the z axis), then the 
total flow S, say, from the upper disk to the medium is 
given by 

S = K J f j l- R8 c a Q f ^ - ft* - ?- 1 -— l -i RiRd«>, 

taken over the area of the upper disk. Putting 

R cos <& = ar cos </> and R sin <3> = br sin <£, 

the integral on the right-hand side is easily evaluated when 
we get 

S = K . 27 rab. 

Hence we may write, with the notation of (2.22) : 

S 


bz 


2 f rrabk 


■ { 1- ^} for 


and (R, <1>) a point inside either of the electrodes. 
The potential function is then given by 
S 


2ttV = 


+ 


_ (*" coslm(c— z) , C v ( 9 (, R 2 l 

2'jrabk ) 0 sinh 2uc J-«Jo t "'P 2 J 

xJ 0 [ W -/{R 2 + r 2 —2Rrcos (3> — <£)}]RciRd^ 

S f" cosh «(<> + *) f' 

2 ’irabk\ sinh 2 uc J-^Jo v. M!' 2 / 

xJ 0 [tw{R 8 + r 2 —2Rr cos (<S>— <p) } ] RcfR<?<!>, 
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2ttV = 


i; 


’ sinh 


uz 


2 irabk L coshac 


du 


j:r (- 


V 2 ) 


X J 0 [u^{R 2 + r 2 -2Hrcos (<D-0)}] RdRd®. (3.22) 

When a = £> this becomes identical with the problem o£ 
Nobiles rings. In this case ^==a y a,nd the integrals with 
respect to <£> and R can be evaluated just as for (2.23). The 
result is 


V = 


s 


2 ira 2 lc 


C sinhi^r . T , 

1 —.— sin duoniur) 

J 0 cosh uc 


du 
u 1 


agreeing with Riemann’s solution *. 

In (3.22) put R 2 when we get 


2ttY = 


S 




sinh uz 


2 r rrabk L coshwc 


-du 


r |V-)-» 

J-vjo 


X J 0 \u \/ {+ r- 2 s S?v^r cos (<I>— <f>) }] %'S? 2 dv d< P* 

. . . (3.23) 

By making a and b tend to zero, we can find the potential 
field when the electrodes become very small. We have 


\J/2 


a 2 b 2 


a 2 cos 2 <f> + b 2 sin 2 <3> 


->0, as a ) &->0, 


and it is not difficult to show when — c < z < c, that the limit 
of the right-hand side o£ (3.23) is the same as 


S C sinh uz 7 

7 — T 1 -r- du inn , 

47ta:Jo coshwc a ^ 0 


But 


f- 

J-irU- 


&->0 




r- 




2 cos 2 + 6 2 sin 2 <I> 


j: 


: 2 cos 2 <3> -f b 2 sin 2 O 


^ir/2 


- sec 2 <3> 
a 


h 2 

1-1—j tan 2 
a 1 


(l-r)-t 

X Jo(wr) dv. 

-d<f> 


4 tan" 1 ^ tan | = 2 tt 


* Gray, Mathews & MacRob£rt, loc. cit. pp. 144-146. 
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if hja is neither zero nor infinite. Hence 

ah <f<I> 


lim 

a->0 

&->0 


Uti a 


2 cos 2 <3> + b 2 sin 2 <I> 


= 27T, 


and so (3.23) becomes in the limit: 


Y 


=—f 

“2irk k 


sinh uz 
2 irk k coshwc 


J 0 (wr) du. 


(3.24) 


provided that a and b tend to zero in such a way that lim bja 
is neither zero nor infinite and —c<z<c> 

The case z= ±c presents considerable analytical difficulty, 
but if we use the fact that the potential function is con¬ 
tinuous, then the potential on the plane z~c is given by 


lim 

z-^c 



sinh uz 
cosh uc 


J 0 {ur) du , 


and, with the help of the asymptotic expansion of the Bessel 
Function, it is not difficult to show that this is equal to 


S 

2irk 



sinh uc 
cosli uc 


J 0 (ur) du . 


Similarly for the case 2 = — c. Hence (3.24) is the 
potential function for —c^z^c. 

It is interesting to note that the result is independent of 
the shape of the electrodes * as they shrink to zero, provided 
lim ajb is neither zero nor infinite, that is, provided that the 
ellipses do not shrink into straight lines. 


§ 4. The Introduction of a Unit Point Charge . 

4.1. When the planes in the preceding problems are all 
occupied by conducting matter, the potential functions can 
also be found if a point charge is introduced. We shall 
assume that this charge is positive, of strength unity, and 
situated at the point ( z\ r\ <£'). 

To find the field due to a point charge situated in the 
presence of a plane of conducting material at £ = 0 charged 
to the potential /(ft, <t>) at the point (R, <&), we add the 
expression 

{(z—z f y + r 2 —r' 2 —2 rr f cos (<£ — <£')}“* 

— { (z + z*y 2 + r 2 + r' 2 —2 rr f cos (<£ — <£')}(4.11) 

* (3.24) is the same as the solution of the similar problem for circular 
electrodes (see Gray, Mathews, and MacRobert, loc. cit. p. 146). 
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to (2,11), using the upper or lower sign in (2*11) according 
as z' is positive or negative, I£ z* is positive, the potential 
throughout the space z< 0 is zero, whilst if z* is negative, 
the potential throughout the space z > 0 is zero. 

To prove this, (4.11) is evidently a potential function 
which vanishes at 2 = 0 and which has an infinity at s=e' r 
r=r', <£ = $', due to a unit point charge. 

4.2. To find the field due to a unit charge at (z r , r\ <f> r ) in 
the presence of a plane of conducting matter at 2=0 charged 
to intensity ^/(IL <£) per unit area at the point (R, <I>), we 
add the expression 

{z—z f )' 2 + r 2 + r f2 —2rr f cos (<£ — <f> f ) 

+ {(z + z ') 2 + r 2 + r f3 — 2 rr cos (<f> — <f> r ) }“*. (4.21) 

to (2.21), using the upper or lower sign in (2.21) according 
as z is positive or negative. If z ' is positive, the potential 
throughout the space z < 0 is zero, whilst if z* is negative 
the potential throughout the space z > 0 is zero. 

To prove this, it is easy to see that (4.21) is a potential 
function whose differential coefficient with respect to z 
vanishes when 2 = 0. 


4.3. To find the field due to a point charge situated at 
(/, r\ <f> f ) between two planes 2 = ±c, the upper of which is 
charged at the point (R, <f>) to potential F(R, <&) and the 
lower to potential F(R, <&), we add to (3.11) the expression 

__ gJ*" sinhw(c — j) 8 mhit(c+ 2 ') ^ 


-F 


sinh 2 uc 

X J 0 \u*/{r 1 + r’ 2 — 2rr' cos (<f >—<£')}] d u 

when z' <z<_c, 

’°° sinh n(c—g') sinh u(c + ,g) 
sinh 2uc 

X Jo[wV' {r i + r' 2 —2rr' cos (<f>— <£')}] du 
when — c < z< z'. 


\ (4.31) 


/ 


To prove this, we mnst show that the above expressions 
for Y, which are evidently potential functions, vanish 
when 2 =±e, which is obvious, are continuous as z passes 
through z', which is also obvious, since both integrals con¬ 
verge and are equal when z=z'; and finally we must also 
BV . 

show that is continuous as z passes through z'. 
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The formulae of (4.31) are given by Gray, Mathews, and 
MacRobert * in their treatise, but they omit to prove that 

is continuous. As this is not at all obvious, I take the 
os 

opportunity of proving it here. If we differentiate either 
of the integrals of (4.31) under the integral sign with 
respect to z , we find that the resultant integrals converge 
uniformly only if £=5^, and, in fact, when z — z f they 

3V 

diverge. This shows, I think, that the continuity of 

at z—z 1 cannot be taken for granted. The proof proceeds 
as follows. Using the usual exponential formulae for the 
hyperbolic sine and cosine, it is easy to show that 


2sinhti(e— z) sinh u(c + z f ) 
sinh 2 uc 

e -2u° cos h u(z — J)-~cosh u{z + z f ) 
sinh 2 uc 


— e —u(z—z') _|_ 


With the help of (2.16) it then follows that the upper 
formula for Y in (4.31) is equivalent to 


Y = {(z — 2 , ) 2 + r 2 + r ,s - 2?Vcos(<£ — 


+ 



e 2ue cosh u(z—z 1 ) — cosh u(z-~ s') 
sinh 2 uc 


X J 0 [w Y + — 2rr f cos (<jf>— <^0 }] du y (4.32) 

whilst the lower formula for V in (4.31) is equivalent to 
(4.32) with z and z interchanged. On differentiating with 
respect to z under the integral sign in (4.32), we find that 
the resulting integral is uniformly convergent with respect 
to z and z' for all values of z and z f lying between +<?, 
including z~z . Hence, from the upper formula of (4.31), 
if r ^ r f and <f> # <£', then 

/BV\ _ p sinh 2 uz f u 
\ "dz J z =z f Jo sinh 2uc 


xJo[w4 r2 + 

W e find the same value of 
the lower formula of (4.31). 


r !%2 —2rr' cos (<£ —<£0}] du . 

by this method from 

BY 

This shows that -sr- is con- 
oz 



* ( Bessel Functions/ p. 193 (20). 
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tinuous as z passes through z f and completes the proof of the 
statement at the beginning of § 4.3. 


4,4. To find the field due to a point charge situated at 
(z\ r\ <f> f ) between two planes ±c, the upper of which is 
charged at the point (R, <E>) to an intensity F(R, <E>) per unit 
area on its lower surface and the lower of which is charged 
to an intensity f(R, <E>) on its upper surface, we add to (3.21) 
the expression 



cosh u(c — z) cosh u(c + z r ) 
sinh 2 uc — 


\ 


X J 0 [u s/{r 2 + r' 2 —2rr'cos (<^> — }] da 

when z* <,z<_c 9 

coshw(c — 2 f ) cosh u(c-j-z) 
sinh 2 uc 

X Jo[w*/{r 2 + r /2 — 2rr r cos (<f) — <£ f )}] du 
when —c<-:< s', 
To prove this, we write y 


V =\C 


(4.41) 


2 cosh u(c — z) cosh u(c + z ) 
sinh 2 uc 


= e -u(Z-z<) t ^~ 2 tlC CQShM(g-/)+coshM(g + ^) 

sinh 2 uc 


in the upper formula of (4.41), and, proceeding as in §4.3, 
we can show that this formula is equivalent to 

Y = {(s —z 1 ) 2 + r 2 +r' 2 —2rr / cos (<£—<£')}]“* 


+ 



e ^cosh n(z + z')-4- cosh w( 2 -f .s') 
sinh 2 uc 


X J 0 [wy {r* + r ,2 — 2rr' cos (6 — <£')}] du, (4.42) 

whilst the lower formula of (4.41) is equivalent to (4*42) 
with z and z interchanged. We may differentiate the 
integral of (4.42) with respect to z underneath the integral 
sign, and we obtain 


/3V\ _ f " sinh 2 us' u 
\ ~ Jo sinh 2 uc U 

x JoOv'{^ + r' 2 —2rr / cos (<f> — du, 


whilst the same value for 


dV 


r (d* 




is obtained if we start 
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with the lower formula for Y in (4,41). Hence we see that 
Y is a potential function having an infinity at z=z\ r~r\ 
— due to a unit point charge, is continuous at all other 


dV 

points of the plane z^z\ and that is also continuous as 


z passes through z f . 

Again* if we may differentiate the integrals of 

(4.41) with respect to z underneath the integral sign, from 
which it easily follows that 



= 0 . 


Hence this system gives rise to no charge on either of the 
planes 2 = + c. 

This completes the proof of the statement at the beginning 
of § 4.4. 


Co The Intensity Distribution of the General and Charac¬ 
teristic X-Radiation from Molybdenum , By L. R. G. 

Treloar, B.ScW antage Scholar , University of Reading *. 

Introduction . 

HpHE experiments described in this paper were made with 
JL the object of determining more precisely the nature 
of the complete radiation emitted under working conditions 
from a Shearer tube fitted with a molybdenum target. The 
experiments were intended primarily to be of practical 
rather than of theoretical interest. 

The chief measurements were as follows :— 

1. The intensity distribution of the general radiation at 
various voltages. 

2. The corresponding intensities of the Ka- and K/3-line 
radiation. 

3. The ratio of the homogeneous to the general radiation. 

Apparatus . 

Two methods of excitation of the tube were employed. 
Most of the experiments were carried out with an induction 
coil and mercury interrupter, but for purposes of comparison 


* Communicated by Prof. J. A. Crowther, Sc.D. 
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some later experiments were made witli a 2-kilowatt oil- 
immersed transformer. During operations the tube was 
continuously exhausted by a two-stage diffusion pump r 
backed by a rotary oil-pump, and was controlled by means of 
an air-leak. It was run at voltages ranging from 19*75 kv. 
to 48*4 kv., the current being maintained constant at 
3 milliamps. in all readings. The molybdenum target was 
about 1 mm. thick, and was brazed on to the water-cooled 
end of the tube at an inclination of 45° to the axis of the 
tube, and the beam emerged from the tube through an 
aluminium window *056 mm. thick. 

The spectrometer was of the standard Bragg pattern, 
employing a calcite crystal whose surface was ground. Tho 
ionization chamber, which had a length of 15*8 cm. and was 
closed by an aluminium window •056 mm. thick, was filled 
with methyl iodide. It was saturated by a potential of 
300 volts, supplied by a storage battery, and the ionization 
was measured by means of a Wilson tilted electroscope. 
The incident beam of .X-rays was limited by two slits, and 
the reflected beam by a third slit, placed immediately in 
front of the chamber window. 

Method of talcing Readings . 

Preliminary tests were carried out, sometimes with the 
help of the photographic method, to see that the crystal 
was accurately centred, and that it focussed the radiation 
sharply and accurately into the ionization chamber. 

Owing to a slow change in the intensity of the radiation 
emitted from the tube, due, presumably, to spreading of the 
cathode stream etc., all the readings for a particular voltago 
were taken on the same day, with a continuous running of 
the tube. The voltage was found afterwards from the high- 
frequency limit of the spectrum. It would have been 
desirable to have had a more accurate control of the voltage 
during the course of readings, but this was not found 
possible. A spark gap between spheres of 5 cm. diameter,, 
for example, was found not to increase the accuracy of the 
experiments. By the method employed, readings taken 
during a day^s running were consistent to 3 per cent. 

In taking readings the integrated reflexion method, which 
has been fully discussed by Bragg, James, and Bosanquet 
was used throughout. The crystal table was rotated by hand 
by means of a tangent screw fitted with radial spokes. To* 
take a reading the chamber was set at the desired angle, and 

* Bragg, James, and Bosanquet, Pliil. Mag. xli. p. 309 (1921). 

Phil . Mag . S. 7« VoL 6. No. 39. Nov. 1928. 3 U 
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the crystal table was turned through an angle of 3f minutes 
at intervals of 2\ seconds. The total angle swept through by 
the crystal in each reading was 2|°, the corresponding time 
taken being 90 seconds. 

The electroscope was operated at a comparatively low 
sensitivity of about 75 scale divisions pes# volt, and it was 
adjusted so that its sensitivity was at a maximum ( i . e the 
sensitivity was reduced either by increasing or diminishing 
the tilt). In this position the leaf was found to be parti¬ 
cularly stable, and, in addition,the deflexion was proportional 
to its potential. The leaf was connected to a potentiometer 
for calibration purposes, and its sensitivity was checked at 
frequent intervals between readings. The charge collected 
on the leaf could thus be converted directly into volts, after 
allowance had been made for any leakage of charge or drift 
of the leaf due to other causes. 

Deflexions were made of convenient magnitude by adjust¬ 
ing the widths of the slits limiting the beam, and also, in the 
case of the lines, by the addition of a small condenser to the 
electroscope system. A knowledge of the slit-widths and of 
the condenser factor enabled these various readings to be 
compared. 

In the measurement of the intensity of the general radia¬ 
tion, readings were taken at successive ijr°, or (where this 
was sufficient) 1° intervals of the ionization chamber, except 
in the neighbourhood of the lines. It was possible, however, 
to obtain a point on the curve lying between the a- and 
/3-lines. In the measurement of the line intensities the 
chamber slit was opened sufficiently wide to include all the 
components of the line, and readings were taken as 
the chamber was moved through the line by successive 
7^-minute steps. In this way the line was shown as a flat- 
topped curve on a flat background of general radiation, and 
the line intensity was obtained by subtracting this back¬ 
ground intensity from the maximum intensity., In all 
measurements, both of the general and of the homogeneous 
radiation, the mean of the intensities on the left- and right- 
hand sides of the spectrometer was taken as the true intensity. 

At the higher voltages a discontinuity occurred in the 
general radiation curves at the frequency of the K-absorption 
limit of iodine. This discontinuity was always near the 
short wave-length end of the spectrum, and for wave-lengths 
shorter than this critical wave-length no quantitative 
significance was attached to the readings obtained, but they 
were nevertheless necessary for the determination of the 
limit of the spectrum. 
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The following data were obtained :— 

(a) With coil and interrupter . 

1. Carves at voltages of 48*4 kv., 38*9 kv., and 26*0 kv.* 
giving the intensity distribution of the general radiation for 
wave-lengths as far as 1*34 A. U. 

2. The intensities of the a-line at these voltages. 

3. The ratio of the a- and /3-lines. 

4. The relative intensities of the a-line in the 1st, 2nd, 
and 3rd orders respectively. 

(b) With transformer . 

1. Carves of general radiation at voltages of 34*9 kv. and 
19*75 kv. 

2. The intensity of the a-line at 34*9 kv. (In the other 
case no K-lines were present.) 

In the comparison of the a- and /3-lines, the tube was run 
at about 38 kv., and by the insertion of the condenser (which 
reduced the sensitivity of the apparatus to about one-fifth), 
when measuring the a-line, the deflexions were made of the 
same order of magnitude, with a consequent gain inaccuracy. 
From a large number of readings taken Without this 
improvement, however, the ratio of the lines was found to be 
independent of the excitation voltage, and of the method of 
excitation. Consequently, only the a-line was measured in 
the final experiments, the /3-line intensity being found from 
the known ratio. 

Calculations and Corrections . 

(1) Correction for presence of 2nd- and 3rd-order 
reflexion in the general radiation. 

The relative intensities of the a-line in the first three orders 
respectively were as follows :— 


1st order . 100 

2nd order. 7*6 

3rd order. 4*05 


The percentages of the lst-order intensity which appear in 
the 2nd and 3rd orders respectively are therefore 7*6/2 and 
4*05/3, since the dispersion of the general radiation is 
proportional to the order in which it appears. To apply the 
order correction, these fractions of the lst-order intensity, 
as obtained from the curve, w T ere subtracted from the 

3 U 2 
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intensities at wave-lengths corresponding to the 1st- and 2nd- 
order reflexions respectively. 

(2) Correction for partial absorption in the methyl iodide 
in the ionization chamber. 

The fraction of the shorter wave-lengths absorbed by the 
vapour was only about one-tenth, whereas the longer wave¬ 
lengths were completely absorbed ; hence it was necessary- to 
determine with considerable accuracy the quantity of gas 
actually present in the chamber at any time. The chamber 
was filled by evaporation of the liquid methyl iodide into a 
vacuum, to a pressure of about 240 mm. of mercury ; but a 
measurement of the absorption of the a-line in passing through 
the chamber showed that the vapour-pressure was not a true 
indication of the quantity of methyl iodide present. This 
was due, no doubt, to the presence of volatile impurities in 
the liquid employed, and to the absorption of the gas by the 
walls of the chamber subsequent to measuring its pressure. 
It was not found possible, however, to carry out this absorption 
measurement with the accuracy required by the experiment* 
so the following method of determining the iodine content 
of the chamber was devised. 

The chamber, connected to a manometer, was filled to a 
convenient pressure with the vapour, and set to receive 
a narrow beam of the general radiation of mean wave-length 
•894 A.U. The integrated reflexion was found. The 
pressure was then successively reduced, and the operation 
repeated at each pressure, so that a curve could be plotted 
to show the relation between pressure and ionization. The 
chamber was then refilled and sealed, and the ionization 
again measured. It was then ready for use. 

Let I 0 , I be the intensities of the beam of radiation at the 
beginning and end of its path through the vapour respec¬ 
tively, and let p be the corresponding pressure of vapour. 
Then I = I 0 c~^, where p is a constant. Assuming that the 
ionization is proportional to the energy absorbed, and 
denoting by q the ionization produced in the vapour at 
pressure p, and by go the ionization which would be produced 
by complete absorption, we have #=&(I 0 —I), hence 
combining these two equations, 

log (# 0 —?) = —/xp + const. 

The curve obtained experimentally, relating*# and ^>, was of 
logarithmic form, and it was always found possible to assign 
a value to q 0 such that the curve relating log(# 0 —#) and p 
was a straight line. This value was therefore the ionization 
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which would have been produced i£ the rays had been com¬ 
pletely absorbed, and the fractional absorption of the selected 
wave-length after refilling of the chamber was qi/qo, where 
q x was the corresponding ionization. Knowing the absorp¬ 
tion for that particular wave-length, the absorption of the 
other wave-lengths was calculated from values of the 
absorption coefficients for iodine obtained from tables given 
by Compton *. 

The measurements described above were made before and 
after sets of readings covering a period of four or five days, 
with the result that the absorption on any day was accurately 
known. It is estimated that the errors arising from the 
application of this large and rather difficult correction are 
certainly within 3 per cent. 

(3) Correction for absorption by the aluminium windows 
of the tube and ionization chamber. 

The thickness of aluminium in each of these windows was 
•056 mm., and the requisite corrections for absorption of the 
various wave-lengths were calculated from tables of absorp¬ 
tion coefficients f. This correction amounted to over 
100 per cent, for the longer wave-lengths. 

(4) Correction for absorption in air. 

The total length of air-path traversed by the rays from the 
window of the tube to the window of the chamber was 
28*5 cm. The amounts of absorption were again found 
from tables of absorption coefficients of the constituent 
elements 

(5) Effects of slit-widths and dispersion. 

The quantity measured in the experiments on the general 
radiation is I^AA, where 1^ is the intensity at the wave¬ 
length A and Ax is the range of wave-lengths entering the 
ionization chamber. The beam, on emerging from the tube, 
passed through slits distant 12 cm. and 3 cm. respectively 
from the centre of the crystal, and, after reflexion, through 
a third slit also at a distance of 12 cm. from the centre of 
the crystal. In the following discussion these three slits will 
be denoted by A, B, and G respectively, and the corre¬ 
sponding slit-widths by a, 6, and c. Since A and C are 

* A. H. Compton, 4 X-rays and Electrons/ 
t A. H. Compton, loc. cit , 

I A. H. Compton, loc . cit. 
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equidistant from the centre of the crystal, then, by a well- 
known geometrical property of this arrangement*, all the 
rays of a given wave-length emerging from a single point of 
the slit A will be focussed to a point in the plane of C. 
Let D be the distance of either A or 0 from the centre of 
the crystal, then the rays from a point in A which, after 
reflexion, enter 0 are all included within an angle equal to 
c/D. Similarly, the angular range of rays of a given wave¬ 
length emerging from the slit A, which, after reflexion, pass 
through a single point of the slit C, is a/D. Adding these 
two effects, it follows that all rays of wave-length X emerging 
from A, and reflected through C, are deflected through 
angles lying between W and 2 where 6 is the angle 

of reflexion for that wave-length, and 2A# = (a + c)/D . If d 
is the grating space of calcite, aud AX the wave-length 
range included by the slits, then X = 2<f. sin#, and 

a 4* c 

AX — 2d. cos 6 . Ad — 2d . cos 0 . ~zrrr - 


The quantity required for plotting is the intensity at wave¬ 
length Xj i. e. I x , and maybe found by dividing the observed 
quantity IxAX by the wave-length range AX. Thus 


I = I x AX 


D.sec 6 
{a + c)d 


The total energy emitted is then represented by the area of 
the curve, i.e. Jl \d\. The effect of dispersion is thus 

completely accounted for. There is, however, another quite 
distinct question which has to be considered in connexion 
with the widths of the slits, namely the relative amounts of 
energy incident upon the crystal for slits of different widths. 
For this purpose it was assumed that the energy of the 
beam was proportional to the product ab. 


(6) It was assumed that the crystal reflected all wave¬ 
lengths equally. The available data do not fully justify this 
assumption, but the results of Davis and Terrill t> and 
Wagner and Kulenkampff show that it is, at any rate, 
approximately true. 


* Bragg - , ‘X-Rays and Crystal Structure,’ p. 31. 
t Davis & Terrill, Phil. Mag. xlv. p. 463 (1923). 

J Wagner & Kulenkampff, Ann. der Fhys. lxviii. p. 369 (1922). 
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Results . 

(a) With coil a^d interrupter . 

1 . Curves I., II., and III. (fig. 1 ) show the relative 
proportions of general radiation at voltages of 48*4 kv*, 
38*9 kv., and 26*0 kv. respectively The areas of these curves* 
i. e. the total energies in the spectrum, as far as a wave- 


Fig. 1. 



length of 1*34 A.U., together with the measured 0 -line 
intensities, are shown in the following table :— 


Kv. Area (volts). a-line (volts). 

1. 484 82*88 38*0 

II. 38*9 47*44 16*5 

HI. 260 20*76 3*24 


2 . The value obtained for the ratio of the intensity of the 
a-line to that of the / 3 -line (including the 7 -line) was 
a//3=4*0. 

3. The ratios, obtained from these figures, of the energies 
of the a- and $-lines to the energy in the general radiation, 
and the fractions of the total emitted radiation which appear 
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as homogeneous K-radiation, are given below as percent¬ 


ages :— 

Kv. a/General. /3/General. (cr-b/3)/Total. 

o/ I o/ O / 

/o • • /o • /O • 

1. 48*4 45*8 11*5 36*4 

II. 389 34*8 8*7 30*3 

III. 26*0 15*6 3*9 16*3 


Discussion of Accuracy and Sources of Error. 

(1) Errors due to gradual changes in the running of the 
tube. 

There was a noticeable falling-off in intensity after several 
days’ running of the tube, presumably due to changes in the 
cathode beam and in the position and size of the focal spot. 
In order to avoid, as far as possible, errors arising from these 
causes, the above readings were all taken within a period of 
three days, and all readings for a particular voltage were 
taken at a single running of the tube. Readings taken 
during the course of a day were consistent to 3 per cent. 
The effects become more important in connexion with the 
relative intensities at different voltages, and it is thought 
that these relative intensities can only be considered signifi¬ 
cant to an accuracy of about 10 per cent. These difficulties 
are inherent in the gas-tube. 

(2) Errors due to inaccuracy in the estimation of the 
iodine content of the chamber. 

The correction for partial absorption in the chamber was 
very carefully investigated, and has already been fully 
discussed. Errors arising from the application of this 
correction are probably nowhere greater than 2 per cent. 

(3) Errors in the correction for absorption in the 
alumininium windows and air-path. 

There is an element of doubt in the values of the absorp- 
sorption coefficients for aluminium, and the inaccuracy 
introduced on this account may be as great as 5 per cent, in 
the case of the longest wave-lengths employed (3*34 A.U.). 
For this reason the curves are not considered reliable beyond 
about 1*0 A.U., but below this wave-length the error due to 
the above corrections is estimated at less than 2 per cent., 
and for the shorter wave-lengths (i. e . below *5 A.U.) it is 
<juite negligible. 
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(4) Error in the measurement of voltage. 

The difficulty of this measurement is increased by the 
proximity of the K-absorption limit of iodine to the limit of 
the spectrum in many cases. There is also the possibility 
of a slight variation of voltage during the course of readings, 
but the latter is included under heading (1). The voltage 
could be measured to an accuracy of 2 per cent. 

(5) In general, taking account of the above considerations, 
the maximum error in the determination of the ratios of the 
characteristic radiations to the general radiation, and in the 
curves for a particular voltage, is estimated at 6 per cent. 
The ratio of the lines was more accurately determinable, the 
probable error here being 3 per cent. It was not the object 
of the work to determine the variation of absolute intensity 
with voltage, and the relative intensities of curves and lines 
of different voltages can only be considered as approximate, 
the error being of the order of 10 per cent. 

The intensity of the general radiation is seen to vary 
approximately as the square of the excitation voltage, 
according to the following table :— 


y. A. A/V 2 . 

1. 48*4 kv. 82*88 351 

II. 38-9 „ 47*44 312 

III. 26-0 „ 20*76 306 


The value of A/V 2 would be expected to diminish with 
decrease in voltage, since at the higher voltages a greater 
fraction of the total energy emitted occurs at wave-lengths 
below 1*34 A.U. 

Many observers have shown that the intensity of the 
lines is, in general, proportional to (V — V 0 ) w , where V is the 
excitation voltage and V 0 is the critical excitation potential. 
The value of n is usually between 1*5 and 2*0. The results 
obtained for the «-line at these three voltages agree, to the 
accuracy obtainable, with this law if a value of about 
1*6 is assigned to n. 

The variation of the ratio of the energy in the a-line to 
that in the general radiation, with applied voltage, is shown 
graphically in fig. 2. 

(b) With transformer . 

(1) Curves IV. and \. give the intensity distribution of 
-the general radiation at 34*9 and 19*75 kv. respectively 
(fig. 1). The absolute intensities are not significant, the 
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curves merely being drawn of convenient magnitude for 
illustration and comparison. Curve Y. is interesting, since 
at this voltage there are no K-lines present. The follow¬ 
ing are the figures obtained for the energy in the 
general radiation and in the a-line, respectively, for 


curve IY. 


Area 

a-line 


Kv. 

(volts). 

(volts). 

IV. 

34*9 

360 

12*55 


(2) The #-line and /3-line were approximately in the same 
ratio as before. 


Eig. 2. 



The corresponding figures for the relative proportions of 
characteristic and general radiation are as follows :— 

Kv. o/General. /3/General. (a+j3)/Total. 

%• %• %. 

IV. 34-9 34*8 8-7 30*4 

Comparison of Results for both Methods of Excitation . 

The corresponding value obtained for the ratio (a + /3)/Total 
in the case of the coil and interrupter is (by interpolation) 
27*0 per cent., and differs from the above figure for the trans¬ 
former by about 12 per cent. In view of the experimental 
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error o£ 6 per cent., it can only be said that these ratios 
are only slightly different, i£ at all. 

The curves are all of the same form, and the method of 
excitation appears to have no marked effect on the intensity 
distribution. In particular, the wave-length of maximum 
energy is found to bear a constant ratio to the minimum 
wave-length, as shown below :— 


Kv. Xmax. A 0 . A ma Jk 0 . 

I. 48*4 *385 *255 1*51 

II . 38*9 -505 *317 1*59 

III . 26*0 *73 *474 1*59 

IV . 34*9 *56 *354 1*58 

V . 19*75 *955 *626 1*53 


The mean value of the ratio is 1*55. 

In conclusion, I should like to express my great in¬ 
debtedness to Professor J. A. Crowther for his valuable 
advice and for the energetic interest he has shown in the 
progress of this work. 

Department of Physics, 

The University, 

Reading. 


Cl. The Amount of Uniformly-diffused Light that will go 
in Series through Two Apertures Forming Opposite Faces 
of a Cube . By Lewis F. Richardson, D.Sc ., F.R.S.* 


F OR example, the radiation might come out of a blackened 
enclosure at a uniform temperature through one 
aperture and thence across the cube and through the other 
aperture into a calorimeter ; the problem being to find 
Stefan’s constant. 

We have to evaluate the integral f 


m 


cos £\. dA 1 . cos • dA 2 


in which dA x , dA 2 are elements of area of the apertures, 
r is the distance between the centres of dA x , dA 2 , and £\, 


* Communicated by the Author. 

t Planck 4 Vorlesungen ueber dieTheorie der Warmestralung ’ (Barth, 
1913), p. 19. 
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are the angles which the normals to dAi, dA% make with 
the line joining the centre of dA\ to that o£ dA 2 . 

Let the edge of the cube be of length l. Take two 
systems of rectangular coordinates Xi, y\ and x 2 , yz, one in 
the plane of each aperture, the origins being at the centres of 
the apertures and the two #-axes parallel to one another and 
to edges of the cube. 

Then 

dA i — dx]d;ji j d A o — dxydy^ | 

r* = l 2 + (*i —x 2 ) 2 + (y x -y-if, > ... (2) 

cos & = cos % 2 —l/r, j 

so that (1) becomes 

i‘say, ... (8) 

each integration ranging from — Z/2 to +1/2. 

In order to make the calculation, consider instead o£ (3) 
a problem in finite differences. Regard each aperture as a 
window cut into n 2 panes, each pane being square. Take 
each pane in the first window in turn with each pane in the 
second, forming n* pairs of panes. Then dx^dy x dx^dy^\% 
analogous to (area of first pane) (area of second pane), and 
is the same for all pairs being Z 4 /n 4 . So instead of (3) we 
calculate 


Ml pairs 


(separation of mid-points of panes) 4 7 Sa ^' 


w 


Q l 2 varies as P because the distance of mid-points is 
proportional to l. Let us therefore make the calculation 
for 1=1. 


First approximation. One pane in each window : 


Qi = l. 


Second approximation , » = 2. Four panes in each window : 


= A f4 _8_ J __ l 

16 \ i (i+i) s + (l+i + i) 2 J 

= 0-681, 111, 1. 
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Third approximation , n = 3. Nine panes in each windowr 

0 1 f 9 12x2 6 x 2 8x2 

Vs 81 11 + (1 + 1/9 ) 2 + (1 + 4/9 ) 2 + (1+1/9 + 1/9 ) 2 

4 16 ) 

+ (1 + 4/9+ 4/9 ) 2 + (1 + 4/9-+-1/9 ) 2 J 

= 0-649, 821, 9. 

Fourth approximation, n = 4. Sixteen panes to each 
window. To keep account o£ 256 pairs would be perplexing 
were it not that we can arrange them in a simple pattern. 


Fig. 1. 
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The blank squares can be filled in because the distribution of numbers 
is symmetrical both about the diagonals of the large square and also 
about the lines joining the mid-points of its sides. 

In fig. 1 let the central square represent any pane in one 
window. All possible relative positions of the panes in the 
other window are represented by the squares in fig. 1 . In 
each square the upper number is the number of pairs of 
panes so situated, the lower number is the square of their 
distance apart multiplied by n 2 . To form Q 4 we have to 
divide each upper number by the square of the lower 
number, and to sum the quotients. Presumably there is a 
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corresponding transformation from a fourfold to a double 
integral. However that may be, the result is 

Q 4 = 0-639, 910, 5. 

To continue in this way until the accuracy of experiment 
were surpassed would be insufferably tedious. Instead, to 
make the “ deferred approach to the limit * ”, it is assumed 
that, as there are neither discontinuities nor frills f, in (3) 

Q„ = ? + Bn- 2 +Cn- 4 +D«- 6 , . ... (5) 

(n = 1, 2, 3, 4). 

Fig. 2. 


TWO APERTURES FORritNO OPPOSITE FACES OF A CUBE 



On eliminating B, C, D, from this set of four equations it is 
found that 

2520? = 8192Q 4 —6561 Q, +896 0,-7 Q lf . (6) 
the coefficients in which are useful in other problems. 
Whence 0=0-627,75. 

This may be called an /^-extrapolation. As a rough check 
Q 2 , Q 3 , Q 4 are plotted against n~ 2 in fig. 2J, and a circle 
drawn through the points is found to cut the axis, n~ 2 =0, at 

* Phil. Trans. Roy. Soc. A. vol. ccxxvi. pp. 300, 311. 
t hoc. cit. p. 316. 

| Fig. 2 was shown at the British Association, Glasgow, 1928. 
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Q = 0*628. To judge how many digits are reliable, we can. 
neglect various parts of the four equations (5), retaining just 
enough of B, C, D to give a unique solution, B being 
retained first, then C, then D. Thus we form two sequences 
of extrapolations both leading to that already obtained :— 


Q 4 .0-639, 91 

from Q 4 , Q 3 .0*627, 17 

from Q 4 , Q 3 , Q 2 ... 0*627, 95 


Qx . 1-000, 00 

from Q 3 , Q 2 ...... 0,574, 81 

from Qj, Q 2 , Q 3 ... 0*631, 04' 


from Q x , Q 2 , Q 3 , Q* ♦ 0*627, 75. 


From these numbers it seems safe to conclude that 0*6278 
is right to within ±0 001. That accuracy is, however, 
barely enough. An estimate of the error could be obtained 
by the use of general formulae expressing the difference 
between the integral and the sum as a series involving 
derivatives of the integrand. But it seems more profitable 
to compute Q 6 by the aid of a diagram like fig. 1. The law 
of these diagrams is found to be expressed by 

_«=»-! t = » - 1 (n j s |)(n— j 11 ) 

%n “,=7-n t=f-n (rf + s‘ + t*y • 

It is thus found that Q 6 = 0'633, 086, 28. 

Extrapolating, as above, from Q 4 and Q 6 gives 0*627, 63. 

Extrapolating from Q 2 , Q 4 , Q 6 gives 0*627, 81. 


Conclusion .—The amount of light, uniformly diffused with 
brightness I, that will go in series through two apertures 
forming opposite faces of a cube of edge l is 

(0*6278 ±0*0001)Z 2 I. 

The pltysical meaning of the above result may be under¬ 
stood by comparison with the statement of Stefan’s constant. 
Instead of two squares we have one square of side Z, drawn 
on a flat radiating solid of uniform brightness I. The 
second square is replaced by a liemisphere-at-infinity, drawn 
with its centre in the first square and its basal plane 
containing the radiating surface. The amount of light that 
will go through the square and hemisphere is known to 
be ttZ 2 I, a result deducible from (1). 

The method will obviously extend to parallel rectangular 
apertures. 

The calculations were performed on a machine lent by the 
Government Grant Committee of the Royal Society. 
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Oil. Luminous Carborundum Detector and Detection Effect 
and Oscillations with Crystals . By 0. V. Lossev *, 

[Plates XVII.-XX.] 

Abstract. 

In this paper are described further observations on the 
phenomenon of the luminescence produced at the con¬ 
tact of a carborundum detector in connexion with a view on 
luminescence as a consequence of the process in the contact 
which is very similar to cold electronic discharge. 

Early observations were given by the author in the Russian 
language in 4 Wireless Telegraphy and Telephony* ( Telegrafia 
i Telefonia bez provodov , 66 1\ i T. b. p .” no. 18, p. 61, 1923, 
and no. 26, p.403, 1924 |). 

Two types of luminescence are suggested—“ I.** and “II.” 

The luminescence II. depends upon the fluorescence of the 
crystal under the effect of electronic process at the contact. 

The luminescence II. is more comparable than I. with 
cathodo-luminescence of carborundum in a discharge tube. 
The colour of luminescence II. changes considerably on 
altering the potential difference between the detector 
terminals, as may likewise be changed the colour of cathodo- 
luminescence. The spectrum of detector luminescence 
appears to be nearly identical with the spectrum of cathodo- 
luminescence. 

The luminescence of a carborundum detector is closely 
connected with its rectifying action, which cannot be 
explained by a thermoelectric effect. 

Increased conductivity of the contact at luminescence II., 
and the possibility of obtaining on the same carborundum 
crystal points with different direction of unilateral con¬ 
ductivity, are explained by the imposition of increased 
conductivity effect of the fluorescent layer upon the effect 
of electronic discharge properties at the contact. 

A luminous detector may be used as a light relay, owing to 
the very small inertia of both the commencement and cessation 
of luminescence. 

* Communicated by the Author. 

t Also Lossev, 4 Wireless World and Radio Review/ no. 271, p. 93 
(1924); and Zeit ./. Fernmeldetechnik , no. 7, p. 97 (1926). 
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There are also several observations on the behaviour of 
oscillating crystals (zincite). 

E XCEPT for some cases, at the contact of carborundum 
(SiC) * and metallic wire detector, more intense lumin¬ 
escence takes place when the metallic wire has a negative 
potential. In the case of current in the opposite direction 
(at the given luminous point), sometimes the luminescence 
is not observed at all (see figs. 2 and 3). 

Fig. 2. 



By the dotted line (in the first quadrant) is shown the branch 
of third quadrant. Luminescence I. 

§1. Two Types of Carborundum-Contact Luminescence. 

The Change of Luminescence II. Colour . 

From many observations it was found that two types of 
luminescence at carborundum contact may be distinguished* 

# Silicon carbide. 

Phil. Mag. S. 7. Vol. 6. No. 39. Nov. 1928. 


3 X 
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bluish colour. It is a orig ? i.«.luminescence 

»* p**- Th7d”£, f«—“ i8 an, to 

‘iVn f r if SH loS o£ itimineseenco I. 
fc oo. SS4 ^ooge with change of th. potentu! 

difference between detector termina s. pro duces 

Oo passing a current m the d.rent or J^hjr ^ 
the more intense lnminescence I., the detecto 

Fig. 3. 





MBflBw 



L 1g°-^ 


r/iBcaw 

[pt+)St^wiie ___ 

* ,ke wh 

conductivity (see the 

The rectification of “intinnon. displacing of 

In early observations^(2. i 1- ». p.) omy 

escence I. was describe^^^ & current is passing in a 

direction such that the luminescence II. w less intense, 

* Also ‘ Wireless World and Badio Eeview ’ no. 271, p. 93 (1924) 
And Zeit.fiir Fernmeldetechmk, no. 7, p. 97 (1 )• 
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contact shows less conductivity (fig. 3) ; L e unilateral 
conductivity is in the opposite direction to that of lumin¬ 
escence I. {cf, figs. 2 and 3). 

With luminescence II. strong fluorescence takes place upon 
a large surface of the crystal. Sometimes that fluorescent 
surface spreads beyond the limit of touch of the point of 
the contact wire (see PI. XVII. fig. 4). 

The colour of luminescence II. changes with change of 
the potential difference between detector terminals from 
orange to violet, as, for example, is shown in the following 
table:— 


Orange . 

Yellow . 

Light yellow 
Greenish ... 

Violet . 

The change of the colour is somewhat different for different 
points, even on the same crystal. These results were obtained 
with a current in the direction which gives the more intense 
luminescence, i. e. ( + ) carborundum and (—) contact wire. 

It must be mentioned that a direct cause for the change 
of colour is probably to be found in the temperature of the 
fluorescent surface of the crystal* depending upon the Joule 
effect at the contact. This suggestion is strengthened by 
the fact that external heating produced by a special heater 
changed considerably the colour of luminescence II. at the 
luminous detector. 

All carborundum crystals used for observations were of 
four kinds. With the first and second kinds can be obtained 
only luminescence I. With the third and fourth kinds can 
be obtained (on the same crystal) both luminescences I. and 
II. The crystals were mounted by stannous in metallic 
cups. As a contact wire, a steel wire, tantalum, nickelin, 
and silver were used. The properties of these metals as a 
contact wire were nearly identical. 

Under the microscope it may be seen that both lumin¬ 
escences I. and II. appeared if the contact wire was touched 
to the sharp edge of the crystal, or when a sharp point of 
contact wire was touched to the crystal surface. 

Sometimes might be observed the cases of imposition of 
both luminescences I. and II. one upon the other. 

* Cf the cases of change of luminescence colour depending on the 
temperature which are known in photo-luminescence (H. Becquerel, 
C. It. cxlvi. p. 440,1908; cli. p. 981, 1910). 

3X2 


6 volts (between detector terminals). 
10 „ 

20 „ ,, i9 

26 j, » if 

28 „ „ „ 
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Some typical features of both luminescences will be de¬ 
scribed later on. 

§ 2. Supposed Cold Electronic Discharge at the 
Contact of Carborundum Detector . 

( 1 ) The character and intensity of the luminescence de¬ 
pends to a great degree on the direction of the current (even 
if the same current (abs. value) is taken in both directions 
with characteristic of type fig. 3, or same tension with 
characteristic of type fig. 2 ; see § 1 ). 

(2) Unilateral conductivity of carborundum contact is 
closely connected with its luminescence (see § 1 & § 3 and 
cf\ also § 4). 

(3) As may be clearly seen under the microscope, the 
luminous surface is not incandescent. For example, a drop 
of benzene put on the luminous surface is not vaporized for 
a long time. Of course, when a strong current (of order 
more than 20 milliamps) is flowing through the detector, the 
part of the crystal near to the contact, in addition to showing 
the cold luminescence, will be slowly brought to a red heat 
(see § 5 ; cf '. also item 2, § 4). 

(4) The substance of carborundum does not produce 
thermo-luminescence. Hence the cause of luminescence 
is not due to a Joule effect at the contact (see § 1 and § 5— 
only the colour of fluorescence at luminescence II. depends 
on the temperature at the contact). 

(5) The inertia of both the commencement and cessation 
of luminescence, even with possible strong currents through 
the contact (till the destruction of the contact), is very small 
(see § 5 and cf. also item 1, § 4). 

It may be supposed, therefore, that the luminescence at a 
carborundum contact is a consequence of the process which 
is very similar to cold electronic discharge ( cf . § 4). 

The suggestion that unilateral conductivity of the contact 
with crystals can be explained by electronic process 
(electronic emission at the contact) has already been pro¬ 
posed by F. Braun * * * § , Gr. Hoffmann f, and Pierce %. 

Fig. 5 (PI. XVII.) shows luminescence I., where the 
stratification of light is near the contact electrodes §. At 

* F. Braun, Pogg. Ann. cliii. p. 556 (1874) ; Wied. Ann. i. p. 95 (1877), 
iv. p. 476 (1878), xix. p. 840 (1883). See also H. Liike, Phys. Zeit. xxviii. 
p. 213 (1927). 

t GL Hoffmann, Phys. Zeit. xxii. p. 422 (1921). 

J Cit. A. 0. James, Phil. Mag. xlix. p. 681 (1925). 

§ See T. i T. b. p , no. 26 ; ( Wireless World and Radio Review/ 
no, 271. 
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the top is the point of contact wire (—) and at the bottom 
the crystal surface (-f). Magnified 505 times ; current 
through the contact = 18 milliamps. If the value of cross- 
section of the luminescence is counted as a diameter, from 
fig. 5 it is a simple matter to calculate “the area of lumin¬ 
escence,” which is 700 sq. microns. The size of that order 
in comparison with the size of the fluorescent surface at 
luminescence II. is very small, and it is typical for lumin¬ 
escence I. 

The question of whether the electronic process occurs in 
the layer of adsorbing gas or in the crystal lattice of the 
surface-layer of the crystal requires further investigation *. 
At any rate, the presence of apparent fluorescence of the 
crystal at luminescence II. (see § 1) shows that some process 
takes place also in the surface-layer of the crystal t- 

Comparison of Detector Luminescence with Cathodo-Lumin- 
escence. 

Luminescence II. is more comparable than I. with fluor¬ 
escence of carborundum in a discharge-tube (see Pl. XVIII. 
fii>. 6) under the cathode rays effect. Tt was found that 
the colour of carborundum cathodo-luminescence in an 
evacuated tube may be changed in a similar manner to the 
luminescence II. at the detector. With softening of the tube 
(i. e . with increase of pressure in it) the colour of cathodo- 
luminescence changes slowly from orange to violet. 

First and third kinds of carborundum (SiC), two kinds of 
zincite (ZnO), and two kinds of iron glance (F 2 0 3 ) were 
mounted in the tube as shown in fig. 6 (PI. XVIII.). Strong 
cathodo-luminescence takes place only with carborundum 
{both kinds). With both the zincite and iron glance the 
cathodo-luminescence is very feeble. 

The Spectrum of Detector Luminescence and Cathodo - 
Luminescence . 

The spectrum obtained from carborundum contact lumin¬ 
escence (I, and II.) is continuous with a feebly-marked red 
portion. With increase of the potential difference between 
detector terminals, with luminescence II., the relative 

* Cf. A. P. Joffe, Reports of Y. Congress Russ. Phjs. p. 11, 1926. 
It has been stated by A. F. Joffe that in the substance of dielectric 
crystals a process may occur similar to the production of ions at 
discharge in the gas. Cf. also A. C. James, Phil. Mag. xlix. p. 681 
(1925). 

t For the present consideration, it is of no importance whether the 
substance SiC fluoresce or some other admixture in the crystal. 
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brightness o£ the spectrum in the region of shorter wave¬ 
length is increased (cf. § 1). 

The spectrum of carborundum cathodo-luminescence in a 
discharge-tube appears to be nearly identical with the 
spectrum of contact luminescence II. 

In order to obtain some indications with respect to the 
essentials of the process at the contact, the luminescence of 
a carborundum detector was also observed in a magnetic field. 

Sometimes the luminescence changed considerably as the 
luminous detector was transferred from air to another medium; 
for example, to benzene. The description of these obser¬ 
vations is outside the scope of this paper. 

§ 3. Luminous Detector and Unilateral Conductivity of the 
Contact with Crystals. The Fjfect of Increased Con¬ 
ductivity of the Fluorescent Layer. 

The points of the crystal which were found at high 
frequency (without impressed “ polarizing voltage ’*) to 
give the rectified action were always non-equal as regards 
luminosity with direct current at a different direction of d. c . 
(and in meaning of item 1, § 2). 

In order to explain the inverse directions of unilateral 
conductivity showrn by characteristics of figs. 2 and 3* (§ 1), 
it may be easily supposed that at luminescence II. occurs 
the increase of conductivity of the fluorescent layer (a very 
large surface of which is typical for luminescence II. ; 
see fig. 4) under the effect of electronic process at the 
contact,—analogically to the known fact of increasing con¬ 
ductivity of cathodo-luminescent bodies in discharge-tubes t- 
(This suggestion was also made by Prof. B, A. Ostroumoff.) 

The influence of increased conductivity effect of a layer 
near to the contact may be partly applied to the actions of 
some other (and non-luminous) contact detectors and im¬ 
pressed on the effect of properties of hypothetic electronic 
discharge itself. 

In addition to the characteristics on figs. 2 and 3 (§ 1), on 
fig. 7 is shown the curve both positive and negative branches 
of which are crossed (when they are in the same quadrant). 
The presence of that cross can be explained by the imposition 
of these two effects. By examination of detector contact 
under the microscope, when the curve of fig. 7 was plotted, 
the case of imposition of both luminescences (I. and II.) cam 

* Cf, A. Schleede and H. Buggisb, Phys . Zeif. xxviii. p. 174 (1927). 

t E. Rupp, Ann . d . Phys. lxxiii. p. 127 (1924). 
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be observed. (The point of the crystal from which the curve 
of fig. 7 was taken was also tested for rectifying of high 
frequency (without impressed 46 polarizing voltage”). It 
was found that at low tension of H.F. the rectification 
occurred in one direction, but with increased tension of H.F* 
the direction was reversed). 


Fig. 7. 



Both positive and negative branches of characteristic are 
shown in the same quadrant. 


Unilateral conductivity of the carborundum detector 
Cannot be explained by thermoelectric effect. In connexion 
with this an investigation was made the description of 
which is outside the scope of this paper. It was found that 

T. i T. b . p. no. 44, p. 485 (1927). 
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neither the value o£ the thermo-E.M.F. nor its direction 
agreed with the continuous component value of the E.M.F* 
o£ the rectified current, which at corresponding conditions 
can be easily obtained from the same detection point of the 
carborundum crystal *. 

All characteristic curves given in this paper were plotted 
by means of the scheme shown in fig. 8 (E=s V—IB*). 


Fig. 8. 



§ 4. Luminous Detector and Oscillations with Crystals * 

The oscillation with crystal detector (galena) was dis¬ 
covered by W. Eccles in 1910 f. He formulated an 
interesting thermal theory of this phenomenon based on the 


* Cf. F. Trey, Phys. Zeit. xxvi. p. 849 (1925). H. Luke, Phys. Zeit. 
xxviii. p. 213 (1927). 

t In May 1910 a communication was made by W. H. Eccles to the 
London Physical Society (‘ The Electrician/ p. 385,1910); see G. W. 
Pickard, ( Radio News/ vi. p. 1166 (1925) ; H. J. Round and N. M. Rust, 
Wireless World and Radio Review/ xvii. p. 217 (1925); H. S. Pocock, 
Wireless World and Radio Review/ xiv. p. 299 (1924). See also 
G. Million, Jn., i Radio News/ v. p. 714 (1923) ; R. Pennec, i Radio 
Revue/ no. 28, p. 139 (1924), 
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fact that many detector minerals, having metallic conduc¬ 
tivity, have a negative temperature resistance coefficient*. 

A carborundum detector seldom gives the characteristics 

with negative slope < 0^, even on little space {cf. on 

fig. 9 a the characteristic of oscillating point of zincite detector; 

on space I o D^j-<0). Sometimes in a zincite generating 

detector (zincite and steel wire) the luminescence can be 


Fig. 9 a. 



■obtained, but it is very feeble (cf. § 2. The cathodo- 
luminescence of zincite is also very feeble in comparison 
with that of carborundum). 

(1) The possibility of producing very steadily (continued 
for some hours), with a generating zincite detector, short 
waves to 24/3 metres (1’23 x 10 7 cycles per second) f shows 

} * W. H. Eceles, Phil. Mag. xix. p. 869 (1910). ( Cit. by A. Petrowsky, 

Morskoy Sbornic, no. 10, 1911). For example, for specimens of zincite 
(ZnO), carborundum (SiC), and iron glance (F 2 0 3 ) within 22° to 97° 0. 
temperature resistance coefficients were correspondent to (1) - 0*007; 
(2) —0*0027 ; (3) -0*0065 (T. i. T. b . p. no. 26, p. 403,1924). 

t Cf . R. Ettenreich. JPhys. Zeit. xxi. p. 208 (1920). u It has been stated 
by R^ Ettenreich that the time of reaction in crystal rectifiers is less 
-than 10~ 6 second n {cit. A. C. James, Phil. Mag. xlix. p. 681, 1926). 
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that the inertia o£ the corresponding processes at the contact 
is very small {cf. § 5). 

Fig. 10 represents the scheme used for receiving short 
waves *. The galvanometer jjlA was used as indicator ; 
d = galena detector ; zincite generating detector ; L= 
seven turns in the diameter 11 cm.; wire in the diam, 
2 mm.; L'=one turn in the same diameter; wire in the 
diam. 2 m 2 mm.: R & =ballast resistance 2 300^ ; L" and L'"== 
choke-coils—single-layer coils (without iron core) ; wire in 
the diam. 0*1 mm.; C'^blocking condenser 370 cm. ; B = 
battery 12 volt. (Besides the fundamental frequency 1*23 x 
10 7 the second harmonic was also found.) 


Fig. 10. 



v —— v - 


The scheme as used for short-wave reception; the circuit I/C' has been 
calibrated by the method of stationary waves on Lecher wires ; the 
coupling between L' and L was loose. 

(2) An investigation of temperature influence on gene¬ 
rating contact showed that the value (abs.) of the negative 
resistance produced by the contact was strongly decreased 
by even comparatively small equable external heating (for 
example, on 60° C. ; see fig. 11—both positive and negative 
branches of the characteristic curve are shown in the same 
quadrant). If the detector is generating the oscillations are 
stopped by heating. Decrease of the temperature gives the 
contrary effect f. Thus the contact of a generating detector, 

* T. i T . b. p. no. 21, p. 349 (1923). Ref. by H. Pocock, ‘Wire¬ 
less World and Radio Review/ xiv. p. 299 (1924); M. Gausner et 
T. Quinet, Radio Revue , no. 30, p. 189 (1924); and by J. Podliasky, 
Radioelectricitt, v. p. 196 (1924). 

t T. i T. b. p. n. 18, p. 45 (1923). Ref. by C. N. Vinogradov*. 
L'Onde Electrique, n. 33, p. 441 (1924). 
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under normal conditions, when working is very feebly- 
heated . 

The action of the contact of a zincite generating detector 
may be regarded as the result of a cold electronic process,, 
but having certain properties of the voltaic arc * ( cf . § 2). 
This is in accordance with the observations described above. 

For the purpose of the present consideration we may 
introduce the conception of ohmic resistance (of touch at 
the contact f) which is in parallel to the hypothetic 


Fig. 11. 



The curves E = /(I) under varying conditions of temperature of zincite 
steel wire detector. The curve at the top and that third from top 
are-plotted with the positive of applied current to the zincite, while 
the second and fourth were with negative to the zincite. Both 
the fifth and sixth curves indicate each two branches of characteristics 
which are considered. All curves were plotted from same oscillating 
point. 

After cessation of heating (approach to normal conditions) initial 
properties of detector are’restored. 

(The oscillation circuit was disconnected during the time of plotting.) 


# Partly similar to thermionic emission, but under a great deal lower 
temperature (see fig. 11). Due to the temperature, E 0 changes con¬ 
siderably (which may be somewhat analogous to break-down voltage of 
ordinary discharge in the gas). See T. i T. b.p. no. 18 ; C. Vinogradov,, 
loc. cit. 

t G. Hoffman, loc . cit . 
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discharge and also takes into account the fact that the 
electronic discharge at I from 0 to I<I 0 is very small, and 
the current passes chiefly across R 5 (i. e . tan = R* ; see 
fig. 9 a ). 

For a space of characteristic I>Io an expression 

E = -KIR, + a + V(a-IR*) 2 -4R^) + Ir,. . (I.) 

is obtained if it be supposed that cold electronic discharge at 
generating contact at I>I 0 is subject to the law e — a + bji 
Here e and i are tension and current of electronic discharge; 
a and b = constants ; r = resistance of crystal thickness ; 



I = current across the whole detector ; E = tension on 
detector terminals + (cf. §2). On fig. 12 is shown the 
curve which corresponds to expression (I.) (curve A). To 
each value of I correspond two values for E, but only one 

dp 

of them will be stable (E<E M ) ? since at E>Em — jt >R, 
(see fig. 12). 

_Jiunost cases formula (I.) is near to experimental results. 

With regard to the order of magnitude of the constants in 

* See Mrs. Ayrton, ‘The Electric Arc/ London. V. Mitkevich, 
Journ. Russian Phys.-Chem. Society, p. 678, 1903, and p. 65,1904. 

t T. i T. b. p. no. 18, p. 45 (1923). C. N. Vinogradov, loc. tit. Cf. 
Gautherot, Radio Revue , no. 33, p. 278 (1925). 
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formula (I.) the following table may give some indications. 
The calculations are based on characteristics which are 
plotted from the oscillating points of the zincite. 


Contact. 

r Q' 


a . 

bx 10 3 * 

Zincite $1—steel wire ... 

98 

20,000 

5 

1*7 

»« »/ » . 

80 

28,000 

7*5 

3*5 

»» r> »» . 

76 

10,000 

3*3 

0*9 

»> it 35 . 

80 

30,000 

4-5 

1*5 

rt >> »» . 

50 

25,000 

35 

1*5 

»» f> if ...... 

49 

6,000 

3-5 

0*8 

„ N2 —steel wire ... 

150 

32,000 

9 

1*5 

J> 55 »5 . 

170 

40,000 

10*5 

3 


tc 


can be calculated approximately as 


. 2E 0 — a 

-tttf -- T 5 

J o 


where E 0 and I 0 are coordinates of the plotted characteristic 
curve which corresponds to the commencement of the stronger 
discharge (see fig. 9 a). 

When I 0 and E 0 of the curve taken are nearest to the 
values I m in. 9 E m respectively (of the corresponding theoretical 
curve; see fig. 12 [A]), the calculations may be done with 
close approximation (I 0 r neglected). 

For one of such cases, on fig. 13 are shown the results of 
comparison of the slope value of straight line of calculated 
R* (expression II.) for given characteristic (dotted line^ 
tan/3 = Rat) with the value of slope at its initial part 
(OA on fig. 13). In this case (see fig. 13) it is clear that 
they are near together, which is in accordance with the 
present consideration. 

All negative resistances given by conductors with charac¬ 
teristics with negative slope, for the following consideration, 
may be divided, as was done by Gr. Ostroumoff’t, into two 
different groups : (1) “a negative series-resistance” and (2) 
“ a negative leak-resistance.” 


# “ a 9y has a dimension of the potential; has a dimension of 

power. 

t Eor this case B. s =18,500 fl . 

% G. Ostroumoff, T. i T. b. p . no. 38, p. 465 (1926). One or another 
group of negative resistance is determined by characteristic rotation in 
regard to coordinates (which are displaced by constant components of 
both a direct current and tension; see fig. 9 5). By this the stability 
is determined in one circuit or another (G. Ostroumoff considers both 
the arc and the vacuum-tube). ( Cf. H. Barkhausen, Zeii. fur Hoch- 
frequenztechnic , xxvii. p. 150 (1926). Also Kiebitz, ibid, p. 136 (1926) 
T. i. T. b.p. no. 14, p. 384 (1922) and no. 38, p. 436 (1926)). 












1038 


Mr. O. V. Lossev on 


From the form of static characteristic of the generating 
detector (see figs. 9 a, ] 1, 13 ; cf. also fig. 9 b) it can be seen 
that a generating detector may give “ a negative leak- 
resistance.” Thus a steady periodical process may be excited 
by a generating detector only, either : 

(1) In a 64 capacity circuit” JEtC (fig. 14—the circuit con¬ 
sists of the capacity C and resistance R, where self-inductance 
is very small) with the period of impulses proportional to 
RO analogically to a multivibrator, Abraham and Bloch * ; 
or 


(2) In an ordinary (Thomson) oscillating circuit (LC) 
connected in series to the detector G (see fig. 10) t. This 
was found to be so in all our experiments J. 

In the following table are shown the observations of 
frequencies of u capacity oscillations ” which are produced 
by a generating detector in circuit RC § (fig. 14). 


r (Q.) 

C(/x F). 

Observed frequencies, 
/(cyc./sec.). 

Value of coefficient k 
in expression /=1/&RC 
corresponding to observed f. 


2-9 

2200 

2-61 

40 

4*9 


2*84 

170 

0*9 


312 

170 

2 

850 

3-46 

170 

2*9 

620 

3-28 

170 

4 

460 

3*19 

240 

29 

560 

2*56 

240 

2 

790 1 


220 

09 


2T9 

40 

4*9 

1550 

3*29 


# H. Abraham and E. Bloch, C. H. clxviii. p. 1105 (1919). 1 Radio 

Review/ i. no. 2, p. 91 (1919). Cf\ H. Barkhausen, E . T. Z . p. 1338 
(1924) ; E. Friedlander, Arch, fur Electrotech . xvii. pp. 1 and 103 ; B. Van 
der Pol, Jn., Phil. Mag. lii. p. 978 (1926). The latter author termed these 
oscillations <£ relaxation oscillations.” In this paper they are termed 
“ capacity oscillations ” to distinguish them from another type of re¬ 
laxation oscillations ,— u self-induction oscillations,”—of which the period 
is proportional to L/R. u Self-induction oscillations ” appear to be 
steady only in the presence of “negative leak-resistance” (see fig. 9&) 
in the circuit containing self-induction and resistance, 'where capacity is 
very small. 

t In the “ Thomson circuit in parallel ” it is possible to obtain stable 
oscillations only with a negative leak-resistance/* for example, with 
vacuum-tube (see fig. 9 b). 

J From a generating detector may also be obtained oscillations of 
which the period is regulated mechanically (quartz, camerton, and so on). 

§ T. i T. b. p. do. 38, p. 446 (1926). 
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R = 1000a ; ohmic resistance of the telephone = 250 o ; 
B = 12 volts = const. 

In a “ Thomson oscillating circuit in series ” (LO) the 
generating detector G (as well as Duddel arc) produces* 
generally speaking, the oscillations of the “ second type 9J * 
(see PI. XIX. fig 15). 

Fig. 15 (PI. XIX.) represents the oscillograms of oscillating 
current of low frequency. The oscillograph loop was directly 
connected to oscillating circuit LC. 0 = 2 F. ; L = 0*1 H .; 
ohmic resistance in the circuit = ll n ; R 6 =1000o; B = 12 volts 
(see fig. 16). 

The period of these non-sinusoidal oscillations will increase 
the more in respect to 2 tt \/Tuj C (1) the greater C/L, (2) the 
smaller the resistance of the circuit* (3) the steeper the 


Fig. 16. 



negative slope on a given space of detector characteristic. 
For example, with strong increase of direct current I (see 
fig. 9 a) the period may be decreased approximately to 
2tt \/L/C. Compare the curve “ a 99 on fig. 15 (PI. XIX.), 
which is plotted at small I (“a*’ at 1 = 2*5 milliamps.; E, on 
detector terminals, = 7*1 volts) with u b 99 plotted at large I 
(“ b 99 at 1 = 4*9 milliamps. ; E = 6'2 volts) across the gene¬ 
rating detector. 

But it may be mentioned that the production of “ second 
type ” oscillations cannot be taken as a factor to confirm 
either the thermal theory or the point of view on the 

* T. z. T. b . p. no. 14, p. 375 (1922) ; 6 Wireless World and Radio 
Review/ no. 271, p. 93 (1924). “By Second type” here is meant a 
large deflexion of the oscillating current in the circuit from a sinusoidal 
form. The oscillograms were kindly taken by Mr. A. M. Coogucheff. 
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electronic discharge* * * § It is a consequence of the charac¬ 
teristic form (even if counted as u non-inert **) of generating 
detector (see fig. 9 a), and also of its regimen and the 
properties of the connected oscillating circuit. 

There are interesting thermal theories with respect to the 
actions of generating contact formulated by W. Eccles * r 
A. Petrowsky f, and Gr. Ostroumoff +, and as regards the 
sounding of detector by K. Lichtenecker §. 

F. Seidl discovered an interesting phenomenon of the 
sounding of crystals, and investigated in connexion with this 
phenomenon different effects || under the condition of larger 
currents than in the case of ordinary oscillation with crystal, 
and came to view the effect of sounding as a consequence of 
electronic discharge. 

As it is with other sources of negative resistance, in the 
schemes with a generating detector the regimen of regene¬ 
ration may be obtained. For practical purposes the detector 
is easy to connect directly to the aerial of the receiver IT 
(figs. 17 a & 17 b). 

More than eighty different natural minerals have been 
investigated with regard to the oscillations, and it has been 
found that (besides zincite) tinstone (Sn0 2 ) generated rather 
well. 

The author desires to take this opportunity of expressing 
his gratitude to Mr. N. A. Smolianinoff for his kind 
presentation of many specimens of minerals. 

For practical purposes the most satisfactory type was 
found to be a zincite crystal which was prepared by fusing 
with MnOij in an electrical arc furnace **. 

Fusion of the crystals increases their conductivity. Fused 
crystals produce stable oscillations (which may be maintained 
for more than three days). With fused crystals, tension of 
d.c. source must not be too great—about 12 volts are enough 

* W. Eccles, loc. cit. (cit. by A. Petrowsky). 

t A. A. Petrowsky, Morskoy Sbornic, no. 10 (1911). 

J G. Ostroumoff, T. i T. b. p. no. 24, p. 204 (1924). 

§ K. Lichtenecker, Zeit. fur Tech. Phys . viii. p. 161 (1927). 

|| E. Seidl, Vien. Ber . (11. a) cxxxv. H. 9 (1926); Phys. Zeit . xxvii. 
pp. 64 and 816 (1926). The effect of sounding of crystals has also been 
discovered by the radio amateur, A. Karpovsky, Nov. 1926 (T. i. T. b. p. 
no. 43, pp. 449-451, 1927). 

Lossev, Technika Sviazi , ii. nos. 3-4, p. 390 (1924). Ref. by 
V. Gabel, i Wireless World and Radio Review/ vol. xv. no. 269, p. 5(1 
(1924). Cf, Britch. pat. J. Smith and S. Pearce, No. 259006 (1925) 
(Exp. Wir. & Wir. Eng. iii. no. 39, p. 776 (1926)). 

** T. i T. b.p. no. 21, p. 349 (1923). Also Zeitschr . fur Pemmelde - 
technik , no. 9, p. 132 (1925). 

PUL Mag . S. 7. Yol 6. No. 39. Nov. 1928. 3 Y 
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on the average. Signs of poles are important. Except for 
some cases, the branch of characteristic at (+) zincite and 
(—) steel wire has steeper negative slope (see, for example, 
fig. 11). Of course, stability occurs only when the resist¬ 
ance Rft (see figs. 8,10,14,16, 17 a & 17 b) is not less than the 
absolute value of the negative resistance produced by the 
detector (at given I and E). 

In conclusion, it may be mentioned that a considerable 
change of zincite detector characteristic may also depend on 
the Joule effect (c/. fig. 11). For example, when the oscil¬ 
lating point giving the characteristic curve is traced by 
the steady current, of order more than 10 milliamps., the 



B=12 volts (4+8), 

During the work of the scheme 
the current 1 across the detec¬ 
tor G was usually taken of order 
4 milliamps. 

Rj=1000q. 


L/C' is u an auxiliary circuit ’’ of low 
audio-frequency, used to find the oscil¬ 
lating points on the crystal. 

L'=0*035 H.; C'=0*25/*F. 

To obtain the oscillations in the circuit LC 
after switching from L'C' to LC, the 
conditions 


C/L^C'/L' and IV 
must he taken. 

R and R' are resistances in the circuits. 


“ hysteretic loop" depending on the Joule effect was 
observed (c/. fig. 11). 

Setting the generating zincite detector in benzene, ether 
{generally in non-con due tive intensively evaporating liquids) 
makes E Q /a greater, and enables the production of negative 

* Russian Pats. 996, 75317 (1922); 472, 77717 (1923). 
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resistance to be greater in absolute value *. (See the 
influence o£ the temperature in fig. 11; cf, also § 2.) 

§ 5. Luminous Detector as a Light Relay . 

The luminescence of a carborundum detector may be 
observed, beginning with a current through the contact o£ 
order 10"~ 4 amp. (see the characteristics on figs. 2, 3, & 7). 

With strong current of order 10 _1 amp. bright lumi¬ 
nescence may be obtained, and it still remains on a 
red-hot (by the Joule effect) crystal. Fig. 18 (FI XIX.) 
(orthochromatic plate) shows the piece of carborundum 
placed between two metallic rods ; the current =0*2 amp.; 
the potential difference between rods = 29 volts. At the 
negative electrode a violet spot (fig. 18, on the right) of 
luminescence II. is marked on the red-hot crystal. 

During observations of both luminescences (I. and II.) in 
a rotating mirror, if an alternating current passes through 
the contact separate flashes may be clearly seen at fre¬ 
quencies up to 78,500 eye. per second (current = 0*23 
amp. R.M.S.). The limit of discernment of these flashes 
(frequency 78,500 eye. per second) depends on the resolving 
power of the installation of the rotating mirror, but it was 
independent of “ luminescence inertia. 59 Even at frequency 
78,500 eye. per second the lengths of the black intervals 
were more than the lengths of the flashes, which indicated 
that the luminescence appeared and disappeared very 
quickly f. 

The brightness of the luminescence may be made suffi¬ 
ciently great to render it possible to record on a moving 
photographic plate an alternating current of frequency order 
10 2 eye. per second. Fig. 19 a (PL XX.) shows the record 
of a current 500 eye. per second (with luminescence II.; 
current through the detector = 0*24 amp., R.M.S. ; objec¬ 
tive F: 3*5 ; F = 7 cm.) ; see also fig. 19 b (PI. XX.). 

Fig. 20 (PI. XX.) represents the action of luminescence 
II. on a photographic plate for different times of exposure 
(objective “ Collinear Voigtlander 99 F : 18 ; F = 18 cm. ; 

* T. i T. b . p. no. 18. 

t With regard to small inertia, compare the very small (and typical 
lor fluorescence) duration of after-luminescence in photo-luminescence; 
(of order 10*~ 8 sec. ; less than 10~ 45 sec.). See S. J. Wavilow and W. L. 
Lewshin, Journ. Russian Phys.-Chem. Society, lviii. p. 555 (1926); 
Zeit.filr Phys. xxxv. p. 920 (1926). In the investigation of the photo¬ 
luminescence phenomenon it has been stated by the above-named authors 
that there are no intervening stages between fluorescence and phosphor¬ 
escence. 


3 Y 2 
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the luminescence is projected in natural size; current 
through the detector = 0*:23 amp.; tension on terminals 2# 
volts). For comparison, in fig. 21 (PI. XX.) are shown 
some results for “glimmering” neon lamp (also non-inertia 
source of light) Osram 125-139 volts, to which was applied 
d. c. 177 volts with value 15*1 milliamps. From this it is 
clear that the luminous detector acted more effectually than 
the lamp {cf. figs. 20 & 21, Pl. XX.). 

It may be mentioned that with strong currents sometimes, 
in addition to the contact luminescence, luminescence at the 
place of contact of single little crystals occurred, in one place 
or in another, in the middle of the carborundum piece ( cf . 
fig. 18). The intensity of these luminescences also depends 
on current direction, in meaning of item 1, § 2. 

In conclusion, the author wishes to thank Professor W. K. 
Lebedinsky, M.Sc., for his valuable advice in connexion with 
the work on oscillating crystals. 

Nfiny-Novgorod, Radio Laboratory. 


CIII. On Jaeger's Method as Applied to the Determination 
of the Surface lension of Mercury . By R. C. Bkown, 

B.Sc.* 

ri^WO years ago research was commenced with a view to 
JL determining, by a small variety of methods, the surface 
tensions of certain molten metals. As in the literature of 
the subject the maximum bubble pressure method, sometimes 
called Jaeger's method, is quoted as having been used 
extensively for high temperature work, it was decided to 
make use, in the first place, of this method. A few pre¬ 
liminary experiments were carried out using mercury, for 
obvious reasons, and difficulties began immediately to appear. 
Many of these have apparently been encountered also by 
Bircumshaw (Phil. Mag., Sept. 1928). Throughout the past 
two years the vagaries of the method have been studied by 
the present writer, not so much for their own sakes as with a 
view to their elimination. The observations described in the 
present paper in many cases fall in with those of Bircumshaw 
and also break a certain amount of new ground. 


* Communicated by Prof. A, W. Porter, F.R.S, 
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Apparatus and General Manipulation . 

The apparatus was of the usual type. The gas to be used 
for blowing the bubbles was contained in a glass reservoir 
the volume of which could be controlled by allowing mercury 
to run in or out of it. On leaving the reservoir the gas 
passed through rubber tubing, which could be restricted to 
any required degree by means of a screw-clip, and then to 
the jet and one arm of a water manometer, which consisted 
of a tube of 0*5 cm. bore, the other arm being a Woolf’s 
bottle of 10 cm. diameter. Thus pressure changes read on 
the narrow arm were multiplied by 1*0025 in order to 
obtain the true pressure change in centimetres of water. 
During the preliminary experiments the jet was clamped and 
the mercury under experiment was raised or lowered beneath 
it on a levelling table fitted with a graduated vertical action. 
Thus the jet remained stationary and the mercury was set 
with its surface coinciding with the plane of the jet by visual 
observation ; it was then raised through a known distance. 
Later the jet was provided with a graduated screw for 
vertical motion and the mercury container, which was of 
silica, was fixed. The disposition of this part of the apparatus 
was such that the whole could be enclosed in a vertical 
electric furnace, the temperature of the mercury being 
measured with a calibrated Pt, Pt-Rh thermocouple. A 
drying tube of wide bore containing calcium-chloride lumps 
was incorporated between the manometer and the jet. The 
jets, in the first place, were made of glass, and it was found 
that these could be drawn and fractured satisfactorily after 
some practice, and there appeared no necessity to grind them. 
Later, jets of amalgamated copper, platinum, and monel 
metal were used. When possible, the setting of the plane of 
the tip of the jet in the mercury surface, preparatory to 
lowering it through a known distance, was done visually ; 
but, when the furnace was in use, this became no longer 
possible and the following technique was adopted. The 
pressure inside the gas reservoir was reduced and the screw- 
clip adjusted so as to cause a slow current of air to flow up 
the jet. The latter was then slowly lowered until the 
manometer began to rise, showing that the jet orifice had 
been closed by the mercury surface. The settings of the 
screw-head thus obtained were found to be in better agree¬ 
ment with those obtained visually than were those obtained 
by the more generally used method of allowing gas to flow 
out of the jet, probably because in this last case the outflow¬ 
ing gas forms a depression in the mercury surface and the 
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movements o£ the manometer are correspondingly less 
definite. In the later and more accurate experiments the 
mercury for each day's readings was collected in the silica 
vessel direct from a single-stage vacuum still. 

The equation used in the calculations was 

T -?[ H ~ (* + l')4 

where 

T is the surface tension of the liquid in dynes per cm. 

r the radius of the jet in cm. 

g the acceleration due to gravity. 

H the maximum corrected reading of the manometer 
in cm. 

<r the density of the manometric liquid. 

h the depth of the tip below the free surface of the 
mercury in cm. 

p the density of mercury at the temperature observed. 

Results . 

During the first experiments the bubbles were blown with 
air, and it was immediately noticed that the detachment of 
the bubble from the tip of a glass jet in mercury corresponded, 
in general, to no definite pressure for any given jet. The 
first indication of reproducibility was given by a glass jet of 
internal and external radii 0*026 and 0 045 cm. respectively. 
Readings of maximum bubble pressure taken immediately 
after setting the tip 0*391 cm. below the free surface of the 
mercury always rose consistently, not from a consistent 
initial reading, but always reaching a definite maximum. A 
typical series of readings was 38 cm., 42*0 cm., and a 
maximum of 42*52 cm. of water, the maximum being con¬ 
sistent. If the jet was withdrawn and reset in the liquid a 
similar series was obtained with the same maximum. When 
corrected for the rise of water in the wide arm of the 
manometer 42*52 cm. becomes 42*63 cm. of water with a 
density of 0*999 gm./cc. Using the internal radius of the 
jet in the calculations the value for the surface tension of 
mercury comes out to be 478 dynes/cm., and using the 
external radius the value is 819 dynes/cm. Of course 
the bubble is quite invisible during the whole of its life, so 
that the evidence as to which edge of the jet it is clinging to 
when the pressure inside it reaches a maximum is derived 
from the values given when each of the radii is used in turn 
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in the calculations. Thus in the above case it would appear 
that the internal radius is the correct one to use, as 478 is a 
much more probable value for tbe surface tension of mercury 
at room-temperature than is 819. 

A set of readings covering several days, during which the 
jet was not removed from the mercury, was taken with this 
jet. After the first day the readings remained consistently 
at the maximum, rising slightly with time. Thus on the 
first day the result was 470 dynes/cm. and on the fifth it was 
477, using the internal radius (the external radius, if used in 
the calculations, will, of course, give 817 for the fifth day)^ 
Points to be noticed are :— 

1. On the fifth day the maximum pressures were constant 
to 0*05 cm. of water in 42 cm., and in most cases no variation 
was noticeable at all on a scale graduated in mm. 

2. On withdrawing the jet and re-immersing it on the 
fifth day the pressure assumed its maximum value after 
about two bubbles had been released. 

3. The pressure at which the bubble became unstable 
depended not on the time elapsed since setting the jet in the 
mercury but on the number of bubbles blown since then. 

4. The mercury was not protected from atmospheric con¬ 
tamination to any great extent, so that the accuracy of the 
method would appear to be singularly independent of 
the state of the free surface of the mercury when once the 
jet has been immersed below it. 

Next a jet was made with thinner walls but larger radii 
[internal 0*0847 cm., external 0*0970 cm., thickness 0*012 
cm.]. The jet was soaked overnight in chromic and 
sulphuric acids, washed in tap-water and distilled water 
and dried. The following set of uncorrected pressures, 
p. 1048 (cm. water) was obtained. A horizontal line 
separating two consecutive readings indicates that between 
these two readings the jet was withdrawn and reset in the 
mercury. 

Thus with this jet it would appear that after two or three 
bubbles had been released, the bubble began to form on the 
outer edge of the jet, giving a pressure of 16*14 cm. of 
water (when corrected for the rise of the wide arm), since 
this pressure gives, when the external radius is used in the 
calculation, a value of 473 dynes/cm., which is very near to 
values obtained with other jets, and also those published by 
other observers. The low value of the pressure obtained 
with the initial bubbles of the series might be explained by 
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assuming the presence o£ an air-film adhering to the jet upon 
first lowering the latter into the mercury, and the subsequent 
partial or complete destruction of the film by movements o£ 
the mercury following upon the release of the first bubbles. 


Uncorrected Pressures . 


15- 7 | 
157 i 
157 J 
160 
16*10 -i 
16*10 \ 

16- 10 J 
16*11 
16*60 


with external radius gives 450 dynes/cm .; 
with internal radius gives 399 dynes/cm. 


with external radius gives 473 dynes/cm ; 
with internal radius gives 419 dynes/cm. 


16*10 


16*14 

16*45 

16*3 

16*4 

16*5 


16*55 

16*64 

16*63 

16*78 

16*63 

16*83 

16*91 

36*88 


16*95 


17*01 

16*93 


17*09 

17*14 (the highest reading) 

17*03 

17*10 

17*08 

16*4 

16*4 


J with external radius gives 523 dynes/cm. 
1 with internal radius gives’462 dynes/cm. 


16*9 


Hr7 

15*7 


The presence of an air-film on the horizontal face of the tip 
might also explain the tendency of the pressures to rise 
above the value of 16*14 cm^ since the film would lessen the 
adhesion of the mercury to the underneath lace of the jet, 
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and so cause the bubble to spread to the outer edge. During 
its destruction, however, the adhesive forces would be in¬ 
creased, and the mercury-glass circle of contact might find 
itself nearer to the inner edge of the jet when the maximum 
bubble-pressure was reached. The maximum reading recorded 
(17*18 when corrected) gives 462 dynes/em. with the internal 
radius, which would indicate that during this series the 
bubble never actually remained on the inner edge of the 
jet. An actual change in the value of the surface tension 
does not seem to be indicated, since the series could be 
repeated over again by merely withdrawing the jet and 
re-setting it in the liquid, and also it must be remembered 
that a fresh surface is formed for each bubble, so that a 
change in the surface tension could only be brought about by 
a change in the bulk composition of the mercury. Another 
possible cause of the phenomena might be the creation— 
instead of, or in addition to, the destruction of an air-film 
—of a layer, on the underside of the jet, of some combination 
of the glass mercury and oxygen molecules which might cause 
an increase in the adhesion of mercury for glass. It is sig¬ 
nificant that, as will be seen later, there appeared no tendency 
for the bubble to be released from any but the outer edge 
when nitrogen was used instead of air for blowing the 
bubbles. With other glass jets which were made (and when 
air was used) it was usually noticed that pressures corre¬ 
sponding to the outer edges were registered on beginning 
a series of readings, but in some cases these could not be 
repeated until the jet was cleaned again and fresh mercury 
was used. 

A copper jet (internal radius 0*042 cm., external 0*064 cm.) 
was then constructed and the tip of it amalgamated with mer¬ 
cury. The object in view was not so much the obtaining of 
an accurate value of the surface tension as the seeing whether 
the same large variations in the readings would occur when 
using a jet which was wetted ” by mercury. The 
largest variation noticed was 0*6 cm. in 25 cm. of water 
which is far less than most of those experienced with glass 
jets. Taking an average reading and using the internal 
radius in the calculation we get 397 dynes/cm., and using 
the external radius 615 dynes/cm. The actual values mean 
very little since probably the mercury forming the bubble 
had a considerable amount of copper dissolved in it ; but the 
comparative consistency of the readings was striking when 
compared with readings taken with glass jets. 

Expexdments were next carried out using nitrogen instead 
of air and little or no tendency was shown for the readings 
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to rise continuously as successive bubbles were blown. 
Moreover, different jets gave consistent values of the surface 
tension only when the external radius was used in the calcu¬ 
lation. The following is a typical set of readings obtained 
with a glass jet of radii 0*0450 and 0*0695 cm. : — 

Cm. of water 
(uncorrected). 

19*76 

19*78 

Mean 19*78, which, when corrected, becomes 19*83 cm. 
This, with the external radius, gives 469 dynes/cm. 
at 19° C. 


19*79 

19*80 

The readings remained constant for periods as long as 
24 hours when the jet was kept below the surface of the 
mercury for that period. After such long periods of im¬ 
mersion, however, it was sometimes noticed that the gas 
flowed out of the jet in a constant stream and passed con¬ 
tinuously up the outside walls of the jet to the free surface 
of the mercury without forming bubbles in the usual way* 
When this happened, the manometer registered a pressure 
less than that caused by bubbles and the surface of the 
mercury was covered with a pattern of standing ripples. 
This failure to form the usual bubbles was possibly caused 
by a weakening of the adhesion of the mercury for the glass 
of the jet by the formation of a film of gas on the glass, since 
it could usually be remedied by lowering the tip of the jet 
to 0'600 instead of 0*400 cm. (which was the usual distance 
employed) below the free surface of the mercury, thus 
increasing the hydrostatic pressure on such a film. 
Sauerwald and Drath ( Z . Anorg . Chem . cliv. p. 79 (1926) 
have noticed that consistent readings of bubble pressure 
cannot be obtained in general unless the jet is immersed to 
a depth greater than 0*3 cm. A platinum jet of very small 
thickness (radii 0*0325 and 0*0352 cm.) behaved very 
similarly. On changing the dimensions of the jet by turning 
it in a lathe it was readily seen that the external radius 
must be used in the calculations in order to give consistent 
results for the two sizes of jet. A few readings taken with 
a jet of monel metal of dimensions similar to those of the 
platinum jets were also satisfactory. The values obtained 
for the surface tension of mercury at an average temperature 


19*77 

19*78 

19*80 

19*76 

19*80 
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of 18° C. with glass and platinum jets (using nitrogen) 
here summarized :— 

Jet. 

Radii, 

cm. 

T, 

dynes/cm. 


r 

Int. 

Ext. 

Glass 1 . 

0*0415 

0*0500 

471 

„ 2 . 

00450 

00695 

469 

472 

„ 3 . 

0*043 

0*061 

475 

Platinum 1 . 

0*0325 

0*0352 

477 

477 

478 

„ 2 . 

Mean values : — 

00315 

00379 

476 

476 

Glass jets 

. 4'J 

'2 dynes/cm. 



Platinum jets . 477 ,, 

Further interesting results were obtained when higher 
temperatures than that o£ the air were used. For this the 
furnace and other arrangements previously referred to were 
brought into use. The furnace was kept at the temperature 
required for several hours so as to avoid any temperature 
lag. At first the second glass jet referred to in the table 
above was used. The readings were extremely consistent* 
variations in pressure rarely reaching 0*05 cm. in any deter¬ 
mination. The values obtained indicated that the external 
radius was to be used in the calculations. Unfortunately 
the jet was chipped and the readings became indefinite after 
determinations at three different temperatures had been 
made. Gla.^s jet number 3 was then used* and it was found 
that, in order to bring the results into line with those already 
obtained (which agreed well with those of other observers), it 
was necessary to use the internal radius at the temperatures 
which were used. The actual pressures were again as con¬ 
sistent as before and there appeared no tendency for the 
bubble to form on the outer circumference. On the whole, 
however, the actual results for the surface tension given by 
this jet were unsatisfactory. Number 1 glass jet was found 
to be very satisfactory and good values were obtained with 
this, the bubble appearing to come from the inner edge of 
the jet except for air temperature. These remarks also 
apply to a fourth gas jet which was made. 










Surface tren$/cp/? in dynes per cen6nrt&6re. 
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Summary of values obtained for the surface tension of 
mercury at temperatures up to its boiling point:— 


Jet. 

Radii, cm. Radius used in 

/•-*--s calculation. 

Int. Ext. 

Temp., 

°C. 

T, 

dynes/cm. 

Glass 1 . 

. 0*0415 0-0500 

Internal 

178 

436 



a 

218 

427 



if 

272 

411 



if 

326 

396 

Glass 2 . 

. 0-0450 0*0695 

External 

78 

460 




162 

443 



a 

333 

397 

Glass 4 . 

.. 0-0350 0-0496 

Interna 

87 

458 



a 

118 

450 


Mean of several glass jets. 

External .... 

.. 18 

472 


Fig. 1. 



Fig. 1 shows these results graphically. The continuous 
line is drawn through the points obtained with jets 1 and 4. 
Results published by Sauerwald and Drath ( loc . cit .) and by 
Bircumshaw (Phil. Mag. vii. 8, pp. 341 (1926) are also 
shown. 


Collection of Results and Discussion . 

When glass tips were used with air in the determination 
of the surface tension of mercury by the maximum bubble 
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pressure method, consistent readings were, as a rule, found 
only immediately after setting the jet in the liquid. After 
this the readings rose, but the initial reading could again be 
obtained by withdrawing the jet and setting it again in 
the mercury. By using tips of different radii it was found 
that these initial readings must be used with the external 
radius of the tip in order to give consistent values for the 
surface tension. On some occasions maximum pressures 
were reached which when used with the internal radius also 
gave fairly good results ; but this was not general at air 
temperatures. Bircumshaw has recently noticed that there 
is difficulty in obtaining a definite bubble pressure when 
oxygen is used with glass jets ; but that consistent results 
can be obtained with hydrogen and nitrogen. This (in the 
case of the nitrogen) was the experience of the present writer.. 
When nitrogen was used, pressures given by any one glass 
let were very constant except for one or two low ones usuallj^ 
to be found immediately after immersing the jet, a possible 
explanation of which is an air layer adhering to the walls of the 
jet. Thus there seemed little or no tendency for the bubble 
to detach itself from any but the external circumference of 
the jet when nitrogen was used. For reasons given earlier 
in this paper, there seems more possibility of a change in 
the radii of successive bubbles than of an actual change in 
surface tension. Platinum and monel metal jets gave similar 
results to those with glass jets. 

When the mercury was heated certain glass jets always 
formed the bubble on the internal circumference even for 
temperatures less than 100° C., although one was discovered 
which formed the bubble on its outer edge right up to 
330° 0. This latter had a large wall thickness (0*025 cm.. 
as compared with 0*009 cm. and 0*012 cm. of those in the 
former category). The deciding factor in the question as to 
which radius to use in the calculations was, for these high 
temperature measurements, the agreement of results with 
those of other observers. As a rule the radii were so 
different as to leave no doubt as to which radius should be 
chosen—the smallest difference between the two alternative 
results being about 30 dynes/cm. Certain it is that with 
several jets the actual bubble pressure was greater at high 
temperatures than at air temperature, which can only be 
interpreted in the above way, especially as the readings were 
so consistent. 

The mechanism of the formation of the bubble on either 
of the two edges or at any line between them would appear 
to be obscure. It can only be said that when the adhesion* 
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of mercury for glass is small, the bubble will certainly be 
formed on the outer edge, and when the adhesion is large it 
will not spread to the outer edge but will reach its maximum 
pressure and unstable state while still on the inner edge. 
These two cases correspond roughly to perfectly non-wetting 
and perfectly wetting liquids, i e. 9 with liquids of angles 
of contact of 180° and 0°. Cantor (Ann. der Phys. xlvii. 
p. 399 (1892)) deals with the subject and expresses the 
opinion that for non-wetting liquids the radius of the bubble 
will depend on the angle of contact. Thus for this case he 
recommends jets of no thickness at their tip so that the 
internal and external radii coincide. It is found difficult to 
make such jets in practice, however. 

Sauerwald and Dratli consider that with liquid metals the 
bubble forms always on the external edge. Results 
described in the present paper seem to show that the bubble 
forms on the outer edge in the case of glass jets in mercury 
unless, either by the continuous blowing of bubbles with air 
or by heating the mercury, the adhesion between ihe two 
becomes large enough to prevent the bubble spreading to the 
outer edge. W. C. Baker (Science, lxvii. p. 74 (1928)) has 
shown that mercury at ordinary temperatures will adhere to 
a glass surface (in his case a spherical lens surface) which is 
withdrawn from it, and it was often noticed during the course 
of the present research that the mercury adhered to the jet 
when the latter was raised out of the free surface. Baker 
also mentions that, on raising his spherical lens surface, the 
line of contact did not move in a continuous way over the 
glass surface, but sometimes stuck and remained adhering at 
the same place for considerable up and down movements of 
the lens. This may correspond to the sticking which must 
take place when the bubble surface, having left the inner 
edge (it is on this edge during some period of its life since 
the mercury meniscus is first of all in the bore of the jet), 
does not spread completely to the outer edge but detaches 
itself while registering a pressure corresponding to a cir- 
oumference lying between the two. When used at ordinary 
temperatures and with nitrogen, the bubble always comes 
from the outer edge, and in these circumstances the method 
is most satisfactory, especially in view of the facts that a fresh 
surface is blown for each bubble and that readings are con¬ 
stant for 24 hours or more even though the free surface of 
the mercury is exposed to contamination. The results 
obtained were 472 and 477 dynes/cm. for glass and platinum 
jets respectively at 18° C. These agree with the 473 
at 19°C. of Sauerwald and Drath obtained with a silica 
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jet and C0 2 , but not so well with Bircumshaw's most 
recent values, which cluster round 500 dynes/cm. The 
temperature curve in fig. 1 follows the results of Bircum- 
shaw and Sauerwald and Drath. 

I sincerely thank Dr. A. Ferguson and Prof. A. W. 
Porter for the assistance and encouragement which they 
have lent during the course of the work. 

Carey Foster Laboratory, 

University College, London. 


CIV. The Crystal Structure of Mercury, Copper , and Copper 
Amalgam . By Henry Terrey and Cyril Maynard 
Wright *. 

1. Crystal Structure of Mercury. 

I N connexion with some work on the crystal structure of 
amalgams it was necessary to know the crystal structure 
of mercury. 

Two investigations have already been carried out: (1) by 
Alsen and Amiuoff (Gool. For. Fort xliv. 1922), who found 
that mercury at the temperature of solid carbon dioxide 
has a hexagonal lattice with a 0 = 3*84 A.U. and c=l # 88 ; 
and (2) by McKeehan and Cioffi (Phys. Rev. i. p. 444, 
1922), who found that at a temperature of —115° C. mercury 
has a rliombohedral structure. 

In the present investigation the work was carried out 
at a temperature of approximately —150° C., and the 
rhombohedral structure assigned by McKeehan and Cioffi 
fully confirmed. 

Apparatus . 

For the production of X-rays the Shearer type of tube 
was used, fitted with a copper anticathode and operated at 
35,000-40,000 volts, the current being from 2-4 M.A. 

The camera was constructed on somewhat similar lines 
to that used by McLennan and Wilhelm for their work 
on the crystal structure of solid carbon dioxide and solid 
oxygen (Trans. Roy. Soc. of Canada, May 1925, and Phil. 
Mag., Feb. 1922). The construction is shown in the sketches 
(figs. 1 to 5). 


* Communicated by the Authors. 
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1058 Messrs. H. Terrey and 0. M. Wright on the Crystal 

The slit, *5 mm. wide, *8 mm. high, and 3 cm. long, was 
cut from a brass cylinder 3 cm. long and 2 cm. in diameter, 
and was sealed into the wall of the camera. 

A metal film-holder F, faced with nickel foil, *03 mm. 
thick, was soldered on the inside of the brass tube, and the 



film was introduced at T, where the end ot‘ the film pro¬ 
truded through the brass tube. This joint was also soldered, 
so that the camera could be evacuated while the film 
remained at normal pressure. The films could thus be 
protected from mercury vapour in the camera. 


Fig, 6. 



The holder consisted of a soft metal tube 12—13 cm. long, 
flattened out in the form of a narrow rectangular tube to 
allow the passage of the film. The holder was bent into 
an arc of a circle with the nickel on the inside, before 
introduction into the brass tube. 

A strip of lead of the shape indicated in fig. 6, was fixed 
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at A to protect the film from the direct beam of rays, 
and the scattered rays were stopped by the wings ” AA. 
When the film had been introduced, the end of the holder 
at T was covered with plasticene to protect the film from 
the light. 

The Dewar vessel of the pattern indicated was made, 
the tube A (of lead-free glass) being drawn out to a thin- 
walled fine capillary tube about *8 111 m. in diameter, the 
capillary being sealed at the lower end. 

Experimental Method . 

The capillary tube was lined up with the slit by rotating 
the Dewar vessel in the matrix. The position of the Dewar 
with respect to the camera was marked, so that this 
alignment need not be repeated with the same capillary 
e tube. A piece of thin aluminium foil was waxed over 
the outside of the slit. The position of the camera was 
adjusted so that the X-rays passed through the slit, by 
viewing the fluorescence on a barium platino-cyanide screen 
placed in the centre of the camera (the Dewar being 
removed during this operation). 

A little mercury was then placed in a small cavity in 
the bottom of the camera. The Dewar vessel was then 
replaced and the camera was evacuated with a Hyvac 
pump, a McLeod gauge being used to test the vacuum 
obtained. Liquid air was poured into the Dewar flask, 
and the base of the camera was very gently warmed. A 
film of mercury *25—*5 mm. thick soon formed on the 
capillary tube, and the photograph was then started, an 
exposure of six hours being given. The lines on the film 
were quite distinct, but rather broad. 

Before the values of d%u for the planes giving these 
lines could be calculated, an accurate measure of R, the 
distance from the film to the mercury surface, had to be 
obtained. This was found b j filling the capillary tube with 
powdered sodium chloride, and with the Dewar vessel in 
the same position relative to the camera as for the mercury 
photograph another photograph was taken. Assuming 
the value of d hk i for the sodium-chloride lines (Davev, Phys. 
Rev. xxi. 1923), the value of R was calculated. This 
did not give an absolutely accurate value for R for the 
mercury photographs, as the sodium chloride was in the 
capillary tube, while the mercury was on the outside, but 
the glass wall was as thin as possible, and it was the most 
accurate means of determining R. 

3Z2 
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Results. 

Several photographs of mercury were taken, and the 
complete results from one measurement are included here 
(Table I.). 

Table I. 

Photograph of Solid Mercury. 


Distance between 
lines. 

Intensity. 

R (from NaCl 
lines). 

9. 

d \kl . 

cm. 



cm. 



3*260 


Strong. 

2-877 

16° 10f' 

2*760 

4-050 


St 

2-879 

20° 10' 

2*230 

5*300 


Weak. 

2*875 

26° 24' 

1-730 

6-364 


Strong. 

2*866 

31° 48' 

1*460 

6*856 


»» 

2-863 

34° 17' 

1-365 

7-789 


Weak. 

2*859 

39° 1*' 

1-221 

8-724 


Medium. 

2-859 

43° 43' 

1-113 

10 063 


ts 

2*854 

50° 31' 

•996 

11*014 


»» 

2*852 

55° 19' 

•936 

11*560 


*t 

2*852 

58° 4' 

•906 




Table II. 





Photograph of Nad. 



These values of R are 

used for the above determinations 

o 






Distance between lines. 

dfrld ( assume d). 

R. 



cm. 



cm. 



3185 


2-814 

2-877 



4*572 


1*990 

2-880 



5639 


1*625 

2*872 



7-508 


1-259 

2-858 



8*390 


1*149 

2 860 



10*961 


*938 

2*852 



By the use of Hull’s plots (Phys. Rev. 1921, p. 17) it was 
seen that the diffraction given by mercury corresponded 
to a rhombohedral lattice with axial ratio 1*94. This 
structure confirmed the work of McKeehan and Cioffi. 
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Assuming the agreement between the spacings of the 
planes (111) and (110) to be exact, from the equation 

J. — (jgi + kyi + ly\ — 1) Vl + 2 cos 3 X — 3 cos 2 A. 

m (J 1 * + A* + I s ) sin 2 X + 2 (hk + kl + hi) (cos 2 X—cos X) * 

referring the rhombohedron to three trigonal axes, where 
X=/x, it followed that 

cosX=l 3, 

i.e. X=70°32'; 

knowing X from the above equation, assuming d m = 2*233, 
it followed that 

a 0 = 2-996 A.U. 

Summary of Results. 

A summary of results (Table III.) is given with the 
theoretical spacings, calculated from the above equation. 


Table III. 


Indices 

(hexagonal 

form). 

Indices 

(trigonal 

form). 

d hkl 

(theoretical). 

d 

hkl (observed). 

_ 

Intensity. 

r - ’ 

1. 

2. 

3. 

101 

100 

2*735 

2*766 

2*760 

2*760 

s. 

00-1 

111 

2*233 

2*230 

2*238 

2*230 

s. 

10*2 

110 






11*0 

101 

1*730 

1*727 

1*735 

1*730 

w. 

; 20-i 

111 

1*462 

1*445 

1-466 

1*460 

s. 

\ 104 

211 






J 11*3 

210 

1*367 

1*363 

1*368 

1*365 

s 

1 10*1 (2) 

100(2) 






10*5 

221 

1*223 


1*227 

1*221 

w. 

f 21*1 

201 






4 00*0(2) 

111 (2) 

1*116 

1*106 

1*115 

1*113 

m. 

110*2 (2) 

110(2) 






12*2 

211 

1*073 

1*063 

... 

... 

m. w. 

j 10*0 

211 






(20*5 

311 

*998 

*988 

*996 

•996 

m. 

f 11*6 

321 






\ 12*4 

301 

*938 

*928 

*935 

*936 

m. 

rio*i (3) 

100(3) 






\ 10*7 

322 

*911 

*901 

*906 

*906 

m. 


Bhombohedral system. a 0 =2*996 X10“ 8 cm. 

Hexagonal system. ^=3*460 X10— 8 cm. 

c=l-94. 
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The results given in Table III. show very good agreement 
with the assumed structure. The calculated density, if one 
atom is associated with each cell (simple rhombohedral lattice), 
is 14*26 gm./cm. 8 . The value here determined is in agree¬ 
ment with the values for its density, 14*193 gm./cm. 3 
at its melting-point (Mallet, Roy. Soc. London Proc. xxiii. 
p. 71, 1877), and 14*362 gm./cm. 8 at the temperatures of 
liquid air (Dewar, Chem. News, Ixxxv. p. 277, 1902). 

2. Coppeb. 

Considerable divergence exists in the literature with regard 
to the precise values 0 for the plane Q spacings of copper, 
values between 3 597 A.U. and 3*634 A.U. being given (c/. 
Holgersson, Ann . d . JPhysik , iv. pp. 79, 35, 1926). Our 
value, 3*603, is slightly greater than the precision value 
of Davy (Phvs. Rev. xxv. 1925), viz. 3*597. 

Lattice Constant for Copper . 

For the production of X-rays the Shearer type of tube 
was employed, photographs being taken with a Muller 
X-ray spectrograph, a slit of 02 mm. being used. The 
powdered substance mounted in the centre of the camera 
could be oscillated uniformly through an angle of 12° 
during exposure, which varied between 2-4 hours. The 
films were measured on a measuring machine graduated 
to 1/100 of a millimetre. 

Experimental . 

The copper was prepared by deposition from an aqueous 
solution of pure copper sulphate to which pure zinc and 
a little sulphuric acid had been added. The deposited 
copper was washed with water and alcohol, and kept under 
absolute alcohol to prevent oxidation. 

In order to eliminate any uncertainty in the value of 
R, the distance from powder surface to photographic film, 
sodium chloride was used as a comparative standard. 

The powders were prepared by grinding the halide or 
copper in an agate mortar and then rubbing through a 
200-mesh silk handkerchief. The powdered samples were 
mounted in thin celluloid tubes, 6*6 to *7 mm. in diameter. 
Two methods of packing the powders were tried—one where 
the sodium chloride and copper powder were intimately 
mixed before introduction into the tube, and the other 
where one half of the tube was filled with sodium chloride 
and the other half with copper. The first of these two 



Structure of Mercury , Copper , and Copper Amalgam . 1063 

methods was found to give better photographs, and was 
used throughout this investigation. 

Results . 

The diffraction patterns of sodium chloride and copper 
were obt lined on the films. Assuming the vales of dm for 
the various sodium chloride lines (from W. P. Davey, Phys. 
Rev. xxi. 1923), the values of 0 were calculated from the 
equation 

n\ = 2dm sin 0 . 

where 0 is the angle of diffraction, dm is the spacing of the 
reflecting plane whose indices are AH, X is the wave-length 
of the X-rays. Knowing 0 , R can be determined, and these 
values of R for the sodium-chloride lines were plotted 
against the distance of the line from the mid-point of the 
film, so that the values of R for the lines of the substance 
under investigation could be read off from the graph. 

The value of a 0l the side of the unit copper cube, was 
calculated from the expression 

7 _ ap 

m v'A 3 + /c 2 -tl 2 ' 

Several photographs were taken, using different samples 
of copper mixed with sodium chloride. The full results 
from one of these photographs are given in Table IV. 

3. Copper Amalgams. 

The first paper of note relating to copper amalgams was 
due to Becquerel (Comptes Rendus , lvi. p. 237, 1863, and 
lxxv. p. 1729, 1872), who prepared the amalgam electro- 
lytically and examined its structure microscopically. He 
stated that the amalgam crystallized in rhombohedral prisms 
with pyramidal ends. 

Gruntz and Greift ( Comptes Rendus , cliv. p. 357, 1912) 
carried out an extensive research on the preparation of this 
amalgam, and came to the conclusion that the final product 
depended on the mode of preparation and on the conditions 
of the experiment. This has certainly been confirmed in 
the present investigation, as it has been found that the 
metals readily unite in all proportions. 

Regarding the chemical nature of this amalgam, there 
has been much difference of opinion. Joule ( Jahr . 1863, 
p. 281) and others considered the amalgam, prepared by 
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electrolysis and hy dissolving copper in mercury, as a simple 
compound, CuHg, but the evidence for the individuality of 
this product is meagre. 

Puschin ( Z . Anorg . Chem. xxxvi. p. 241, 1903), i 

considerations of the E.M.F. of the cell -S U N . Cuis>0 4 Cu, 

Hg 

concluded that no compound was formed. 


Table IV. 


Distance between 
corresponding 
lines. 

R for 

NaCl lines. 

R for 

Cu lines. 

sin 9. 

dhkl. 

Plane. 

«0* 

cm. 

* 15*537 

cm. 

3*0015 

cm. 





14*795 


3005 

*3338 

2*081 

Ill 

3*603 

14*336 

... 

3*006 

*5697 

20795 

111 

3*601 

* 14*124 

3007 






13*599 

... 

3*008 

*4269 

1*801 

100 

3*602 

* 12*969 

3*008 






* 11*964 

3*012 






11-110 

... 

3*009 

*6034 

1*274 

110 

3*602 

* 10*997 

3*0085 






10-574 

... 

3011 

*6391 

1*087 

311 

3*604 

* 10-098 

3*013 






9*468 


3*012 

•7067 

1*088 

311 

3*607 

8*919 

... 

3012 

*7383 

1*041 

111(2) 

3*605 


# NaUl lines. 

Mean value. 3*6035 A.U. 

A * for copper = 1'5374 A. CJ. 

\p „ „ = 1-3889 i.U. 

A final mean value for a 0 was determined from eight different films, giving 
the following result:— 

=3*603+ *002 I.U. 


More recently two papers have been published by Tam- 
mann and Mansuri ( Z . Anorg . Chem . pp. 132-33, 1923-24) * 
on the properties of various amalgams, including copper 
amalgam. From a study of the cooling curves, E.M.F., 
change of volume on solidification, and the microstructure 
of copper amalgams (1-90 per cent. Cu), it is concluded in 
* Cf. also Tammann and Stassfurth, Z. Anorg. Chemie , p. 143 (1925). 
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the latter paper that two series of amalgams exist. On con¬ 
tinued heating of an amalgam (5-78 per cent. Uu) at 100° C. 
a crystallite X is slowly formed. On cooling, a crystallite 
CuHg separates. At 20° 0. neither of these forms is present, 
but another crystallite X' appears. The two latter differ from 
the first in that, when heated, drops of mercury exude from 
them. It cannot be said that the evidence lor the existence of 
these u crystallites ” is very conclusive, but it certainly seems 
probable that copper amalgam can exist in more than one 
form, since the amalgams when first prepared are quite soft, 
but on standing set to a hard mass. 

The purpose of this investigation was therefore twofold : 
firstly to determine the structure of copper amalgam, and 
secondly to see if there was any change in structure when 
the amalgam was first prepared and after it had hardened. 

Preparation of Copper Amalgam . 

An amalgam containing any desired amount of mercury 
could be obtained by rubbing together, in a mortar under 
very dilute sulphuric acid, the requisite quantities of the 
two metals. The copper was prepared as in the previous 
investigation, and pure re-distilled mercury was used. 

These amalgams, which are quite soft and pasty when the 
mercury content exceeds 50 per cent., become much harder 
on standing. Even an amalgam containing as much as 
75 per cent, of mercury will set to a fairly hard mass within 
12 hours of its preparation. When the mercury content is 
less than 50 per cent, the amalgams harden within 3-4 hours 
of their preparation. 

The amalgams—powdered by the same process as was 
used for copper—were mixed with from 1-2 times their 
weight of finely-powdered sodium chloride and mounted in 
thin-walled celluloid tubes. This method of filling the tubes 
could not be followed in all cases, as the amalgams of high 
mercury content, when freshly made, were too soft to mix with 
the sodium chloride, and for these the amalgam was packed in 
one half of the tube and sodium chloride in the other half. 

Experimental* 

The apparatus was exactly the same as was used in the 
previous investigation. 

A series of amalgams was prepared from 90 to 20 per 
cent, copper, and at least two photographs were taken of 
each, one immediately after its preparation and another 
a few days later, when the amalgam had hardened. For 
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these second photographs, fresh samples of the amalgam 
and sodium chloride were made. The composition of each 
amalgam was accurately determined by estimating the 
copper present volumetrically with potassium iodide and 
standard thiosulphate. 


Results. 

The results obtained for the series of amalgams containing 
from 90 to 20 per cent, of copper can be briefly summarized 
in Table V. 


Table V. 



Freshly prepared. 

Hardened amalgam. 

Percentage 

Copper 

Amalgam 

Copper Amalgam 

of copper. 

lattice. 

lattice. 

lattice. lattice. 


89. Strong. ... Strong. Weak. 

79. 

70. Fairly strong. ... Fairly strong. „ 

57. Medium. ... Medium. ,» 

49. ,, Weak. Weak. Medium weak, 

40. ,, ,, ... Medium. 

27. 

18. ,, ... ... Medium weak. 


This table shows that :— 

1. The amalgams, when first prepared, are merely 
mechanical mixtures of the two metals, as in every case 
the diffraction pattern of copper was obtained on the film, 
and the intensity of the lines decreased with increasing 
mercury content. The appearance of a weak amalgam 
pattern in the freshly-prepared amalgams containing* 40 and 
49 per cent, of copper is probably due to the fact that these 
amalgams hardened in 3-4 hours, and the time of exposure 
was also of this order. 

2. In the hardened amalgams a definite compound is 
found containing from 27-40 per cent, of copper. This 
pattern is masked in the amalgams of high copper content 
by the copper pattern. 

However, in the above photographs there were never more 
than three or four lines measurable in the amalgam pattern. 
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although in the 40- and 27-per-cent. copper amalgams there 
were a number of lines faintly discernible on the films. 

. Several photographs were taken of the hardened amalgams 
of mercury content 50-70 per cent, to obtain a more 
distinct diffraction pattern of the amalgam. It was found 
that if the amalgam was prepared \\ ith a mercury content ot 


Table VI. 


Amalgam. 32 per cent. Copper ; 

68 per cent. Mercury. 

Distance between lines. 

Intensity. 

d hkl- 

cm. 



15957 

v.w. 

3*301 

15*642 

w. 

2-977 

*15-459 

m. 


15*052 

w. 

2-512 

14*953 

w. 

2-212 

14*5*20 

s. 

2*212 

14249 

v.w. 

2*085 

14*065 

m. 

2*006 

*14-023 

m. 


*12-846 

w. 


12*603 

w. 

1*567 

12-426 

w. 

1*526 

11*870 

w. 

1*279 

11*710 

w. 

1*393 

11*546 

w. 

1*359 

11*375 

w. 

1*334 

11*019 

m.s. 

1*279 

*10*879 

in. 


10-375 

w. 

1*393 

10*023 

m.w. 

1*153 

*9 984 

m. 


8*442 

\v. 

1*012 

8*139 

w. 

*991 

* JS T a01 lines. 


more than 70 per cent., and, after drying, it was compressed 
with the hand through fine-mesh cloth to remove the excess 
of mercury, an amalgam of composition ranging between 
30 and 35 per cent, of copper was obtained. When photo¬ 
graphs were taken of these powdered hardened amalgams, 
a large number of lines were visible and measurable on the 
films. 

The results from two of these amalgams are given in 
Tables VI. and VII. 
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A photograph was taken of the pure hardened amalgam, 
and then of a mixture of the amalgam and sodium chloride, 
the object of this being to check the amalgam lines on the 
film of the amalgam-sodium chloride mixture. 

The sodium-chloride lines were used, as before, to give an 
accurate measure of R, which was then employed in the 
determinations of d P ki for the amalgam lines. 

Table VIII. 

Amalgam. 34 per cent. Copper ; 66 per cent. Mercury. 


Distance between lines. 

Intensity. 


d hkl- 

15*153 

w. 


2*522 

14*953 

w. 


2*203 

14*530 

s. 


2-207 

14*269 

v.w. 


2*082 

14073 

m.w. 


2*001 

*14*049 

m.w. 



12-597 

w. 


1-559 

12-443 

w. 


1*524 

11*890 

w. 


1*279 

11*744 

w. 


1-390 

11*551 

w. 


1*356 

11*370 

w. 


1*329 

11*033 

m.s. 


1-279 

*10 894 

m. 



10383 

w. 


1*193 

10 050 

m.w. 


1*153 

*10012 

m. 



8-453 

w. 


1011 


* NaCl lines. 




The diffraction pattern given by this amalgam did not fit 
exactly any of Hull’s plots (Phys. Rev. 1921, p. 17) for the 
simpler crystallographic systems, viz. the cubic tetragonal 
and hexagonal (including close-packed and rhombohedral). 

The best fit that can be obtained is for a simple tetragonal 
lattice with axial ratio *64. The first five lines fit exactly, 
and almost all the others except the “ 2 , 006 ,, line. 

However, many more lines ought to be present which are 
not visible on the films, so that the most that can be done is 
to suggest this as a possible structure. 
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Conclusion . 

It is evident that a change in structure occurs when the 
amalgam hardens ; until this takes place the amalgams 
appear to be merely mechanical mixtures of the two metals. 
When the amalgam hardens, a definite compound is formed 
of composition 30-35 per cent, copper, and this compound* is 
present all through the series of amalgams examined. Its 
structure cannot, however, at present be accurately deter¬ 
mined, and it is only suggested that the amalgam possesses 
a simple tetragonal lattice with axial ratio *64, and possibly 
of composition Ou 3 Hg 4 . 

The Sir William Ramsay Laboratory 
of Physical and Inorganic Chemistry, 

University College, 

London. 
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April 18th, 1928.—Prof. J. W. Gregory, D.Sc., F.R.S., 
President, in the Chair. 

r J , HE following communications were read :— 

1 . ‘The Succession and Structure of the Borrowdale Volcanic 
Series in Troutheck, Kentmere, and the Western Part of Long 
Sleddale (Westmorland).’ By George Hoole Mitchell, Ph.D., 
M.Sc., F.G.S. 

The area described lies in the eastern part of the Lake District 
south of the High Street range. It is drained by the Rivers 
Sprint, Kent, and Trout Beck, all of which flow in a southward 
direction. 

The rocks described belong to the Borrowdale Volcanic Series. 
The estimated thickness of such members of the series as are 
exposed is approximately 3700 feet, but nowhere is the base seen. 
They are overlaid unconformably by the Coniston Limestone 
Series. Nine subdivisions are recognized :— 

(i) Upper Rhyolites. 

(k) Upper Andesites. 

(g) Coarse tuffs. 

(/) Wrengill Andesites. 

( e ) Kentmere Pike Rhyolites. 

( d ) Bedded tuffs, with andesite-flows. 

(c) Harter Fell Andesites. 

( b ) Froswick Tuffs, with rhyolite-flow. 

(a) Nan Bield Andesites. 
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There are also minor intrusions of rhyolite, quartz-porphyry, 
andesite, and lamprophyre. 

The lava-flows range in composition from rhyolites to augite- 
andesites. In most cases flow-brecciation is evident and marked, 
while many of the andesites are intensely vesicular. 

The tuffs, composed in the main of andesitic material, show in 
many deposits rhyolitic fragments in abundance, and range from 
very fine-grained and well-bedded examples to ill-assorted agglo¬ 
merates. 

The rocks have been subjected to severe earth-movements. 
Two systems of folding are recognized, an earlier one of pre-Bala 
age and a later one of Devonian age. The former system, of 
simple character, shows axes trending in a north-north-easterly and 
south-south-westerly direction. In the latter the folding was 
intense, with an east-north-easterly and west-south-westerly strike, 
while the pitch of the folds was determined by the folds of pre- 
Bala date. The rocks are steeply folded in the south-east of the 
area, and the folds are even overturned to the north. North¬ 
wards the folding is less severe, and is marked by the presence of 
a broad anticlinal fold. 

No faulting of earlier date has been recognized, but several 
faults are referred to the Devonian system of earth-movements, 
while it is suggested that several north-and-south faults are of 
late-Carboniferous age. 

The rocks are strongly cleaved, the strike of the cleavage 
coinciding with that of the Devonian folding. 

2. 4 The Geology of the Marquesas Islands (Central Pacific). 
By Lawrence John Chubb, M.Sc. 

The Marquesas Islands are situated in about 10° lat. S. and 
140° long. W. With one doubtful exception all are of volcanic 
origin. The southernmost, Fatu Hiva, consists of a caldera com¬ 
posed chiefly of lava-flows, within which an ash-cone has been 
built up. The western half of the whole structure has disappeared, 
apparently owing to submergence by faulting. Motane is a 
small ash island. Tahuata is larger, and it also is composed chiefly 
of ashes in its northern part; its south-eastern side has been 
faulted down. In Hiva Oa there are three great craters in the 
western part, some of the coasts are faulted, and there is an 
elevated plateau at a height of 1300 to 1500 feet above sea-level. 
Nuka Hiva has a structure similar to that of Fatu Hiva, and it 
bears a plateau at an elevation of 2600 feet. 

A consideration of the directions of elongation of the islands, of 
the manner in which they are arranged, ©f the trends of the faulted 
coasts, and of the strikes of the dykes, leads to the conclusion that 
the group is situated, not on a crustal fold, but on a system of 
intersecting fissures. 

The uplifted plateaux prove that elevation has occurred, but the 
•embayment of the mouths of the streams that deeply dissect them 
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affords evidence of a later subsidence. All the islands are sur¬ 
rounded by a shore-shelf, now standing, owing to a recent fall in 
sea-level, 3 or 4 feet above high-water mark. 

It is suggested that the poor development of coral-reefs in the 
group is due chiefly to periodic chilling of the water by extensions 
of the cold Peruvian Current, connected with cyclic climatic 
changes. 

May 23rd, 1928.—Prof. J. W. Gregory, LLJD., D.Sc., F.B.S., 
President, in the Chair. 

Prof. P. G. H. Boswell, D.Sc., F.G.S., delivered a lecture on 
the Geological Features of the New Mersey Tunnel. 
He said that the recent ‘ holing-through ’ of the highway-tunnel 
under the Biver Mersey, by which connexion was established 
between Liverpool and Birkenhead, makes the present time 
appropriate for giving an account of the features of geological 
interest which were revealed. The tunnel will be the greatest 
subaqueous tunnel in existence. The predictions of T. Mellard 
Beade regarding the existence of a buried channel beneath the 
Biver Mersey, and of G. H. Morton of a sub-Mersey fault, were 
verified in the driving of the Mersey Bailway-Tunnel some fifty 
years ago. Subsequent records by local geologists have enabled 
greater precision to be given to the inferences, and the geological 
observations made during the operations now proceeding are, in 
the main, in accord with expectation. 

The subaqueous portion of the tunnel (44 feet in diameter) and 
the two Birkenhead approach-tunnels lie in the Middle Bun ter 
Sandstone ( £ Pebble-Beds’), which dips eastwards at about 3° to 5°. 
A fault-s} T stem, apparently of small aggregate throw, was met with 
at about 1828 to 1870 feet from the Liverpool shaft. The hade 
was eastwards, whereas in the case of the sub-river fault in the 
Mersey Bailway-Tunnel it was westwards. On the Liverpool side, 
the presence of the * Castle Street Fault which throws down the 
Upper (Soft) Bunter Sandstone on the east, was confirmed. At 
the Old Haymarket entrance another north-north-w T est and south- 
south-east fault throws eastwards, and brings Lower Keuper 
Sandstone into contact wfith Upper Bunter. 

From observations in the area of the docks and the environs of 
Liverpool, and the numerous exploratory borings carried out in 
connexion with the tunnel-works, it has been possible to construct 
exceptionally accurate profiles of the system of buried channels. 
They appear to be of subglacial origin, and do not deepen sea¬ 
wards ; they are filled with gravel and sand, overlaid by boulder- 
clay. In place of the single channel found in the Mersey Bailway 
excavations, two (or more) feeding-channels occur farther north. 

Interesting, and at present unexplained, features have been 
observed in the levels of underground water. As would be ex¬ 
pected, the fresh-water table rides on the back of the salt-water 
table in the neighbourhood of the Mersey estuary. 
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June 13th, 1928.—Prof. J. W. Gregory, LL.D., D.Sc., F.K.S., 
President, in the Chair. 

The following communications were read:— 

1 . ‘A Re-Excavated Cretaceous Valley on the Mongolian 
Border.’ By Prof. George Brown Barbour, M.A., Ph.D., F.R.S.E., 
F.G.S. 

The paper traces the history of successive infillings and renewed 
erosion of a buried Cretaceous valley 600 feet deep, discovered by 
the author in the course of a survey of the Kalgan district, on the 
Chinese—Mongolian border. The valley, originally cut in pre- 
Cretaceous lavas, was completely filled by the Nantienmen Beds, 
levelled off by erosion, and entirely covered by a heavy capping of 
plateau-basalts. 

During late Pliocene times a stream followed part of this old 
Mesozoic valley-axis before striking off at an angle. The valley- 
bottom was again filled up by wind-blown loess in mid-Pleistocene 
times, again partly excavated in late Pleistocene, and once more 
filled with very late Pleistocene or early recent gravels. At 
present, the course is being opened for the fourth time. The 
Cretaceous-valley deposit (Nantienmen Beds) has been left 
clinging to the side-walls in many places, so that it has been 
possible to trace the old landscape and to compare this with 
the present topography. 

2. * The Volcanic Complex of Calton Hill (Derbyshire).’ By 
Sergei Ivanovich Tomkeieff, F.G.S. 

The volcanic complex of Calton Hill shows two phases of 
vulcanicity:— 

(i) Effusive phase—represented by, besides the agglomerate 
and tuff of the old volcanic cone, a highly decomposed lava. 
Petrologically and chemically it is comparable with the other 
contemporaneous Lower Carboniferous lavas of the district. 
The vesicles are filled up with a chlorite of delessite type. 

(ii) Intrusive phase—represented by a fresh analcite-basalt, 
which has intruded into the old volcanic chimney and spread 
amoeba-like in the volcanic cone, detaching large masses of vesi¬ 
cular lava. Besides abundant analcite, mostly in the form of 
spheroids, the basalt contains numerous inclusions of peridotite. 
These inclusions, apparently represent shattered fragments of a pre¬ 
existing rock, and contain, besides the normal pyroxene, a definite 
hydrous augite. 


\The Editors do not hold themselves responsible for the 
views expressed by their correspondents .] 
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Demonstrator in Physics , University of Sydney *. 

1. f I THE method o£ investigating the attachment of elec- 
JL trons to gas molecules which was described in a 
previous communication t has now been applied to the gases 
air t, hydrogen chloride t and ammonia %. 

The seemingly anomalous behaviour o£ electrons in the 
last gas and the consequent desirability of using an alterna¬ 
tive method of study, provided an inducement for designing 
and constructing an instrument in which the length c of 
each of the two diffusion chambers can be varied without 
affecting the pressure and purity of the gas contained in the 
instrument. 

As will be seen, this elaboration of the original instru¬ 
ment in which c was fixed, enables a notably simpler 
procedure to be followed in deducing the circumstances of 
the electrons* behaviour from the observations. 

2. Description of the Instrument . 

Most of the important features of the new instrument are 
represented in fig. 1, but for the sake of clearness in the 

* Communicated by Prof. J. S. Townsend, F.R.S. 

| V. A. Bailey, Phil. Mag., Oct, 1925, p. 825. 

% V. A. Bailey & A. J. Higgs, communicated to Phil. Mag. in July 
1928. 

Phil . Mag . S. 7. Vol. 6. No. 40. Dec. 1928. 4 A 
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•diagram they are not all shown in their exact relative 
positions; the conducting parts are of either brass or 
phosphor-bronze, and the insulators of quartz or glass. 


Fig. 1. 



The plate B supports a glass cylinder C, insulated current 
leads like X and Y, and a disk A. Three parallel and 
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•equidistant pillars, such as P, are fixed to the disks A 
and D, and to the ring R 5 by means of insulating systems 
like I. 

Each pillar is fitted with brass bushes b x and & 3 , which 
enable the attached rings Rj and R 3 to be moved vertically 
and not otherwise, R 3 being insulated from & 3 . A u lazy- 
tongs” system Lis attached to each pillar by means of the 
pins 1, 3, and 5, which screw into b u & 3 , and I respectively, 
these tongs carrying the rings R 2 and R 4 through pins 2 and 
4 and tubular glass insulators. The bushes b x are also 
soldered to a plate K, shaped like an equiangular letter Y, 
which can be moved vertically by means of the rotation of a 
nut N acting on the rod H. This nut is turned by means of 
the shaft Sh through the gear-wheels shown, the shaft being 
engaged with a rod passing through the air-tight bearing F. 

In this way the variable distances between the rings R 1? 
R 2 , 1I 3 , R 4 , and R 5 are kept accurately equal. 

Each of the electrodes Ej and E 3 is supported and insu¬ 
lated from its ring R by three small quartz tubes, and each 
is connected to a rod e by a spiral spring of phosphor- 
bronze, its ring being connected to the corresponding guard¬ 
ring r. 

The electrode E 0 is supported through insulators of tubular 
quartz bv the ring R 0 , which in turn is insulated and 
supported from K. 

A plate T rests upon C and carries four insulated leads 
Q, the quartz window W, the gas inlet-tube t, and the 
bearing F. 

suitably connecting the rings R and the gauze G to a 
battery of cells, a uniform electric field may be set up 
throughout the space between G and E 0 . The potential of 
T is adjusted so that an adequate stream of electrons passes 
through G towards the diffusion chambers, when ultra-violet 
light falls on the lower surface of the gold plate fixed to J. 
This light comes from a spark S through the window W, 
and is reflected on to J hy the gold-plated annular spherical 
mirror M. 

To reduce disturbance of the uniformity of the electric 
field by contact potentials, all the essential electrodes are 
gold-plated and polished. 

The slits in E 5 , E s , and E! are respectively 1*5, 6*2, and 
7*2 cm. long, and 4, 4*2, and 4’2 mm. wide. They were 
designed all to be 4 mm. wide, but the above errors in 
construction did not cause difficulty in the use of the 
instrument on account of the procedure followed with 
the experiments* 


4 A 2 
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3. Theory of the New Method . 

For the sake o£ convenience the relations established 
previously* are summarized here with the following 
notation :— 


c = distance between successive slits, in cm. 

p = pressure of gas, in mm. of mercury. 

Z = electric intensity, in volts/cm. 

= fraction of the stream approaching E a which passes 
through its slit. 

S 2 = corresponding fraction for E t (S may be termed the 
distribution-ratio for its diffusion chamber). 

R = the distribution-ratio with negative ions for either 
diffusion chamber. 


k = mean energy of agitation of an electron in terms of 
the mean energy of agitation of a molecule at 15° C. 

a = probability of attachment, of an electron to a molecule, 
per unit length of its motion in the direction of the 
field. 


With the quantities c, p, and Z adjusted to known values, 
the ratios Si and S 2 are determined by measuring the mutual 
ratios of the currents i 0 , ii, and i $ which arrive on E 0 , E 1? 
and E 3 respectively. The normal distribution-ratio R can 
be determined as a known function of Z/c, either by calcu¬ 
lation f or by experiments with pure hydrogen in the 
instrument; this function is represented by the curve in 
fig. 2. 

Si and S 2 depend on three unknown quantities : k , u y and 
the electronic composition of the stream passing through the 
first slit; but the derived quantity 



is independent of the last factor, and can be expressed as a 
known function of k and «, namely: 

a = ld,(Z/kc)e^ ac .(1) 

To obtain another relation between k and the quantities 


* Zoc. eit . 

f R = erf (v)— (1 — e^ v2 )/v*/7r 9 
where v = 1*34 VZ/ftc, and k = 1 for ions. 
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p, and Z are altered by the same factor n to the values 
nc , np y and nZ respectively, and the quantity a n is deter¬ 
mined experimentally as before. This gives 

a n = R(nZ/&.nc)£~ na,M % 

sinceJA and ocjp depend only on the ratio Z/p, 

a n = R(Z/^c)^*“ n2<x<? .(2) 

From the simultaneous equations (1) and (2) we obtain 

(n 2 — Y)ac = lo g e (a/a n f 

^ n* j 1 

R(Z [kc) = a n *- l /a n n *~ l . 

Fig. 2. 



The first of these gives the value of a, and the second, in 
combination with the curve in fig. 2, enables k to be 
determined. 

But the following graphical method is to be preferred, for 
it supplies both a test of the theory and more accurate values 
of k and a. 

Equation (2) may be expressed in the form : 

y *= — (ac/2*S)x + (1 + log 10 R(Z/Ar)), 

where 

x = n 2 and y = 1 + log 10 a n . 

So, if the values of y are determined experimentally for 
three or more values of ac , and the points (x, y) are plotted. 
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these should lie on a straight line whose slope gives ac/2’3 
and whose intercept on the t/-axis gives l + logio R(Z jkc) 9 as 
illustrated in fig. 3. 

When many determinations are to be made, it is convenient 
to evaluate lc by the help of a curve derived from fig. 2, whose 
abscissae represent Ztjkc and ordinates l-hlog 10 R(Z/£c).. 

4. Experiments with H 2 . 

As a test of the instrument, pure H 2 gas was introduced 
up to various pressures, and with different intensities the 
ratios Sj and S 2 were obtained; these ratios correspond to- 


Fig. 3. 



known values of Tjjke since k is now well established * for 
H 2 , so a comparison with the theoretical values of R obtained 
from fig. 2 is made in the last three columns of Table I. 

In general there is good agreement between the values of 
S l9 S* and R for the same value of Z/£e, the small differences 
being due partly to errors in construction of the instrument 
and to the fact that in the calculation of R it is difficult to 
determine the effect of diffusion to the edges of the slits, 
which may be appreciable with widely-spreading streams. 

Si is consistently from 2 to 3 per cent, less than S 2 , so the 
simple theory of the last section requires to be modified as 
follows:—To each diffusion chamber corresponds a different 


* J. S. Townsend and V. A. Bailey, Phil. Mag. xiii. (Dec. 1921). 
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normal distribution-ratio—R' for the upper, and R/ ; for the 
lower one. The quantity a is then given by 



and, in equations (1) and (2), R is replaced by R". 

The numbers in the last three columns of Table I. show 
that for values of Z Ike greater than 0’75 the best values to 
adopt for R' are those given in the column under R, and for 
R" the values of 1*02 R. 


Table I. 


c. 

P- 

Z. 

z/p. 

Z Ike. 

Sx- 

Sr 

R. 

em. 

mm. 

volts/cm. 






4 

2 

10 

5 

•096 

*197 

•201 

‘228 

4 

4 

10 

2*5 

•146 

*252 

•258 

‘277 

4 

8 

10 

1-25 

•225 

‘319 

•330 

•336 

4 

8 

20 

2*5 

•292 

•359 

*367 

*377 

4 

16 

20 

1-25 

*45 

•434 

•447 

*448 

4 

32 

20 

*625 

*75 

•540 

*548 

•541 

4 

64 

40 

*625 

1-537 

•666 

*689 

•665 

4 

128 

40 

•312 

2-8 

*758 

•780 

*750 

0 

4 

10 

2*5 

*292 

*345 

*353 

•377 

2 

8 

20 

2*5 

•585 

*477 

•486 

*495 

2 

16 

20 

1*25 

•90 

•567 

•571 

*574 

2 

32 

20 

•625 

1*50 

•662 

*672 

•660 


6. Experiments with NH 3 . 

The gas was generated by heating a mixture of pure 
NH 4 C1 and (JaO in an evacuated flask to a temperature not 
exceeding 200° C., and, after passing through a long tube 
packed with caustic potash, it was admitted to a freezing- 
trap, which was cooled to about — 78° C. by a mixture of 
carbon dioxide snow and ether. 

When about 4 litres had been so condensed, the freezing 
mixture was removed and part of the gas allowed to evaporate 
into a second trap, where it was similarly condensed. With¬ 
out removing the freezing mixture the gas was then trans¬ 
ferred by means of a mercury column pump to two flasks. 
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each of which contained a small quantity of anhydrous P 2 O 5 , 
as supplied by Merck and Kahlbaum respectively. 

A little later some liquid air was obtained* and this made 
possible a more effective fractional distillation of the re¬ 
maining gas at lower temperatures. With this latter the 
pressure in the above two flasks was raised from 300 to 
700 mm., and a third completely empty flask filled up to 
700 mm. In order to obtain some information about the 
effect of the PgOs on the gas in the first two, no drying agent 
was placed in the last flask. 



During the first day there was a notable absorption of gas 
by the P 2 O 5 , but the rate soon became small, and sufficient 
gas was left at the end of seven days to make all the 
observations required. 

When the dry gas was admitted to the mercury gauges 
and diffusion instrument, it was found that the former were 
chiefly responsible for the loss of gas by adsorption, so the 
tap between the gauges and the instrument was turned off 
immediately after adjusting the gas-pressure, and after 
the observations the loss of gas in the gauges was restored 
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before this tap was turned again to verify that the gas in the 
instrument had not appreciably changed in pressure. 

The first observations were made on a sample of gas from 
the flask which contained no drying agent, and as these were 
in substantial agreement with the results obtained for samples 
of jKTH 3 from the two flasks which contained P 2 0 5 , the bulk of 
the work was carried out with the latter. 

In general the electric intensity Z g between the gauze G 
and the source of electrons J was kept approximately equal 
to the intensity Z of the uniform field extending between Gr 


Fig. 4 b. 



accurate measurements to be made. The possibility of this 
practice causing an error was examined by making obser¬ 
vations with values of Z 9 varying over a range so wide that 
ihe currents to the electrodes increased by a factor of about 
ten ; c, p , and Z being kept unaltered. 

The ratios S 3 and S 2 varied with Z^, but the quantity a 
-calculated from their values remained constant within the 
limits of experimental error, which result is in agreement 
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with the theory, and also renders valid the method o£ securing 
convenient currents by variation of Z g . 

With the three variables c, p, and Z there are several ways* 
of carrying out the work so as to apply the method described 
in Section 3, but the following plan was found to be the 
most convenient in practice :— 

With the electric intensity Z and the chamber length c 
kept constant the pressure p was varied, and at the values 
8 , 10, 11’3, 14*1, 16, and 32 of the ratio Z Ip the values of S t 
and S 2 were determined and plotted against Z/p, as shown^ 


Fig. 4 c. 



in fig. 4 a, which corresponds to Z = 8 and c = 2. Similar 
curves are obtained with Z and c both increased by a factor 
n, as shown in figs. 4 6 and 4 c, which correspond respectively 
to the factors \J2 and 2. 

Since Z jc for all the observations has the same value 4, to 
which correspond B/ = ’790 and R/'~’810 (from fig. 2), the 
values of a n are given by 

/’810—S 2 \ 
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The numbers calculated in this way are represented by the 
lowest curve in figs. 4 a, 4 6, and 4 c . 

It is evident from the curves for S that in the neighbour¬ 
hood of the value 8 of Z/p there are very few ions present, 
and also that k must be increasing rapidly between the 
values 8 and 10. On the other hand, the striking increase of 
S 2 , and the large separation of the S-curves between the 


Fig. 5. 



values 10 and 16 of Z Ip indicate a rapidly increasing pro¬ 
portion of ions in the currents. For any given value of Z/p 
greater than 10 the curves for S 2 , Si, and a become further 
separated as n varies from 1 to 2, which is in accord with the 
conclusion that u increases with p if Z jp remains constant. 

These inferences by inspection are completely confirmed 
by the quantitative determinations of k and a given below. 

The values 1 + l©g 10 a n , obtained from the curves for a m are 
represented by curves in fig. 5, which thus correspond to 

Z/e=4. 
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In order to provide a further test of the reliability of these 
methods, another complete series of observations was obtained 
corresponding to Zfc = 8 ; that is, curves were obtained similar 
to those shown in figs. 4 a, 4 b, and 4 c, but with the values 
of Z fixed at 16, 22‘6, and 32, and with pressures of the gas 
which wero twice as large. To save space these are not 
given, but the corresponding curves for l + log 10 a n are shown 
in fig. 6. 

With the help of the curves in fig. 5 (or fig. 6) the 
graphical method given in section 3, and illustrated by 
fig. 3, was now applied to the determination of the values of 
k and a corresponding to sets of experiments, the process 
being shown in fig. 7. 


Big. 7. 



As an actual example we may consider the determinations 
for Z/p = 12 with Z/c=4. From fig. 5, corresponding to 
Z/p=12, the values of l + log 10 a n are 3*40, 3‘08, and 2 55 
for* n=l, \/2, and 2 respectively. As shown in fig. 7, 
points are plotted with these for ordinates, and n 2 = l, 2, and 
4 respectively for abscissae, and the straight line marked 
“ Z/p—12 ” is then drawn to lie evenly between the plotted 
points. 

Since the slope of the line is ’0282, and c has the value 2, 
« must be given by 2 3 X -0282/2 ; that is, u is equal to *0324; 
the value of p being 2 x 4/12, therefore a/p—‘ 0486. 

The line cuts the vertical axis at -367, which must then be 
the value of 1 + log 10 R,(Z/&c). This gives -233 for R(Z jkc), 
and thus with the assistance of fig. 2, k is found to be 40. 





1085 


on the Capture of Electrons by Molecules . 

The values o£ k and at/p so determined are represented by 
curves in figs. 8 and 9. In each diagram there is good 
agreement between the curves obtained under the different 
conditions represented by the ratios Z/c, despite the facts 
which are now disclosed : that Jc and ujp change very rapidly 
with Z Ip in the region under examination. This agreement, 
and the collinearity displayed in fig. 7 between the three 
points in each set, may be regarded as experimental con¬ 
firmation of the theory in section which is now seen to be 
applicable to NH 3 up to Z/p=16. 

Fig. 8. 


60 
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30 
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The effect of calculating the values of k by means of the 
distribution-ratios obtained with H 2 (section 4), instead of 
calculating by the curve in fig. 2, was to lessen the concord¬ 
ance between the upper parts of the two curves for k y but 
the results are not substantially different from those shown 
in fig. 8. The values of a > however, depend only on the 
upper parts of the distribution curves (Z/£c>’75 ), which 
agree well with the ratios obtained with H 2 . 

For Z/p=32 there is some discordance between the results 
determined with the two different values of Z/c. The present 
theory may commence to become inapplicable to NH 3 in this 
region on account of the effects of ionization by collision of 
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electrons with molecules, which are known to become appre¬ 
ciable in some gases under similar conditions; for example, 
in H 2 0 the current would increase by about 5 per cent, 
between successive slits with this value of Z/pand a pressure 
■of 1 mm. So no deductions are made from the observations 
with Z/p = 32. 

5. Conclusions . 

The probability h of attachment at a collision may be 
-estimated by means of the formula * 

^UL 2 (^)(Z/# 

Fig. 9. 



if the mean free path L, of an electron at 1 mm. pressure of 
^as, be deduced from measurements of the viscosity of NH 3 . 
Accordingly, from Roth and ScheePs* Konstanten der Atom- 
physik,’L = 2 x 10~ 2 cm. ; and since from figs. 8 and 9 with 
Z/p=12, &=43, and a/p=*045, 

•\ /i=5x 10~ 5 when & = 43. 

This method, however, is not a reliable one by which to 
■examine the dependence of h on the energy k of the electron, 


* Deduced from the relatione a=A«/lW and Wss’815 Zel jmu. 
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as it is known that L itself may vary considerably with k; 
so the following argument is to be preferred :— 

If E denote the energy (in volts) lost by an electron at a 
collision with a molecule, then for a given gasE is a function 
of h alone. The number v of collisions made by an electron 
which travels 1 centimetre along the direction of the electric 
field, in the steady state of motion, is such that the work Z 
(volts) done by the field is equal to the energy lost in these 
collisions. 

yE = Z. 


Fig. 10. 



The probability of attachment in this distance is represented 
by ol and also by vh. 


.\ yh~Ot y 

Ji/'E—ajZ =O/p) /(Zip). 

The values of A/E for different values of k may then be 
determined from the curves in figs. 8 and 9, and represented 
by a curve as in fig. 10. 

JJ^This shows that as k increases # from 5'5 to 64 the ratio hj E 
also steadily increases from *6 x 10“ 3 to 8*1 X 10" 3 , i. e . by a 
factor of about 14. 
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It is easy to show that * 

E = 7 x 10~ ia W 2 volts 

where W is the velocity of the stream of electrons in the 
direction of Z; and as none of the many experiments made to 
date in different gases t has revealed an instance where W 
decreases as k increases, it may be concluded generally that 
E never diminishes as k increases It then follows that in 
NH 3 h increases by a factor not smaller than 14 when k 
varies from 5 # 5 to 64. 

Some information concerning the variation of the mean 
free path L may be obtained in a similar way from a curve 
whose ordinates represent L 2 /E, since it is easy to deduce 
from the above expressions for h and hj E that 

L 2 /E = &/ll(Z/jt>) 2 , 

and so to determine this curve (fig. 10) by means of fig. 8. 

This curve indicates that, as k increases from 5*5 to 45, the 
ratio L 2 /E increases from 2'34 to S*2, and as E is not 
diminishing, it follows that L 2 increases in this range by a 
factor of at least 3’5. 

The conclusion that h may vary considerably with k in 
NH 3 and in air § makes it certain that the method used by 
L. B. Loeb || and H. B. Wahlin is liable in general to give 
erroneous results, for it depends on the assumption that fi is 
a constant characteristic of the gas alone. There are other 
weaknesses in this method, some of which have already been 
pointed out % so in referring to the table on p. 513 of his 
book, in which are given the values of n( = l//i) obtained 
with this method, he states : “ It is questionable whether the 
values are accurate in more than order of magnitude. They 
do differ, however, so widely in order of magnitude that even 
these crude early results give a good idea of n.* 9 Further 
on he adds : ft While these results are not of more than 
qualitative value. . . 

We are inclined to doubt whether they even u give a good 
idea of n" on comparing Wahlin's value 10~ 8 for h in NH S 
with our lowest value, which is about 2 x 10~ 5 ; these are by 

* J. S. Townsend and V. A. Bailey, Phil. Mag., Nov. 1922, p. 1045. 

t H 2 , 0 2 , N 3 , He, A, Ne, CO, C0 2 , NO, N 2 0, C 2 H 4 , C 5 H 12 . 

J The experiments of Townsend and Glasson, which might indicate 
the contrary, correspond to very different conditions, where the energies 
cause intense ionization by collisions. 

§ V. A. Bailey, loc. cit. 

|| L. B. Loeb, * Kinetic Theory of Gases/ p. 510. 

Y. A. Bailey, Phil. Mag., July 1923, 
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no means of the same order of magnitude. To explain thi& 
discrepancy by assuming that our gas contained more of 
potent impurities than his, requires that ours should have 
contained a proportion of these at least 1000 times greater 
than did Wahlin’s ; there is, however, no reason to suppose 
that our samples of NH 3 were less pure than his. On the 
other hand, if it be argued that the disagreement is attribu¬ 
table to the difference in the energies of the electrons, then 
it has to be admitted that when the mean velocity of the 
electrons changes from 1*1 x 10 7 to about 2*6 X 10 7 cm./sec., 
the probability of attachment h increases by a factor of at 
least 1000 ; a change of such magnitude cannot be ignored, 
even if only u qualitative ” results are sought. Since Loeb 
admits (p. 513) the greater reliability of the methods we 
have used, it would appear that the results obtained with his 
method, and set out in his table, may be quite misleading. 

E. M. Wellish * has expressed the view that 64 an electron 
cannot effect a permanent union with an uncharged molecule 
to form a negative ion unless the relative velocity at collision 
exceed a critical value characteristic of the molecule con¬ 
cerned. ... It is probable that the circumstances of an 
encounter as well as the relative velocity will determine the 
effectiveness of a collision so that only a fraction of these 
impacts will result in the formation of ions.” 

We are unable to see the necessity for his assumption of a 
minimum critical velocity, for the experimental facts he 
adduced in support of it can be understood from our point of 
view without requiring any additional hypothesis. 

The NH 4 C1 and CaO used was very kindly prepared for 
us by Mr. G. J. Burrows, of the Department of Chemistry. 

We are also much indebted to the Colonial Sugar Refining 
Co., Ltd., for the supply of carbon-dioxide snow, and to the 
Commonwealth Oxygen & Accessories Co., Ltd., for the 
supply of liquid air, both without cost to the University. 

It is to be hoped that their example will find imitators in 
Australia, where the policy adopted with striking success by 
the industries of other countries, of assisting research in 
pure and applied science, is still somewhat disregarded. 

In conclusion we desire to record our appreciation of the 
skill and resource shown by Messrs. G. C. Barnes and 
H. Taylor in the construction of the apparatus used in this 
work. 


* E. M. Wellish, Am. Journ. Sci. xliv. p. 26 (July 1917). 
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CVII. Spark Ignition . By E. Taylor Jonss, I)>Sc., 

Professor of Natural Philosophy in the University of 
Glasgow *. 

[Plates XXI. & XXII.] 

T HE substance o£ the following communication was 
contained in a lecture to Section A of the British 
Association at Glasgow on September 10th, 1928. The 
chief topics discussed are the nature of the action of an 
electric spark in producing ignition of an inflammable 
gaseous mixture, and the conditions which determine 
whether a spark will or will not ignite a given mixture. 

One of the earliest experimental results published on this 
subject was the observation by Thornton f that the heat 
dissipated in a spark just sufficient to cause ignition is less 
if the spark is produced by the discharge of a condenser 
than if it is produced (as in “ low tension ” or u inductance ” 
sparks) by separating the electrodes from contact so as to 
interrupt a current in an inductive circuit. An explanation 
of this result, based on the view that spark ignition depends 
upon the volume of the gas which the spark can by its own 
heat raise to the ignition temperature was suggested by 
Taylor Jones, Morgan, and Wheeler §. A condenser spark 
of very short length between metal points being regarded as 
an instantaneous point source of heat in a uniform medium, 
the temperature 6 in its neighbourhood is represented by 
Fourier's expression 

8 ciTTktyi*' 

* Communicated by the Author, 
t Phil. Mag., November 1914. 

+ See Wheeler, Trans. Chem. Soc. cxvii. p. 903 (1920) ,* also the ‘ Third 
Keport of the Explosions in Mines Committee of the Home Office,’ 1913. 
The argument for this view may be stated as follows :—If we suppose 
that a small spherical volume of the gas is heated by the sparlt to the 
ignition temperature, the gas within this volume is burnt, and its tem¬ 
perature is raised further by the heat resulting from the chemical action. 
At the surface of the sphere there will, therefore, be a large temperature 
gradient and rapid loss of heat by conduction. The rate of cooling of the 
sphere due to this cause is proportional to the ratio of its surface to its 
volume, and is very great if the sphere is very small. Consequently 
the small flame started in the sphere will soon become extinguished 
by tbe conduction from its surface, and will therefore fail to spread 
throughout the gas, unless tbe volume of the sphere exceeds a certain 
minimum value. 

§ Phil. Mag., February 1922. 
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in which Q is the quantity of heat dissipated in the spark, 
kis the thermometric conductivity, and c the thermal capacity 
per unit volume of the gas (supposed uniform), r is the 
distance from the source, and t is the time after the moment 
at which the heat is communicated. If an inductance spark 
be regarded as a source in which the heat is supplied to the 
gas at a uniform rate over an interval of time T, the tem¬ 
perature distribution may be deduced from (1) by integration. 
In the paper cited the results of numerical calculations based 
upon (1) were given, which showed that in the case con¬ 
sidered the volume of the spherical portion of the gas, the 
boundarj' of which was just raised to a certain temperature, 
was greater in the case of the instantaneous source than in 
that of a source in which the heat supply was continued at a 
uniform rate for a finite interval of time, the total heat 
supplied being the same in both cases*. 

The general proof that this result holds also for a point 
source in which the heat Q is supplied over a finite interval 
of time, whether uniformly or not, may be arrived at in the 
following manner :—In fig. 1 let curve A f represent the 
form of the temperature wave (6, t) at any distance r from 
an instantaneous point source. The temperature at this 
distance rises rapidly to a maximum and falls more slowly 
from it. The maximum temperature is attained at the time 
t = r 2 /6k, and is higher the shorter the distance r from the 
source, being, in fact, inversely proportional to the cube of 
the distance from the source, as may be seen by substituting 
this value for t in (1). 

If we now suppose that the heat Q is communicated in 
two equal parts at an interval of time T (represented in fig. 1 
by 0*005 sec.), the temperature at the same distance is given 
by the sum of the ordinates of the two curves B and C, each 
of which has one-half the amplitude of A. The maximum 
in the resultant curve occurs at a time shortly before the 
maximum of the second component, and it is evident that the 
resultant maximum is smaller than the sum of the maxima 
of the two components, and therefore than the maximum of 

* Coward and Meiter have recently (Journ. Amer. Chero. Soc. xlix. 
p. 396, 1927) determined experimentally the least volume which must be 
heated, by a condenser spark in a methane-air mixture, to the ignition 
temperature in order to ensure general inflammation, and found that the 
volume is of the same order of magnitude as that calculated from the 
expression (1). 

f Curve A in fig. 1 is calculated from the expression (1) with 
Q=0‘001 calorie, r=0*0604 cm., h =0*2188, c =0*00032. The maximum 
temperature is 1044° C. at £ = 0*002779 second. 

4 B 2 
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the original curve A. The resultant maximum also evidently 
diminishes as the interval of time between the two com¬ 
ponents increases. We may conclude that the result of 
dividing the heat supplied into two equal instalments 
separated by any finite interval of time is to lower the 
maximum temperature at any given point in the neighbour¬ 
hood. Similar considerations show that the same result 
holds if the two instalments are unequal, also if the heat is 
divided into three or more instalments, equal or unequal,. 


Fig. 1. 



supplied at equal or unequal intervals of time. The limiting 
case of a continued source, f. e., a very large number of 
infinitesimal instalments following one another at infinitely 
short intervals of time, is also included. Curve D in fig. 1 
shows a portion of the temperature wave at the same distance 
from a point source of the same total heat, but in which the 
heat supply is continued uniformly for 0*005 second. 

The general result may be stated as follows :—If a given 
quantity of heat is supplied at a point of a uniform con¬ 
ducting medium in any manner during a finite interval of 
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time, the maximum temperature at any neighbouring point 
is lower than it would have been if the heat had been supplied 
all at the same instant. 

By considering the distance from the source at which the 
temperature just rises to a given value, instead of the 
maximum temperature at a given distance, we arrive at the 
following corollary to the above theorem :—If a given 
quantity of heat is supplied at a point of a uniform con¬ 
ducting medium in any manner during a finite interval of 
time, the volume of the medium, the boundary of which is 
just raised to any given temperature, is smaller than it would 
have been if the heat had been supplied all at the same 
instant. This follows from the theorem and the result, pre¬ 
viously stated, that for instantaneous sources the maximum 
temperature diminishes with increasing distance from the 
source. 

The introduction of “volumeinstead of “distance'’ in 
the corollary follows from the assumed uniformity of flow of 
heat in all directions. Since, however, the proof of the 
theorem does not depend upon the precise form of curve A 
in fig. 1, the theorem and its corollary are applicable to the 
case of a point source in a conducting medium between 
two plane parallel non-conducting walls at a short distance 
apart, or to that of a point source in a thin column of con¬ 
ducting material bounded laterally by non-conductors. If 
in these cases the bounding walls were made conducting 
some of the heat would enter the walls and would thus be 
lost to the medium between them, but since there seems to 
be no reason for supposing that the medium would lose more 
heat in this way with the instantaneous source than with th# 
divided or continuous source, we may assume the theorem 
and its corollary to hold also in this case. 

The magnitude of the effect of the duration of the heat 
supply is illustrated by the curves in fig. 2, in which the 
ordinate represents the volume of gas, the boundary of which 
is just raised to a definite temperature by a point source of 
heat continued at a uniform rate for a time T represented by 
the abscissa. The volumes are calculated, from the integral 
of the expression (1)*, for four temperatures (within the 
range of the ignition temperatures of methane-air mixtures), 
the values assumed for the constants being those given in the 
second footnote on p. 1091. It will be seen that the volume 
is greatest for an instantaneous source (T = 0), and that it 
diminishes steadily as the duration of the heat supply is 


* See Phil. Mag. p, 364, February 1922. 
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increased. The same holds when the heat supply, instead 
of being continued uniformly for time T, is divided into a 
given number of equal instalments supplied at equal intervals 
over this time. It is the increase in the total duration of the 
heat supply, rather than an increase in the number of instal¬ 
ments, which causes the reduction in the volume raised to the 
given temperature. An increase in the number of instal¬ 
ments (supposed equal and equally spaced in time), without 
increase in the total duration, has the opposite effect. 

According to the hypothesis that ignition depends upon the 
volume of the gas which is raised to the ignition temperature, 
it follows from the corollary stated above that an instanta¬ 
neous point source of heat is more effective in ignition than 


Fig*. 2. 



a point source in which the heat is supplied in any manner 
(continuous or discontinuous) over a finite interval of time. 

Experimentally it is easy to produce sources of approxi¬ 
mately the same total heat, but having different time 
distributions, by connecting a condenser of variable capacity 
to the electrodes of a spark-gap connected with the secondary 
of an induction coil fed with a primary current which has a 
constant value at the moment of break. With a large value 
of the secondary capacity a single spark is obtained, and as 
the capacity is diminished the discharge produced by each 
interruption of the primary current divides into two, three, 
or more sparks. When the secondary condenser is discon¬ 
nected we have the ordinary induction coil discharge 
consisting of a preliminary spark followed by a continuous 
but pulsating and decaying arc. 
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In fig. 3 (PI. XXI.) are shown six induction coil spark 
discharges produced in this way, between the ends of two 
wires at a very short distant apart, and photographed with 
the aid of a rotating mirror. That the energy dissipated in 
the six discharges was approximately the same is a conse¬ 
quence of the fact that the primary current at break, and 
therefore the energy supplied to the system, was the same 
in all. Calorimeter measurements of the heat of the sparks 
in such experiments also show that it is practically inde¬ 
pendent of the secondary capacity *. 

An experiment described by Morgan + shows that the 
effectiveness of a magneto spark in ignition increases with 
the capacity of a condenser connected with the spark-gap 
electrodes. This result is in agreement with the theoretical 
views described above, since the total duration of the 
discharge in general diminishes as the secondary capacity is 
increased (see fig. 3, PI. XXI.). 

A simple form of explosion vessel which the present writer 
has found suitable for illustrative experiments on spark 
ignition consists of a strong glass tube of uniform bore,, 
about 16 inches long and 1£ inches internal diameter, slightly 
constricted at the upper end in order to hold firmly a plug 
of insulating material which closes the tube at this end and 
carries a gas inlet-tube and the electrodes of an adjustable 
spark-gap. A piston of felt, movable easily in the glass 
cylinder, is fitted to the end of a long brass tube of ^ in* 
diameter which acts as air inlet. The glass cylinder is fixed 
firmly in a vertical position, the brass tube passing through 
a guide about 2 inches below the lower end of the cylinder* 
The upper surface of the guide also acts as a buffer from 
w T hich the piston rebounds after the explosion. A scale of 
inches runs along the length of the cylinder, to measure the 
air introduced, the uppermost inch being divided into tenths 
for the measurement of the volume of gas admitted 
A magneto (or an induction coil) and a condenser connected 
with the spark electrodes complete the apparatus. The 
piston is first set at a suitable mark near the top of the 
cylinder, gas is admitted for a short time and is then cut off 

* A form of calorimeter suitable for comparative measurements of the 
heat of sparks consists of a gas thermometer the bulb of which contains 
the spark-gap. The deflexion of the liquid column produced by a series 
of sparks, and measured from the zero observed after sparking has ceased, 
gives a measure of the heat produced in the sparks. 

+ i Electric Spark Ignition/ pp. 31,82 (1920) ; * Engineering/ Nov. 3, 
191G. 

l Explosion tubes of this form were used for illustrating the lecture 
in Glasgow. 
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by a stopcock in the gas inlet-tube. The piston is drawn 
down to a suitable distance (depending upon the strength 
of mixture required) and a stopcock near the lower end of 
the air inlet-tube is then closed. A half turn of the magneto 
armature (giving one break of the primary circuit) produces 
the spark, and if the mixture is such that an explosion of 
sufficient violence results, the piston is blown out of the 
cylinder and after the rebound re-enters the cylinder to a 
certain distance. A scale of tenths of an inch may be marked 
on the cylinder at the lower end to indicate this distance, 
which gives a measure of the impulse of the explosion *. 

By means of this apparatus the igniting action of sparks 
of different kinds between electrodes of different forms can 
be conveniently studied, and the superiority of a condenser 
spark over the ordinary magneto spark (e. g. f with pointed 
electrodes of steel or tungsten), indicated by the above 
theory, can easily be demonstrated. 

Ignition by Short Sparks between Spherical Electrodes . 

When ignition experiments are tried with short sparks 
between spherical electrodes of metal f, a number of results 
are found which appear, at first sight, to be contrary to the 
thermal theory. In the first place ignition is difficult and 
very erratic unless the metal surfaces arc clean. It is 
scarcely to be expected, however, that the loss of heat which 
undoubtedly takes place by conduction from the gas to the 
electrodes would be less when these are clean than when 
they are covered with a layer of oxide or other substance of 
smaller conductivity than the metal. The result, therefore, 
seems to point to some action other than thermal as the 
cause of ignition. Further, when different metals are used 
as electrodes the igniting effect does not seem to depend 
appreciably upon their thermal conductivity. In making 
this comparison care should be taken to use electrodes of the 
same curvature (since the igniting power of the spark 
increases with their curvature), and they should be well 
cleaned before the experiment. In this way curved surfaces 
of copper, steel, and zinc were found to be equally effective 
in ignition, i. <?., to be just capable of igniting a given 

* The pressure developed in an explosion is usually independent of the 
nature and intensity of the spark, so long* as the spark is sufficient to 
produce an explosion at all (see Morgan, ‘ Electric Spark Ignition/ p. 15). 

t Short cylinders of about 8 mm. diameter, having spherical ends of 
about 1 cm. radius of curvature, and placed so as to form a gap 0*15 mm. 
wide at its narrowest part, were used in most of the experiments de¬ 
scribed in this section. 
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mixture when the sparks were of the same kind and length, 
and were produced by the interruption of the same primary 
current. Of the metals examined (copper, steel, zinc, 
platinum, lead) lead was found to be the most suitable for 
ignition experiments ; the surface of this metal is less easily 
spoilt by the tarnishing due to the sparks or to the flame. 
Carbon electrodes, though not so effective in ignition as 
those of clean lead, are also suitable because they do not 
require to be cleaned as do metallic surfaces. 

Another result which appears to be contrary to the thermal 
theory is found when the effect of connecting a condenser to 
the spherical electrodes is examined. With electrodes and 
gap of the dimensions stated above, the effect of the con¬ 
denser is exactly opposite to that observed when pointed 
electrodes are used. The condenser produces a decided 
diminution in the igniting power of the spark, and the 
inferiority of the condenser spark with the spherical 
electrodes is quite as marked as its superiority when the 
electrodes are metal points. In one experiment, with 
spherical carbon electrodes, ignition without the condenser 
occurred at a primary current of 0*7 ampere ; with the 
condenser ignition failed at 10 amperes, i. e with a spark of 
nearly 200 times as much energy. 

This result is directly contrary to that derived from the 
theory of thermal conduction from point sources, and we 
must conclude either that the thermal theory is wrong, or 
that some other action takes place, when spherical electrodes 
are employed, which is of such greater influence in ignition 
than thermal conduction as to mask its effect. 

For the further investigation of this matter some photo¬ 
graphs of the sparks between spherical electrodes were taken, 
six specimens of which are shown in fig. 4 (PI. XXI.). These 
sparks were produced, by a magneto, between lead c}dinders 
8 mm. in diameter, the spherical ends of which were set at 
0*15 mm. apart. The camera used in photographing them 
had a quartz lens of 15 6 cm. focal length, the linear 
magnification being 1*5 cm. The sparks shown in fig. 4 
(PI. XXI.) are “ordinary** magneto sparks, no condenser 
being connected with the electrodes. 

An examination of fig. 4 (PI. XXI.) shows that the 
ordinary spark between spherical electrodes differs in one 
important particular from the usual short spark which we have 
regarded as a point source. The discharge begins at the 
centre ( i . the narrowest part) of the gap, but some portion 
of it spreads towards the sides, and in spreading it lengthens 
so that it can no longer be regarded as even approximately a 
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point source* * * § . The spreading of the discharge over the 
surfaces of the electrodes does not occur when a condenser of 
considerable capacity is connected with them. In fig. 5 
(PL XXI.) are shown seven induction-coil sparks between the 
lead cylinders, the gap in each oase being placed centrally 
just above a Meker burner f* The first five passed while a 
condenser was connected with the terminals ; they show no 
spreading and they failed to produce ignition J. The sixth 
and seventh sparks were produced after the condenser was 
disconnected ; of these the sixth shows spreading and pro¬ 
duced ignition, the seventh shows no spreading and failed 
to ignite. The primary current interrupted was the same in 
all seven. 

In fig. 6 (PL XXII.) are shown seven magneto sparks 
between spherical electrodes of platinum. Of the seven 
only the second and the fifth show evidence of spreading, 
and only these two produced ignition. 

The conclusions to be drawn from an examination of 
these photographs, and a number of others of a similar kind 
which were tak* n, are that, in the case of short sparks 
between spherical electrodes of metal or of carbon: 

(1) the ordinaiy high-tension discharge (without secondary 

condenser) tends to spread from the centre towards 

the sides of the gap when the electrodes are of* 

carbon or of clean metal ; $ 

(2) the tendency to spread increases witll the primary 

current ; 

(3) the spreading does not occur, or occurs much less 

readily, over metal surfaces which are not clean; 

(4) ignition does not occur, or occurs only with great 

difficulty, unless the discharge spreads ; 

(5) ignition does not always occur if there is spreading. 

(6) spreading does not occur if a condenser of considerable 

capacity § is connected with the electrodes. 

* That the spreading is not an effect caused by gaseous combustion is 
shown by the fact that the discharges in fig. 4 (PL XXI.) took place 
in ordinary air free from inflammable gas. 

t Ignition experiments with a burner may be made either while the 
gas is flowing or in the still gas which remains above the burner for a 
short time after the gas is turned off. A large Meker burner is 
the most suitable for the purpose. 

X Owing to the much greater brightness of the condenser sparks 
the aperture of the lens was reduced to its minimum for the first five 
sparks. Their images are, however, still rather enlarged by halation. 

§ The capacity must be sufficiently large to prevent the formation of 
an arc instead of a single or multiple spark (see the author’s 4 Theory of 
the Induction Coil,’ p. 151). 
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With these facts in mind it is easy to understand why the 
ordinary spark is a better igniter than the condenser spark 
when spherical electrodes are used. The ordinary discharge, 
in spreading to the outer and wider parts of the gap, is 
able to warm the requisite volume of gas to the ignition 
temperature, not by thermal conduction but by its own 
expansion. The condenser spark, on the other hand, being 
confined to the narrowest part of the gap, can warm the 
surrounding gas only by conduction *. It is true that in 
the case of the ordinary spark between spherical electrodes, 
only a fraction of the heat is actually utilized in producing 
ignition, viz., the heat of that portion of the discharge 
which is near the edge of the gap. It is quite in accordance 
with the thermal theory, however, that an enlarged source 
may be a better igniter than a point source of greater heat. 
For the distribution of temperature round an instantaneous 
point source at any time after the heat is communicated is 
such that the temperature is highest in the position of the 
source, and falls off in all directions from this point. If the 
boundary of a certain volume of the gas is at the ignition 
temperature, the inner portions of this volume must be at a 
temperature above this, and therefore at an unnecessarily 
high temperature for the production of ignition. It is clear 
that, in regard to the volume raised to the ignition tempera¬ 
ture, a better distribution would be one in which the heat is 
more evenly distributed, so that the temperature throughout 
this volume is uniform. An instantaneous point source, 
though superior to a continued point source, is inferior to an 
enlarged source of the same or even less total heat. 

It appears, therefore, that the results, both with pointed 
and with spherical electrodes, are consistent with the view 
that the most effective spark in ignition is that which heats 
the greatest volume of the gas to the ignition temperature. 
With pointed electrodes the heating is effected by thermal 
conduction from the source, with spherical electrodes by 
expansion of the source itself. 

Some further points now remain to be considered in 
regard to the discharge between spherical electrodes. The 
horizontal striations which appear in the photograph of the 
spreading discharge in fig. 5 (PI. XXI.), and less clearly in 

* It. might be expected that the condenser spark, being in the 
position in which it can give heat most readily to the electrodes, 
would communicate less heat to the gas than would the ordinary spark. 
Calorimeter experiments, however, with small spherical electrodes of 
carbon, indicated that the gas receives slightly more heat from condenser 
sparks than from ordinary sparks produced with the same primary 
current. 
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figs. 4 and 6 (Pis. XXI. & XXII.), suggest that the apparent 
spreading is a radial movement, or wandering, of the arc 
portion of the discharge, the striations corresponding to the 
oscillations of the induction coil or magneto system *. That 
this is the case is confirmed by photographs of the discharge 
taken with the help of a rotating concave mirror, some of 
which are reproduced in fig. 7 (PI. XXII.L They show a 
number of spark discharges, produced by an induction coil 
without secondary condenser, between spherical electrodes of 
carbon. Nearly all the images show the wandering of the 
arc, the movement being upwards, or downwards, or along 
other radii. Frequently the arc wanders to the edge of the gap 
and breaks off there, the discharge then beginning again at 
the centre, sometimes afterwards wandering along a different 
radius, as in the fourth, fifth, and sixth images. This is the 
explanation of the fact that in several of the camera photo¬ 
graphs (e. < 7 ., the first in tig. 4, PL XXI.) the 44 spreading ' 5 
appears to take place both upwards and downwards in the 
same discharge. None of the lines in fig. 7 fPl. XXII.) show 
any bifurcation, the discharge passing at only one part of the 
gap at a time. The curvature of the lines during wandering- 
shows that the speed of the lateral movement of the discharge 
is greatest at the centre of the gap, which is to be expected 
since the radial variation of the width of the gap is here 
smallest f. 

With regard to the influence of the wandering on ignition, 
it is probable that the most effective discharges in this 
respect are those in which the arc wanders to the edge of 
the gap and remains there for an appreciable time, as in the 
sixth and thirteenth images in fig. 7 (PL XXXI.). On several 
occasions it was observed that a discharge which broke off 
just after reaching the edge, to recommence at the centre, 
was incapable of producing ignition. In such cases it must 
be concluded that though the wandering is accompanied by 
a sufficient enlargement of the source, the time for which 
the enlargement endures is too short to result in ignition %. 

The wandering of the arc takes place less readily when 
the width of the gap is increased. Consequently it might 
be expected that within certain limits a narrow gap between 

♦ See ‘The Theory of the Induction Coil/ fig. 61, p. 147, and fig. 93, 

p. 201. 

t The photographs in fig. 7 (PI. XXII.) suggest that the wandering is 
accompanied by an increase of width, as well as an increase of length, of 
the arc. 

% The whole time of duration of each of the discharges shown in 
fig. 7 (PI. XXII.) was about 1/100 second. 
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spherical electrodes would be more effective in ignition than 
a wider one. This was found to be the case with the carbon 
spherical electrodes used in the present experiments. The 
igniting effect of the spark was distinctly better when they 
were 0*15 mm. than when they were 0*3 apart, the heat of 
the spark being practically the same on both occasions. The 
greater ease of wandering in the narrower gap was more 
effective than the greater length of the initial spark in the 
wider one*. 

The wandering also depends upon the curvature of the elec¬ 
trodes, and in the case of sharply-pointed electrodes it must 
be greatly restricted by the fact that here any lateral move¬ 
ment of the arc would be accompanied by excessive increase 
of length. The possibility suggested itself, however, that 
some slight effect of wandering might be observable with 
pointed electrodes if these were of the most suitable material. 
When ignition was tried with a vdry short spark between 
carbon points it was found that the addition of a secondary 
condenser now produced no improvement. Ignition was 
effected with equal success whether the condenser was 
connected or not. The same was found with pointed elec¬ 
trodes of clean lead. In these circumstances the slight 
wandering over the sides of the electrodes in the case of 
the ordinary spark apparently produces as much effect in 
ignition as the superior temperature distribution due to 
thermal condition in that of the condenser spark. 

As to the cause of the wandering of the arc, this cannot be 
traced to the action of thermal convection arising from the 
heating of the gas by the initial spark. The photographs in 
figs. 4 and 7 (Pis. XXI. & XXII.) show that the movement 
of the arc is as often downwards as upwards. Nor can the 
wandering be attributed to thermionic action, since the 
movement is from the centre towards the outer portions of 
the gap where the surfaces of the electrodes are cooler. 
The wandering must be attributed to some property of 
the surfaces which is independent of thermal action. Now 
it is an observed fact that the wandering takes place much 
less readily if the electrode surfaces are not clean or are 
tarnished, and this fact suggests that photoelectric action 
plays a part in determining the position of the arc. We 
may suppose that the electrode surfaces at the centre are 
to some extent u spoilt 99 by the initial spark, so that the arc 

* The condenser spark between spherical electrodes, in which there is 
no wandering, conforms to the general role that the igniting power 
increases with the width of the gap 
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which follows it passes more readily across a neighbouring 
part of the gap where the surfaces are cleaner. The 
wandering of the arc thus represents the tendency of the 
arc to pass across parts of the gap where the surfaces have 
not been spoilt by the previous portions of the discharge. 
According to this view of the matter the direction of the 
wandering, which is apparently quite capricious, is that 
along which the surfaces at the time are cleanest, and where 
the easiest path is prepared for the discharge by photo¬ 
electric action. 

That the wandering does not occur with condenser sparks 
is accounted for by the fact that it is a comparatively slow 
movement, and that it requires a much longer time to 
develop than that occupied by a single condenser spark. In 
fig. 8 (PI. XXII.) are shown rotating-mirror photographs of 
four multiple spark discharges produced between the carbon 
spherical electrodes by an induction coil with secondary 
condenser. The capacity of the condenser was considerably 
less than the maximum which allowed sparks to pass, so that 
each discharge consisted of a large number of separate 
sparks. Each spark appears at the centre of the gap, and 
no part of the discharge shows any tendency to wander 
towards the side. 

In connexion with the question of the condition requisite 
for ignition there is another point to which reference should 
be made here. Observers whose experiments on ignition 
by electric sparks or other forms of electric discharge have 
led them to conclude that ignition is not due to any thermal 
action of the current, have sometimes suggested that the 
current itself (or the ionization) in the gas is the deter¬ 
mining factor in ignition. It is not difficult to show, 
however, that in the present experiments with spherical 
electrodes the maximum current crossing the spark gap is 
much greater in the case of the condenser spark than in that 
of the ordinary spark, though the latter is, as we have seen, 
much the better igniter. Let us suppose that a condenser 
of capacity C is connected with the electrodes, so that the 
discharge takes the form of a single spark in which the 
current oscillates with high frequency n, determined by the 
-capacity C, and the self-inductance of the short wires by 
which it is connected to the electrodes. Then if the 
sparking potential is V 0 , the maximum value of the 
current in these oscillations is (if we neglect damping) 
I 11 Present experiments Y 0 was about 1000 
volts, C about 0'004 microfarad, and n was not less than 
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10 6 per second. Consequently the maximum current in 
the condenser spark was, at a low estimate, 25 amperes. 

When the condenser is replaced by one of very small 
capacity, the discharge changes into a spark of the ordinary 
kind, consisting of an initial capacity portion followed by 
a pulsating and decaying arc. The maximum current in 
the capacity portion is given by the same expression with 
the appropriate values ot' n and C, and since n is inversely 
proportioned to VC, the maximum current is now consider¬ 
ably less than before, being directly proportional to the 
square root of the capacity. 

As to the maximum current in the arc portion of the 
ordinary discharge (in which the the current wave consists 
of one oscillatory and one aperiodic component), an upper 
limit to its value may be obtained bv calculation from the 
constants of the magneto circuits and the primary current 
at the moment of u break*. By such calculations it can 
be verified that in no case does the maximum current in 
the inductance portion of the spark given by a high tension 
magneto of the usual type exceed a few hundred milli- 
amperes f* It is therefore quite certain that when a con¬ 
denser of considerable capacity is connected with the spark 
electrodes, the maximum current in the discharge is much 
greater than that in the discharge which occurs when the 
condenser is replaced by one of very small capacity, 
or when the condenser is absent. The great superiority 
of the igniting action of the ordinary discharge over that 
of the condenser spark between spherical electrodes cannot 
therefore be traced to any direct electrical action determined 
by the value of the current. 

In the opinion of the present writer the thermal theory 
is the only theory which is capable of accounting for the 
known facts of spark ignition, and it is hoped that the 
evidence produced in the present communication will tend 
to renew confidence in it. 

Glasgow. 

October, 1928. 


* The equations required in the calculation are given in the author’s 
4 Theory of the Induction Coil,’ Appendix II. pp. 209, 210. 

t See also Morgan, * Electric Spark Ignition,’ p. 21 , where it is shown 
that the current in the arc portion is smaller than that in the capacity 
portion of a magneto spark. 
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CVTII. The Phosphorescence of Fused Quartz. 

By A. C. Bailey and J. W. Woodrow *. 

[Plate XXIII.] 

D RUMMOND and Webster (1) have shown that a photo¬ 
graphic plate will be fogged if kept in contact with 
certain pieces of quartz which have been previously exposed 
to ultra-violet light, and they concluded that this effect was 
most probably due to a phosphorescence of the particular 
fused quartz which they used. They found that this material 
would continue to emit a radiation of sufficient intensity to 
affect a photographic plate for at least three weeks after 
irradiation with the ultra-violet light. They also found that 
the effect was enhanced if the quartz plate was kept warm 
while it was in contact with the photographic plate. 

When the above report appeared we were making similar 
tests, the results of which have confirmed the conclusions of 
Drummond and Webster and which have also given further 
information on this type of phosphorescence. Many experi¬ 
ments were carried out upou pieces of fused quartz broken 
from a large piece which had been obtained from the Thermal 
Syndicate Co., Ltd., under the trade name of “ Yitreosil.” 
It was found that an irradiation of an hour at a distance of 
10 cm. from a Cooper-Hewitt quartz mercury arc was 
sufficient to activate the quartz to such an extent that it 
would produce a distinct image on a photographic plate in 
twenty-four hours. The plates were placed in carefully- 
tested light-proof boxes so as to avoid all possibility of 
extraneous light-effects. In some of the experiments, the 
photographic plate was slightly sensitized by a short exposure 
to a red light before being placed in contact with the quartz. 

In one instance a piece of the quartz which had been 
irradiated for six hours was taken to the dark room, where 
several people examined it closely in complete darkness. 
Each observer, however, reported a complete inability to 
detect the slightest indication of any radiation of visible 
light, provided the sample was not heated. But this same 
piece emiited a radiation of sufficient intensity to produce a 
strong image on the photographic plate even after trans¬ 
mission through a thin piece of glass ; and furthermore the 
ordinary refraction phenomena at the edges of the glass plate 
were clearly shown in the developed image. This refraction 
phenomenon and the high transmission of glass obviously 

* Communicated by Professor E. C. C. Baly, F.R.S. 
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indicated a radiation in or near to the visible region o£ the 
spectrum. 

It has long been known that heating causes a marked 
increase in the intensity of emission from an excited phos¬ 
phorescent body and that with continued heating the phosphore 
soon releases all the energy which has been stored up during 
the activating process. The irradiated fused quartz was 
found to possess this property of an activated phosphore, for 
its power to affect a photographic plate was destroyed by 
heating for a few minutes in a bunsen flame ; however, it 
could be activated again by a further exposure to ultra¬ 
violet radiation. This procedure could be repeated many 
times, which is in accordance with the results obtained by 
E. Becquerel (2) with fluorspar and by Lenard and Klatt< 3) 
with the phosphores which they investigated. 

In PI. XXIII. (figs. 1 and 2) are shown two typical photo¬ 
graphs obtained with two different pieces of fused quartz. It 
is seen that the effects are very prominent at the edges of the 
broken quartz and that they are not uniform over the surface. 
Bright spots somewhat circular in shape were produced by 
the sample shown in fig. 1, while those due to the piece 
shown in fig. 2 were distinctly rectangular. Many photo¬ 
graphs were made both before and after treatment with heat 
and various acids, but these same spots always appeared in 
exactly the same places after the quartz had been activated 
by ultra-violet light. In other samples only one emission- 
centre was evident, while in still others none at all were 
present. This was probably due to the manner in which the 
plate was built up from smaller pieces. These same pieces 
of quartz were examined carefully under the microscope and 
photographs were made by allowing diffused light to pass 
directly through the quartz while in contact with the photo¬ 
graphic plate, but nothing irregular could be observed in the 
region of the spots. 

Prof. E. C. C. Baly {4) has found that fused quartz which 
had been exposed for a long time to ultra-violet light 
developed an amethystine colour and became quite opaque 
to the short-wave ultra-violet. When it was then heated in 
a powerful blast flame, it emitted a brilliant green phos¬ 
phorescence which gradually faded away. The pieces of 
quartz which we had shown to be capable of producing a 
developable image were also found to emit a green phospho¬ 
rescence upon heating. The samples were irradiated by 
exposure to a quartz mercury arc and then taken to a dark 
room and heated on an electric plate. As soon as they 
became hot they began to glow very brightly and continued 
Phil. Mag. S, 7. Vol. 6. No, 40. Dec . 1928. 4 C 
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to do so for more than thirty minutes. A broken quartz flask 
which had not been used for six months and which had been 
kept behind glass doors in the laboratory during that time, 
upon heating gave the characteristic green glow, which was 
easily observed in the dark room, although it was quite weak. 

Tests with natural quartz crystals showed that they did not 
emit any radiation which would affect the photographic plate 
or which was visible to the eye upon heating. One of these 
natural crystals was heated in an electric furnace to a 
temperature of 575° C., at which temperature a change takes 
place in the form of the quartz, but no phosphorescence was 
observed. Another crystal was heated to 1200° C., but upon 
being tested exhibited no phosphorescent activity. A third 
piece from the same crystal was heated very slowly to 
1600° C.,and after cooling was irradiated in the usual manner. 
Upon heating, this piece gave the same characteristic green 
glow as was found with the fused quartz plates. 

Several other substances were tested for this phospho¬ 
rescence. Irradiated pyrex glass emitted a radiation upon 
heating which was visible in a dark room and which was 
<piite similar to that obtained with fused quartz. It would 
also produce a developable image on a photograjhic plate 
without heating. No trace of any phosphorescent activity" 
<x>uld be obtained with gy^psum. Calcite glowed very brightly^ 
for some time when heated ; but after it had ceased to glow 
it could not be reactivated even by an exposure of several 
hours to the full radiation from a quartz mercury arc. 

Fluorite was found to be extremely active and a very r short 
irradiation was sufficient to cause it to emit a bright bluish- 
violet light upon heating. The fluorite was so sensitive that 
all pieces tested gave this characteristic glow' with a small 
amount of heating even though it had not received any 
previous radiation in the laboratory, E. Becquerel <2) has 
found that fluorspar which has been activated by a long 
•exposure to sunlight emits a bright luminescence of visible 
light when heated to about 90°. After this effect disappears 
mid the crystal has been allowed to coo), it will again emit a 
visible radiation when the temperature is raised to 90°. 
Lenard and Klatt have explained this phenomenon by 
assuming that the fluorspar emits an ultra-violet radiation, 
which continues after the visible luminescence ceases, and 
ihat this in turn activates the cooled fluorspar so that it will 
again emit a visible radiation when heated a second time. 
This probably explains w'by r all the pieces of fluorite which 
we tested gave the characteristic glow when heated even 
though we had not exposed them to ultra-violet light. 
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Summary. 

In the experiments described here the following facts have 
been ascertained ;— 

1. Many samples of fused quartz possess the properties of 
a phosphorescent body ; that is, they can be excited by 
ultra-violet light, they will then emit a visible phosphorescent 
light of considerable strength upon the application of heat, 
and they can be completely deactivated by bringing to a red 
heat in a flame. 

2 . This phosphorescent activity of fused quartz is not 
uniform, but there is a wide variation between samples and 
even within the area of a single small piece. 

3. Natural quartz crystals do not possess this property of 
emitting a phosphorescent radiation, but they can be brought 
into this condition by heating slowly in an electric furnace 
to a temperature of 1600° C.. 

4. Pyrex glass, calcite, and fluorite exhibit a prominent 
phosphorescent activity, but gypsum does not. 
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(JIX. The Motion of Electrons in Pentane. By J. D. 
McGee, M.Sc ., St.John’s College, Demonstrator in Physics, 
University of Sydney, and J. C. Jakgeb, B.Sc ., Deas- 
Tliompson Research Scholar } University of Sydney *. 

I N the Phil. Mag. (vol 1. p. 825, Oct. 1925) Professor 
V. A. Bailey has given a detailed account of a method 
for investigating the motion of electrons in gases, which is 
particularly applicable to those gases in which ions are 
formed by attachment of electrons to molecules as a stream 
of electrons moves through the gas. 

The same apparatus and method have since then been used 
o investigate the motion of electrons in pentane 
This gas was chosen firstly because we had at our disposal. 


♦ Communicated by Prof. J. S* Townsend, F.R.S. 

4 G 2 
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through the kindness of Mr. J, G. Burrows of the Chemistry 
Department, a very pure sample of the liquid, and secondly 
because Professor E* M. Wellish, in his work on ionic 
mobilities*, had noticed an “ageing ” effect when the gaa 
was allowed to remain in the apparatus for any considerable 
time* It was therefore of interest to investigate whether 
these effects still occurred in the more refined apparatus at 
our disposal, in which the rate of contamination of the gas 
is very small. 

Only a brief account of the theory and experimental pro* 
cedure is given here; for full details the original paper 
should be consulted. 

2 * An electron moving through a gas at a pressure p mm*, 
under the action of an electric force Z volts per cm., will 

Fig.]. 

_P 

_ O 

_1 

__ 2 


have a drift velocity W in the direction of the electric 
force, and an agitation velocity II, while the ratio of its 
kinetic energy to that of a gas molecule is k . Then, if the 
mean free path of an electron be Z, and h be the probability 
oi its attachment to a molecule in collision, the number of 
electrons remaining free at a plane z = c out of starting 
at the plane z~ 0 , the axis of 2 being the direction of the 
electric force, will be N 0 £” ac , where a is the “coefficient of 


attachment ” which a simple calculation makes 


The apparatus may be represented diagrammatically as in 
fig. 1. P, 0, 1, 2, 3 are parallel circular plates maintained 
at such potentials as to produce a uniform field throughout. 
Electrons are produced by the photoelectric effect of ultra¬ 
violet light on a target at P. A narrow stream of electrons 
and ions passes through the slit in 0 and diverges, the 
electrons more than the ions, so that the stream passing. 


* Phil. Trans. A, ccix. p. 249 (1909). 
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through the slit in 1 will be richer in ions relative to that 
passing through the slit in O. This effect is intensified by 
the continual formation of ions by attachment in the body of 
the gas. A similar effect occurs at the slit in plate 2, the 
stream being ultimately collected on plate 3. 

Suitable electrical arrangements permit the measurement 
of the ratios of the current i u i z to electrodes 1, 2, and 3* 
The actual experiment consists in the determination of 

= and = From these the distribution ratios S, 
h 12 1 

and S 2 ,of the current passing through the slit to the current 
arriving at the plane of the slit, can be determined for slits 
in plates 1 and 2. 

Thus 


Si 


£d+y) o _ v 

1 + 1 ( 1 +v)' 2 ~i+v' 


If, now, n Q electrons pass the slit in O, no€~ ac will arrive at 
electrode 1, where c is the interelectrode distance, and 

= an Q will pass through the slit in l f 

where R ^ 


^ is the distribution ratio at the slit, calculable 


from the dimensions of the instrument for given values of 2tjk. 
Similarly, the number of electrons passing through the slit 
in 2 will he n 2 = a 2 n 0 . If, in addition, N 0 ions pass through 
the slit in O, the number passing the slit in 1 will be 


Nj = NoB(Z) +» 0 (l-«-~> = RNo + iuo, 

where r is the unknown distribution ratio of the ions formed 
by attachment. Similarly, the number passing through 
slit 2 is N 2 = R 2 N 0 ~b (Rfr-»~6a)n 0 . 

But 


1 ~ *oTN 0 


and S 2 


__ n 2 4* N 2 

Substituting in these and eliminating 5, we have 

Sj(R—S 2 ). 


a = 


R-Sx 


Since R is a known function of Z, a can be derived from the 
experiments, and we have the relation R(Z/&)€“°* = a t . 

If the force Z and the pressure p he changed to Z jn 
and p/n respectively, we obtain the additional relation 
R(Z/k)€-«*» = u n . 
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From these two equations we obtain 
logio«x—« logio a » = log 10 R(Z//c) — n logi 0 R(Z /k») . (1) 

and 

a. —— {logioR(Z/A;) — logioai} . . » • (2) 

c 

Equation (1) gives h and equation (2) gives a. 

3. In practice slight errors are to be expected for the 
following reasons :— 

(a) Non-uniform distribution of electrons over the upper 

slit; maximum value computable and negligible. 

( b ) Diffusion of the electrons to the sides of the slits. 

(c) Possible asymmetry of the slits. 

So calibration is made with In'drogen in which electrons 
are known always to remain free, and the values of k are well 
established over a large range of Z Ip *. It is found that* 
while S 2 plotted against (Z Jk) agrees substantially with the 
theoretical curve. Sj is consistently lower. This may be 
ascribed to errors of construction of the apparatus. An 

appropriate modification of the theory gives a = x j^ t _ g * 

where R" and R' are the distribution-ratios for ions obtained 
from the upper and lower of these curves respectively. The 
calibration curves used were obtained by Prof. V. A.Bailey 
and Mr. A. J. Higgs, B.Sc., and were checked before com¬ 
mencing these experiments. 


4. The pentane gas was obtained by vaporizing the pure 
liquid, all precautions being taken to prevent the admixture 
of foreign gases. After a preliminary drying in preparation* 
it was dried for twelve months over phosphorus pentoxide at 
about 250 mm. pressure. The gas was admitted to the 
apparatus either directly or after a preliminary liquefaction 
in a small side-tube by liquid air, in which case only the 
middle third of the liquid was used, the remainder being 
pumped off. There was no perceptible difference in the 
results obtained with samples admitted by the different 
methods. 

Samples of gas were tested over several days to examine 
the possibility of an effect of the ultra-violet light on the gas 
or an u ageing ” effect. Neither was observed, the results 
remaining constant to within experimental error. 

* Townsend and Bailey, Phil. Mag. xlii. (Dec. 1921). 



on the Motion of Electrons in Pentane . 1111 

Variations from Boyle’s Law were observed with this ga& 
at pressures between 20 and 40 cm., the maximum variation 
amounting to 4 per cent. Corrections were made for this 
source of error when reading the pressures in a McLeod 
gauge. 

5. Observations were made at pressures of 8*32, 4*16, 
2 , and 1 mm , and at forces of 40, 20, 10, and 5 volts per cm., 
the pressures being originally read as 8, 4, 2, and 1 mm. on 
the assumption that Boyle’s Law held for the gas. But as 
results were require 1 at values of Z and p increasing in 
geometrical progression, the determined values of a for given 


Table I. 


Z/P- 

P- 

z. 

a. 

— Z/k. 

y . 

7c. 

». 

«lpX 10 5 . 

1*25 

8*0 

10 

*476 

*322 

3*6 

•322 

2*8 

*033 

41 


4*0 

5 

*387 

*412 


*412 


017 


2*5 

8*0 

20 

*520 

*284 

3-64 

*286 

5*5 

•013 

1*6 


40 

10 

•403 

*396 


*392 


•006 



2*0 

5 

*303 

*519 


*524 


•003 


50 

80 

40 

*585 

•233 

4-70 

*237 

8*5 

*006 

0*8 


4*0 

20 

*452 

*345 


*342 


*003 



2*0 

10 

*332 

*479 


*466 


•002 



10 

5 

*250 

*602 


*618 


*001 


100 

4*0 

40 

*438 

*358 

2-18 

*358 

18*4 

*006 

0*8 


20 

20 

*327 

*485 


•485 


•003 



1*0 

10 

*234 

*631 


•633 


*001 


20 0 

2*0 

40 

*296 

*529 

•97 

•529 

41*2 

*014 

1*7 


1*0 

20 

*212 

*674 


*674 


*006 


40*0 

1*0 

40 





77*0 




values of Z were plotted against p, and the values of a at 
p = 8*0 and 4*0 mm. were read off from the curves. The 
changes in each case were very small. Table I, gives the 
results of the observations, each number being the mean of 
several determinations. The values of a at 8 0 and 4*0 mm. 
are those corrected as above. 

To obtain the value of Z jk from equation (1) a series of 
curves were drawn with 

= Z Ik and y = logioR(Z/&)—nlog 10 R(Z jhn) 

for n sss 1, 2, 4, and 8, similar to those in fig. 6 in Professor 
Bailey’s paper *. The values of — n logio<*n were then set 

* Phil. Mag. 1. p. 825 (Oct. 1925). 
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off to the same scale on the edge of a strip of squared paper, 
and the strip moved parallel to the y- axis till the marked 
points fell as nearly as possible on the curves. The abscissa 
then is Zjk , and the values of k so determined are shown in 
Table I. The actual ordinates of the points of intersection 
of the curves with the strip are given, divided by n, in 
the column under y in Table I. These should agree with 
—log 10 a», and the disagreement will show the magnitude of 
the experimental error. These values of y are used as 
smoothed values of — log 10 u» for the calculation of <z from 


Fig. 2. 



equation (2). The value of k at Z/p=s40 is determined 
directly from the calibration curve, since Sj and S 2 fall 
exactly on the theoretical curves at Z/k = 1. 

6 . For the greater part of the range « is very small, being 
little greater than experimental error, which maybe as large 
as *004. Further at those values of Zjp where a does increase, 
the results are least reliable, depending on observations at 
only two pressures. There are definitely very few ions 
formed, so it is possible that ajp is nearly zero in the 
perfectly pure gas, the few ions being due to traces of 
impurity. 
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The curve showing the variation o£ a/p with Z jp is given 
in fig. 2. The curve obtained for air bj Professor Bailey is 
shown also for comparison. They both show the same 
decrease for increasing Z/p, the values for pentane being 
consistently higher than those for air. 

The curve for k against Z jp is given in fig. 3 with those of 
ethylene and hydrogen for comparison. The pentane curve 
is lower than most of the curves, but is not remarkable save 
for its approximate linearity. 


Fig. 3. 



7. The values o£ W were determined in a Townsend 
diffusion apparatus set up for a research on ethylene by 
Mr. J. Bannon, B.Sc. We are indebted to him for the value 
of the eccentricity of the slit, and the constants of the coils 
producing the magnetic field. The values of W obtained 
are slightly inaccurate through the presence of a few ions, 
but the good agreement obtained between experiments at 
different pressures and forces with the same value of Z/p 
shows the error to be small. Values of k determined in this 
instrument agreed well with those obtained in the 3-slit 
:apparatus. 
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Table II. gives the values of W obtained, each being the 
mean o£ several sets o£ observations at Z = 40, 20,10, and 5 r 
and p = 8*32, 4*16, 2*0, and 1*0 mm. 


Table II. 


Z / p . 

P . 

z. 

wxio- 

•60 

8*32 

5 

1*25 

1*2 

8*32 

10 

2*39 


4*16 

5 

2*42 

2*4 

8*32 

20 

3*62 


416 

10 

3*68 

2*5 

2*0 

5 

3*77 

4*8 

8*32 

40 

4*60 


4-16 

20 

4*62 

5*0 

2*0 

10 

4*65 


1*0 

5 

4*88 

9*6 

4*16 

40 

5*10 

100 

20 

20 

5*09 


1*0 

10 

5*24 

20*0 

2*0 

40 

5*50 


1*0 

20 

5*47 

40 

1*0 

40 

6*43 


The values of a, and A, o£ L the mean free path at 1 mm. 
pressure, and of A , the fraction of energy lost in a collision, 
are shown in Table III. These quantities are calculated 
from the formulae : 


U 

= 1-15 x 10 7 y/k. 

L 

7 (WTJ) 

“ z 

x 10 - 

1G 

y 

X 

W 2 

= 2*46^ 

9 

li 

7 («W 2 ) 

~ * z 

x 10 " 

16 . 




Table III. 




Zip. 

W X 10~ 6 
cm ./sec. 

k. 

TJX 107 
cm. /sec. 

L cm° 2 XXl0i - 

Axl 0 « 

*625 

1*25 

1*7 

15 

2*1 

17 

— 

1*25 

2*42 

2*8 

1*93 

2*26 

3*9 

13*5 

2*5 

3*70 

4*5 

2*46 

2*55 

5*6 

6*1 

5*0 

4*70 

8*8 

3*51 

2*32 

4*4 

2*5 

10*0 

5*10 

18*4 

4*95 

1*77 

2*6 

1*5 

20*0 

5*45 

41*4 

7*4 

1*42 

1*3 

1*8 

40*0 

6*38 

77 

10*1 

1*13 

1*0 

— 



0/ X 7 
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Fig. 4 gives the curves for L against U for O g Hi 2 and 
C 2 H 4 , and of h against U for 0 5 H I2 ; the latter shows a very 
marked increase of h with decrease of U, beginning in the 
region of U = 3 x 10 7 cm./sec. The L — U curve for pentane 
shows a maximum in the early portion of the curve, but there 
is no minimum in the range used such as occurs with C 2 H 4 . 

The curve of W against Z/p for pentane is given in fig. 5, 
with those of 0 3 H 4 , 00 2 , and H 2 for comparison. It is 
marked by a very rapid initial rise, the values in the early 
part of the range being as high as any yet measured* 


Fig. 4. 



terminated by an almost horizontal portion at the higher 
values of Z fp. 

The curve of X against U is given in fig. 6 , with those of 
C 2 H 4 , C0 2 , and N 2 for comparison. Tt is noteworthy that 
the maxima in the L and X curves occur for the same value 
of U, indicating that the electrons which penetrate most 
deeply into the molecules lose the greatest fraction of their 
energy on collision. 

A considerable similarity will be noticed in all the curves 
between the two hydrocarbons, pentane and ethylene. The 
curves of X—U show that the gases 0 g H 12 , C 2 H 4 , and CO* 
are exceptional in possessing a rapid initial rise and maximum 








Spheroidal Harmonics as Hypergeometric Functions . 1117 

in these curves ; all other gases give either consistently low 
values o£ A or a behaviour similar to that of N 2 shown. The 
large initial values of A are due to the low initial values of k 
and high initial values of W. It may be noted that for 
pentane the maximum in the A — U curve coincides with the 
rapid rise of the h — U curve, suggesting that this peculiarity 
may be in some way connected with the formation of ions. 

Finally, we wish to thank Professor Bailey, who directed 
this research, for his advice and assistance during the progress 
of the work. 


OX. On Spheroidal Harmonics as Hyper geometric Functions. 
By D. M. Wbinch, M.A ., B.Sc.* 

I N the course of a discussion of harmonics, symmetric 
about an axis, applicable to surfaces of revolution of 
some generality, an alternative method was found of con¬ 
structing harmonics applicable to spheroids, both prolate and 
oblate. 

In the transformation 


z + ip = WO) = a(V v -f \e~ iir ) A 2 < 1, . (1) 

where w = u + iv, and z and p are the usual cylindrical polar 
coordinates: 

~ = a cos u(l + \e 2v )e~ l \ | 

p = a sin w(l — \e 2p )e~ v ; ) ^ ^ 

so that the zero r-level represents the spheroid 

z, p = a[cosu(l-f A), sinw(l — A)], 

oblate when A is negative, and prolate when A is positive, 
with semi-axes «(1 + A), a(l—A), a( 1—A), and the level 
=—co the sphere at infinity. 

If the usual form of Laplace’s equation for harmonics 
symmetric about the axis of z be used, namely 

r p§~P^r Y+ P^-P5r } v = °’ 

L OU r OU r OV OVJ 

and if cos u — fi, aud e v =£ y the equation for V may be written 
in the form 


DY = AD X Y, . . 

* Communicated by the Author. 


• • ( 3 ) 
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where, if 



.w 

Under the proviso that \ 2 < 1, a solution for V may be taken 
in the form 

V=/o + Vi..- • • • (6) 

where 

W = °’ .1.(7) 

D/ w+ i — Dj/n* J 

In the case of the sphere when X = 0, V reduces to / 0 
-alone, and satisfies the equation DV = 0 . The Legendre 
function P k (ft) satisfies the equation 

[^(i+ »**(»» + !)] = 0, . . (8) 

and £* the equation 

1 )—<r(<r— 1 )]^ = 0 ; ... ( 9 ) 

and therefore, in the usual manner, a harmonic evanescent 
on the sphere at infinity is given by 

V-PftO *)^ 1 * = 0 , 1,2 ...n, . . ( 10 ) 

which yields the usual form 



since r = a/f. 

If the spherical harmonics be used as a basis, a simple 
form of harmonic applicable to spheroids can at once be 
constructed in the form (6). 

Thus with 

fo = P a(/*)$*+\ 

.the equation for/i becomes 
D/i = 

= 2(k+l)F k (p)?+z. 

The complementary function for/i and, indeed, for/; is 

ww? +i . 




then 
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To find a particular integral for we remark the fact 
that 

Dg’Fmi >) = 1) + er(o-—1)] 

= («r + jn)(<r— m—l)£ a F m (fi). 

Thus a particular integral is available in the form 

^ = 2TO)^ +5P ‘W- 

Indeed, suppose that f H is of the form 

»o*), 

D|/ " = ++ *>] f p « w 

= Sa a , m (or— m)(<r + m + l) ? <,+2 P„(/*), 

and therefore a particular integral is available for f n + x in the 
form 

/ /l+1 - 2«»,», ( 0 -_ m + 1 ) ( ' 0 . + JJl + 2 ) P »0*)‘ 

The structure of the solutions of the equation is now clear. 
Suppose we take 

fo = Pt(A*)f* +1 , 

and in general 

,, _ 1 .3 ... ( 2 « — 1 )_ (2k + 2)(2h+4) ... (2k + 2n) 

Jn 2.4... 2u (2h + 3)(2/i + 5)...(2A + 2« + lj 

X P *(>)£* +2 " +1 j 

and therefore a solution of the equation is given by 

l(A-t-l) 


v = r*« p .w [i+ 

1.3(jfe + l)(* + 2) 
+ 2 ! ( 2 /fc + 3)(2& + 5) 

= f* +1 P*(A0 F(* + l, i ; *+|; X? 2 ), 


x 2 ^...] 
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where F(p, q ; r ; or) is the hypergeometric function defined 
by 

pq 


F(p, q ; r ; x) = 1 + 


x I PCP+OgCg + O jj... 

r. 1! ‘ r(r -f-1) 2 ! 


This solution is available, as we require,, for £ between unity 
and zero, since the hypergeometric function F(a, b ; c ; x) 
is convergent for & ,2 < 1. 

Thus a typical solution for the sphere 

y = zwp k (p) 

is corrected for the present case into 

V = MJOPifcGO, 

where 

<M?) = (*+ l F(* + l, i;*+f; 

and a solution involving h? 0 arbitrary constants 
V = 

is now developed into 

v = .(ii) 

It is interesting to have the solutions in this form, for it is 
evidently a simple matter when dealing with applications to 
write down as many terms as the degree of approximation 
required makes necessary. The results are therefore readily 
accessible for practical purposes. 

Now the case at present under consideration when 

s ~ acos ^(l+X^ 2 )/^ = \c cos u( l/£X 1/2 +fX 1/2 ), 

p= a sin w(l — X£ 2 )/f = sin u(l/£X 1/2 — fX 1/2 ), > (12) 

with c = 2aX 1/2 , 3 

is, for X positive, the well-known and much-discussed case 
of the prolate spheroid already mentioned, for which, 
putting 

z =c cos u cosh p = 6* sin w sinh . . (13) 

the form of solution is given by 

V = 2B*Q& (cosh f) P A (cos u). . . . (14) 

This suggests at once that our hypergeometric function 
-is a multiple, simply, of the function Q*(cosh£), where, 
in view of (12, 13), 


e~C « fX 1 / 2 , 
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and we easily find that there is an interesting relation 
between hypergeometrics whose arguments x and y are 
connected by the relation 

y = 4r/(l-Kr) 2 , 

namely 

&±i 

x 2 F (k 4-1, i ; k + I*; #) 

*±i 

« (y/4) 2 F(P + * f P+1 ; * + f; y). (15) 

I£ we write 

a; = X?, 

and therefore 

y = 1 /cosh 2 

this becomes, in terms of 

* -<*+»?F(A + l f i; A + f ; *- 2 £) 

= (2 cosh f) - (A + 1 > F(P + J, P + 1 ; k + 1 ; 1 /cosh 2 f)* 
which, since 




££+ 1 ; Je+ 1 ; 1 /^) ( 3 2 > 1 ),. 

yields the result : 

(r^x)* +1 F(£+i,|; *+!; *r 8 ) = ^rjZ+i) Q^ cosh a 


so that our harmonics ( 11 ) are, of course, equivalent to the 
harmonics (14) conventionally taken. Thus our procedure 
for building up solutions of Laplace's equation in this case 
yields, in fact, functions which are multiples of the Q& func¬ 
tions : they have the advantage over the Q*. functions, 
however, that they more readily lend themselves to practical 
applications. 


In the same manner, if X be negative, we have 

s= a cos w(l + Xf 2 )/£ = Pcosa(l/£V — X— f v'— X),l 
p = asin«(l--Xf*)/f = P sin u(l/£\f —X+ f —X), a 
with d = 2a s/ —X, / 

* . . (16> 

and the unit f-level is the oblate spheroid usually taken as 
|=1 in the transformation 

z = d cos u sinh f, p = d sin u cosh f ; 

PkiL Mag . S 7. Vol. 6 , No. 40. Dec . 1928. 4 D 
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so that the relation between f and f is simply 

= £*/ —X. 

Thus, if in (15) we write 

x = Xf 2 = -<r 2 ^ 

then 

y = — l/sinh 2 f, 
and from (15) we deduce that 
Y = £**$*(£) P*(cos «) • 

= P; £ (cos u)(2 sinh f)* +1 

xF(±* + *,±i+l; * + f ; -l/sinh*£) 
= SB* P*(cos u) g k (sinh f), 

which is the usual solution. But we may again point out 
that our new hypergeometric form of solution (11) allows 
very simple approximations to be arrived at in all the usual 
applications concerning oblate spheroids. 

It is, in fact, a serious demerit of the treatment of pro¬ 
blems relating to spheroids by means of Q* and q k functions 
that these functions do not lend themselves to approximation 
and computation. 

We may also point out that the treatment by hypergeo¬ 
metric functions covers both the cases of prolate and oblate 
spheroids without the necessity for the separate discussion 
of the two cases which is called for when the Q* and q k 
functions are used. 

Finally, we may direct attention to the fact that the two 
types of coordinates introduced in (13,16), as conventionally 
used in spheroidal problems, are not convenient coordinates 
to use if a comprehensive view of the problems is taken. 
We then aim at solving Laplace’s equation in the form in 
which it is applicable to the surface of revolution given by 

z = acos w(l-j-A,) *f X 2 cos2w ... -f X n cosmt..., 

pzs. asin&(l — X)—X 2 sin 2u ... — A n sin 7iu.. 

and, by developing the treatment which we have just 
•elaborated, we are able, by a simple procedure, to construct 
harmonics suitable for any more general case. Indeed it 
appears that there is no essential difference between de¬ 
veloping or correcting spherical harmonics so that they may 
apply to the spheroids, and developing them in a more 
general maimer so that they may apply to any of the 
surfaces given by the equation (17). 
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CXI. The Deterioration of Quartz Mercury Vapour Lamps 
and the Luminescence of Transparent Fused Quartz , By 
A. E. Gill am and R. A* Morton *. 

[Plate XXIV,] 

I N many photochemical reactions in which mercury 
vapour lamps and fused quartz vessels are used, the 
efficiency of the processes appears to fall off with time. 
This may be due to the setting up of chemical equilibria, to 
a decrease in the output of light from the lamp, or to the 
development of some degree of opacity in the quartz vessels. 
There can be no doubt of the fact that most, if not all, 
makes of quartz mercury lamps deteriorate rather seriously 
after running for a relatively small number of hours. It is 
equally certain that fused quartz commonly undergoes a 
change under the action of light, and that this change is 
accompanied by some loss in transmission. Little trust¬ 
worthy information is available as to the extent of these 
phenomena and as to the connexion which may or may not 
subsist between them. It is conceivable that the deter¬ 
ioration of the lamps is due to a change in the properties of 
fused quartz. The purpose of the present investigation is to 
study the two phenomena a little more closely. 

As a result of extended photochemical researches in 
Prof. Baly*s laboratories, a large number of old lamps 
of the U type have accumulated, and inspection of these 
shows that the following are the visible signs of ageing :— 

(1) The interior surface becomes coated with a brownish 
black deposit, which is especially noticeable at the thick 
constriction. In many old lamps the discoloration is dis¬ 
tributed over the whole U tube, and the deposit cannot fail 
materially to reduce the intensity of the transmitted light. 

(2) In some lamps the thick quartz at * the constriction 
appears to have been fractured internally, and globules of 
mercury are seen to be embedded at least a millimetre below 
the surface. In one case a white mass was seen to be 
embedded in the quartz. 

A number of worn out lamps were broken up and the 
mercury removed as completely as possible. The black 
deposit proved to be strongly adherent and resisted the 
action of strong acids. Boiling aqua regia exerted no 

* Communicated by Prof. E. C. C. Baly, C.B.E., F.R.S. 

4 D 2 
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effect, and even after the quartz had been left in contact 
with aqua regia for some months the stain appeared to be 
unaffected. If, however, a badly discoloured fragment of 
quartz was strongly heated in a blow-pipe flame, the black 
stain was gradually replaced by a white deposit, which 
again resisted the action of reagents. 

No emission of light was seen (vide infra ) during 
the heating process. From this it would appear that the 
deposit is unlikely to consist of mercury or mercury com¬ 
pounds, but may possibly consist of elementary silicon. 
It has been suggested (Drane, Brit. J, Actinotherapy, June, 
1926) that in certain evacuated lamps having a tungsten or 
molybdenum anode, thin layers of compounds of these metals 
become deposited on the inner surface of the arc tubes and 
act as selective filters. Drane also states that u a decrease 
in intensity is observed as the lamp is used, due essentially 
to partial devitrification of the silica glass of the arc tube.” 
Prolonged heating causes the u amorphous fused silica to 
change over to tridymite and cristobalite in varying amounts, 
depending upon the conditions of heating and the presence 
of catalysts, if any. In this respect the hot mercury 
vapour is not without influence upon the devitrification 
which occurs upon the inner surface of the arc tube.” 
Drane’s remarks occur in a paper on “The operation of 
quartz mercury vapour lamps,” and are only incidental to 
his main theme. The detailed evidence for these views and 
particularly for the part played by devitrification in the 
deterioration process does not appear to have been published 
as yet. 

It may be of interest briefly to summarize the evidence 
for deterioration. The formation of ozone in the surrounding 
air is much more noticeable with a new lamp than with an 
old lamp. From this it can be inferred (cf. Lenard, Ann. 
Physik , 1900, i. p. 486) that the emission of very short 
wave ultra-violet rays decreases with time. Spectrum 
photographs taken with Schuinannized plates show not 
only that the emission from an old lamp is materially less 
than that from a new lamp for all wave-lengths, but that 
the spectrum does not extend quite so far into the ultra 
violet. Actinometric records of the output at different 
stages in the history of a lamp exhibit the deterioration very 
clearly, and it is interesting to note that although a gradual 
decrease in emission is shown over the whole ultra-violet 
spectrum, a selective decrease is manifest in the very short 
wave ultra violet. The falling off is most noticeable on the 
hort wave side of 250 pp. 
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In the figure the life-history of an atmospheric burner as 
given by three different chemical methods of gauging ultra¬ 
violet intensity is shown (for details of these methods see 
Gillam and Morton, Journ. Soc. Chem. Ind. 1927, xlvi. 
p. 417) * It will be seen that the very high initial output is 
maintained only for a small fraction of the effective life of 
the lamp, but that the decrease in intensity tends afterwards 
to occur much more slowly. The nitrate actinometer {ibid. 
p. 415; registers the greatest drop in output, a fact of some 


Fig. 1. 



Decrease in output of a 230-volt atmospheric mercury vapour lamp with 
time. The curves represent the output as measured by: 


1. Anderson and Robinson’s method. 

2. The acetone-methylene-blue gauge. 

3 . The nitrate method. 

significance, since the chemical change which is measured 
occurs almost exclusively with rays shorter than 270 pp. 
The spectroscopic and actinometric data we have obtained 
are perhaps a little unexpected. There are clearly two 
factors in the deterioration process, a shortening of the 
spectrum in the extreme ultra-violet and a gradual loss in 
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transmission of a less selective type. The relative impor¬ 
tance of these two factors changes considerably during the 
life of the lamp. In the early stages the quartz remains 
relatively free from dark stains or deposits, but the output 
decreases very rapidly and the deterioration is largely con¬ 
fined to the extreme ultra-violet. As the period of operation 
lengthens the short wave limit of transmission ceases to 
move in the direction of longer wave-lengths. The output 
does not, however, remain steady, but decreases uniformly 
over the spectrum, just as if an increasingly dense u grey'* 
screen were being interposed between the incandescent 
vapour and the arrangement for measuring the light intensity. 

In order to test whether the drop in output was due to 
the formation of a metastable variety of quartz less trans¬ 
parent than the ordinary variety, the atmospheric burner 
was emptied and the mercury removed as completely as 
possible. The lamp had been in use for nearly 200 hours. 
The whole of the lamp was carefully cleaned with nitric 
acid, washed thoroughly, and heated to redness. The mer¬ 
cury was then replaced and the output of the lamp again 
measured. No appreciable improvement occurred as a 
result of such treatment, showing that the deterioration is 
independent of the luminescence phenomena which will be 
discussed later. 

Several hypotheses may be formulated to account for 
these results. It is possible that light emission from the 
mercury permanent^ affects the quartz in some way. 
Baly (‘ Spectroscopy/ vol. ii. p. 332) writes as follows : 

u It is well known that fused silica in layers about 2 mm. 
thick is markedly transparent to ultra-violet light to as far 
as wave-length 1900 A. If this material is exposed to the 
radiation from a quartz mercury lamp for some days, then, 
providing it is kept cool, the silica develops an amethyst 
colour exactly similar to that of natural amethyst quartz. 
Not only has the silica now developed a visible colour, but it 
has also become opaque to ultra-violet light of short wave¬ 
length. This new condition of the silica is metastable, and 
if it is heated to about 500° 0., or if it is crushed, it emits a 
brilliant green phosphorescence, and returns to its normal 
colourless state which is transparent to short wave ultra¬ 
violet light/' 

Our observations confirm the above quotation, but we are 
satisfied that the phenomenon has little or no connexion with 
the problem of the deterioration as observed with the 230- 
volt lamps available to us. The running temperature is so 
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high that the new state would, as we shall show, prove quite 
unstable. A closer investigation of the effect of light on 
fused quartz has shown that when a piece of the amethystine 
material is heated a thermo-luminescence occurs, and the 
quartz tends to revert to its original condition. Even more 
significant is the fact that the absorption spectra of irradiated 
and unirradiated fused quartz differ but little, and that in 
any case the difference could only account for a very small 
fraction of the observed deterioration. 

A second hypothesis may be formulated as follows : 
In the luminous mercury vapour a large number of excited 
atoms must exist, and collisions with the walls of the lamp 
may sometimes be inelastic and the reactions 


(1) . Si0 2 + Hg*=HgO + SiO, 

(2) ... SiO + Hg* = Si + HgO, 

(3) . 2Hg0=2Hg + 0*, 

(4) . 2Si0^Si+Si0 2? 

(5) . 2Si0+0 2 =2Si0 2 

might all occur. 


If this view were correct one might expect to find in an 
old lamp, silicon, silicon monoxide, and possibly silica formed 
in the cycle of changes and deposited on the vitreous quartz 
surface. 

Silicon monoxide (see Meilor’s € Comprehensive Treatise 
on Inorganic Chemistry,’ vol. vi. p. 235) is a dark amorphous 
solid prepared by the interaction of silica and carbon in the 
electric furnace. It burns in oxygen, decomposes water 
with evolution of hydrogen, and is soluble in warm alkaline 
solutions. It may now be asked whether the dark stain 
found on the inside of old mercury vapour lamps does in 
fact consist of silicon monoxide. It will be seen that the 
properties of the deposit {see above) are different from those 
of the monoxide, but are in agreement with those of silicon. 
Whilst there is therefore no evidence of the accumulation of 
solid silicon monoxide, it is scarcely possible to account for 
the observations without assuming its existence in the vapour 
state while the lamp is in operation. 

Bonhoeffer ( Z \ PhysikaL Chem ., 1928, cxxxi. p. 363) has 
studied the absorption spectrum of silicon monoxide vapour, 
and has recorded bands at 241*4, 234*4, 234*2, 229*9, 225*6, 
and 221*5 pp. These observations are of great interest 
because they provide an explanation of the marked decrease 
in the output of ultra-violet rays in the short wave region 
o£ the spectrum. If the ideas we have suggested are true. 
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the dominating factor in the early stages of the deterioration 
will be the absorption of rays up to 242 by silicon 
monoxide vapour. On switching off the current some dis¬ 
sociation may occur, and the only possibilities are the 
deposition on the inside walls of a fresh layer of silica, of 
silicon, or of silicon monoxide in the solid state. Every 
time the lamp is used some silicon monoxide vapour must 
again be formed by the interaction of silica and activated 
mercury, and it is reasonable to expect that the solid deposit, 
whatever it may be, will gradually grow more dense. 
Minute specks of a fresh layer of silica or silicon will hinder 
the transmission of the vitreous quartz, and no doubt the 
concentration of silicon monoxide vapour in the discharge 
will approach constanc}’. 

The two factors in the deterioration thus appear succes¬ 
sively, and the actinometrie data are in complete agreement 
with this mechanism. 

An acceptable hypothesis should account for the fact that 
the brown deposit first appears at the constriction on the 
negative arm of the lamp tube. Since activated mercury 
atoms have a very short life period of the order 10~ H sec., 
the probability of collisions between activated atoms and 
silica is much greater in a more restricted space. Indeed, it 
may be stated that the deposit does in fact tend to occur 
preferentially wherever the shape of the tube causes the 
bombardment to be unusually severe. It will thus be 
seen that the observed facts are again consistent with the 
mechanism of deterioration which has been put forward. 

Unfortunately no very ready means of overcoming the 
ageing effect emerges from the discussion. 

Although the phosphorescence of fused quartz now 
appears to have little connexion with the behaviour of 
mercury lamps, it is well worthy of study on its own 
account. Our experiments had been in progress for some 
time before we became aware of those of Bailey and 
Woodrow detailed in the preceding communication. On 
account of the very similar trend of the resulfs obtained in 
Prof. Woodrow's laboratory and in the present work, it was 
thought advisable to publish simultaneously. 

A resume of our experiments may now be given. In the 
first place it was found that the effect of ultra-violet rays on 
fused silica varied «with different specimens. Some turned 
out to be excellent 44 phosphors,” whilst others were appar¬ 
ently quite ineffective. One sample gave a faint but 
unmistakable green phosphorescence immediately after the 
lamp was turned out, and in a dark room this light could 
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be seen for several minutes. Emission of light persists 
for a very long time, since images can be recorded on a 
photographic plate (exposure 12—48 hours, see Pi. XXIV.) at 
least a fortnight after activation. No difference is detectable 
between the images obtained with the quartz in contact with 
the emulsion, and the quartz separated from the photo¬ 
graphic plate by a slip of glass. The emission which affects 
the plate must therefore consist largely of rays longer than 
325 pp. Samples which had ceased to phosphoresce visibly 
became luminous again on heating. This thermo-lumines¬ 
cence has been observed to occur in two stages. Gentle 
heat produces light of a yellow-green colour, whilst with 
stronger heating the emission is bright blue-green. When 
a piece of activated quartz is heated with a fine blowpipe the 
yellow emission is seen to travel outwards from the point at 
which the fiame impinges on the solid, and as the quartz 
becomes hotter a second zone of bluish light is seen to 
follow. The two phenomena are quite distinct, and the 
zones may be a couple of centimetres apart. 

The light emission appears to correspond with (a) a highly 
unstable state, the return to the normal being accompanied 
by spontaneous emission of visible light ; ( b ) a less stable 
state, the reversion from which to the normal is accompanied 
by a slow spontaneous emission, which may not terminate 
for months, and is detected photographically ; (V) a ineta- 
stable state, in which the absorbed energy can be retained 
practically indefinitely provided the quartz be not heated 
much above room temperature. The three stages are thus, 
a phosphorescence of short duration, another of longer 
persistence, and a third thermo-luminescence effect. 

It is possible that (//) is merely a continuation at a 
low light intensity of the process which occurs in (a). 
The fact, that two separate zones were observed in the 
“ thermo-luminescence ” may mean that the entire sequence 
of luminescence can be obtained with freshly activated 
quartz on application of heat, the yellow light being due 
to the first fall in energy level (which normally occurs 
spontaneously) and the bluish light being due to the 
reversion to the normal state from the metastable state 
associated with the pink colour. These doubtful points 
might be cleared up if a spectrographic record of the wave¬ 
lengths emitted could be obtained. Unfortunately the 
intensity is too low for this purpose, in studying the 
relation between thermo-luminescence and temperature we 
have noticed no well defined discontinuity. A sample 
non-luminous at room temperature became feebly luminous 
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when dropped into water at as low a temperature as 55°C. r 
but in order to effect complete deactivation it is necessary 
to heat at least as high as 400° 0. 

It is interesting to record that specimens of fused quartz 
from test tubes sent from the United States to Professor 
E. C. 0. Baly by Mr. W. T. Anderson, Jun., showed no 
sign whatever of phosphorescence or of thermo-luminescence. 
Natural rock quartz also appears to be completely unaffected 
by ultra-violet rays. There is no detectable difference in 
density between the specimens of fused quartz which show 
the phenomena and those which do not. Neither can we 
detect any change in density after irradiation. 

A small piece of optically true fused quartz (thickness 
0*1 in.) was obtained, and after prolonged irradiation under 
cold wafer was found to be activated in the sense that 
light was emitted freely on heating. Investigation of the 
absorption spectrum of this sample (which was very faintly 
amethystine), showed that no loss in transparency was 
detectable for ultra-violet rays longer than 220 fij*. Con¬ 
siderable difficulty was experienced in determining whether 
activation resulted in the development of opacity in the 
region 200-220 fifjb . Some experiments showed a distinct 
difference between the transmissions of the active and 
deactivated materials in this region, but the effect was on 
so small a scale that absolute certainty of its reality is still 
to be sought. In order to settle this point it seems necessary 
either to enhance the whole activation phenomenon or to 
increase the delicacy of the spectroscopic test. We find 
that fused quartz test tubes do not develop sufficient opacity 
to affect appreciably the reading with any of the well known 
chemical methods of measuring ultra-violet intensity. The 
activation of the quartz has, however, been found by Baly 
to result in a reduction of yield in phofcosyntheses requiring 
rays shorter than 220 

If the activation process is concerned with inetastable 
varieties of silica one might expect to find some evidence 
of incipient devitrification. Microscopic examination and 
experiments on polarization disclosed not the slightest trace 
of such an effect. This agrees with the density determin¬ 
ations since the values for various samples of fused quartz 
fell within the limits 2*210 and 2*228, whilst those of the 
rock quartz were 2*667 and 2*676. Since, however, the 
density, of cristobalite is 2*21, the measurements of density 
do not exclude devitrification. 

The above results seem to indicate that the phosphor¬ 
escence and thermo-luminescence of fused silica is due to* 
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the presence of a minute trace of impurity. Such an 
explanation is perfectly in accord with general notions on 
luminescence and is indeed supported by the uneven 
structure of the images illustrated. 

Preliminary attempts to prepare silica phosphors using 
oxides of heavy metals in small amounts, with sodium 
fluoride as a flux, have not so far proved successful. Such 
phosphors possess considerable interest because the trans¬ 
parency of the fused quartz medium or diluent should,, 
in favourable cases, allow the absorption spectra of the 
phosphors to be photographed. 

The observations of Chapman and Davies (* Nature/ 1924,. 
cxiii. 309) and Ludlam and West (ibid. 389) and also of 
Curtis (ibid* 495) show r that quartz discharge tubes exhibit 
an intense phosphorescence after the current has been 
switched off. In all cases, it would now seem as if the 
mechanism of activation is the absorption of radiant energy 
of very short wave-lengths (90-220 pp)~ The phosphor¬ 
escence obtained by using the light from a quartz mercury 
lamp as the source of activating rays is very much feebler 
than that obtained with discharge tubes in which ultra¬ 
violet ravs in the Lyman region are freely generated. 
Nevertheless, the slow activation which we have studied 
seems to be essentially the same process, especially since 
the thermo-luminescence always appears, irrespective of the 
mode of activation. Ludlam and West favoured the view 
that the phosphorescence of transparent fused silica was 
due to minute traces of impurity, a conclusion strongly 
supported by our own observations. 

Summary . 

1. There are two factors operating in the deterioration 
of quartz mercury lamps, (a) a shortening of the spectrum 
confined to the extreme ultra violet, and (b) a non-selective 
loss in transmission. 

2. The first factor preponderates for the first 150—200 
hours and shows itself as a rapid fall in output. After 
this period the effect becomes fairly constant. During 
the subsequent history of the lamp the second factor plays 
an increasingly important part, but manilests itself much 
more slowly. 

3. It is suggested that the first effect may possibly be 
due to the formation of silicon monoxide vapour inside 
the lamp, and the second effect may arise from the gradual 
deposition of a film of opaque elementary silicon. 
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4. The luminescent properties of fused quartz after 
treatment with ultra-violet rays have been studied. Little 
or no connexion subsists between these properties and the 
deterioration of quartz mercury lamps. 

5. Three types of luminescence phenomena have been 
observed with transparent fused quartz : 

(a) a brief visible phosphorescence ; 

(b) a phosphorescence of long duration ; 

(c) a thermo-luminescence. 

6. The balance of evidence points to the view that traces 
of impurity must be present in those samples of fused silica 
which exhibit luminescence. 

Chemical Department, 

The University, 

Liverpool. 


OX IT. The Electrification of ' Air by Friction. Jig AGNES 
W. McDiarmid, 31.A., George A. Clark Scholar of the 
University of Glasgow 

A LTHOUGH a number of investigations have recently 
been described in which the charge of electricity 
produced by the friction of >olid bodies on one another was 
measured, it appears to he doubtful whether electricity can 
he produced by the Iriclion of gases on solids. Lenard f 
stated that when a drop of water splashes against a metal 
plate a positive charge goes io the water and a negative 
charge to the surrounding air, and Kelvin t that air bubbled 
through water is negatively electrified. More recently 
experiments have been made with the direct object of testing 
the question whether electricity is produced between solids 
and gases. E. Perucca § found that mercury vapour flowing 
along a solid body produced electrification, while M. A. 
Schirmann || stated that mercury vapour, when flowing at 
great velocity in a glass tube, produced sparks at the places 
of greatest friction. It is, however, not quite certain that 
the electricity developed in those experiments was not due to 

* Communicated by Prof. E. Taylor Jones, 

t Wiecl. Ann. xlvi. p. 584 (1892). 

% Prot* * * § . Hoy. Soc. xlvii. p. 385 (1894). 

§ Zeits.f. Physik, xxxiv. 2-3, pp. 120-130 (1925). 

|| Zeits. f. Physik , xivi. 3-4, pp. 209-236 (1927). 
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minute drops of liquid or to particles of dust contained in 
the air. 

There seems to be definite evidence that dust clouds- 
become electrified when in motion, in which case the 
electricity is probably due to the impact of solid particles 
on one another. Also, it has been shown that the number 
of volts developed by blowing a given mass of dust into 
a cloud increases very rapidly as the size of the dust 
particles decreases *. 

It seems, therefore, not unlikely that a similar effect might, 
in suitable conditions, be produced by the impact of gas 
particle's on a solid surface. The experiments described 
below were undertaken with the object of discovering 


Fig. 1. 



6 Insc/mt©* ot Mctal. 

C. QuaXTZ - TUBJrtO FOR INSULATION 

whether or not electrification can result from the friction of 
dry, dust-free air with solid surfaces. It was thought that 
such an investigation might lead to the discovery of facts 
which would be of use in the formation of a theory con¬ 
cerning the nature of frictional electricity in general. 

Apparatus . 

The simplest method of bringing about friction between 
air and solid bodies appeared to be to make a current of 
air pass quickly through tubes of the various solids. Fig. 1 
is a diagram of the apparatus used. It consists essentially 
of a narrow tube B, and a copper vessel A. The whole 

* Gr. B. Deodhar, Proc. Phys. Soc. xxxix. part 3 (1927 ); and W. A. 
Douglas Budge, M.A., Proc. Roy. Soc. (1914). 
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.apparatus could be rendered air-tight by shutting stop¬ 
cock S, and evacuated by means of an oil-pump, a pressure- 
gauge registering the pressure to which it was evacuated. 
Tube B was insulated from A and from the stop-cock S by 
means of short but adequate lengths of quartz tubing. The 
copper vessel, of volume about 5000 c.e., was connected by 
thin copper wire to one pair of quadrants of a Dolezalek 
electrometer. The other quadrants were permanently earthed. 
The vessel stood on a slab of paraffin-wax and was protected 
from external influences by means of an earthed metal shield 
surrounding it. The wire from vessel A led to a mercury 
key, K, insulated in paraffin-wax, through which connexion 
could be made either with the earth or with the electrometer. 
The mercury key and the connecting wire to the electro¬ 
meter were surrounded by earthed metal shields, the key 
being worked by a long insulated handle protruding through 
the shield. 

It was necessary that the air used to produce the friction 
should be dry and perfectly free from dust. With this in 
view, in the first form of the experiment S was joined to an 
earthed metal tube 12 in. x 1^ in., containing tightly-packed 
glass-wool, which in turn was joined to a U-tube containing 
calcium chloride. Several readings were taken with this 
form of drying and filtering apparatus, but it was felt that 
there was no proof that the smaller dust particles were being 
removed. Aitken *, in his paper “ On the Number of Dust 
Particles in the Atmosphere,” describes experiments in 
which he investigated the filtering powers of different 
lengths of tightly-packed cotton-wool. By means of cloud 
experiments he concluded that filtration is perfect with 4 in. 
of tightly-packed wool, provided that the air is allowed to 
pass through very slowly. In the final form of the present 
experiment the air to be used for producing friction with the 
tubes was first passed very slowly through concentrated 
sulphuric acid and then through a glass tube l^in. in diameter, 
containing 8 in. of very lightly-packed glass-wool that had 
been soaked in concentrated sulphuric acid. From this the 
air passed through a stop-cock S' into a very large carboy, 
air-tight and connected to D, in fig. 1, then through an 
earthed metal tube, 1 in. in diameter, containing less tightly 
packed glass-wool. 

Stop-cock S' was shut and the whole apparatus, i. e ., 
•carboy and copper vessel, evacuated to a few millimetres 
pressure by means of an oil-pump. S' was then opened in 


* Trans. Boy. Soc. Edin. vol. xxxv. p. 1 (1890). 
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such a way that air entered extremely slowly into the 
apparatus, after having- passed through the sulphuric acid 
and the glass-wool* This procedure was repeated several 
times. Stop-cocks S and S' were then shut. This method 
of storing dried, filtered air was adopted so as to allow the 
passage of air very quickly through tube B. It could 
only be passed through quickly if filtered beforehand. 

The essential difference from the earlier type of drying and 
filtering apparatus lies in the extremely slow passage of the 
air through the concentrated sulphuric acid and the tightly- 
packed glass-wool. 

The readings obtained with both types of apparatus were 
of the same order of magnitude. Various suspensions were 
tried for the electrometer needle, that finally used being a 
silk fibre coated with platinum, and this proved extremely 
sensitive. With 12 volts on the needle the deflexion of a spot 
of light thrown on a scale 90 cm. distant was GOO mm./volt. 
The scale was calibrated by the difference of* potential due to 
a known current passing through a known resistance. The 
only drawback to this suspension was that, after a large 
deflexion, the needle took a few minutes to return to the 
original zero-point. The electrometer was used throughout 
at sensitivity varying from 300 to 600 mm./volt. The 
insulation of the apparatus was tested frequently. 

The friction tubes (B) used were of various materials, the 
insulators being glass, quartz, ebonite, and the metals iron, 
aluminium, copper, brass lead. They were of various 
lengths and diameters and were dried before insertion. 

T he apparatus, up to stop-cock S, was rendered air-tight 
by shutting S, and was then exhausted to any required 
pressure by means of the oil-pump. During this procedure 
the vessel A was earthed. The position of the spot of light 
on the scale was noted. The vessel and one pair of 
quadrants of the electrometer were then insulated by lifting- 
out key K. S was opened quickly, S' being kept shut, and 
dried, filtered air from the carboy rushed through B into 
vessel A. The deflexion of the spot on the scale and the 
time of inrush of the air were noted. 

In another form of the experiment the vessel A was kept 
earthed, and tube B, if of metal (or a tinfoil covering wound 
tightly round B, if B was of insulating material), was 
connected with the insulated quadrants, the tube B being in 
every case surrounded by an earthed shield. The tube B was 
earthed while the apparatus was being exhausted, then B 
was insulated, air allowed to run through, and the deflexion 
noted. 
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The main idea of the experiment was thus to allow dry, dust- 
free air to pass rapidly through tubes of various materials, 
and hence into a metal vessel, either the vessel or the tube 
being connected to one pair of quadrants of the electrometer. 
The insulation of the apparatus was very satisfactory, and 
when the vessel was unearthed by raising key K, no 
deflexion of the needle was observed until air rushed through 
tube B. The capacity of the apparatus was determined 
approximately, and from the capacity and the potential 
corresponding to any deflexion of the needle the charge on 
the vessel A or the tube B could be obtained. 

Results . 

At first no attempt was made to obtain quantitative 
results, the primary objective being to discover whether the 
air and the tubes did actually become charged by the friction 
between them, owing to the air running through the tubes. 

In every case, both with metals and insulators, a measure- 
able deflexion of the electrometer needle was noted, showing 
that the passage of air into vessel A through tube B changed 
the potential of vessel A. 

The potential to which vessel A was raised was of the 
order of magnitude of 1 volt, the charge given to it being 
of the order of § e.s.u. 

It was also found invariably that the deflexion obtained 
when vessel A was connected to the electrometer was 
opposite in sign to that obtained when tube B was connected 
to the electrometer. That is, the charge on vessel A, after 
the inrush of air, was opposite in sign to that on tube B. 

Insulators 

In each case, when a tube of insulating material was 
used, it was found that a second rubbing produced only a 
small deflexion, but that if the tubes were allowed to rest 
for a day or so, or in the case of glass or quartz were heated 
strongly, sometimes while still inserted in the apparatus, and 
then allowed time to cool between rubs, the deflexion of the 
electrometer needle was approximately the same as at the 
first rub. This was the case both when the vessel was con¬ 
nected and when the tube was connected to the electrometer. 
Thus, for example, a quartz tube 1cm. X 61 cm. gave on one 
occasion, on successive rubbings, deflexions 4- 90, +15, +12, 
+ 10, whereas, after heating the tube strongly and rubbing 
it one hour later, the deflexion was +102. Again, a glass 
tube, 7 mm. x 79 cm., gave on successive rubbings —600, 
—55, —20mm. deflexion. Another glass tube 6 mm. x 79 cm. 
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gave, when the rate of inrush of the air was very small, a 
deflexion —30 mm. At the second rubbing the speed was 
greatly increased and the deflexion was — 75 mm. A third 
rubbing at this increased speed gave —10 mm. 

These facts seem to point to the existence of a maximum 
charge for each tube, independent of the amount of air that 
passes through it. 

Various experiments a*so pointed to the fact that the charge 
developed depends directly on the length of tube B, other 
things being equal. Thus, a tube 7 mm. X 79 cm. gave on- 
one occasion a deflexion — 246 mm. This tube was allowed 
to rest and 46’5 cm. of it were cut off and rubbed under the 
same conditions as before. This time the deflexion was 
— 154 mm., so that the charge developed on the air was 
directly proportional to the length of the tube. Many 
experiments confirmed this. 

Occasionally reversals in the sign of electrification were 
noted. The general conclusion was, however, that the 
charge on the glass and ebonite used was positive, and on 
the quartz negative. The vessel A, and hence the air, was 
charged oppositely to the tube in each case. 

A very large number of experiments were made, especi¬ 
ally with glass tubes of various bores and lengths, and with 
various velocities of flow of the air. The difficulty of 
obtaining exact quantitative results, e.g ., as to effect of vary¬ 
ing velocity of flow, of difference of bore, of varying length 
of tube, lies mainly in that of keeping the state of the surface 
rubbed exactly the same in different experiments. The 
changes in the state of the surfaces due to exposure to the 
atmosphere, and also to the friction, make exact results on 
such points difficult to obtain. These changes in the state of 
the surfaces may also account for the occasional reversals in 
the sign of electrification. Owing to the difficulty of keeping 
the surfaces in a definite state the quantitative results 
varied considerably on different occasions, but provided the 
rubbing tubes were examined after given treatment the 
results were always of the same order of magnitude. 

A series of experiments with glass tubes, all of length 
78 cm. and of bore varying from £ mm. to 1*5 cm., seemed 
to point to the fact that the electrification increases with the 
speed of flow. Some of the results are given in the following 
table:— 


Bore in mm. 

0*5 2 4 5 

7 

10 

Time of flow in secs.... 

300 28 8 7 

6 

5* 

Deflexion in mm. 5 90 150 505 

Phil. Mag. S. 7. Vol. 6. No. 40. Dec. 1928. 
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The above series would seem to point to a limiting case in 
which no tube is present and the air rushes directly into 
vessel A without previous passage through any narrow tube. 
To investigate this a cylindrical brass vessel, A, was 
used in the same position as A in fig. 1. The same pre¬ 
cautions about insulation, etc., were taken. A hole 2 cm. 
in diameter was cut in one end of the vessel, and this was 
filled up with a plug of paraffin-wax, as thin as possible, but 
able to stand the strain when A was exhausted to a pressure 
of a few, millimetres. A length of steel rod, 25 cm., was 
sharply pointed, and to its blunt end was attached a length of 
ebonite tubing with a cross-piece of ebonite to act as an 
insulating handle. The metal part was earthed, and pre¬ 
cautions were taken to prevent charging of A by induction 
when a hand holding the sharp rod was brought near A. The 
procedure was to exhaust A, keeping it earthed, and then 
to push the steel point into and through the plug of wax. 
This held the vacuum. A was then unearthed and insulated. 
The spot of light on the scale remained steady, showing that 
the insulation was satisfactory. The steel rod was then 
pulled out and air rushed through the orifice thus made 
into the vessel. The spot of light remained steady, showing 
that no charge was produced bv the inrush of air through 
the orifice. The size of the opening was varied so that 
the time of inrush of the air varied from 7 seconds to 
14 seconds. In no case was any deflexion of the electro¬ 
meter needle produced. It seems, then, that the presence of 
a tube was necessary to produce the electrification, and that 
the fact that wider tubes gave a bigger charge was due to 
the fact that they also permitted a greater velocity of flow. 

This point was then tested directly with several tubes. 
For a glass tube 7 mm. x 79 cm., when the time of flow 
of air was 7 secs., the deflexion was —246, while when the 
time of flow was 45 sees, the deflexion was —10, and when 
it was 9 secs, it was —130. These results are typical and 
point to the fact that electrification of the air increases with'* 
its velocity of flow through the lubes. 

Metals . 

The metals used were iron, copper, brass, and aluminium, 
and were of the ordinary commercial grade of purity. With 
these, reversals in the sign of electrification were more 
frequent than with the insulators. The general conclusion 
was, however, that the charge on the brass and copper was 
positive, and on the iron and aluminium negative, the air 
being oppositely charged in each case. The results obtained 
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as to the effect of varying the speed of flow and the length of 
the tube were the same as in the case of insulators. 

General Conclusions . 

The results detailed above established at least the fact 
that the passage of a rapid current of air through a tube 
causes the current to carry with it charged particles of air 
and leaves the tube oppositely charged. According to the 
kinetic theory of gases the collision frequency of particles of 
the gas with one another and with the walls of the tube 
is increased by a negligible amount by the flow of the 
gas. It would thus appear probable that the quick flow 
of the current of air through the tube into the metal 
vessel is not primarily the source of the charged particles of 
air but serves mainly to remove from the vessel particles of 
air that have been charged by impact, due to their molecular 
motion, with the walls of the tube. 

In May of this year J. Tagger * published a paper 
describing experiments wherein he measured the potential 
to which a horizontal helix of chrome-nickel wire, from 
which the surface layer of gas had been removed, was 
raised, whilst near its melting-point, by the impact of the 
molecules in the mass of air surrounding it. With high 
temperatures, i. e temperatures near the melting-point, a 
potential of 30 volts was reached. 

There remains to explain the fact that the charge increased 
with increase in velocity of the air through the tubes. 
Three possibilities suggest themselves :— 

(1) The inrush of the air through the tube gives to the 
molecules a slightly larger velocity component in the 
direction of the flow. As the impacts of the mole¬ 
cules with the tube are in all directions, the 
charges produced in air at rest may balance one 
another. The additional velocity component in a 
fixed direction, though small, caused by the motion 
of the air through the tube, may call into being 
charges which will not be balanced by any other 
charges. 

f2) Quick motion of the air through the tube may be 
necessary to prevent the charges on the air and on 
the tube from re-combining and so masking the 
effect. 


* Phys. Zeits. xxix. pp. 304-308, May 15 (1928). 

4 E 2 
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(3) Slow motion of the air through the tube may enable 
the tube to adsorb a layer of air so that only a very 
small part of the air passiug through the tube is in 
actual contact with the material of the tube, or at 
least with a material different from itself. Only the 
air which passes through first will be in such 
contact, the remainder coming into contact only with 
a film of air. 

Tagger’s experiments, in which no restraint whatever was 
put on the direction of impact of the particles of air and the 
wire, seem to nullify the first alternative, although the two 
experiments differ so much as to make comparison difficult. 

In conclusion, the writer wishes to express her thanks 
to Professor Taylor Jones for his continued advice and 
encouragement and for many helpful suggestions. The 
experimental work was performed in the Research Labora¬ 
tories of the Natural Philosophy Department of the 
University of Glasgow. 

October 1928. 


CXIII. Development of Formula for the Constants of the 
Equivalent Electrical Circuit of a Quartz Resonator in 
Terms of the Elastic and Piezo-Electric Constants . By 
P. Vigoureux, M.Scof the National Physical Labora¬ 
tory *. 


C ONSIDER a parallelepiped of alpha or low temperature 
quartz cut with its edges parallel respectively to the 
optic axis o, the electric axis £, and that axis which is 
perpendicular to o and to £, and which we shall call the 
third axis, f, and let o, e, and t denote the lengths of the 
edges of the parallelepiped. 

If the potential difference between the two faces perpendi- 

F 

cular to e be Y, and the stress along e be —, in tbe 

ot 

direction tending to produce extension, the extension y of 
the axis e, and the charge Q liberated at either of the 


o. t faces, are given by the formulae : 

y = KoF-HV,.(1) 

Q = K 1 V + HF,.(2) 


* Communicated, by permission of the Radio Research Board, by Sir 
J. E. Petavel, K.B.E., F.R.S. 
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where o, £, e, y are in centimetres, Q and V in electrostatic 
units, and F in dynes ; H is the piezo-electric constant, 
of value approximately 6*4 xlO” 8 ; K, is the capacity 
between the two o . t faces, namely, 

K,=^.P,.(3) 


where P, the permittivity, is approximately 4’55 ; the value 
of K 0 is readily calculated from the equation 


and found to be 


stress = E . strain. 


TT _ A 

**~t.o E 




The dimensions of H in electrostatic units are L* TP 1 , 
The coefficient K 0 is not a capacity ; formula (1) shows that 
its dimensions are M~ x T 2 . 

The modulus of elasticity E is generally taken as 7 # 85 x 10 u 
dynes per cm. 2 along e and t ; it has a higher value along 
the axis o. 

The signs of the terms HV and HF in equations (1) and 
(2) depend upon the direction of the applied electric field 
and the orientation of the parallelepiped with respect to 
certain angles and edges of the complete quartz crystal out 
of which it is cut, but in any pair of equations such as (1) 
and (2) the signs are always opposite. 

If there be, as before, a difference of potential V between 
the two o.t faces, and if the stress along the third axis t 
F 

be —, the ^extension y t of the axis t, and the charge Q 
liberated at either o. t face, are given by the formulae : 


y t — K 0 F + ^ H V,.(5) 


Q = K^V — “HF ;.(6) 


the value of K* is, of course, the same as before, but the 
value of K 0 is now 


K 0 = 


t_ 1 
oe E 


( 7 ) 


If no stress be exerted by mechanical means, and if the 
ootential difference applied between the o . t faces be alter¬ 
nating, the forced extension produced will also alternate, but 
will be so small that it could only be detected by using a 
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very high voltage between the two o . t, faces ; if, however* 
the frequency of the applied difference of potential happens 
to coincide with one of the natural frequencies of the 
parallelepiped, the amplitude of vibration is greatly in¬ 
creased, because of resonance, and can be detected in several 
ways. In particular, the difference of potential may be 
applied by means of two metal plates of dimensions o . t placed 
close to the o . t faces of the piece of quartz and connected 
to the terminals of the condenser of an oscillatory circuit 
tuned approximately to one of the natural frequencies of the 
quartz, the coil of the oscillatory circuit being loosely 
coupled to the output coil of a valve generator. As the 
frequency of the generator passes through the natural 
frequency of the quartz, the quartz vibrates strongly and 
reacts on the oscillatory circuit, causing a diminution of 
current in the coil. This reaction was first observed by 


Fig. 1. 


— / V\WAV 


K| 




-o 


Oady w , and was later studied in considerable detail by 
D. W. Dye (1) , who showed experimentally that the behaviour 
of the vibrating quartz was nearly identical with that of a 
circuit shown in fig. 1 ; the capacity marked K 2 in the 
figure is that of the air-gap between the electrodes and the 
quarts, and is independent of the properties of the quartz. 
It is the object of the present paper to show how the 
effective inductance N and the effective capacity K can 
be estimated from the dimensions of the quartz, its modulus 
of elasticity, and its piezo-electric constant. 

This problem is intimately connected with that of longi¬ 
tudinal vibrations. It is convenient first to calculate the 
simpler case by working out expressions for a thin bar ; it 
will be assumed that the variations which take place in its 
cross-section during the vibrations are negligible. This 
condition is not strictly satisfied, but the influence of the 
effect on the final results is very small indeed. 

A bar of length e , supported at its middle point, is 
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subjected to a periodic stress — = ~ cos wt, assumed uni¬ 


formly applied throughout its length. We write here 
t0=27rrc, where n is the frequency of the applied stress ; it is 
required to calculate the displacement z of any point x at 
any time t . It is obvious that, since we are concerned with 
vibrations at or near resonance, the damping is of prime 
importance in determining the amplitude of the resonant 
vibrations ; if it were neglected the equation of motion 
would lead to an infinitely large value for z at resonance. 

Taking the origin of coordinates at the middle point of 
the bar, and writing E for the modulus of elasticity, s for 
the specific gravity, and Q for the damping coefficient, the 
equation of motion is 


B 3 - 

B* 2 ~ 5 B^ 1 ^B^B*’ 


. • ( 8 ) 


which is tlie form given by H. Lamb (2) and applied recently 
by Cady (3) to the particular problem of quartz resonators. 

The coefficient Q includes not only the viscosity, which is 
small, but also the air-damping and the resistance to motion 
due to the mode of support of the bar and to other causes. 
The term representing air-damping is usually written as 


P BZ 


but the particular integral of the above equation 


being identical with the particular integral of the equation 


_ E B 2 ^ 

B* 2 * 2 W B* ~ s B# 2 ’ * 


( 9 ) 


it is permissible to represent the whole of the resistance due 

B 3 s 

to motion by the single term The value of Q is 

QX Qt 

in all cases very small compared with ^f~~ e -> where e is the 

E 

length of the bar. Writing cr for —, we have 


~d 2 s 


■ n d 8 * 


• (io> 


Two sets of conditions are required for the complete solution* 
namely the initial conditions which serve to determine the 
complementary function, and the boundary conditions which 
are used in the calculation of the particular integral. 
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The initial conditions give the state of the bar just before 
the periodic stress is applied ; they are, say, 

*=/i(*), and |f =/,(*), . . . (11) 

where f x and f 2 are functions of x. They might even both 
be zero in our case, but will be considered arbitrary for more 
generality. 

The boundary conditions supply data relating to the state 
of the bar at one or more particular values of x at any time t . 
In the present case they are that 

when x = 0 z~0, .(12) 

when ^ == ‘^^ C0SW7 ^ .... (13) 

for since the ends of the bar are free, the stress there cannot 
be influenced by the motion of the bar, but is equal to the 
applied stress. 

Since the force impressed on the bar is of frequency w, 
part of the motion must take place at this frequency \ the 
particular integral will be 

F(#) cos wt + Fi {x) sin wt , 

where the functions F(V) and Fi(#) are determined by the 
boundary conditions. 

The solution satisfying the equation (10) and the boundary 
conditions (12) and (13) is 

z~zA k € e 2 sm-(2k + l)x 

o e K 

+ 2 B k e - iQ ^ (24+1)2< si n E (2* +1)# 

sin^(2fe +1) yj a 2 — QV2( ^/ 1} % 


+ F( x ) cos wt + Fi(*r) sin wt, .(14) 

with the conditions that 

F(0) - Fj(0) = 0, 

r 1 ^) ^ . (i5) 

*?(*) = o, j 
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where the symbol “ 1 ” represents differentiation with regard 
to x before substitution of for w. 

The first part of the solution decreases rapidly with time, 
and after a very short interval the particular integral alone 
is of importance; moreover, the degree of damping is 
greater for the overtones than it is for the fundamental, 
since it is 

-iQ^(2fe+l )2«, 

e - e 

and the transient free motion therefore becomes more and 
more nearly sinusoidal before vanishing. 

Once F(#) and F } (x) have been determined, the co¬ 
efficients A* and B& can, if desired, be calculated by the 
method usually employed for the Fourier series. 

Making use of (11) and putting t = 0 in (14), we have 

ffx) = X Afc sin - (2k + l)x+ F(x); 
o ^ 

therefore 


f f\(x ) sin - (2 k -f l)x dx 
Jo e 


= £<?A& + f F(#) sin- (2k + l)xdx, (16) 
Jo e 


from which A& is calculated. 

In the same way, when £=0, 

/iO) — It = 2 — iQ-^(2&4-1 ) 2 Ajc sin - (2k + l)x 
Qt q e e 


+ 2-(2A + l) 
0 ^ 


\/ a »- Q Z ■ ± Bk sin 7 (2k+ l)x 


+ wF 1 (a?), 

and proceeding as before, we find 

( f 2 {x) sin — {2k +1) x dx 

Jo e 

— — (2& +1) ! 


+ \eBJ e (2k +1) yt a*- 

f* „ . 7r 

+ w} Fj(d;) sin — (2k+l)xdz .(17) 
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The values of A& and are thus given by equations (16) 
and (17), and can be evaluated when the functions f u 
F, and F t are known. 

In the present case we are not concerned with the values 
of A& and B^, but only with the steady motion, and need 
only find F and F x . 

The particular integral is 

z = F(#) cos wt+ F 1 (.r) sin wt, . . . (18) 

where F(#) and F x (^) must satisfy the general equation and 
the conditions (15), namely 

F(0) ^F^OJ.rrO, 


F l {y) 


F fl 


otE 9 


F\(ie) = 0. 

The procedure is to substitute for £ and its derivatives in 
equation (10), and to equate the sine and cosine terms, thus 
obtaining two simultaneous differential equations in F and 
F x from which F and F 1 are determined "by a linear dif¬ 
ferential equation of the fourth order. This equation is 

[(A 4 + v/Q % ) D 4 + 2a 2 w 2 D 2 4- u? 4 ] F = 0, . . (19) 

and the same for F a . 

The expression for F, deduced from the above equation, 
thus contains four arbitrary constants, as also does the 
expression for Fj, but the eight constants are related by 
four equations, which are easily obtained by substituting the 
values of F and Fi in either of the original simultaneous 
differential equations in F and F x . 

It therefore remains to determine only four constants from 
the four boundary conditions (15), when the following final 
result is obtained : 


F = 2 A cos vos sinh use+ 2 B sin vx cosh iix, 
Fx = 2B cos vos sinh uos — 2A sin vx cosh ux , 

where 


( 20 ) 


2 ^ _ Fo_ u cos jev cosh \eu — v sin \ev sinh \ eu 

otE (u 2 -f* v 8 ) (cos 2 %ev cosh 2 %eu -f sin 2 \ev sinh 2 \eu) 

and 


2B = 


F 0 n sin •g- ev sinh \eu + v cos \ev cosh \eu 
otE (u 2 -r v 2 ) (cos 2 \ev cosh 2 \eu 4* sin 2 \ev sinh 2 ^ eu ) 1 


( 21 ) 
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with 

2 1 w 2 ( i^a 4 -f w? 2 Q 2 — a 2 ) 

U — 2 a* + w 2 Q 2 

an ^ 2 __ 1 w 2 ( Va 4 4-w 2 Q 2 4-a 2 ) 

V ~2 a 4 + w 2 Q 2 _ T’ 

To find the total extension of the rod at any instant we must 
double z and write \e for w. We then obtain, after a very 
simple reduction, 

n F 0 1 u sinh eu -f v sin ev 

y = 2 ~7^ « i 2-:-r-COS utf 

* ot E ir 4- v cos + cosh eu 

a F 0 1 sinh eu—u sin ev sao\ 
otH u 2 + r 2 cos ev H- cosh eu 9 ^ ' 



In the present case the stress 


Fo 

ot 


is produced by the dif¬ 


ference of potential between the o.t faces, according to 
equations (1) and (2). From equation (1) we see that a 
difference of potential V 0 tends to produce an extension 

jj 

— HV 0 which is equivalent to a force — V 0 . 

XV.0 


Equation (1) shows that the restoring force for an exten¬ 
sion y is 


y + HY 
K 0 * 


This, being a restoring force, is in the negative direction 
according to the convention adopted ; when it is substituted 
for F in equation (2), we obtain 

Q = K,y-H^±^ 

JV 0 

= ( Ki “K 0 ) V ~‘k/’ * * * 


an expression for the total quantity of electricity through 
the resonator at any time. 

Writing 

H 

Y = V 0 ccs«>< and F 0 «= —-g-Vo, 
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and substituting the value of y from equation (23), we obtain 
for the quantity of electricity 

H 3 > 


Q = (k,— 5^)v 0 cosurf 


+.£ 


1 u sinh eu v sin ev 


+ 2 


K 0 a otE u* + v 2 cos ev + cosh eu 

H* V 0 1 v sinh eu—u sin ev 
K„ 3 otE u 2 •+- v 2 cos ev + cosh eu 


cos wt 


sin wt. (25) 


Fiff- 2. 

N S K 

'W' -'WVWMW-1 p 



This expression is comparable with that for the quantity of 
electricity through a circuit represented in fig. 2, where we 
easily find 

Q = Ki Q Y Q cos wt 




K 


wS> 


IV '° 


VnCOS Wt 


+ w 2 B 2 




Y 0 sinwt. . . . (26) 


In order that the two expressions may be identical, we 
require 


Kio = Kj- EV. (27) 

u _ 1 1 u sinh eu 4 v sin ev 

U 3 4 W 3 w K 0 2 o£E u 2 4 v 2 cos ev 4 cosh eu 9 


W __ ~ H 2 V A 1 ysinheu —usvnev 
U 3 4 * W 2 T £ 0 2 ot E u 2 -f v 2 cos ev 4 cosh £u * 
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in which we have written for brevity 

m* N-i=U, 


s= w. 

It is easily found from the above that 

. . (28) 
. w (29> 

For all the resonant frequencies of the parallelepiped is 
small compared with a 4 , and we have from equations (22} 
the approximate relations : 


u=. 


1K 0 2 u sinh eu ±v sin ev 
2 H 2 0t cosh eu - cos ev 9 


W 


lKq s -p v sinh eu—u sin ev 
2 H? ° cosh eu —cos ev 


w 

v 2 = —, 


lw 2 Q 

w = 7T 


2 a 


3 > 


sinh eu = eu = 


i^9 


9 


eoshra = l + i* 2 ** 2 = 1 + ie 2 j— 

~ 4 a° 


* . 
sm = sm —, 
a 


cos = cos 




Therefore 

w . ew 

—Nw 2 + g - -U - 2 ff ofE : w 

1—cos — 
a 


2 H* a 2 a 

1K 0 2 


1K 0 S f ,, . 1X flew) 

* 2 W 0tE a tan { (* + ^ " 2 IT / 
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Bat the condition for the resonance of the circyit of fig. 2 is 
that U should be approximately zero, so that 


,, ,. 1 ew 

(A+iK- = 


0 


or 


n~(2* + l)£, . 

where n denotes the frequency. 

For "the fundamental mode of vibration 


a 


: 2e* 


We have 


. ( 30 ) 


TT AT 2 1 1 K 0 2 ^ W W 

U = N-u> 2 — g = — 7i*rlr<>tJu~:Cotl>e— < 


2 H 2 


To obtain the separation of N and K, differentiate this 
expression thus : 


dXJ 

dw 


— 2Nto = — - -^° 2 o^E ~ cot \e — 
2 H 2 a a 


, IK 2 21 w • 

+ n ff 5 otE — - - cosec 2 he — > 
2H 2 a 2a ~ a 


and since near resonance 


we have 


cot he 1 — = 0 and cosec he - = 1, 
2 a • 2 a * ’ 


' 4 tL z 2r 


K 0 2 ote 

~W~8~ S 

^.K 0 2 M 

~ H 2 « ’ 


(31) 


where s is the density and M the mass of the bar* 

Near resonance the value of U is approximately zero, so 
that 

NK'm? 2 == 1* 

Substituting in this the values of n and N as found by 
•equations (30) and (31), we obtain' 
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„ H 2 8 Ae 2 

• K 0 2 otes 4w s (2k +1) 2 a 2 


. H 2 8 K 1 

~ K 0 2 7T 2 0 (24 + 1)* 


(32) 


by making use of the expression for K 0 , formula (4). 

The expression for S can be obtained in the same manner 
from equation (29) • by calculating the value of w, from 
which it is found that 


. MK 0 2 (24+1)* 

“ 8 H 2 e 2 H 


. . (33) 


This expression for S is of no direct use, because Q 
represents several types of resistance to motion, the chief of 
which are viscosity, air-damping, and the effect of the support 
of the bar. The resistance 8 also includes the effect of 
dielectric loss in the quartz, due to the electric fields produced 
by the alternating stress. The value of S is determined 
directly from the reaction of the resonator on an electric 
circuit by methods developed by W. Gr. Cady (4) and 
D. W. Dye (1) . The above analysis therefore leads to the 
conclusion that the piezo-electric quartz bar, in the neigh¬ 
bourhood of one of its resonant frequencies, has the same 
impedance as an electrical circuit made up of a resistance S, 
an inductance N, and a capacity K in series, shunted by a 
condenser K 10 , as in fig. 2, where the values of N, S, K, 
Kjo are given by formulae (31), (33), (32), and (27). 

The auxiliar 3 T quantities M, Iv, and K 0 are 

M = ote . 5, 


K, 



(3) 


.w 

In the ease of a disk cut perpendicular to the electric axis 
and vibrating along the electric axis, the product ot, 
•wherever it occurs in the formulae, should be replaced 
by 7ro s —‘irt i , the sectional area. 

Similar formulae hold for vibrations along the third axis t, 

if instead of H we write - H, and if we use for K the value 

e 

given by formulae (7), namely — The values of K and 
Kio are therefore the same as before, and N is altered in the. 
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ratio o£ t 2 to e 2 so that the resonant frequency is altered in 
the ratio of e to L 

The above values hold only in the neighbourhood of 

resonance ; by this we mean that they hold good for ail 

ezo « • 

values of — for which one can write without great error 



Thus, whenever the value of w is such that 

is small compared with unity, the electrical circuit gives a 
good representation o£ the quartz resonator. 

Since the decrement of quartz is very small, and therefore 
the range of frequency over which it reacts on an electrical 
system only a small fraction of the fundamental frequency— 
at most one in a thousand, and generally not more than one 
in five thousand,—the above condition is always satisfied for 
the range of frequency with which we are concerned. 

The equivalence between mechanical vibrating systems 
and electrical oscillatory circuits is, of course, well known, 
and S. Butterworth (5> pointed out several years ago that 
many problems could be simplified by making use of the 
analogy. W. G. Cady subsequently mentioned the equiva¬ 
lence in the particular case of quartz rods, and K. S. Van 
Dyke (6) gave expressions similar to the above for N, K, and 
Kjo- 

The equivalent capacity K can be measured experimentally, 
for example by D. W. Dye’s ^ methods, and the average 
piezo-electric constant H can be calculated from formula (32). 
This requires that the quartz should be free from electrical 
twinning as well as from optical twinning, a condition very 
rarely met with even in the best specimens. An important 
figure, which is in some ways a measure of the suitability of 
the quartz for resonators and oscillators, is the ratio of Kj to 
K. From equations (3) and (32) this is found to be for 
the fundamental: 

Ki _ H 3 p 

K 32 E ’ 

which, with the values of H, E, and P, given at the 
beginning of this paper, is 140. Most pieces of quartz give 
a value well above this figure, but the nearer the value is 
to 140 the better is the quartz, provided its damping S is low. 
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It is necessary to point out that the overtone frequencies are 
not given exactly by the formula (30) : 

n = (2£q-l)2^ 9 .... * (30) 

where k is an integer, because the formula was developed 
without taking into account the lateral motion of the 
vibrating bar. For a long thin rod the variations are 
small, although irregular, as shown by Giebe and Scheibe (8> . 

An important result can be deduced from the above 
analysis, concerning the strain at any point of the vibrating 
rod. Since in all cases u is small, approximate expressions 
for 2A and 2B of formula (21), in the neighbourhood of 
resonance, are 

2A = constant. 

2B = same constant. 

a 

In an approximate expression we can neglect A in comparison 
with B, and we obtain 

Z = F cos wt + F x sin wt y 

substituting for F and Fj by (20) gives 

Z = constant (sin vx cosh ux cos wt + cos vx sinh ux sin wt ), 

and since x is never greater than ^ e , sinh ux can be neglected 
in comparison with unity, and the simple expression for Z is 

Z = constant. sin vx . cos wt. 

The displacement is therefore sinusoidal, being zero at the 
centre and a maximum at the ends, where x= ±ie y and the 
strain is a maximum at the centre and decreases to zero at 
the ends. This was illustrated in a beautiful manner by 
Giebe and Scheibe (8) with their luminous resonators. 

This work has been carried out under the auspices of 
the Radio Research Board, to whom thanks are due for per¬ 
mission to publish. 
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CXIV. 1'he Power Relation of the Intensities of the Lines in 
the Optical Excitation 0 / Mercury .—Theory I. By E. 
Gayiola, P/i.D., Fellow of the International Education 
Board ** 

I N a former paper by Wood and Graviola f we have seen that 
the prediction of Wood that the intensity of some of 
the mercury lines appearing in the fluorescence of the 
optically-excited vapour (3650 for example) should be pro¬ 
portional to the cube of the exciting intensity, while others, 
such as 3654, 4358, etc., are proportional to the square, and 
others (2537) to the primary intensity itself, has been 
proved experimentally in a large range of variation. It has 
been found, for instance, that a 10*5-fold increase of the 
intensity of the exciting light was able to increase the 
intensity of the fluorescence line 3654 about 120 times, and 
of the line 3650 no less than 1200 times. The optically- 
excited vapour represents then a light-source which radiated 
energy, regarded in the light of the line 3650, apparentlv 
increases with the third power of the absorbed energy, or at 
least with the third power of the exciting intensity. This 
«eeras to be in contradiction with the principle of conser¬ 
vation of energy, and one must ask oneself, if it were 
possible to increase a hundred-fold the intensity of the 
mercury arc, would 3650 increase a million times in its 
brightness? And if so, where would the energy come 
from? To answer those questions it is necessary to make a 
quantitative study of the relations between the intensities of 
the primary exciting lines of the arc and of the secondary 
fluorescence lines in the vapour. We shall see that this 
theory will enable us at the same time to explain many of 
the results of Wood’s experimental observations that could 
not be understood otherwise, for instance, the differences in 
the falling off of the intensity of the diverse lines along the 
cross-section of the tube when viewed “end on,” and the 
changes in the intensity curves if gases are admitted to it. 

The Intensity of 3650. 

If we consider the diagram of energy levels of fig. 1 we 
see that the line 3650 is emitted by the 3 3 D S level. Its 
intensity is then proportional to the number of atoms that 

* Communicated by Prof. R. W. Wood, 
f Phil. Mag., Aug.* 1928, p. 352. 
j R. W. Wood, Phil. Mag., Sept. 1927, p. 471. 
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happen to be excited in that level. This level is reached in 
our ease of mercury vapour at room temperature, where the 
time between two collisions is large in regard to the life¬ 
time of an excited atom, so that collisions of the first or 
second kind do not play a significant role, only by the 
absorption of the line 3650 of the arc by the atoms on the 
level 2 3 F 2 . We will call N a , N Px9 N, etc., the number of 
atoms in the ditferent levels, as illustrated by fig. 1. N*, the 

number of atoms in the level 3 3 D 3 , is then proportional to 
and to the intensity of the line 3650 of the arc, that we 
will call I 3650 or simply I 3 . It is then 

• 13650 -^" ptf (f- ■) 

where c is a constant factor that does not interest us for the 
moment. 


Fig. 1. 



The level 2 3 P 2 is supplied with electrons chiefly by the 
emission of the line 5461 by atoms with electrons on the 
level 2 3 S 1 . The emission of 3341, 3663, 3654, and 3023 
by the fluorescent vapour also brings electrons to that level 
(fig. 2), but the sum of the intensities of these lines in 
fluorescence is about 0*08 of the intensity of the green line 
5461, so that one can neglect them in a first approximation. 
This is the reason why Wood found that only electrons 
coming down from 2 3 $i seemed to be effective in producing 
the absorption and re-emission of 3650. The absorption 
of 4358 in the exciting light by means of a filter placed 
between arc and tube made 3650 practically disappear, in 
spite of the fact that 3131 and 3650 were not reduced by 
the filter *. The number of atoms on the level of 2 3 P S is 
then proportional to the intensity of the green line in 
fluorescence that we will call J 5461 . In general we will denote 

Phil. Mag., Oct. 1925, p. 786. 

4 F 2 
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the intensities of the are or exciting lines by I*,, and the 
fluorescence or re-emission lines by J**. J 546 J is on its 

side proportional to N s , the number of atoms in the level 
2 3 Sj. The level 2 a Si is reached, as we shall see later, mainly 
by absorption of the arc-line 4358 by the atoms in 2 8 Pj r 
so that 

N.~W ...... (2) 

Finally, the 2*T l level is fed by the absorption of the 
resonance line 2537 by the normal atoms N, 

i\~WN.(3) 


Fig. 2. 



This last expression needs a justification : 2 3 P X is not only 
supplied with electrons by the absorption of the resonance 
line, but by the emission of 4358, 3131, 3125, 4077, etc., 
by the fluorescent vapour, which brings atoms down to that 
level. But the sum of the intensities of all these lines is 
small in comparison with the absorbed intensity of 2537, 
which shows that the number of atoms that reach that level 
from below is large in proportion to the number of atoms 
that fall from above. Furthermore, the intensity of 2537, 
emitted as resonance radiation, is many times (about 1000 
times) stronger than the added intensities of all the 
fluorescence lines footing on 2 8 P l9 which shows that most 
of the electrons raised to that level by the absorption of the 
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arc-line 2537 fall back to the normal level again, emitting 
that name line in resonance, and that only a small number of 
them are raised to higher levels owing to the absorption of 
4358, 3131, 3125. Thus the total number of excited atoms 
in levels higher than 2 3 P X is small in comparison with the 
number in this level. We can then calculate its density, 
neglecting the contributions from above. On the other 
hand, the number of normal atoms N is in all practical cases 
large in comparison with the sum of all the excited atoms, 
so that we can consider it as constant and independent of 
the intensity of the exciting light. One might think that 
this would be no longer true if we were able to increase the 
intensity oE the arc sufficiently, especially considering the 
existence of metastable levels in which excited atoms might 
accumulate in such quantity as to diminish sensibly the 
amount of normal atoms. The following simple -considera- 

Fig. 3. 



tions show that this cannot be the case; in fact, let us 
calculate the maximum amount of metastable atoms that can 
be obtained under ideal conditions. 

If we assume that every atom excited by the absorption 
of 2537 becomes in one way or another, sooner or later, a 
metastable atom, the number of atoms falling to the level 
2 S P 0 will be in the unit time Nyl 2537 , where 7 is the absorp¬ 
tion coefficient of 2537. Let us also assume that atoms 
leave the level 2 3 P 0 only because of the absorption of the 
line 4046 ; 7 rT 4 q 4 $Np 0 is then the number of atoms leaving 
2 $ Po in the unit time, if tt is the absorption coefficient of 
4046. Under stationary conditions those two quantities 
must be equal, thus 




N Po =N 


7T J 


2537 

4046 


T 

Now T — =4 in the arc, so that the ratio N/N Po is mainly 

-•4046 

determined by the ratio of the absorption coefficients of 4046 
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and 2537. This last ratio is not known, bat one may 
safely assume that it is at least equal to 10. The ideal maxi¬ 
mum number of metastable atoms can be then no more than 
4 / 10 of the amount of normal atoms, 


N 

N* 


>2-5. 


In the practical case collisions of the second kind with 
impurities (H 2 ), and especially with the walls of the tube, 
and emission of the u forbidden line’* 2656, will reduce the 
amount of metastable atoms, and thus increase considerably 
the ratio given above, if is then practically constant and 
the expression (3) is justified. 

Summing up, we can write 

N*~I S . N„ 2 ~l 3 . N S ~I S . T 2 . N*~I*. I 8 * I|. N, (4) 

where I 1? I 2 , I 3 are the intensities of the arc lines 2537, 
4358, and 3650 respectively, and N, as said before, the 
number of normal atoms. 

The intensity of the re-emission line 3650 will be 

d 3 650 ~ ~ II 1^3. ( 5 ) 


We must, however, consider the reduction of the intensity 
of the light of the arc by the vapour absorption as the rays 
traverse the tube. Owing to this, the intensity of the 
fluorescence may fall off appreciably along the diameter of 
the tube. Let us consider a volume element, v, in the 
interior of the vapour. Let its position be characterized by 
the coordinate measured from the entrance-point of the rays. 
The intensity of the lines 2537, 4358, and 3650 of the arc in 
the volume element v will be a function of x. The same is 
true for the fluorescence line 3650. We ought then to 
write 

J&o=AI .(6) 

where the exponents (x) will denote that those quantities 
are functions of x . 

We can now answer the question set at the beginning of 
the paper. The intensity of the fluorescence line 3650 
emitted by the volume element v will increase with the cube 
of the arc intensity as far as the intensities of the three 
arc lines concerned in its emission, measured in the volume 
element v , do really increase proportional to the intensity of 
the arc. We shall see that this is not always the case. To 
know how the primary intensities change with the position 
of the element v, we have to study the absorption laws for 
the different lines of the arc in the excited mercury vapour. 



Intensities of Lines in Optical Excitation of Mercury. 115$ 

The Absorption of 2537 and of 4358. 

To simplify the calculations we will assume that our 
resonance tube is of square section, and that the exciting 
light is parallel. The position of a volume element v will 
be then characterized by its distance x from the entrance 
wall of the exciting light, and all of our quantities will be 
functions of that single variable. 

The absorption law of 2537 is well known and reads 

^2oB7 ==: ^2o37 e .(7) 

where 1 ° is the intensity at the entrance wall of the tube, 
e is the basis of the natural logarithms, and 7 is the absorp¬ 
tion coefficient of the line which depends only on the density 
N of normal atoms in the vapour. At a given temperature 
of the saturated vapour that number will not depend on the 
intensity of the exciting light, as we saw above, and 7 is 
then a constant. 


Fi^. 4. 




->~x 


To calculate the absorption of 4358 we need to know the 
number of atoms in the level 2 3 P X as a function of x. The 
number of atoms raised to that level in the layer dx during 
the time 1 at the distance x of the entrance wall will be 
equal to 

d\i = 7l x d<27,.(8) 

where 7 = c*N. 

To that number we must add the number of atoms that fall 
from higher levels, but we have already seen that this 
number is small in comparison with the quantity raised by 
absorption of 2537, and we can, therefore, neglect them. 

In the stationary state an equal number of atoms will 
abandon the level 2 3 Pj owing to spontaneous emission of the 
resonance line 2537, to absorption of lines like 4358 
originating in that level, and to collisions of the first and 
second kind. If we call A, B, C, and D the probabilities of 
those four processes, the number of atoms leaving the level 
2 3 Pj in the layer dx 7 and during the time unit, will be 
given by 


N Pl (A -f B 4- C -f I))dx. 


• • ( 9 > 
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The mean life-time of an excited atom in that level will 
be then 

Tpi = A + B + C+D. 

We have already seen that collisions of the first or second 
kind do not come into consideration because of the low 
temperature and of the low pressure of the vapour (the 
mean time between two collisions is of the order of 10~ 4 sec.), 
and that experimental results show that the number of atoms 
raised by absorption to higher levels is small in comparison 
with the number of atoms falling back to the normal state by 
re-emission of the resonance line, which means thatB, C, and 
D are small in regard to the probability A of spontaneous 
emission, and we can neglect them safely. We have, then, 
practically 

r Pl = l/A.(11) 

Equating (8) and (9), and considering (10) and (11), we 
have 

—'V t piIi = < Y r p\^° e ~ yx .( 12 ) 

If we consider the excited atoms as forming a different 
gas, we can say that we have a gas the density of which 
falls exponentially as we retreat from the entrance wall of 
the light. We could say that the partial pressure of the 
gas falls exponentially, but it is not safe to speak of a 
partial pressure in this case. In fact, pressure is a thing 
that is given only by collisions, and since the mean life of an 
atom in the level 2 3 P X (10~ 7 sec.) is much shorter than the 
time between two collisions of the excited atom in a gas of 
a pressure of O'OOl mm. (about 2 .10~ 4 sec.),, the definition 
of pressure loses here its meaning in this case. We can 
speak of the density of the excited atoms, hut not of a 
partial pressure. For the same reason, in spite of the fact 
that we have a gradient of the density, no diffusion will 
take place from the regions of higher to the regions of lower 
density. The path that an excited atom traverses during its 
mean life is only of the order of 10~ 3 cm. We shall see later 
that in the case of the metastable levels diffusion must be 
taken into account. 

Now that the density distribution in the level 2 3 Pj is 
known, one can go a step farther and reckon the absorption 
of 4358. The absorption coefficient for this line will be 
proportional to the number of excited atoms, in the same 
way as the absorption coefficient of 2537 was proportional 
o the number of normal atoms. The difference is that in 
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the former case the coefficient was constant, while here it is 
a function of x. We can then write 

^ 1-4358 ^ ..... ( 13 ) 


where 6=aN Pl = a 7 T jt , 1 I 1 °^ yx . 

We set 

«ssa.»y.T ft , .(11) 

and (13) becomes 

rfl 2 = — alj 0 . e~ yz • I 2 *d%. . . . (15) 

The integral of this expression is 


C - e~ yX 

-a.Ij*. Xc-yx.dx 7* 1 

l4358 ==: l2-"P • ^ — P* e 


Fig. <5. 


14-358 



The constant p is 
I*=I 2 °to 


We have then 


given by the condition that for .r==0, 


P= I 2 °e 


— a e ~Y X ) 
y 


14358 — I°4358 * e y 

This expression can be abbreviated to 


• • ( 16 ) 


I 2 =I,°.< 




. (17) 


This is the absorption law for 4358. The same law will 
govern the absorption of 2894, 3X31, 3125, 2652, 2654, 
2655,and 4077. n « n 

Fig. 5 illustrates formula (17) for different values of -Ij. 
I 3 ° is set=l. ^ 
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The constant a plays in regard to 4358 a similar role 
7 in regard to 2537. In that sense a could be called the 
absorption coefficient o£ 4358. The numerical value of a 
can be obtained by measuring the absorption of 4358 for a 
given value of x Actually the absorption of 4358 is very 
small, and the line appears without a trace of reversal if 
examined with the large Lumoier-Gehrke plate after 
traversing a 10 cm. layer of strongly excited vapour. That 

means that ^I x ° is small, and that I 2 is practically constant 

and equal to I 2 ° all along the cross-section of the tube. 
This would no longer be the case if we were able to increase 
sufficiently the intensity of 2537 (Ii°). 


The Number of Atoms on the Level 2 3 Si. 

Now that we know the absorption law of 4358 we can 
calculate the density distribution on the level 2 s S x , which 
will enable us to reckon the intensity of the fluorescence 
line 5461 in order to calculate the absorption of 3650. The 
absorption of 4358 in the layer dx at the distance x during 
unit time will bring a number 

d\%a • 1 2 * Ii • dx — . J 2 . IS. dx . . . (^lSj 

of atoms to the level 2 3 S X . By emission of the triplet 4046, 
4358, and 5461 these atoms will leave 2 3 Sj aud distribute 
themselves among the three 2 3 P levels. Now the upper and 
the lower of these levels are metastable, and the mean life 
of atoms on them, as measured by Dorgelo *, is of the 
order 10 “ 3 sec. at least. We shall see later that we can 
confirm this result. Due to this long life, atoms will 
accumulate in the metastable levels, and if they do it in 
sufficient numbers they will absorb on their part the lines 
4046 and 5461 of the arc, and thus bring a new contingent 
of atoms to the level 2 r 'S x . We cannot know a priori in 
which way most of the atoms reach that level, but we can 
make the following consideration :—If most of the atoms 
that reach 2 3 S X are due to the absorption of 4358, the 
intensity of the re-emission lines 4046, 4358, and 5461 must 
be proportional to the square of the intensity of the exciting 
light, because two successive absorptions would be needed. 
On the other hand, if most of the atoms on that level were 
due to the absorption of 4046 or 5461 by the metastable 


* Physilia , vol. v. p, 435 (1925). 
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atoms, we would need three successive absorptions (absorp¬ 
tion o£ 2537, absorption of 4358, emission of 4:046 and 
5461, and absorption of 4046 and 5461), to reach that level, 
thus the intensity of the re-emission lines ought to be pro- 
portional to the cube of the arc intensity. It has been 
found experimentally that the lines in question change with 
the square of the primary intensity, which shows that only 
the absorption of 4358 is of importance for the supply of 
electrons to the level 2 3 Sjl. 

We do not need then to consider the re-absorption by the 
metastable atoms. 

The number of atoms that leave the level 2 s Si in the layer 
dx and during the time unit will be 

N ,-dx, .(19) 

T s 

if r s is the mean life-time of that level. In the stationary 
state the quantities (18) and (19) must be equal, and we 
have 

. t s . 1 }. 1 2 .( 20 ) 

This gives us the density distribution on the level 2 3 S!. 
The intensities of the lines emitted by that level will be 
given by the same expression multiplied with the numerical 
factor corresponding to the transition probability of each of 
the three lines. It is then 

Jo461 = e 2N 5 , — • • (21) 

where e 0 4 - e, + e<>= -. 

*8 

Let us consider more closely one of these expressions, for 
instance, J 5461 . Its intensity is by formulas ( 20 ) and ( 21 ) 
proportional to the product of the intensities of two lines of 
the arc, 2537 and 4358. I 2&37 is an exponentially falling 

curve (formula 7). and its intensity will increase everywhere 
in the same ratio if we increase the light of the arc. I 43 - s 
is practically constant along the cross-section of the tube 
because the absorption of that line is weak, as we saw above. 
The product of both curves will give again, then, an 
exponentially falling curve with an extinction coefficient 
equal to the absorption coefficient of 2537. We should, 
therefore, expect that the intensity distribution of the 
fluorescence line 5461 along the cross-section of the tube 
will be given by an exponential function with an exponent 
coefficient y. This can be tested experimentally. If we- 
form an image of the cross-section of the tube upon the slit 
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of the spectrograph (see fig. 13 in the following paper) by- 
means of a long-focus quartz achromatic lens, as described 
by Wood in one of his former papers, the intensity at the 
top of the slit will correspond to the light emitted by the 
layers at the entrance wall of the tube, while the intensity 
at the bottom of the slit will originate in the layers 
near the exit wall of the tube. Wood ( l . c.) has already 
published a photograph of the lines 3654, 3663, and 3650 
taken in that way, which shows that the experiment con¬ 
firms our theory. A quantitative agreement cannot be 
expected, because in the experimental case the exciting 
light is not parallel, as assumed in our calculations, but 
divergent. The divergence of the intensity is probably 
proportional to the distance or less, and not to the square of 
the distance, because the light-source is long (10 cm.) and 
has a thickness of about 1 cm. 

Expressions similar to (20) will give the density distri¬ 
bution of excited atoms in all the levels that are reached 
after two successive absorptions, like 2 , S 0 , 3 3 S 1? 3 1 D 2 , 3 s D t , 
3 3 D. 2 , and so forth, and expressions similar to (21) the 
intensity of the lines emitted by them. 


The dumber of Atoms in the Level 2 3 P 2 . 

The last expression for the intensity of the green line 5461 
in fluorescence, or better, the differential of that expression, 
gives us the number of atoms that in the layer dx and unit 
time fall to the level 2 3 P 2 . As we saw at the beginning, 
the emission of other lines like 3654, 3663, etc., brings also 
atoms to that level, but their quantity is negligible in 
comparison with the quantity brought down by the green 
line. 

Because of the long life of the metastable level we should 
expect that the atoms falling to it (the density of which, as 
a function of x, is practically given by an exponential curve) 
would diffuse in the tube, so that they would distribute 
themselves homogeneously all over the cross-section of it. 
If that should take place, the absorption of 3650 would be 
constant along the section of the tube (3650 of the arc is 
absorbed very little in 2 cm. vapour, so that I mo is practically 
constant), and the re-emission line 3650 should be also of 
constant intensity along the cross-section of the tube. 
Experiments show that this is not the case. The intensity 
distribution of 3650 along the slit of the spectrograph is the 
same as that of 4358 or 3654. That seems to show that 
diffusion does not take place in the level 2 3 P S under our 
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conditions, which signifies that the life o£ that level cannot 
be longer than 10~" 5 sec. The reasons for the shortening of 
the life of the metastable atoms on that level are probably 
to be sought in the absorption of tbe green line of the arc* 
If we remember formula (10; we see that the mean life of 
an excited level is inversely proportional to the sum of 
emission, absorption, and collision probabilities. Here the 
spontaneous emission probability is nearly equal to zero, and 
the collision probabilities are small, but the absorption 
probability for the lines originating on our level seems to 
be sufficiently large to shorten the life of the metastable 
level by the amount necessary to avoid diffusion We can 
thus go on in our calculation without considering it. 

The number of atoms that reach 2 3 P 2 in the layer dx is 

....... ( 22 } 

The number of atoms that leave it is 

— dx .(23) 

T P2 

Therefore 

~ T P 2 * J6461.(24:) 

This gives the density distribution in 2 3 P 2 and enables us to 
calculate the absorption of 3650. 


The Ahsorptioii Law of 3650. 

The absorption coefficient of 3650 is given now by 


dl 


where 


- —b . Np 2 . dx = ct>. a . I x . I 2 . da', 
<M>~be 2 T P2 T s . 


(25) 


The integration of this expression gives as a result 


l 3650 “ 


:I 3 °* 


v Il0(1 -' yr) ] =I o 6 -KV-x 2 )_ 


(26> 


This is the absorption law for 3650. This equation looks 
very complicated, but in the experimental case o> is small ; 
thus I 3 is practically constant and equal to I 3 °. 

The density distribution in the level 3 3 D 3 will be then 
given by 

JSd—otaTdhVz, .(27) 


* Meissner and Graffunder (Ann. d . Pkys. lxxxiv. p. 1009 (1927)) 
have found that side radiation is able to shorten the life of the meta¬ 
stable levels of Neon and Argon from 2 to 5 times. 
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and the intensity of the fluorescence line 3650 by 


J 


3650 — 


^=««I : T s l s =®*I 1 0 .T 2 0 .T 3 °^ • e 


y 


a»(I 3 °—I 3 ) 


. . . (28) 


Discussion of the Intensity Question . 

We are now able to state what will happen in each 
volume element of the resonance tube if we increase 
constantly the intensity of the exciting light. We have 
already seen that in the actual case the two last factors of 

Fig. 6 


J3650 



formula (28) are practically equal to one, thus the intensity 
distribution of 3650 as a function of x will be determined 
by e~y x , and its intensity will increase in every part of the 
tube proportional to the product of Ii°. I 2 °. I 3 0 , or, if we 
-assume that the ratio 1 ^° : I a ° ; I 3 ° is constant in the arc, 
proportional to the cube of the intensity of the arc. Fig. 6 , 
-curve 1 , represents tl 3650 for this case. If we are able to 
increase the arc intensity sufficiently, the last two factors of 
the formula (28) would no longer be equal to one, but they 
would be more and more rapidly falling curves. J 3650 would 
then be equal to the product of three fulling curves, and 
<CGuld be represented by the curve 2 of fig. 6 . We see that 
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the intensity of 3650 would still increase proportional to the 
<mbe of the arc intensity only in the first layer by 4?=0, 
but would eventually decrease for larger values of x. This 
means physically that the volume fluorescence of 3650 
would concentrate more and more at the entrance wall of 
the tube, and we should have a thing similar to surface 
fluorescence. We cannot realize experimentally this case 
for the Hg fluorescence in vacuo , because we are not able to 
increase sufficiently the intensity of the arc, but we can do 
it by admitting gases into the tube, as we shall see in the 
following paper. The admission of 2 mm. w r ater vapour, 
for instance, increases 4358 about 20 times for small x , 
but actually decreases it for larger values of x. (See 
Theory II.) 

Summary . 

The intensity of the different lines of mercury vapour at 
room temperature when excited optically by a water-cooled 
mercury arc has been calculated as a function of the primary 
intensities, and of the position of the emitting volume 
element in the tube, and the results allow us to understand 
the special behaviour of some lines like 3650. 

The absorption law's for lines like 4358 and 3650 in 
excited mercury vapour have been calculated. 

It is a pleasure for the author to acknowledge his 
indebtedness to Professor R. W. Wood for his many 
advices and assistance during the present w T ork, and to 
Professor K. F. Herzfeld, who was so kind as to read this 
paper in manuscript and to suggest several improvements. 

The Johns Hopkins University, 

Baltimore. Md. 

June 30, 1928. 


OXV. The Influence of Foreign Gases on the Optical 
Excitation of Mercury .—Theory II. By E. Gaviola, 
P/t.Zb, Fellow of the International Education Board*. 

[Plates XXV. & XXVI.] 

I N the course of his extensive investigation of the fluores¬ 
cence of mercury vapour, excited by the light of a 
water-cooled, magnetically deflected, mercury arc, Wood f has 

* Communicated by Prof. R. W. Wood, 
t Wood, Phil. Mag., Oct. 1925, Sept. 1927. 
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found that the admission of other gases to the tube containing 
the fluorescing mercury vapour at a pressure of 0*001 mm. 
(saturated vapour at room temperature) produced various 
effects upon the different remission lines, depending on the 
nature of the particular gas and on the partial pressure of 
it in the tube. It was found, for instance, that nitrogen at 
pressures of from 0 05 to 0*4 mm. decreased several times 
the intensity of the line 3650, while higher pressures up to 
6 or more mm. increased it considerably. At 3 mm. it 
decreased the lines 3654, 3125, 4077, 2537, 3021, and at the 
same time enhanced many others like 5461, 4358, 4046, 
3131, 3341, 2654,2535. Carbon monoxide at low pressures 
decreased 3650, 3654, 3125, 3021, etc., and increased 3341, 
3131,2653, 2534, etc. Argon and helium behave similarly. 
Wood has also found that many of these changes can be 
explained if we assume that the collisions with molecules of 
the foreign gases bring a large number of atoms to the 
metastable level 2 S P 0 , where they accumulate due to the 
stability of that level, and become capable of absorbing 
strongly the line 4046 of the arc, practically not absorbed 
without the foreign gas ; and he showed the existence of this 
absorption by photographing the 4046 line of the arc, after 
traversing a layer of excited vapour, with the large quartz 
Luminer-Gehrke plate, with the result that it appeared 
strongly reversed when nitrogen was present, but not in its 
absence. During the present work the action of different 
gases upon the absorption of 4046 has been studied in detail. 
This study has brought new and interesting facts to light in 
regard to the diffusion and lifetime of the metastable atoms 
and to the efficiency of their collisions with different gases— 
facts that enable us to calculate and predict the behaviour of 
the lines, especially the intensity distribution along the cross- 
section of the tube and its change when gases are admitted. 

The Absorption of the Line 4046. 

The arrangement used was similar to that used by Wood 
(/. c.), and is shown schematically by flg. 8. 

A very clear and large quartz tube, 10 cm. long and 10 cm. 
in diameter, with plane end-surfaces was illuminated by the 
magnetically-deflected light of the water-cooled mercury arc, 
a part of which light was received by the quartz prism P x 
and sent parallel to the illuminated wall of the tube through 
the excited mercury vapour. A second quartz prism P 2 sent 
the light to the lens L of fused quartz, which made it paralllel 
or slightly convergent to allow it t© enter the large quartz 
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Lummer-Gehrke plate after traversing a polarizer* A quartz- 
fluorite achromat of 42*5 cm. focal distance threw an image 
of the interference system upon the wide open slit of the 
spectrograph. Two screens S* and S 2 limited the light-beam, 
and could be displaced so as to make the beam traverse the 
vapour at different distances from the entrance wall of 
the exciting light. The tube was in connexion with the 
pump and with bulbs containing the desired gases. A very 
fine capillary was occasionally used for admitting air or 
oxygen. Series of photographs of the line 4046 were taken 
with different pressures of CO, water vapour, and nitrogen 
in the tube. Fig. 1 (Pl. XXV.) shows the results. The first 
horizontal series corresponds to CO at partial pressures 0, 
‘015, *1, *35, and 4 mm., the second to water vapour at 
pressures 0, *005, *03, *1, 1*5 mm., and the third to nitrogen 
at 0, *13, *55 mm. All the photographs had the same time 


Fig. 8. 



of exposure, 4 minutes. We can see that the presence of 
0*015 mm. CO is sufficient to show a clear reversal of the 
main component (indicated by an arrow) of the line. If we 
increase the pressure, the reversal increases up to 0*1 to 
0*2 mm. CO, and decreases again at higher pressures. At 
4 mm. the reversal has disappeared completely, and no traces 
of absorption are left. Water vapour shows a trace of 
reversal at 0*005 mm., which increases rapidly by increasing 
water-vapour density until at 1 to 2 mm. the whole line is- 
practically absorbed. At low pressures the behaviour of CO 
and H s O is practically the same. Above 0*2 mm., on the 
contrary, the absorption of 4046 diminishes with CO, while 
it still increases with H s O. We shall see later on that the 
theory is able to explain this fact on the assumption that 
the collisions of the second kind of netastable atoms with CO* 
are more efficient than with H*0. On the other hand, N 2 
shows no clear reversal until a pressure of about 0*5 mm. i& 
Phil. Mag . S. 7. VoL 6. No. 40. Dec . 1928. 4 G 
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reached ; but a diffuse absorption of the line takes place 
from 01 mm. up, showing that in the presence of nitrogen 
not only the core of the line is absorbed, but the whole line, 
which seems to mean that nitrogen is capable of broadening 
the absorption line 4046. At higher pressures N 2 behaves 
similarly to H 2 0, but water seems to be still more efficient 
than X 2 in accumulating atoms in the lower metastable level. 

It was of importance to determine if a diffusion of the 
metastable atoms takes place. Metastable atoms are mostly 
generated at the entrance wall of the exciting light, because 
of the strong absorption of the resonance line in the mercury 
vapour at room temperature. A layer of 5 mm. reduces 
2537 to J of its original value ; thus at 2 cm. distance of the 
entrance wall its intensity is only Now, the number of 

metastable atoms generated in each volume element of the 
tube, as we shall see later, is proportional to the intensity of 
the line 2357 of the arc at that volume element. If diffusion 
of the metastable atoms does not take place, the absorption of 
the line 4046 should decrease 16 times if the light-beam 
traverses the tube at a distance of 2 cm. from the illuminated 
wall of the tube ; which amounts to saying that the absorption 
should practically disappear. On the other hand, if the 
metastable atoms live so long as to diffuse all along the cross- 
section of the tube, the absorption of 4046 should be the 
same everywhere. To test this point the screens S x and S 2 
{see fig. 8) were so placed as to make the beam of light 
traverse the tube parallel to the illuminated wall at distances 
of 2 and 5 cm. from it. Fig. 2 (PI. XXV.) shows the result of 
a series of photographs taken with different pressures of water 
vapour in the tube, and with the beam traversing it at 2 cm. 
distance from the illuminated wall. We see that in vacuo 
no reversal takes place, as is to be expected, but a cleat 
reversal of the main component of Ihe line (indicated with 
arrows) appears with 0*2 to 0*5 mm. water in the tube, to 
disappear again if the pressure attains 2 mm. If the beam 
traverses the tube at 5 cm. distance from the wall, no reversal 
is to be detected under any water pressure. These facts 
show that diffusion of the metastable atoms does actually 
take place at low water pressure, and that the mean life of 
the excited atoms is long enough to allow them to diffuse 
2 cm., but not long enough to allow them to diffuse 5 cm. 
With these values we shall make, in a following paragraph, 
an approximate calculation of the mean lifetime of a meta¬ 
stable atom on the level 2 8 P 0 . 

The reason why the diffusion disappears if the water 
pressure is increased to 2 mm. is probably two-fold : the 
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higher pressure shortens the mean life of the metastable 
atoms, and, on the other hand, the diffusion velocity diminishes 
with the pressure, so that in the case in which the mean life 
is not decreased, the path travelled during that life would 
diminish in proportion to the pressure. 

The same experiments were repeated with with the 
result that no reversal of 4046 could be found at 2 cm. 
distance with any nitrogen pressure. This result is to be 
expected because we have already seen that, with N 2 , when 
the beam traverses the tube close to the illuminated wall, the 
reversal begins at the pressure of 0*5 mm., which is already 
too high to allow them to diffuse. No diffusion experiments 
have been made with CO so far, but I should expect it to 
behave at low pressures like water vapour. 

The Metastable Level 2 3 P S . 

These experiments show that large quantities of atoms 
accumulate on the metastable level 2 3 P 0 . Now, mercury has 
another metastable level, the level 2 3 P 2 . It was of importance 
to ascertain if atoms accumulate in this level also. To 
examine this question, the lines 5461 and 3650 of the arc 
were photographed as before, to see if they reverse when 
gases are introduced. The result was that no reversal or 
absorption of 5461 could be detected under any conditions. 
This proves that the upper metastable level must be many 
times less densely occupied than the lower one in the presence 
of gases. On the other hand. Wood has observed that the 
arc line 3650 appears slightly reversed if it traverses a 
10 cm. long layer of excited mercury vapour in the absence 
of any gases. I can confirm this result. Now, if we 
introduce gases into the tube, the reversal at first disappears 
(gases at low pressure), to come up again if we attain a 
water or nitrogen pressure of 1 or 2 millimetres, which 
shows that the number of atoms in 2 3 P S decreases at first to 
increase afterwards. The change of the intensity of the 
fluorescence line 3650 is in accordance with this result. 
Its intensity can be given by the formula 

j 3650 = a . I3650 ♦ Np 2 , 

where 1 3650 is the intensity of the arc line 3650, and Np 2 is 
the density of atoms on the level 2 8 P 3 (see preceding publi¬ 
cation : Theory I., formula (1))* Now, the introduction of 
gases at low pressure does not change I 3650 of the arc, so 
that the changes in the intensity of the remission line 3650 
are, so to speak, a measure for the changes in the density of 

40 2 



117 2 Dr* E. Gra viola on the Influence of Foreign 

atoms on the level 2 8 P 2 . In fact, at foreign gas pressures 
below 1 mm* the time between two collisions of an excited 
Hg atom is larger than 10~ 7 sec*, so that collisions of the 
second kind play a r61e only in regard to the 2 8 P levels, 
the mean life of which is longer than this time. All the 
other levels will be practically undisturbed by collisions. 
Wood has already measured the changes in the intensity of 
the fluorescence lines with different pressures of nitrogen* 
The following is an abstract of his measurements :— 


Nitrogen pressure . 1*25 0*43 0*2 0*1 0*05 0*00 mm. 

5461. 12 6 4 2 1*5 1 

3650*. 1 1 i \ i 

. 12 6 8 8 74 1 


We see in the second line that the intensity of 3650 
decreases at first and increases slowly afterwards with 
growing pressures of nitrogen, while 5461 increases steadily 
(the initial intensities are arbitrarily set equal). Now, we 
have seen that the level 2 3 P 2 is supplied with electrons 
practically exclusively by the emission of 5461 (Theory L). 
The increase of that line means an increase in the number of 
atoms that reach that level. In spite of this fact the number 
of atoms in the level diminishes as shown by the intensity of 
3650. The density of atoms on 2 3 P S can diminish only as a 
result of collisions with the nitrogen molecules. The ratio 
of the increase of 5461 to the increase of 3650 will give the 
number of times that the density in the level 2 8 P 2 decreases 
due to the collisions. That ratio is given above. We should 
expect the ratio to grow with the pressure. It grows with 
it, but in an irregular way. But we must remember that 
Wood considered the given values as provisional. In that 
light the result can be regarded as satisfactory. The level 
2 3 P 2 seems, then, to be very sensitive to collisions with 
nitrogen molecules. The fact that 0*1 mm. of nitrogen is 
able to diminish 8 times the number of atoms in 2 S P 2 is very 
remarkable if we remember that the same gas pressure would 
quench the re-emission line 2537 only to about 97 percent, of 
its original value (see the known quenching curves of Stuart), 
which means that the number of atoms on the level 2 3 P X is 
only very slightly decreased. We have here the interesting 
case in which a “ metastable level 99 becomes much less stable 
against collisions than an “unstable level/’ This may be 
correlated with the fact that Lord Rayleigh has observed 
the * e forbidden 93 line 2270, which is emitted by the level 
2 3 P 2 in both emission and absorption. 
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The extremely great sensibility of the excited atoms in the 
level 2 8 P 2 to collisions is not only shown in regard to 
nitrogen, but to all the other gases that have been tried. 

We can make a rough calculation of the mean life of the 
atoms in the metastable level 2 8 P S on the base of the facts 
outlined above. The number of atoms in the level 2 8 P 2 is 
given by formula (24) of Theory I. : 

Np 2 = rp 2 . J 5461 . 

This relation is true for every gas pressure. We can plot 
now J 5461 and Np 2 as function of the pressure if we admit 
Jjjeso as a measure* for Np 2 . The division of both curves 
gives us the mean life tp 2 as a function of the pressure. The 

Fig. 9. 


J 



diagram (fig. 9) shows that tp 2 decreases with the pressure, 
which is to be expected. At 0 01 mm. nitrogen Tp 2 decreases 
to ^ of its original value. The time between two collisions 
of an excited atom at that pressure of nitrogen is about 
10~ 5 sec. 


Now 


tp 2 = 


B 2 D 2 


if B 2 is the absorption and D 2 the collision probability, 
and if we neglect the emission probability. On its side 
D 2 ==Z.E 2 if Z is the number of collisions and E 2 the 
efficiency of them ; hence 

1 

TPa ~B 2 + ZE 2 * * * ‘ 


. . (29) 
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This value will decrease to when the pressure is such 
that B 2 = ZE 2 . Experimentally it does so at (M)l mm* 
pressure, at which Z=10 r> collisions per sec. That means 
B 2 =10 5 . E 2 , and for Z = 0 : 

t p 2 = == 10- 5 . E 2 see. 

If every collision is effective (E 2 = 1), 10~° sec. is the mean 
life of the metastable level 2 S P S for the case of vacuo ; that 
is, when no foreign gas is present. If gases are admitted* 
Tp a decreases according to formula (29). In fact, if we plot 
(29) according to the value given above,*we obtain the lower 
curve of fig. 9, which is in surprisingly good agreement 
•with the empiric curve for rp a . 

Summing up, we can say that the primary and principal 
action of gases consists in bringing excited atoms from the 
levels 2 s P 2 and 2 S P 2 to the metastable level 2 3 P 0 . If the gas 
pressure is sufficiently low, diffusion of the metastable atoms 
takes place; otherwise not. We will now see that the theory 
enables us to explain all the other changes due to gases, 
especially the changes in the distribution of the intensity 
along the cross-section of the tube, ithout making further 
assumptions. 


The Levels 2 3 P 2 and 2 3 P 0 . 

We have seen in the first part of this investigation 
(Theory I., formula (12)) that the density distribution of 
atoms on the level 2 3 P 2 in the case of vacuo, that is, in the 
case when only Hg vapour at room temperature is in 
the tube, was given by the formula 

N Pl = yTp JJe-y*, .(12) 

where y is the coefficient of absorption of the resonance line 
2537 of the arc, Tp x the mean life of an excited atom on the 
level 2 3 P 1? and x the distance of the volume element 
considered from the illuminated wall of the tube. This 
^formula holds also for the case of gases with the sole 
difference that Tp t was determined in vacuo practically ex¬ 
clusively by the emission probability A x of the line 2537 
(see formula (11), Theory I.), and it was Tp t = 1/Aj, while 
now the mean life is shortened by the collisions with the gas 
molecules that bring atoms to the lower level 2 3 P 0 . It is 
now 

1 

Tp 


A t -hIV 


. . (29') 



Gases on the Optical Excitation of Mercury . 11? 5 

where Dj is the probability that a collision of the second 
kind will take place, which is given by the number of 
collisions in the time unit multiplied with the efficiency E 1 
of those collisions in producing transitions without radiation : 

D x ~ 2 . E t . . . . . * . (30) 

c is proportional to the gas pressure. 

The number of atoms in the layer dx , which daring unit 
time will reach the metastable level 2 3 P 0 because of collisions, 
will be 

D 1 Np 1 dx . 

Another contingent of atoms will reach the level 2 3 P 0 because 
of the emission by the fluorescent vapour of lines like 4046, 
2967, etc. (see fig. 2, Theory I., p. 1156); this contingent is 


Fig. 10. 

- 2 3p 2 



but negligible compared with the amount of metastable atoms 
produced by collisions. If no diffusion takes place, the 
number of atoms that will in unit time leave that level in 
the layer dx will be 

Np w . - , dx % 

T Po 

where tp 0 is the mean life duration of the metastable atoms. 
Equating these expressions, we have 

= Tp 0 . Np x . =S 7Tjl i = 7ryli°e~y r . (31) 

if we set 

7T ~ T>i . Tp x . Tp 0 ,.(31 / ) 

and put for Np t its value given above. The mean life tp 0 of 
the metastable level was determined in the case of vacuo 
mainly by the absorption of lines terminating on that level, 
and by the collisions with the walls of the tube. In our 
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case, the collisions of the second kind with gas molecules 
will play an important r61e. We can write 


T Po ~ 


1 

Ao *+* -Bo -t- Do ’ 


where A 0 is the emission probability of the forbidden line 
2656, which is emitted by the m etas table atoms. B 0 the 
absorption, and D 0 the collision probability. ISow, the 
emission probability of the forbidden line is extremely low : 
thus we can practically put 


T Po 


_ 1 

4- D 0 


(32) 


D 0 will be given by the number of collisions of the meta¬ 
stable atoms multiplied with the efficiency of those collisions : 


D 0 — z . E 0 . 


The numerical values of E 0 are not as well known as for the 
case of the level 2 # Pj. According to results of Donat * 
Dorgelo f, Loria Franck and Oario §, and ourselves, E 0 is 
very large for H 2 , 0 2 , small for CO, N 2 , He, and smaller 
still for Ar and H 2 0. Quantitative determinations have 
not yet been made so far as I know. 


Diffusion of Metastable Atoms . 

Formula (31) was calculated under the assumption that 
no diffusion takes place, which, as we have seen, is not the 
case for gases at low pressure. The diffusion will not affect 
the total number of metastable atoms in first approximation, 
since it does not alter D! nor Tp 0 . It influences only the 
density distribution in the section of the tube. If we assume 
that in the case of diffusion the density becomes constant, 
which is not completely true in the experimental case, as we 
saw before, but very nearly realized, the average density 
will be 



if 1 is the length of the cross-section of the tube. The 
integration gives as result 

N Po =7. . . (33) 

where <f> = 7r(l—c~ y ). 

* Donat, Zeits. f. Phys. xxix. p. 345 (1924). 
t Dorgelo, Physika , v. p. 435 {1925). 
t Loria, Phys. Dev. xxvi. p. 573 (1925). 

§ Franck & Cario, Zeit. f. Phys . xvii, pp. 202, 223 (1928;. 
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The average density will thus be simply proportional to 
the total absorption of the line 2537 of the arc. 

We can test formulas (31) and (33) by means of the 
“ forbidden ” line 2656. This line is emitted by the meta- 
stable atoms, and its intensity distribution along the cross- 
section of the tube will show directly the density distribution 
of the metastable atoms. Fig. 3 (PL XXVI.) gives a 6 X en¬ 
largement of two photographs of the forbidden line 2656 
(on the long wave-length side of the pseudo-triplet 2652, 
2654, 2655) taken while an image of the cross-section of the 
tube was thrown upon the slit of the spectrograph so that 
the light at the top of the slit corresponds to the emission 
near the entrance wall of the resonance tube (x = 0), and at 
the bottom to light near the exit wall = 1). a was taken 

Fig. 11. 


3(»,) 


X 

while 2 mm., b while 0*2 mm. water vapour were in the tube. 
We see that, in the first case, the intensity of 2656 decreases 
along the slit, while in the second it remains practically 
constant, as is to be expected after formulae (31) and (33). 
The behaviour of the other lines will be explained later. 
The verification of our formulae shows again that diffusion 
of the metastable atoms takes place with 0*2, but not with 
2 mm. water vapour in the tube. 

Th? Mean Life of the Metastable Atoms in the Level 2 3 P 0 . 

We saw in a former paragraph that when 2 mm. of water 
vapour are present in the tube, diffusion of the metastable 
atoms does not take place. The density distribution along 
the cross-section of the tube is given by the absorption law 
•of the resonance line 2537, as shown by formula (31) and by 
fig. 11 (curve a ). If we diminish the pressure, diffusion does 
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take place, and the density of the Np {) atoms will be repre¬ 
sented by a curve like h . The form of the curve b will 
depend on the mean lifetime of the metastable atoms, and 
on the diffusion-coefficient, which at a given temperature is 
inversely proportional to the pressure, and can be calculated 
with the help of the kinetic gas theory. Curve b will depend, 
then, at a given pressure, only on the mean life Tp 0 of the- 
metastable atoms ; for growing tp 0 it will approximate to a 
horizontal line, and for small Tp 0 it will coincide with curve a • 
Now, curve b can be experimentally determined by measuring 
the absorption of 4046, or the intensity oE the 46 forbidden >r 
line 2656, for different ^-values, and that will allow us to 
calculate the mean lifetime rp 0 . 

Let us consider a parallelepipedon of section dy dz along 
the .r-axis, which is perpendicular to the light entrance-wall 
of the tube (fig. 12), and a volume element v = dxdy dz at 
the distance x of that wall, in which N metastable atoms are 
present. The number of metastable atoms that enter this 


Fig. 12. 



volume element in the time unit will be equal to the number 
of atoms diffusing from the left through the section x, that is, 

— D dy dz , where D is the diffusion-coefficient, plus the 

amount produced in the volume v by the absorption of 2537 
and successive collisions of the second kind, which, as we have 
seen (formula (31)), is proportional to the intensity of 12537 
in the volume r, and it is = v . Gre“" y2 ‘, where Gr is a factor which 

is constant for a given pressure. — D dydz 4* * dx^ 

atoms will leaver diffusing through the section at x dx, and 
a fraction v . N/t of the metastable atoms N in the volume v 
will die because of collisions of tlie second kind. 

In the stationary state 


+vGe~y * 

ax 


— D dy dz 


um d m . > 

~7Z + -33 * dx 


N , . , 

H- ax dy dz 




or 
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W D S-r +G ^ = °* 


This is the differential equation of our curve b. 

It is hon-homogeneous and linear. The general solution 
oE the homogeneous equation is 

_x >JT « v/X 

N = Ae TD + Be rD , 


and a special solution of the non-homogeneous one is 

» = =.-* if 

The sum of both expressions gives us our general solution 
N = Ae TJ >+Be VrJ >+He-y\ 


The boundary conditions are N = N° for x = 0, and N = 0 
for x=cc , which makes B = 0 and A = N°—H, and we obtain 
finally 

(b) N = (N°—H) e ~ x + Re-y*. 


This is the density distribution of the metastable atoms as 
a function of #for given values of r and D (curve b of fig. 11). 
N is equal to the sum of two exponential falling curves 
with different coefficients of extinction. The last term, which 
is originated by the absorption of 2537, decreases very rapidly, 
and will fall already to ^ of its original value for x = 1*5 cm. 
(2537 is reduced to -J- in 5 mm. Hg vapour); and if we 
consider the curve beyond that value, it will be a simple 


exponential curve with the coefficient of extinction 



If we measure, then, two values of N for two ^-values in that 
region, we can calculate this coefficient. Now, judging 
from the absorption of 4016 for different distances x (see 
figs. 1 and 2, PI. XXV.) and from the intensity distribu¬ 
tion of the forbidden line 2356 along the slit (see fig. 3, PI. 
XXVI.), we may make the rough estimate that N decreases 
to ^ of its value from x = 1*5 to x = 2*5 cm. * when water 
vapour at 0*2 mm. pressure is in the tube. We therefore have 



and 



* An exact measurement has not yet been attempted, but could be 
easily done ; the present is only a provisional calculation. 



1180 Dr. E. (xaviola on the Influence of Foreign 

Now, the diffusion coefficient o£ excited Hg in H 2 0 is 

118 

given by the kinetic theory as D=-, where p is the 

pressure in mm* * * § & 

At a pressure P=*2 mm. we have 

118 2 1 

D = W2~ 590 aud Tp ° = 590 = 295 SeC ' 

under our conditions. This value of the mean life of the 
metastable atoms is in good agreement with the results of 
Dorgelo (I. c.). The number of collisions of a 3P 0 atom with 
water molecules at 0*2 nun. pressure is of the order of 
magnitude of 2.10 6 per sec., which means that a metastable 
atom can survive 10 4 collisions with a water molecule before 
giving up its energy in a collision of the second kind. 
Orthmann and Pringsheim * found a similar value for 
collisions with neutral mercury atoms at atmospheric pressure 
in presence of 0*01 mm. of thallium vapour. 

Discussion. 

Several authors have attempted to measure or calculate 
the long lifetime of the metastable atoms postulated by 
Franck and Reiche f in order to describe the absorption of 
certain He lines observed by Paschen. M. Marshall 
applying the method of the low-voltage arc with alternate 
current, used by Kamenstine § for helium, which apparently 
gives a very direct method of measuring the life of the 
metastable atoms to the case of mercury, found rather 
surprising results. He finds that the higher metastable 
level 2 3 P 2 has a longer life (^ 4 sec.) than the lower one 
2 3 Po (f 7 o sec 0? anc * t ^ la ^ fhe admission of gases like CO, 
COj, N 2 , H 2 0, and H 2 had no influence upon the life of 
2 3 P 2 , but shortened the life of the lower level 2 3 P 0 and all 
the gases by the same amount. These results are in open 
contradiction with all subsequent experience. There is no 
doubt now that the life of the higher metastable level is 
shorter than that of the lower one, and that the first is 
very sensitive against collisions with any of the named 
gases, while the second can endure thousands of collisions 
with N 2 , CO, or H 2 0. C. Eekart || showed that the results 

* Orthmann & Pringsheim, Zeit- f. Phy*. xxxv. p. 626 (1926). 

t Franck & Reiche, Zeits.f. Phys. i pp. 154, 320 (1920), 

1 Marshal], Astro phys. Journ. lx. p. 243 (1924). 

§ Kamenstine, Astrophys. Journ. xlix. p. 135 (1924). 

|| Eekart, Phys. Itev. xxvi. p. 454 (1925). 
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o£ Kamenstine and Marshall were probably due to the 
survival of ions rather than metastable atoms. Dorgelo* * * § 
made a direct measurement of the life of the metastable 
atoms in neon and Hg, observing the absorption of the line& 
footing on the metastable levels a certain time after the 
electrical excitation of the vapour had ceased. He found* 
that the life of the higher level (2 3 P S ) was about sec. 
in pure mercury vapour at room temperature, and the life of 
the lower one (2 3 P 0 ) still longer than this value, and that 
both were very sensitive to impurities, especially to the 
presence of hydrogen f. 

The time calculated by us for the level 2 3 P 2 (10~ 5 sec.) 
is considerably shorter than the result of Dorgelo, but we 
must remember that the experimental conditions are com¬ 
pletely different. In the case of Dorgelo, the life of the 
metastable atoms is only shortened by collisions with im¬ 
purities or with the walls of the tube, while in our case of 
very intense side illumination, the absorption of lines like 
5461, 3650, and 4046, 2967 by the metastable atoms must 
shorten the lives of them in a sensible degree, Meissner 
and Graff under 1 have recently found that in the case of 
neon the life is considerably reduced by side illumination. 

In the case of 2 3 P 0 , the lower level, the effect of side 
illumination is less noticeable because the total amount of 
metastable atoms in this level is enormously larger than in 
the case of the higher level. 

On the whole, we can say that the life of the metastable 
atoms, when undisturbed by exterior agencies, is probably 
limited only by the emission probability of the “ forbidden 
lines ” 2270 and 2656, which for the last one has been 
measured by the author to be about 10 8 times smaller 
than for 2537 §. Since the life of the resonance level is 
10~ 7 sec., the life of 2 3 P 0 would be 10 8 .10" 7 =10 sec. under 
best conditions. These conditions may exist in some stars. 

The Amount of Metastable Atoms . 

Formulas (31) and (33) show that the density of meta¬ 
stable atoms will be governed by the constant 7 r. Because 
in many physio-chemical investigations it is desired to have 

* Dorgelo, Physica. v. p. 429 (1925). 

f G. Itamsauer ( Naturicisscnsckaflen, xvi. p, 576 (1928); and T. 
Asada, It. Ladenburg, and W. Tietze, Phys. Zs. xxix. pp. 549,708 (1928) 
have recently published new measurements of t Pq obtaining a value of 
10“ 3 sec, in agreement with my result. 

% Meissner & Graff under, Ann. dev Phys. Ixxxiv. p. 1041 (1927). 

§ Details of the calculation will appear shortly. 
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a large concentration of metastable atoms, we may discuss 
it more in detail. At the same time, we can try to explain 
the fact that CO is very efficient at low pressures in pro¬ 
ducing metastable atoms, but not at pressures above 0-2 mm. 
Considering (29'), (30), and (32), we can write ir in the 
following form :— 

;E ‘ ■ (34) 


7T = ' 


2 J®i-®o + *(iiuB 0 -f- t»o^i) -b AjB 0 

If the efficiency of collisions of the secoud kind with the 
metastable atoms for the gas in consideration is very small 
,(E 0 =0), 7r will reduce to 

_ 

Bo^Ej + Aj)’. { } 

ihat means ir will increase steadily with the pressure at a 
rate depending on the value of E^ For smaller E* (efficiency 
of collisions quenching 2 3 Px) we shall require a larger z (pres¬ 
sure) to obtain the same amount of metastable atoms, as in 
the formula only the product zE x appears, and not z or E x 

separated. The maximum of 7r will be tt niax.= -g~, and 

will be obtained for z = o©. The number of metastable 
-atoms would then be given (see formula (33), where e~y is 
small and can be neglected) by 

T 0 

vr ___ x i 

^ r 0 max.- Tj-, 

&0 


and could be still increased, diminishing the absorption 
probability of lines like 4046 (B 0 = l>l m 6 + b f ... if 

b are the absorption coefficients), which can be done by 
absorbing them out of the arc light without absorbing 2537. 
One-half of the maximum value would be obtained already 
when ^Ei~Ai; that is, when the number of efficient col¬ 
lisions is equal to the probability of emission of 2537, which 
is the inverse of the mean lifetime of the level 2 3 Px* Now, 
this life is known to be 10~ 7 sec., and Wood’s measurements 
show that the line 5461 in fluorescence, which can be used 
as a measure for the number of metastable atoms Np 0 , as 
3650 was used for Np 2 , increases to one-half of its maximum 
intensity at a nitrogen pressure of 0*65 mm. At this pres¬ 
sure the number of collisions ^ per sec. of excited atoms 
(diameter 1*62 times normal) with nitrogen molecules is 
*7.10 7 per sec., which allows us to calculate Ex, the efficiency 
of the quenching collisions of nitrogen, as 


tr A i- W 7 

^*^-• 77 W 


= 1*4. 
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This value is in contradiction with the value 0013 calcu¬ 
lated by Stuart. I£ we suppose with Foote * that E x = 1 , that 
is, that every collision is effective with the 2 3 P! level, we 
shall obtain a mean life t P i = 1 .4. 10 ~ 7 , which is something 
larger than the known value. We will consider this point 
and the quenching of resonance radiation by gases in detail 
in a subsequent paper. 

In our practical case the collisions of the second kind will 
play always a certain role so that E 0 will never be com¬ 
pletely = 0 ; but it seems that gases like water vapour 
(avoiding free H 2 or 0 2 ), argon, and, more or less, nitrogen 
behave very nearly ideally. 

If E 0 cannot be neglected, but is still small, the number 
of metastable atoms will at first increase with the pressure 
and proportional to the efficiency E x of collisions w r ith the 
level 2 3 P 1? as in the ideal case, but afterwards the term 
in z? (formula 34) will predominate and tt will decrease 
again. The maximum will be obtained for 



and will occur at louver pressures the larger the product 
E 1 2 E 0 is. This product seems to be larger in the case of CO 
than in the case of N 2 . The maximum concentration of 
metastable atoms is reached with CO at about 0*2 mm., and 
with nitrogen at from 5 mm. to 70 mm., depending on its 
purity. This explains the special behaviour of CO with 
increasing pressure, as shown by fig. 1 (Pl. XX VL). 

The Absorption of 4046, and the Density of2 3 Si f or 
Low Pressure . 

The absorption of the line 4046 of the arc will be different 
for the case of low pressure when diffusion takes place, and 
for the case of higher pressures when it does not. In the 
first case the absorption law will be simply 

I4046 558 I°4046 e ~ Kx ^ ..... (35) 

where X is proportional to 5fp tt ;X=/*.!N p 0 ~*&.I 1 °. That 
absorption law is similar to the law for the resonance line 
2537. The only difference lies in the numerical values of 
the absorption-coefficients. For low gas pressures the 
absorption of 4046 is considerably smaller than the absorp¬ 
tion of 2537, due to which I 4 0 46 will be very nearly constant 

♦ P. I). Foote, Phys, Rev. xxx. p. 288 (1927). 
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along the cross-section of the tube. Similar laws will 
govern the absorption of the lines 2967, 2753, 2534. 

To calculate the number of atoms in 2 3 Si we need only 
consider the absorption of 4946 and can neglect the atoms 
brought up by 4358, because when gases are present (large 
concentration of metastable atoms) the absorption of 4358 is 
many times smaller than the absorption of 4046. 

The number of atoms that reach the level 2 8 Sj in the time 
unit will be then 

— (I 4 046 ) . dx = XI 4046 dx = 5 = S. I x °. I 4 o 46 . dx : 
the number of atoms that leave it 

- dx<f 

T s 

where r s is not only determined by the emission probabilities 
of the lines originating in the level, as in the case of vacuo 
(see formula (21)), but also by the collisions of the second 
kind : 

~ = €q + €l ~T €2 + D 

T s 

Therefore 


Ns = \T S I 404 6 = S . T s . I t ° . 1° 404 6 . e * x , . . (36) 

gives the density distribution of the excited atoms on the 
level 2^. The intensity of the lines emitted by the excited 
atoms in that level will be 

J4358 = . N„ J4046 = € 0 N 5 , Js46l = S9 . (37) 

where the e u as in the case of vacuo, are the transition proba¬ 
bilities for each of the lines. We see that the intensity 
distribution along the cross-section of the tube is governed 
by the absorption of the line 4046, and must therefore be 
nearly constant. We shall see presently that this is con¬ 
firmed by the experiment. The intensity curves of all the 
lines emitted by levels supplied with electrons mainly by 
absorption of the metastable atoms will be similar to those 
above. Such is the case for the levels 3 3 S 4 , 3 3 D X , and 4 3 Di. 

Case of Higher Pressure . 

For the case of higher pressures of foreign gas, where 
diffusion does not occur, the absorption law of the line 4046 
will be similar to the absorption law of the line 4358 in the 
case of vacuo (see formulas (16) and (17)), since the density 
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distribution of the metastable atoms in our case (formula (31)) 
is similar to the distribution in the level 2 Z Y X (see formula 
(12)) in the case of vacuo. It is then 

14046 = I°4046 e~y lAl ~ e ~ yX) = I %46 . . (38). 

The difference in the case of vacuo is that the constant <f> is 
considerably larger than the constant a of 4358, due to the 
large number of atoms in the level 2 3 P 0 . In the former case 
the exponential function was practically equal 1, while it is 
here a markedly falling curve, which is shown by the fact 
that the line 4046 of the arc is reduced to less than ^ by the 
absorption in the cross-section of the tube (25 mm.), while 
the absorption of 4358 is not noticeable. 

The level 2 3 Sj will be supplied, as before, practically only 
by the absorption of 4046. Its density distribution is then 
expressed by 

—- (f) • Tg • Ij • 14046* .... (39^ 

The re-emission lines will be 

J4046 = •'* J4358 == Jo46I =: ; 

or, if we write one of them in full, for instance, 4358, 

J 4308 = 6 1 • <f> * Ts • I°2537 * I°4046 • C~ yZ . e * . (40) 

The Intensity Distribution of the Lines . 

Now, let us compare this last expression with the corre¬ 
sponding ones for the cases of vacuo and at low pressures.- 
In vacuo it was (see formulas (21), (20), (17), and (7),. 
Theory I.) : 

(vacuo ) J 4 538 €! . * . T # . I°2537 I°4358 * e~ yX .0 7 ^ ^ 

. . . (41) 

and in gases at low pressure ((37) and (36)) : 

(low pressure) J 4358 = e x . 3 . t s . I° 25 3 7 I 0 40 4 6 * . (42) 

* A comparison of the two formulas (40) and (41) allows us to calcu¬ 
late the ratio Np Q /Np i of the amount of metastable atoms in the case of 
gases in regard to the amount of excited atoms in the level 2 s Pi in the 
case of vacuo. We consider a volume element at the entrance-wall of 
the tube (r=0), and divide the two mentioned formulae: 

4° 43g8 (gas; __ <p I° 4046 
* 1°4358 (vacuo) *1° 4358 

Now, this ratio has been found experimentally to be about 25 (enhance¬ 
ment of the lines by foreign gases). On the other hand, u is proportional 

PhiL Mag . S* 7. Yol. 6. No. 40. Dec • 1928. 4 H 
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In the last case, as we have seen before, X is very small, so 
that we should expect that the intensity distribution along 
the slit of the spectrograph, if we form an image of the 
cross-section of the tube upon it (see fig. 13), will be 
practically constant, or at least fall slowly. The central 
‘image of fig. 4 (PL XXVI.) shows this case. In the case of 
vacuo, the last factor is practically equal 1 , as we have seen 
in the former paper, because of the faint absorption of 4358; 
thus the intensity distribution will be given by the absorp¬ 
tion curve of 2537 ; that is, we should expect the intensity 
to fall exponentially along the slit with the extinction con¬ 
stant 7 . The left-hand image of fig, 4 (Pl. XXVI.) gives 
4358 for this case. Finally, in the case of gases at higher 
pressure, the last factor of formula (40) is no longer equal to 


Fig. 13. 



to the transition probability of 4358 and the density Np (see formulas 
(14) and (12)): '* 


and similarly 
Therefore 
In the arc 


25 = 


= = A f- a Np, 

X l 

A 1 


_ X4ft4.fi t° 404fi 


A 4358 iwav 


L358 _ o 

T “ 
x 4fU« 


and therefore A 435? /A 4G46 is also =2 (both lines are emitted by the same 
level, so that their intensity ratio gives at the same time the ratio of the 
transition probabilities!, and we have that 


* H Po /N Pl = 100. 


This allows us to calculate the transition probability of the forbidden 
line 2656, as we shall see in a subsequent paper. 
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unity, but a falling function, and the intensity distribution 
of the line will be given by the product of two falling curves, 
the absorption curves of 2537 and 4046 of the arc. Fig. 14 
illustrates this case. The lower curve is the product of 
the two upper ones, and represents the distribution of the 
intensity of 4358 we should expect in this case. The right- 
hand image of fig. 4 (PI. XXVI.) gives 4358 while 2 mm. 
water vapour were present in the tube. We see that the 
results are completely in agreement with the theory. The 
slow falling of the intensity in the case of low pressure con¬ 
firms once more the fact of the diffusion of the metastable 
atoms. The same changes are to be expected for all the 
lines emitted by levels supplied with electrons mainly from 
the level 2 3 Pi in vacuo , and from the level 2 3 P 0 in presence 

Fig. 14. 

int. 



of gases (see fig. 2, Theory I., p. 1156), like 3 3 S|, 3 3 D 3 , 4 3 Dx. 
The line 2654 of fig. 3 (PI. XXVI.) is included in this case. 
It is interesting to observe in fig. 3, a (PI. XXVI.) that the 
forbidden line 2656 is stronger than the strongest line of the 
pseudo-triplet (2654) at the bottom of the slit*, but that 
the contrary happens at the top of it. Fig. 15 illustrates 
this case. This “ crossing 99 of the intensities of the lines is 
due to the fact that the line 2656 requires only one absorp¬ 
tion for its appearance, while 2654 requires two, and there¬ 
fore behaves like 4358. We shall see in the following paper 
that the “crossing ” of the lines is very useful in determining 
the origin of the band spectra that appear in the optically- 
excited mercury vapour under certain conditions. Special 
allowance must be made for the fluorescence lines 4046, 

* See also R. W. Wood and E. Gaviola, Phil Mag. vi. p. 271 (1928). 

4 H 2 
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2967, 2753, and 2535, because they are partly re-absorbed 
in the tube before reaching the quartz prism at the top of 
it, due to the large concentration of rnefcnstable atoms. 
Fig. 6 (Pl. XXVI.) illustrates this case. We see that 4046, 
instead of increasing when water vapour is admitted into 
the tube, actually diminishes. This means that the absorp¬ 
tion of it, proportional to the number of metastable atoms, 
increases faster than its intensity. This may be due to 
collisions of the second kind of atoms in the level 2 3 Sj. 

Fig. 4 (PI. XXVI.) shows, further, that 4358 increases 
about twenty times at the top of the slit if we introduce 
2 mm. of water vapour in the tube, but does not change, or 
rather, decreases, at the bottom of it. This is specially plainly 
shown by fig. 5 of the same Plate. If we measure changes* 
in the intensit}" of a line due to gases, the value obtained 


Fig. 16. 



will then greatly depend on the part of the image thrown 
upon the slit we allow to enter the spectrograph: then, 
it is usual to restrict the length of the slit in order to get 
more images into the plate. We can measure a decrease of 
4358 due to H 2 0 or N 2 if we use the bottom of the line, 
while we obtain a 20 times increase using the top of it. 
Wood had already observed* that the increments due to 
2 mm. nitrogen were in general larger for the region where 
the exciting beam enters than for the region of exit. That 
for 4046 he found the contrary is to be explained by 
re-absorption. 

The Density Distribution in the Levels 2 3 P a and 2 3 P X . 

We have already seen that the effect of gases is to decrease- 
the number of atoms on the level 2 3 P 2 as a result of collisions- 

* Phil. Mag., Sept. 1927, p. 486. 
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of the second kind, and to increase it again if the pressure 
grows, because of the enormous enhancement of the green 
line which supplies that level with electrons. Because no 
diffusion of the atoms in 2 3 P S takes place, the density curve 
along the cross-section of the tube will be determined by the 
density distribution of the green line 5461 in each case; that 
is, it will fall exponentially in the case of vacuo, it will be 
practically constant in the case of gases at low pressure, and 
it will fall sharply in the case of higher pressures. The 
same will also be true for the upper levels communicating 
only with 2 3 P 2 , like 3 3 1) 3 and 4 3 D 3 ; thus the lines 3650 and 
3021 will present the same changes of relative intensity 
along the slit, under different conditions, as the line 4358 ; 
their absolute intensity will decrease at first and increase 
afterwards, while the intensity of 4358 increases steadily 
with the gas pressure. These predictions have all been con¬ 
firmed experimentally. The distribution in the level 
will not be changed by the gases ; only its mean life will 
diminish, due to collisions of the second kind, and with it 
the number of atoms on that level. The density distribution 
of the level 2 1 S 0 (see fig. 2, Theory I., p. 1156) will be then 
always given by the absorption curve of the resonance line 
2537. The intensity of the line 4077 emitted by that level 
will then decrease with gases without changing its intensity 
distribution. That has been found also experimentally to be 
the case. 

The levels like 3 3 D 2 , 4 3 D 2 , 4 1 D 2 , etc., which are supplied 
with electrons more or less from both levels 2 3 P 2 and 2 3 P X 
at the same time and in comparable quantities, will take a 
position more or less midway between the behaviour of 3650 
and 4077. The lines emitted by those levels will, in general, 
decrease if gases are present. That is really the case for the 
lines 3125, 3654, 3024, 2652, 2655/5770. Fig. 7 

(PI. XXVI.) shows the clear decrease of 3125 if gases are 
admitted ; also that the decrease is stronger at the bottom 
than at the top of the line, as would be expected. The 
level 3 1 D a occupies a special position in that it communicates 
already with the level 2 S P 0 by means of the line 2967*5, but 
this line is extremely weak ; thus the density of the level 
decreases with gases, but less rapidly than the level 3 3 D 2 . 
This explains the different behaviour of the yellow lines. 
The intensity of both lines decreases if gases are admitted, 
but 5770 about twice faster than 5790. The line 3131 
takes a position midway between the behaviour of 4358 and 
3125, due to the fact of its being a double line. The same 
is true of 3663 and 2967. 



1190 On the Optical Excitation of Mercury. 

The special behaviour of the levels 3 3 Sx, and ^Sq in the 
case when the tube is illuminated through a combined 
chlorine-bromine filter and gases are admitted (see R. W. 
Wood* Phil. Mag.* Sept. 1927, p. 480), has been satisfactorily 
explained by Beutler and Josephy * to be due to the fact that 
those levels have an energy very nearly equal to double the 
energy of a metastable atom ; and it seems that, by collisions 
of two metastable atoms, there is a large probability for one 
of the atoms to take over the whole energy, provided the 
rest of the energy that has to be transformed in kinetic 
energy is small. 

We see, then, that the behaviour of all the lines appearing 
in the mercury fluorescence can be readily explained by 
means of our theory. 


Summary . 

(a) The increases and decreases of the intensities of the 
mercury lines in the optical excitation of mercury vapour 
when foreign gases are admitted into the fluorescence tube 
are readily explained, using the results of our theory on the 
optical excitation of mercury vapour (Theory I.). 

(b) The influence of diverse gases upon the absorption of 
the line 4046 by the metastable mercury atoms has been 
studied experimentally in order to determine the amount of 
metastable atoms produced by each of the gases at different 
pressures. 

(c) Diffusion of metastable atoms has been directly 
demonstrated, showing their long lifetime. 

( d) The higher metastable level 2 3 P S is very sensitive 
to collisions with gas molecules, and its lifetime when no 
foreign gas is present has been calculated to be of the 
order 10~ 5 sec. 

( e ) The mean life of the lower metastable level 2 3 P 0 has 
been calculated to be of the order of of a second under 
our conditions, and a further calculation shows that it can 
increase to about 10 seconds under ideal conditions {in stars, 
for instance). 

(f) The efficiency of quenching collisions of nitrogen with 
excited atoms in the resonance level is found to be of the 
order of magnitude 1, as assumed by Foote, and not *013, 
as calculated by Stuart. 

(g) The number of metastable atoms produced by the 
presence of a few millimetres of nitrogen or water vapour 


* Beutler & Josephy, Phil. Mag. v. p. 222 (1928). 
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is estimated to be about one hundred times larger than the 
number of excited atoms in the resonance level. 

(h) The different changes of the intensities of the lines 
along the slit of the spectrograph when gases are admitted 
and an image of the cross-section of the tube is formed upon 
it, are explained for every one of the lines appearing in 
fluorescence. 

Professors It. W. Wood and K. F. Herzfeld had the kind¬ 
ness to read this work in manuscript, and to suggest many 
improvements, for which I wish to express my indebtedness 
to them. 

The Johns Hopkins University, 

Baltimore, Md. 

June 80, 1928. 
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[Plates XXVII. & XXVIII.] 

Introduction . 

rilHE appearance of several band spectra as a result of 
Jl photosensitized fluorescence was observed by Wood (1) 
in his early work on the optical excitation of mercury vapour, 
and a summary description (page 781), and a few photo¬ 
graphs of the bands have been already published. The OH 
band ( ff< water-hand ") at 3064 was especially conspicuous, 
and appeared when nitrogen was present in the tube (2> . 
During the work of the authors on the best conditions for 
the appearance of the u forbidden line ” 2656 of mercury 
it was observed that the OH band was present in the fluor¬ 
escence also when water vapour is introduced into the tube, 
if care was taken that too much free hydrogen did not 
accumulate in the tube as a result of the decomposition of 
the water molecules into H and OH, which can be easily 
avoided by admitting a suitable quantity of oxygen, which 
takes care of the excess of free hydrogen by combining with 
it to form HO, H 2 0, and H 2 0 2 . It was also observed that in 
general the conditions under which the forbidden line 2656 
was brightest were the same for which the OH band appeared 

* Communicated by the Authors. 
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with the maximum intensity, which is due to the fact that 
both are directly or indirectly originated by the presence of 
a large amount of metastable atoms with electrons on the 
level 2 S P 0 . 

A more detailed study of the bands was taken up in the 
present work in order to identify the rest of the bands and 
to find out the conditions under which each of them appears, 
together with the possible chemical reactions that give rise 
to the molecules responsible for the emission of the bands. 
As an additional result very interesting data on the dis¬ 
sociation energy of water and nitrogen have been found. 

Apparatus. 

The apparatus was the same as described in the earlier 
papers (see fig. 13, Theory II., p. 1186). A drop of mercury 
was always at the bottom of the resonance tube. The desired 
gases could be admitted through capillaries connected with 
the different bulbs or the air of the room, and a palladium 
tube served for the admission of hydrogen, while the resonance 
tube was disconected from the pump by a barometric mercury 
seal. The fluorescence tube was always saturated with 
mercury vapour and at room temperature. 

Conditions for the Appearance of the Bands . 

OH and HgH .—If the tube is evacuated and the mercury 
diffusion pump kept running no bands appear, with the 
exception of a faint one beginning at 2537 and fading 
rapidly towards the red side of the spectrum, in spite of 
fairly long exposures. If, now, 2 to 10 mm. of nitrogen are 
admitted, and if this nitrogen has not been specially freed 
from humidity, the OH band at 3064 and 2811 appears fairly 
bright, and further to the red a set of bands with clearly 
separated lines and with heads at 4222, 4012, 3724, 3509, 
etc., which can be obtained on the plate with a few minutes’ 
exposure. The spectrum 1 of fig 1 (PI. XXVII.) shows this 
case, and was taken while 5 mm. of moist nitrogen were in the 
tube. A rough measurement of the set of bands at the red 
side of the OH band 3064 showed that they are identical 
with the mercury hydride bands, which -were formerly 
erroneously classified as the “mercury band spectrum.” 

If we introduce a very small amount of oxygen (*001 mm.) 
into the tube containing the moist nitrogen, the mercury- 
hydride bands disappear as shown by spectrum 3 (fig. 1), 
leaving the OH bands stronger than before (not shown 
stronger in the photograph because 3 has a shorter exposure 
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than 1), and a diffuse band with maxima at 3360-70 A. 
(indicated by an arrow in spectrum ,3) which was rather faint 
in spectrum 1 increases considerably in its relative intensity. 

NH .—This band has been found to be the so-called 
“ammonia 59 band, due probably to a NH molecule, which 
will be discussed more fully presently. If we admit more 
oxygen to the tube, the NH band at 3360—70 A. disappears 
also, leaving the OH bands alone, as shown in spectrum 4. 
All these changes are perfectly reproducible, and, with a 
little practice, it is easy to obtain any of the desired band 
combinations 

and HgH .—If we pump out the nitrogen and intro¬ 
duce 2 mm. of water vapour from a bulb containing CuS0 4 
crystals, we obtain spectrum 2 of fig. 1 (PI. XXVII.), which 
shows the OH and the HgH bands as in the case of nitrogen, 
but in which a new continuous spectrum appears extending 
from 2537 to 3200 A. with a maximum around 2800 A. very 
clearly visible in spectrum 2, forming a background for the 
OH hand at 2811. The NH band of the former case is now 
absent, as was to be expected. 

It is interesting to compare the HgH bands obtained with 
nitrogen and water vnpour. We see in spectra 1 and 2 of 
fig. 1, or better in its enlargement in fig. 2 (PL XXVIII.), 
that in the case of water vapour the band-heads are much 
brighter than the higher rotational terms, while the contrary 
happens in the case of nitrogen. The very distinct band-head 
at 3722-28 A. (fig. 2) in the case of water appears lost among 
the tail lines of the band 4012-17 in the case of nitrogen. 
This curious disparity might be due to the fact that water 
vapour quenches the higher rotational levels, throwing the 
excited HgH molecules to lower levels, an effect which would 
not be exerted by nitrogen. 

If w r e introduce oxygen (few thousands of mm.) to the 
tube containing about 2 mm. water vapour, we obtain spec¬ 
trum 5 of fig. 1. The HgH bands have disappeared, leaving 
the OH and the continuous band at 2800 alone. The intensity 
of the continuous band at 2800 is proportional to the amount 
of whaler vapour, provided the little free hydrogen that 
♦develops is continually neutralized with oxygen. 

NH %.—We would confirm the results of Dickinson and 
Mitchell (l4) ’ (15) that the introduction of NH 3 in the tube pro¬ 
duces the 3360-70 band, and in addition to it a continuous 
hand extending from 2900 to 4000 A. with a maximum at 
about 3450 A. Spectrum 6 of fig. 1 was taken while about 
5 mm. of N 2 and a few tenths of a millimetre of NH 3 were 
in the tube, and shows well the continuous band and the 
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3360-70 band at the long wave-length side of the line 3341 
of mercury. It is interesting to observe that the OH band 
at 3064 has disappeared for the first time, or is at least 
greatly reduced from its customary intensity, which is pro- 
bably due to the formation of some NH 3 —OH or similar 
molecules, which take care of the OH formed, before it has 
a chance of being excited by an excited mercury atom. 

Spectrum 7 shows the effect of a mixture of nitrogen, water 
vapour, ammonia, and some air for neutralizing the excess of 
hydrogen ; all of the bands described so far appear together, 
demonstrating the possibility of the coexistence of N 2 , H 2 0, 
OH, NH, NH S , and HgH molecules. 

The Intensity Relations . 

In a previous paper the authors have described < 4) how the 
intensity of the different mercury lines in fluorescence is 
proportional to the first, second, or third power of the in¬ 
tensity of the exciting light, according to the number of 
successive absorptions necessary for the emission of each line, 
and how this could be easily tested by reducing the primary 
intensity a known number of times, using a wire gauze inter¬ 
posed between the arc and fluorescence tube and measuring 
the consequent reduction in the intensity of each of the 
secondary lines. If the primary light is reduced 5 times, 
the resonance line 2537 and the “forbidden line 55 2656 are 
decreased 5 times, nearly all of the others 25 times (or 5 2 ), 
and 3650 and 3021 125 times ( =5 3 ). Knowing this we can 
tell, independent of any level diagram, that 3650 requires 
three successive absorptions for its emission, while 2656 
requires only one. The theoretical foundation of this rule 
has been given in a paper by one of us (Theory I.). Now, 
we can apply the same test to the bands, and that will help 
us to guess the chemical gas-reactions which go on in the 
tube and give rise to the bands. All of the bands are 
produced by collisions with excited mercury atoms, and not 
by direct absorption of light of the mercury arc, which is 
plainly proved by the fact that, as soon as the line 2537 of 
the arc reverses owing to overheating of the arc or to absence 
of the deflecting magnetic field, the bands disappear without 
exception, together with the mercury fluorescence. The 
power-relation of the intensity of a band in regard to the 
primary intensity tells us then how many excited mercury 
atoms are used in the production of an excited molecule 
responsible for the emission of the band. 

As a result of careful measurements it has been found that 
the intensity of the two continuous bands due to the presence 
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o£ water vapour and ammonia are directly proportional to 
the primary intensity ; the emission of them requires, then, 
a single collision with an excited mercury atom while the 
HgH band grows with the second power, which indicates 
that the emission o£ each light-quantum of the band requires 
the co-operation of two excited Hg atoms. The NH and 
OH bands appear to be proportional to a power intermediate 
between 1 and 2, the reason for which is to be sought in the 
greater stability of those molecules, some of which can 
survive, under given conditions, more than one excitation, 
a case which will be more fully discussed presently. 

Fig. 4 (PI. XXVIII.) gives an illustration of the wire- 
gauze method : spectrum a was taken while nitrogen, 
ammonia, and some water and air were in the tube, and shows 
the 3064 OH, the continuous ammonia band, the 3360—70 
NH, and the 4012 HgH band; spectrum h was taken with 
exactly the same mixture while a wire gauze reducing the 
primary intensity about 4 times was interposed between arc 
and tube and the time of exposure increased about six-fold: 
bands proportional to the first power should be enhanced 
1*5 times, while those proportional to the second should 
diminish about ten-fold in image b. We see that the con¬ 
tinuous NH- band has become enhanced, while the HgH 
band-head at 4012 has practically disappeared and the NH 
and OH bands are greatly reduced in intensity. Removing 
the gauze and giving a short exposure again, we obtained an 
image equal to a, showing that the gas mixture had not 
changed practically during the experiment. It is curious and 
interesting that the intensities of different bands appearing 
as photosensitized fluorescence can be changed relative to 
each other simply by modifying the intensity of the exciting 
light. 

There is another very elegant and simple method of deter¬ 
mining the power relation of the intensities : the falling off 
of the brightness of the bands along the cross-section of the 
tube. If we form an image of the cross-section of the tube 
upon the slit of the spectrograph, we obtain a spectrum like 
the one in fig. 3 (PL XXVIII.), which shows that the bands 
decrease in their intensify along the slit with different rates 
of speed. This rate will depend on the way the bands are 
excited by the excited mercury atoms 

The only excited atoms which come into consideration for 
the excitation of the bands are the atoms in the resonance 
level 2 3 Pi and the metastable ones in the lower level 2 3 P 0 . 
All other excited atoms are so few in number and of such 
short life that they have little or no chance of hitting any 
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molecules if the gas pressure is kept below a few millimetres, 
as has always been the case in the present work. Now the 
density distribution of the relevant atoms along the cross- 
section of the tube is given by the absorption law of the 
line 2537 of the arc 

1 = 1 ° e-v*, 

which represents an exponential falling curve (see E. Gaviola, 
Theory II., p. 1187) like curve a in fig. 5. The intensity dis¬ 
tribution of the bands, whose intensity is directly proportional 
to the primary intensity, that is, to the number of excited 
atoms, will be given also by curve a, while the bands propor- 


Fig. 5 



tional to the second power will decrease along the slit with the 
square of curve a, which is represented by curve b in fig. 5. 
(A similar condition occurred in the case of the 66 forbidden 
line” 2656 (first power) as compared with 2654 (second 
power), and was illustrated by fig. 3, a, of PI. XXVI. in 
Theory II.) We come now to fig. 3 (PL XXVIII.), which 
was obtained while 2 mm. of water vapour were present in 
the tube, and shows how the HgH bands decrease very 
rapidly in their intensity along the slit (quadratic relation), 
while the OH band does it less suddenly and the continuous 
HsO band at 2800 less still (first power). That the OH 
band falls more rapidly than the continuous water band can 
be seen plainly by comparing this last with the 2811 branch 
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of the first, which is superposed on the continuous water 
band : the lines of the OH band appear bright upon the 
continuous background at the top of the slit, while they* 
become lost in it at the bottom of the slit. Image 3 of 
fig. 1, which was taken in the same way, shows that the NH 
band at 3360-70 decreases along the slit parallel with the 
OH band. All of this confirms the results obtained with 
the wire gauge, that the intensity of both continuous bands 
is proportional to the first power, the HgH to the second r 
and the NH and OH bands to a power between the first and 
second. 


Interpretation of Results . 

Now that we know the conditions under which each of 
the bands appears and the number of excited Hg atoms which 
each molecule requires for its production and excitation, we 
can try to interpret the processes which take place in the 
tube in the different cases. 

77 te Action of Water Vapour . 

Let us consider first what happens when we introduce a 
few millimetres of water vapour into the tube containing 
excited mercury vapour ; Wood (1) and, later, Senftleben & 
Rehren <17) and Bates (18) have observed that the H 2 0 
molecule is dissociated in this case, and they were able to 
detect the presence of free hydrogen after the illumination. 
The appearance of the HgH and OH bands in our case 
confirms that dissociation takes place, and the fact that a 
little oxygen is able to bring the radiation back to full 
intensity when it begins to decrease by continued operation 
of the tube, shows the presence of free hydrogen which 
quenches the fluorescence. So far our results are in full 
agreement with those of the previous authors. Senftleben 
and Rehren concluded that the dissociation energy of H 2 0 
into H and OH had to be smaller than 4*9 volts, the exci¬ 
tation energy of the mercury atoms. They showed also that 
only the reaction 

H 2 0~>H 4- OH 

comes into consideration. Now, on the other hand, it ha& 
been found by us that water vapour is most efficient in 
producing metastable Hg atoms, which shows that by 
collisions of an H 2 0 molecule with an excited Hg atom in 
the 2 3 Pi level in most cases no dissociation takes place, but 
that the atoms are thrown down to the metastable level 2 3 P 0> 
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as happens with N 2 . Furthermore, we have seen in our 
calculation of the lifetime of metastable atoms (Theory II.) 
that these atoms can survive at least 10 4 collisions with water 
molecules without giving up their energy. These facts 
speak in favour of the assumption that 4*9 volts are probably 
not quite sufficient for the dissociation of H 2 0 into H and 
OH, and that dissociation takes place only in the very few 
cases when the difference of energy can be taken out of the 
kinetic energy of fast-moving molecules. This is corrobo¬ 
rated by the fact that Senftleben could never obtain more 
than 10~ 4 mm. of H 2 out of 4*6 mm. of water vapour after 
one illumination, and that Bates found for the reaction a 
very low efficiency compared with other processes. The 
dissociation energy of H 2 0 into H-fH + O is 10*4 volts; 
therefore 

H 2 4- \ (O f ) = H 2 0 4 - 2*5 volts 
H + H = H 2 4*4*38 „ 

0 = i(0 2 ) 4-3*51 volts 

H + H + 0 = H 2 0 4-10*4 volts 

If we assume with Senftleben and Rehren that the dis¬ 
sociation into H and OH requires less than 4*9 volts, we 
shall have to admit that OH requires more than 104 — 
4*9 = 5‘5 volts to dissociate. There is no good reason why 
the separation of the first H atom from H —O —H should 
require at least 0*6 volt less energy than the separation of 
the second one. We have seen that our results make it 
probable that the dissociation energy of H 2 0 into H and 
OH is slightly more than 4*9 volts. If we assume that the 
separation of each of the H atoms from H 2 0 requires about 
the same energy, we obtain 5*2 volts as the linkage energy 
o£H-OHandof O-H:— 

H 2 0 +5*2 volts = H 4-OH 
OH 4~ 5*2 „ =H4-0. 

These two values need not, of course, be absolutely equal. 
All that our results say is that the value for the first reaction 
is slightly larger than 4*9 volts. The value 5*2 volts is quite 
plausible if we consider that at room temperature about 
x 10~5 c £ the molecules have a kinetic energy sufficient to 
make up the difference between the 4*9 volts of the excited 
mercury and the required 5*2 volts. This proportion repre¬ 
sents about the number of collisions effective in dissociating 
H 2 <>. Water vapour is practically inoperative in destroying 



1199 


Photosensitized Band Fluorescence. 

the metastable atoms in the level 2 3 Po, because in this case 
the difference between the 5*2 volts required and the 
4"68 volts of the mentioned atoms is too large to be taken 
out of the heat energy of the vapour. 

Resuming, we can say that the action of water vapour 
consists mainly in the bringing of excited atoms, which were 
in the level 2 3 Pj, down to the metastable level 2 3 P 0 as a 
result of collisions, very few of which may lead to dissocia¬ 
tion of H 2 0 into H and OH, and that collisions with 
metastable atoms are completely ineffective. 

The HgH Bands . 

The mercury-hydride bands have been carefully measured 
by Liese (5) , and afterwards by Hulthen (6) , who attributed 
them to a HgN molecule. Kratzer (7) objected that the 
momentum of inertia of HgN would be too large for the 
bands and suggested that they may be due to mercury 
hydride instead—a suggestion that was accepted by 
Hulthen ^ and supported by Mulliken (9) . Compton and 
Turner (A0 ' found that the bands appear in electrical dis¬ 
charge-tubes only when mixtures of mercury and hydrogen 
are present, and assumed that the reaction involved was 

Hg' + H 2 -*HgH-bH. 

They tried to excite the HgH bands optically with a mercury 
arc, but without success, which was probably due to the fact 
that they had too much free H 2 in the tube which destroyed 
the excited mercury atoms, so that, also supposing that 
HgH were formed according to the reaction given above, 
the HgH molecules would have no chance of being excited 
by collisions with further excited Hg atoms, which is 
necessary for the emission of the bands. We shall see later 
that the reaction involved is probably Hg'-f H 2 ~>Hg-f 2H, 
and not the one given above. In a further analysis of the 
bands, Hulthen (12> calculated the dissociation energy of 
the normal HgH molecule to be 0*37 volt, and assumed that 
the reaction involved <l2) was 

Hg'-hH 3 ->HgH'-fH 
HgH'->A*> 4- Hg -f H, 

where the excited Hg atom was supposed to be in one of the 
2 8 P levels. This reaction is not possible because the energy 
of the excited Hg in the levels 2 3 P is not nearly sufficient 
to dissociate the hydrogen molecule (4*4 volts) and at the 
same time excite the HgH molecule, for which at least 
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4 volts ure necessary. The second assumption that the 
excited mercury-hydride molecule dissociates after emission 
is in agreement with our results, as we shall see later. 

We have seen above that the HgH bands appear when 
water vapour, or also when moist nitrogen, is present in the 
tube. Both gases are very effective in producing a large 
concentration of metastable atoms, and in both cases a small 
amount of free hydrogen is developed in the tube. These 
are the two necessary conditions for the appearance of the 
HgH band. In fact, if we introduce pure dry nitrogen, 
metastable atoms are generated, but the band does not 
appear. Introducing, now, a small amount of hydrogen 
(0*001 mm.) through the palladium tube, the band shines 
out immediately. On the other hand, a small amount of 
hydrogen alone is not able to produce the HgH, band, in 
spite of the presence of excited mercury vapour, showing 
that the presence of a large concentration of metastable 
atoms (generated by the nitrogen) is necessary. This 
discards the assumption of Hultben U2) that collision of an 
excited mercury atom with hydrogen would produce an 
excited HgH 7 molecule and a H atom, for in this case the 
band should appear with hydrogen alone, but we have seen 
already that this reaction is also impossible from the energy 
point of view. If the amount of hydrogen introduced 
through the palladium tube is increased, the HgH band 
fades away together with the whole fluorescence, owing to 
the quenching action of hydrogen. 

We have also seen above that the admission of a little 
oxygen (or air) produces the disappearance of the HgH 
band and at the same time enhances the OH band. 
Obviously, the oxygen neutralizes the little free hydrogen 
forming more OH, and at the same time the concentration 
of metastable atoms increases, due to the disappearance of 
the quenching free hydrogen. The reaction involved is 
probably 

Hg' + 0 2 -*>Bg + 0 2 / (Dickinson and Sherrill (19> ) 

Hg' + H 2 ->Hg + 2H (see below) 

0*' + H->0 + 0H 
O 4* H 2 —>H 2 0. 

When about 2 mm. of nitrogen are present in the tube, the 
disappearance of the HgH band is then due to the full 
neutralization by the oxygen of the little free hydrogen 
present, giving OH and H 2 0 as a result, and since no free 
hydrogen is left, no HgH can be formed. When 2 mm. of 
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water vapour are present in the tube, the disappearance of 
the HgH band produced by a little oxygen is not so easy to 
explain: Hulthen <u) ’< 12) has calculated that the linkage 
energy of normal HgH is 0*37 volt. This being so, the 
reaction Hg' + H 2 0—>*HgH + OH is energetically quite 
possible if we admit for the dissociation energy of H—OH 
about 5*2 volt, as we have done before. Now, if this reaction 
should occur to any considerable extent, water vapour would 
quench the resonance radiation without producing metastable 
atoms, and the energy would thus be used for the dissocia¬ 
tion of H 2 0 into H and OH, and water would behave like 
hydrogen ; but we know that this is not the case, and that by 
collisions with water the 2 3 Pi atoms fall down to the 2 8 P<> 
level, which shows that the above reaction occurs rarely, if 
at all. This fact could be interpreted either by assuming 
that the dissociation energy of H —OH is more than 4*9 + 
0*37 = 5*27 volts, or that HgH is not able to exist in the 
normal state, but only when it is excited. It is known * 12 > 
that the excited molecule is more stable than the unexcited^ 
and that excited ones probably dissociate after the emission 
of light. Furthermore, if normal HgH molecules were 
formed directly by collisions with water, and persisted for at 
least 10" 3 sec., such molecules would have a good chance of 
meeting excited (metastable) mercury atoms, becoming 
excited by them, and emitting the HgH bands. The 
reaction would be 

Hg' + H 2 0-+HgH+0H 
HgH + Hg'->HgH f + Hg 
HgH'-+ftv + HgH. 

If this were the case, the emission of the HgH band in the 
case of water vapour should not depend on the presence of 
free H 2 ; on the contrary, it should be strongest when no 
quenching H 2 is present. We have seen that this is not the 
case : the HgH band disappears together with the free H 2 „ 
Normal HgH is then not formed, or, if formed, it lives less 
than 10~ 3 sec. (time necessary to meet an excited atom) and 
dissociates. To describe the appearance of the HgH bands* 
with an intensity proportional to the square of the arc- 
intensity, we propose the following reaction :— 

Hg' + H s O-+Hg + H + OH 
H+Hg'-+HgH' 

HgH'-+Hg + H + hv 
H + 0H->H 2 0. 

PUl. May* S. 7. Vol, 6. No* 40* Dec. 1928. 
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The concentration of H-atoms will be (in first approximation) 
in this case proportional to the exciting light-intensity ; the 
concentration of Hg' atoms is also proportional to it. Thus 
the concentration of HgH* molecules and the intensity of 
the band emitted by them, which is proportional to the 
product of the two factors, should be proportional to the 
square of the primary light-intensity ; and this is really the 
case, as we saw before *. 

The appearance of the HgH band when N 2 and little H 2 
are present in the tube can be described in the following 
way :— 

Hg' -f H 2 ->Hg -f 2H 
H -4- Hg / ->HgH / , etc., 

or also 

Hg' + fl 2 -*Hg + H 2 ' 

H 2 ' + Hg'->HgH + H, etc., 

where H 2 in the second case would have to be brought up to 
some nietastable state, in order to await the next collision 
with an excited mercury atom. This last reaction has 
already been suggested by Dickinson <20) and Mitchell (19> , in 
order to describe the photochemic formation of water out of 
H 2 and 0 2 in the presence of mercury vapour. In both 
cases the quadratic intensity relation is satisfied. 

The OH Bands . 

The OH bands were discovered by Huggins and Liveing 
& Dewar <21) in 1880, and studied and analysed afterwards 
by Watson (22) , Tanaka (23) , and J{ick (24) , among others. They 
often appear in discharge-tubes as an impurity. 

In our case, as said before, the relation of the intensity of 
the band in regard to the primary intensity lies between the 
first and the second power, and we will try to interpret this 
behaviour. Let us consider the case when water vapour is 
in the tube. OH will be formed by following reaction : 

Hg' + H 2 0~>Hg + H + OH, 

and the rate of formation, which we know is very small, 
would be proportional to the arc intensity (number of Hg' 

* Another possible description of the facts is 

Hg'4-H a O->Hg+H 2 0'; H 2 0'+Hg f -K)H+HgH', etc., 

where water would be brought up to some metastable level in order to 
await the next collision with Hg'. 
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atoms). The OH is a rather stable molecule, and by collision 
with another excited mercury atom will itself become 
excited and emit as a result of it the OH band : 

OH + Hg'->OH' + Hg 
OH^ + OH. 

If the lifetime of the OH molecule is such that it does not 
survive in general more than one excitation, the intensity of 
the band should be proportional to the second power of the 
arc intensity because each band-quantum would require two 
excited mercury atoms for its emission : one for the formation 
of OH out of H 3 0 and one for its excitation according to the 
reactions outlined above; on the other hand, if the lifetime 
of OH is so long that it survives several successive excitations, 
the concentration of OH in the tube will be practically con¬ 
stant, and the chance of meeting an excited mercury atom 
will be simply proportional to the number of them ; that is, 
to the first power of the primary intensity. The experimental 
fact that the power relation lies between 1 and 2 shows that 
OH survives more than one excitation, but less than, say, 
three. The mean life of the OH molecule is then of the 
order of magnitude of the time-interval between two collisions 
with excited mereury atoms, which can be roughly calculated 
using the results obtained by one of us in Theory II. It was 
found there that we have in our own case about 100 times 
more metastable than 3 P 1 atoms. Now, our resonance tube 
absorbs roughly 10 18 2537 light-quanta per sec. in a volume 
of 20 cm. 3 , and since the life of 3 P 2 is 10~ 7 sec., 

N Pl = 10 18 .10~ 7 = 10 11 and N Po =100.10 1J = HP, 

which is about one hundredth of the number of normal 
atoms* 

The number of collisions of a OH molecule with this 
number of metastable atoms is about 100 per sec., and the 
time between two consecutive collisions T J 0 sec., which is 
then the order of magnitude of the lifetime of the OH mole¬ 
cule. Since the lifetime of OH is limited, it must be 
destroyed in some way. 

Senftleben and Rehren (17) assume that the reaction 

0H + 0H-*H 2 0s 

might account for it, although they could not detect the 
formation of hydrogen peroxide. Marshall and, later, Bates 
& Taylor a8) and Bonhoeffer & Loch <25) have detected 
&nd measured it. If we assume that this is the way in which 

412 
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OH is destroyed, the probability of meeting another OH 
molecule must be of the same order of magnitude as the 
probability of meeting another excited mercury atom, which 
amounts to saying* that the concentration ot OH must be 
about equal to the concentration of excited mercury atoms^ 
We know this last concentration to be 

Np o =10 13 atoms. 

Now, knowing the concentration N and the mean lifetime 
t, we can calculate the rate F of formation of OH since 

F—N/r. 

There are, then, F = 100.10 13 = 10 15 OH molecules pro¬ 
duced per second. 

The number of collisions of one 2 3 P X atom with water 
molecules (water pressure 2 mm.) is of the order of magni¬ 
tude of 2 .10 7 . The total number of such collisions is then 
2.10 7 .10 u =2.10 18 per sec. ; and since the number F of 
water molecules dissociated is 10 15 , only one in 2.10 s collisions 
leads to dissociation. This number is larger than the number 
found before for the ratio of molecules having a kinetic 
energy of 0*3 volt (difference between the 4*9 of Hg' and 
the assumed dissociation energy of 5*2 volts for the H s O 
molecule). The agreement would be complete if we assumed 
5*1 volts for the said dissociation energy, but we do not lay 
stress upon this calculation because the number of light- 
quanta emitted by the arc is not known with sufficient 
accuracy* 

The NH Band . 

The NH band at 3360—70 A. was first photographed by Eder 
in 1892, who called it the “ ultra-violet ammonia band,” 
and obtained it by burning an ammonia oxygen flame. 
Deslandres calls it the third positive group of nitrogen, and 
Kaiser (v. p. 836) says that it doubtless belongs, not to NH 3 , 
but probably to NO. Later, Lewis <26) found that it appears- 
in a discharge-tube with all mixtures of N 2 and H 2 , but 
not with N 2 or H* alone, and concluded that it “might 
reasonably be attributed to ammonia/’ Fowler and Gregory (27> 
published beautiful photographs of it. Bair (28) thought 
that the 3360-70 A. band was very probably due to ammonia, 
and that “it may be due to a compound of nitrogen and 
hydrogen, which is more stable than ammonia.” Barrat (22> 
was the first to suggest NH as the origin of the band, in spite 
of which Kwei <30) still believed it to belong to NH*. Finally r 
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Hulthen and Nakamura <31) analysed the spectrum and 
decided that it belonged to NH, which is in complete agree¬ 
ment with onr results. 

As we saw at the beginning, the NH band, together with 
the HgH and the OH band, appears if moist nitrogen is 
introduced into the tube. Apparently, the necessary factors 
for its production are, besides excited mercury atoms, nitrogen 
and very little free hydrogen ; then, after a certain time of 
illumination, the 3360—70 band decreases in favour of the 
mercury hydride band, due probably to the fact that too much 
free hydrogen is developed from the moisture in the tube, 
which is confirmed by the fact that the introduction of a little 
oxygen restores the NH, diminishing at the same time the 
HgH band. The interesting fact that of the two hydride 
bands, NH and HgH, the nitrogen one reaches its maximum 
intensity in our case with a smaller hydrogen quantity 
than the mercury one, is confirmed by the following direct 
experiment: we admit to the tube only fully-dried nitrogen 
at a pressure of about 4 mm., and no bands appear; we 
warm the palladium tube with the reducing zone of a small 
gas flame in order to let hydrogen in at a very low rate, and 
we observe that the NH band appears first alone, reaches its 
maximum intensity and begins to decrease slowly when the 
HgH band first appears, increasing until it reaches a maxi¬ 
mum, when the NH band has already weakened considerably. 
This curious difference in the behaviour of the two hydrides 
may be due to the greater stability of the NH molecule 
when very little hydrogen is present: in fact, if very little 
hydrogen is in the tube, it will be probably completely 
dissociated by collisions with excited mercury atoms, so 
that only hydrogen atoms will be present, which, if they meet 
a nitrogen atom, will be hound by it to form NH, and they 
remain bound to it for a long time, due to the great stability 
of this molecule. On the other hand, if they meet excited 
mercury atoms, they will form HgH, which will dissociate 
after emission of one quantum of radiation, leaving the 
H-atoms free for combination with nitrogen atoms, the result 
of which will be that in a short time all the hydrogen will 
be used up in the formation of NH, and that only this band, 
excited by collisions with mefcastable mercury atoms, will be 
present. If more hydrogen is admitted, H-atoms will be 
available for the formation of HgH and the emission of its 
band, which explains its enhancement, while, on the other 
hand, some of the NH will be destroyed by H 2 forming 
ammonia (NH+H 2 ->NH 3 ) or also by H forming NH 2 , and 
at the same time the amount of metastable atoms will begin to 
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be quenched by the molecular hydrogen, which explains the 
decrease of the NH band. The destruction of NH to form 
NH 3 is supported by the fact that Noyes (32) found ammonia 
farmed photochemically out of nitrogen and hydrogen under 
conditions similar to ours. 

If the given explanation is correct, the intensity of the 
NH band in the case of very little hydrogen (NH appears 
alone) should be very nearly proportional to the first power 
of the arc intensity, for in this case the amount of NH present 
would be constant (great stability), and, excited again and 
again by collisions, the intensity of the band should be simply 
proportional to the number of collisions with excited mercury 
atoms; that is, proportional to the number of excited Hg 
atoms, or, what is the same, to the primary intensity. In the 
case of more hydrogen, which would put a limit to the life of 
the NH molecules, the concentration of the latterwould depend 
on the arc intensity, and we should expect a higher power 
relation than the first. Now, this is precisely what happens : 
with very little hydrogen the intensity relation approximates 
to the first power, while with more hydrogen it approaches 
the second power. We have now to find an explanation for 
the appearance of the band with that intensity relation of the 
last case. NH is probably formed by the combination of 
atomic nitrogen and atomic hydrogen 

H + H->NH', 

giving an excited hydride molecule due to the heat of com¬ 
bination of about 4 volts (see Bates and Andrews (33) ). The 
number of excited molecules formed in this way is pro¬ 
portional to the product of concentrations of N and H, and 
since the concentration of atomic hydrogen is probably con¬ 
stant (due to the fact that all H 2 present is dissociated), the 
concentration of atomic nitrogen Sis ti function of the primary 
intensity will determine the power relation of the intensities, 
which, as we know, lies between 1st and 2nd. Now, if we 
make an allowance for the NH molecules which are excited 
more than once during their lifetime, as was done in the case 
of OH, which lowers the power relation, we can assume that 
the concentration of atomic nitrogen is proportional to the 
square of the number of excited mercury atoms, which means 
that the production of a nitrogen atom requires two excited 
mercury atoms. This would be the case if we assume that 
N 2 is dissociated by a three-body collision with two excited 
mercury atoms 


N 2 +2Hg f ~>2N + 2Hg. 
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The only excited atoms which come into consideration are 
the 2 Z P 1 with 4*9 and the metastable with 4*68 volts energy* 
The maximum energy available in the most favourable case 
for the dissociation of N 2 would be then 9*8 volts ; two meta¬ 
stable atoms would give only 9*36 volts, which is 1*5 to 
2 volts less than the value of 11*4 volts calculated by Sponer 
and Birge. We could secure more energy for the dissociation 
of N 2 if we suppose that mercury nitride is formed by the 
reaction 


N 2 + 2Hg / -»N + HgN + Hg, 

in which case the combination energy of HgN could be 
added ; but we should then expect an explosive black deposit 
of mercury nitride which has never been observed in the 
tube in spite of operating it uninterruptedly for several 
days. Mercury nitride is not formed, and we have only 
9*8 volts for the dissociation of N 2 . This would indicate 
that the dissociation energy of nitrogen is less than or about 
9*8 volts, the value which recent results of several authors 
seem to show. To avoid the assumption of the low dissocia¬ 
tion energy for N 2 we should be compelled to make 
hypotheses less plausible than this one *. 

The Continuous Spectra . 

Two continuous spectra have been observed to appear as a 
result of photosensitized fluorescence as described above : 
the first one (when water vapour at pressures from 0*5 to 
10 mm. is in the tube), at 2800 A. (see spectra 2 and 5, 
figs. 1 & 3, Pis. XXVII. & XXVIII.), seems to have been 
first observed and photographed by Wood (,) ; the second 
one (when ammonia is in the tube), at 3400 A., has been 
observed by Mitchell (15) and perhaps before by Dickinson and 
Mitchell <u \ although it is not clearly stated in their paper ; 
they speak of a 46 diffuse band with a maximum around 
3370,” which may also be the NH band at 3360-70 A. The 
continuous band with a maximum at about 3400 A. looks 
very similar to the ultra-violet band of mercury obtained by 
illuminating pure mercury vapour at 300° with a cadmium 
or aluminum spark, studied by Wood and Van der Lingen (34) , 
Lord Rayleigh (35) , Houtermans (36) , Niewodniczanski <37) , 
Pringsheim and Terenin (38> , and others ; and Mitchell 

* The results of this investigation, specially in regard to the low 
dissociation energy of nitrogen, were already reported at the Washington 
meeting of the Am. Phys. Soc. in April 20-21, 1928. A part of them 
appeared in 4 Nature,’ Sept. 1st, 1928. 
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suggosted that the band observed with mercury at 300° might 
be due to 5fH 3 contained as impurity, which is improhable 
since this band has been observed by all of the mentioned 
authors with equal intensity, and they very probably used 
mercury of different degrees of purity. The coincidence 
is probably more or less a chance due to the similar type of 
emission of both bands : the emission of the pure mercury 
band at 3400 is due, according to Houtermans and Niewod- 
niczanski, to the dissociation of a quasi-stable molecule formed 
by collision of a metastable mercury atom in the level 2 S P 0 
with a normal one, during which dissociation part of the 
energy of the excited atom is emitted and the rest transformed 
into kinetic energy of the separating atoms ; on the other 
hand, the emission of the continuous NH 3 band is probably 
due to the dissociation of a quasi-stable mercury-ammonia 
molecule formed by collision of a metastable atom with a 
normal NH 3 molecule, dissociation occurring in the same 
way as in the former case. 

Mercury Band. I Ammonia Band. 

Hg' + Hg->(Hg - Hg)' I Hg' + NEU-* (Hg - NH.)' 

{Hg-Hg y+hv + 2 Hg (Hg- NH 3 y-»/<v + Hg + NH S 

The emission of the continuous water band at 2800 may be 
accounted for in the same way, only in this case the excited 
mercury atom which forms the quasi-stable molecule is 
surely a 2 3 P X atom, since the band extends beyond 2656, as 
can be seen in spectrum 2, tig. 1 (PI. XXVTI.), which 
means that its emission requires more energy than that of a 
metastable atom. The reaction would be 

Hg r + H 2 0-» (Hg—H 2 0)' 

(Hg - H 2 0)'-> kv + Hg + H 2 0. 

The reactions outlined above are in agreement with the 
fact that the intensity of both the continuous bands is 
proportional to the first power of the primary light. 

Summary . 

(a) The photosensitized fluorescence of HgH, OH, NH, 
Hg—H s O, and Hg —HN S molecules has been observed, the 
conditions for the appearance of each of the bands deter¬ 
mined, and the most probable chemical processes which give 
rise to them suggested. 

(b) The dissociation energy of a water molecule into H 
and OH is probably about 5*2 volts, and not less than 4*9 as 
assumed by Senftleben and Rehren. 
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(c) The concentration of OH and of NH in the fluor¬ 
escence tube is, under the best conditions, of the order of 
magnitude of the concentration of excited mercury atoms 
(1Q~ 5 mm. pressure). 

(d) The dissociation energy of the nitrogen molecule 
seems to be less, or about, 9*8 volts, and not 11*4 as calcu¬ 
lated by Sponer and Birge. 

( e ) Collisions of excited mercury atoms in the resonance 
level 2 3 Pj with normal water-vapour molecules may lead to 
several different processes: in most of the cases the excited 
mercury atom is thrown down to the metastable 2 3 P 0 level, 
in a few cases (about 1 in 10,000 collisions) the water 
molecule is dissociated into H and OH, and finally in some 
cases (less than 1 in 1000) a complex quasi-molecule Hg— 
H 2 0 is formed which dissociates, emitting the continuous 
band at 2800 A. 

(f) Collisions of excited mercury atoms in the resonance 
level with nitrogen molecules bring the first ones down to 
the metastable level ; three-body collisions of two excited 
atoms with a nitrogen molecule may lead to dissociation of 
the nitrogen molecule. 
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Addition by the correction .—It has been suggested by 
several authors that the activation of foreign gas molecules 
takes place mainly at the walls of the tube. We have not 
found any signs of it. The formation and excitation of all 
the bands observed by us is a gas reaction and the walls do 
not act as a catalvser. 


CXVII. Reversals in the Arc-Spectrum of Nickel . By 

A. C. Menzies, M.A , Bead of the Physics Department , 
University College , Leicester *. 


Low Terms in the Ni I Spectrum . 


A CCORDING to Hund t the low terms in the spectrum 
of Nil should be as in the following table, where the 
first two columns give the electron-grouping in the outer 
levels and the term-types of Ni II, the third and fourth 
columns give the resulting groupings and term-types for 
Ni I, and the last column the terms found in the spectrum 
by Bechert and Sommer J, with their values for the lowest 
component of each multiplet. 

From this it will be seen that the lowest term so far 
observed is the 3 F 4 term, which Bechert and Sommer have 
accordingly made the zero of their term-scheme. 

Other atoms which might be expected to have a similar 
structure in their spectra are Pd I, Pt I, Cu II, Ag II, and 


# Communicated by the Author. 

+ i Linienspektren,’ p. 165 (Julius Springer, Berlin, 1927). 
X Ann. (L Physik , lxxvii. p. 351 (1925). 
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An II. The first, third, and fourth of these have been shown 
to have 1 S 0 as the ground-term, while PtI has 3 D 3 , and Au II 
has not been analysed (according to the author’s unfinished 
analysis it seems likely that it will not be 1 S 0 , but probably a 
3 D term). It is accordingly not possible to conclude from 
similarity what the ground-term should be. The atomic-rav 
'experiments of Grerlach would, however, suggest that the 
ground-term should be 1 S 0 . This could be the X S 0 term 
belonging to d l ° predicted by Hund, and the SJ term of 
Beehert and Sommer would then have to be attributed 
to s 2 d 8 . 


Table I. 
Nil. Ni II. 


Electron- 

Term- 

Electi'on- 

Term- 

Terms 

grouping. 

type. 

grouping. 

type. 

observed. 

s cl s 


s 2 ^ 

3 F 

s 

lU M 

1! 

o 



sd n 


d\ = 204*82 


4 P 

_J 

s 2 cP 

3p 

i 

p\ = 15609 81 

. _ 1 

! 1 

2p 

s cP 

*D 

D|= 3409 95 

S-(P 

2 F 

1 

1& 

— 

\ 



1D 

D§ = 13521-29 

fl" 

i 

2 D 


x s i 

i 

sl = 14728*92 

i 0 

1 


Under these circumstances it seemed worth while to 
explore the spectrum of nickel as far as possible towards the 
short waves, in an endeavour to find lines belonging to a 
hypothetical l & 0 term. It would show its presence by very 
strong lines, easily reversible, with successive wave-number 
differences equal to the differences between the middle terms 
of Beehert and Sommer having ^ = 1. The region between 
3858 and 22 53 A.U. has been covered by Majumdar * working 
with the oven and the under-water spark in the search for 
low terms, so in this work attention has been directed to 
wave-lengths below these. 


* Zeiis.f, Physik, xxxix. p. 562 (1926). 
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Method . 

The author has recently developed a method * of obtaining 
spectra with very short exposures by the fusing of wires, and 
has applied it to the Schumann region as well as to the ultra¬ 
violet and visible regions. Among the properties charac¬ 
teristic of this source is a tendency for lines involving low* 
terms (and particularly ground-terms) to be reversed in the 
fuse in air, and consequently this procedure was adopted in 
searching for the X S 0 lines in the ultra-violet. 

When the fuse is made horizontally in the vacuum grating 
spectrograph, there is a tendency to form long and short 
lines, the long lines being lines involving low-level terms. 
This property was used in seeking the X S 0 lines in this region. 

Since an account of the method and of the apparatus has 
been published before, it will not be repeated here. 

Results . 

(a) Schumann Region .—No long lines appeared in this 
region which did not belong to the spark spectrum. The 
long lines involved the ground-terms 2 D 3 and 2 D 2 of Ni II, 
which were found in this way f. It is conceivably possible 
that very low-level arc lines might under the conditions 
of the fuse in vacuo be completely absorbed, but this has so 
far not been observed in any o other case. The spectrum was 
photographed as far as 1150 A.U. Air-absorption prevented 
the examination going any further, owing to the poorness 
of the pumping system. (There was as compensation, how¬ 
ever, the knowledge that all the lines in the region measured 
must be first-order lines.) An improved pumping system 
is being erected, and it. is hoped to be able to go very much 
further. 

(b) Ultra-violet Region ,—In the fuse-spectrum in air there 
were many reversals, especially near 2300 and 2000 A.U. 
These were measured in the spectrum of the arc between rods 
of pure nickel (supplied by Adam Hilger Ltd.) of 5 mm. 
diameter ; the current was 4^ amperes, and was maintained 
by an accumulator battery of 110 volts. The spectrograph 
was a small Hilger quartz instrument, giving a dispersion of 
about 12 A.U. per mm. As standards for the calculation 
of Hartmann formulae, the nickel spark lines measured by 
Shenstone X were used. The fuse spectrograms were used 

* Proc. Roy. Soc. A, cxvii. p. 88 (1927), and exix. p. 249 (1928). 

t Proc. Roy. Soc. (In process of publication.) 

t Phys. Rev. xxx. p. 255 (1927). 
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merely to pick out the reversed lines in the arc spectrograms. 
The error is less than 0*1 A/U. in the lines measured by the 
author. These lines are set out in Table II. 

In the first column is the wave-length (above 2100 A.U. 
the values of Hamm * have been adopted, and are indicated 
by H, while the other wave-lengths are the measurements 
made by the author). The second column gives the strength 
of the reversal (weak w, strong s), in the third the initials of 
previous observers of the reversal, in the fourth the wave¬ 
number, and in the last column the term-combination, using 
Bechertand Sommer’s nomenclature. For the most part the 
initial terms in the transitions are terms not found before 
these are indicated by giving their values in place of a letter, 
thus making the newly-found terms more obvious. 

Table II. 


Reversals in the Fuse-spectrum. 


Wave¬ 

length. 

Strength of 
reversal. 

Previous 

observers. 

Wave¬ 

number. 

Terms. 

2346*635 H 

w 

AJ, MLC 

42601-2 

fl~ ul 

2345 545 H 

s 

AJ, MLC, Ma 

42621*0 

f\~e' 

2337 *488 H 

s 

AJ, MLC 

42767-8 

f\-l x 

2323*974 H 

w 


42905-8 

/|—45122-4 

2325*799 H 

s 

AJ, MLO 

42982-8 

A _ r i 

J 3 r 

2324*653 H 

w 


430040 

dl— 43208-8 

2322*688 H 

w 


43040-3 

d\— 447534 

2321*387 H 

s 

MLC, MLML 

43064-5 

fl-v 1 

2320 034 H 

s 

AJ, MLC, Mft 

43089-5 

A-*l 

2317*158 H 

w 

AJ, MLC 

431431 

fl-tl 

2313*982 H 

s 

AJ, MLC 

43202-3 


2313*656 H 

s 


43208-3 

f\— 43208 3 

2312-338 II 

w 

AJ, MLC, Ma 

432330 

f\-f\ 

2310*955 II 

s 

AJ, MLC, Ma 

43258-8 


2306-420 H 

w 


43343-9 


2302*973 H 

w 


43408-8 

~d\— 45121-9 

2300*773 H 

w 

MLC 

43450-3 

d\-o\ 

2293*114 H 

w 


43595-4 

d\ tg 

2289*979 H 

s 

Ma 

436550 


2288*388 H 

w 


43685-3 

d\-fl 

2279*553 H 

w 


43856-7 



* Z\ tvus. Photogr. xiii. p. 105 (1913). 
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Table II. ( continued ). 


Reversals in Fuse-spectrum. 


Wave¬ 

length. 

Strength of J 
reversal. 

Previous 

observers. 

Wave- 

number. 

Terms. 

2273-85 

w 


43966*6 


2270-206 H 

w 


44035*2 

a 4 F 4 — a 4 G^ spk. 

2244-246 H 

w 


44544*5 

d j- 44749-3 

2216-459 H 

w 


45102-9 

aM, S pt. 

2201-529 H 

vv 


45408*7 

d{ — 47121-8 

2183*334 H 

w 


45787-2 

f\— 47119-4 

2095-57 

w 


477045 


2094-94 

w 


4771S-8 

lFi—51128-8 

2088-90 

w 


47856*8 

d * — 48736*6 

2082*94 

w 


47993-6 

/J— 493258 

2069-54 

w 


48304*4 

5^—50017-5 

2068*89 

s 


48319*6 


2064*30 

w 


48427*0 

rf}—50140-1 

2063-58 

s 


48443-9 

5]—49323-7 

2059-97 

8 


48528-8 

Jj—48733-6 

2055*44 

8 


48635*8 

f\— 50852-4 

2052*19 

S 


48712*7 


'2050*91 

W 


48743*2 

/}—48743-2 

2047*35 

s 


488*28*0 


2041*17 

w 


48975*8 

d\— 50688-9 

2035*15 

s 


49120*6 

~d.\ —49325-4 

2034*51 

s 


49136*0 

d 1—50849-1 





—50015-8 

2026*66 

8 


49326*3 

/i—49326-3 

2025*91 

S 


49344*6 


2025*41 

w 


49356*7 

fl— 50688-9 

2014*12 

s 


49633*4 

d { — 61346-5 

2007*74 

w 


49791*0 

f\— 51123-2 

2007*05 

\v 


49808*1 

d l— 50687-9 





«fj—50012-9 

2001*77 

s 


49939*5 

d\— 50144-3 

2000*46 

8 


49972*2 

5*—50852-0 

(vac.) 





1994*40 

w 


50140*4 

/‘-50140-4 

1990*18 

s 


50246*7 

71—51126-3 

1889*28 

w 

MLO 

50269*4 


1981*48 

w 


50467*1 

~dl— 51346-9 
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Table II. (continued ). 


Reversals in Fuse-spectrum. 


Wave¬ 

length. 

Strength of 
reversal. 

Previous 

observers. 

Wave¬ 

number. 

Terms. 

1976-87 

s 

MLC 

505850 

~d\ —50769-8 

1974-53 

w 


50644-7 

dJ-50849-5 

1968-92 

w 


50789*3 

/J—50789-3 

1963-89 

w 


50919*4 

d 51124-2 

• 1882-7 

\v 


53115 


1873-1 

vs 


53386 


1852-8 

s 


53971 


1840-4 

s 


54337 



H, Hamiu; AJ, Angerer and Joos*; MLO, McLennan and Cooley t; 
Ma, Majumdar; MLML, McLennan and McLay 


The last four lines were difficult to measure exactly, owing 
to their broadness as well as to their position at the end of 
the spectrum. Confirmation of three of the new terms 
suggested above was obtained from Hamm’s list, in which 
the following lines appear (with the exception of the fourth, 
measured by the author) :— 


Wave-length (air). 

Wave-number (vac.). 

Terms. 

2259*550 

44242*9 

dj- —45122-7 

2396-637 

41712*3 

—45122-3 

2278-759 

438700 

dl— 44749-8 

2302*48 M 

434180 

/J—44750-2 

2350-472 

42531-7 

/J—44748-3 

2226*296 

44903-6 

f\— 47120-2 

2287*086 

43710-2 

1*1—47120-2 

Some of the terms 

are a bit doubtful, 

particularly 48734 

50013, and 50140. 

Conclusion . 


It will be seen that it has been possible to account for the 
majority of the reversed lines. It is not possible to fit in a 
% ground-term in the region of the spectrum investigated, 
and so the term 3 F 4 must still be regarded as the lowest 
found in the spectrum of Ni I. 

* Ann. der Phys. lxxiv. p. 743 (1924). 

t Trans. Roy. Soc. Can., Sect. III. p. 349 (1926). 

| Trans. Roy. Soc. Can., Sect. III. p. 89 (1925). 
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Summary . 

The ground-term o£ NI I empirically is a term 3 F 4 . 
Doubt exists that this is the ground-term to be expected 
theoretically ; it might be a term. 

Fuse-spectra in air in the ultra-violet and in vacuo in the 
Schumann region have been examined. Many reversed lines 
in the former region have been found, but most of them can 
be accounted for as transitions to low levels already known, 
from middle terms already known and from new middle 
terms. In the Schumann region no long lines occur which 
could be attributed to the arc ; they all appear to belong to 
the ground-terms 2 D 3 and 2 D 2 of Ni II. 

It is concluded that the hypothetical term X S 0 must give 
rise to lines below the region examined, if the term exists 
at all. 

Physics Department, 

University College, Leicester. 

7th October, 1928. 


CXVIII. General Solution of 'S7 2 y{r = a>. 

To the Editors of the Philosophical Magazine . 
Gentlemen,— 

I N my paper “ General Solution of = which 

appeared on pp. 241 et seq. of the August 1928 issue 
of this Magazine, I regret to notice the occurrence of some 
errors, chiefly my own. May I beg space to point out the 
corrections ? 

On p. 245, bottom line, read “ d6 n —u* not 44 d0 n .” 

„ „ footnote, ,, “ r n9 " not “ v n P 

,, p. 246, end of 1. 2 fr. bottom, supply “ 6 n P 

„ p. 248, in equation (12), “ dd s ” comes after bracket. 

„ p. 249, 1. 7, read 66 dV n -i 2 ~ 

,, p.250, 1.6, „ u R=c© not n = oo P 

,, ,, end of 1. 2 fr. bottom, read “ du±P 

,, p. 251, beginning of 1. 2 fr. bottom, read u not 

„ p. 252, end of 1. 1, “ along the normal to the two-/* 
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On p. 253, 1. 1, read “ 4c not “4c T —rfc”. 

1 */ 

„ „ 1. 8, „ “ (j>a not “ o>.” 

„ „ 1.20, „ + 

not “0) J? (‘> + 5>” 

„ 1.22, „ “Qjfict + r)” 

„ p. 254, 1. 3, „ “ ? (z)f(z)” not “/<» ” 

„ p. 255, 1. lfi, „ “ U x J^-,” not “ 

0^1 OU 2 

[ 2ir * 

„ „ 1. 5 fr. bottom, read “ 1 y ^ . ddP 

Jo Off 

„ p. 257, 1. 9, read “ 2i n|r A / ? not “ yfr A P 


I am sorry to give you all this trouble, mainly through 
negligence on my part, but to any who care to read the 
paper these corrections must seem necessary. 

Thanking you for publishing this note, 

Yours faithfully^ 

97 Thornbury Road, ARTHUR J. Carr. 

Osterley Park, 

Middlesex. 


CXIX. On the Buckling of a Thin Circular Plate by Heat . 
By F. E. Relton, B. dL, B.Sc., Imperial College *. 

Summary. 

The circular plate is assumed to be thin and at uniform 
temperature. The analysis is limited by the fact that 
the temperature must not generate stresses that exceed the 

* Communicated by Prof. S. Chapman, F.R.S. 

Phil. Mag. S. 7. Vol. 6. No. 40. Bee . 1928. 4 K 
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elastic limit, and that the relative dimensions are bounded in 
order that buckling may occur before the elastic limit is 
reached. This latter justifies the ignoration of the most 
awkward term in the equations of equilibrium, of which three 
are deduced from first principles. As two of these are 
sufficient, the two most suitable are chosen. Their exact 
solution is impracticable, and recourse is had to power series. 
By substitution and a comparison of coefficients, there 
results a number of equations which are two in defect of the 
number of coefficients involved at any stage of the work. 
The deficiency is made up by the boundary conditions, includ¬ 
ing the peripheral strain due to heat. All the unknowns are 
expressible in terms of two quantities which are connected 
with the relative dimensions of the disk and its central 
curvature. By giving values to the one the other can be 
determined ; hence all the coefficients can be found and the 
problem completely solved. The method is inverse inasmuch 
as the appropriate temperature is deduced from the con¬ 
figuration of the disk. Full discussion of the clamped 
plate necessitates computing rather many terms to a high 
degree of accuracy ; the method is much more efficacious 
when applied to the undamped plate. 


(1) TT7E consider a thin, plane, circular disk whose tem- 
M perature and thickness are uniform and whose 
periphery is prohibited from radial movement. If the 
temperature of the disk he raised, it is a contingency that 
the disk will buckle ; the present paper is an attempt to 
determine the deflexions and stresses engendered when 
buckling occurs. 

(2) At the outset we are called upon to examine two 
possibilities which may limit the validity of the analysis. 
In the first place, the peripheral transverse strain (i. e. 
perpendicular to the radius in the plane of the disk) in a.0 , 
determined by the rise in temperature 0 and the coefficients 
of expansion of the material. So long as the disk does not 
buckle, the radial strain is this same quantity u0, being 
somewhat less when buckling occurs. Thus, before buckling, 
we have a uniform stale of plane stress of magnitude 
E«0/(1—cr), and the analysis becomes the less reliable the 
more closely this quantity approaches the elastic limit f. 
We have a provisional upper limit for the temperature 0 in 
the relation 0 = /(l-<r)/Ea. 
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(3) Coming to figures *, we have in c.g.s. units : 



io- 8 ./. 

10- 11 . E. 

<X. 

o 

e°.c. 

Steel. 

30 

22 

0*25 

10 

100 

Copper . 

05 

10 

0*34 

16 

2 

Aluminium ... 

5 

7 

0*34 

23 

20 


the computed approximate value of 6 in degrees centigrade 
being given in the last column. It appears that the range 
of validity varies considerably from one metal to another. 


(4) The second limitation arises from the necessity of the 
elastic limit not being reached before the buckling load 
becomes critical, a criterion which furnishes a bound to the 
relative dimensions of the disk. Taking a clamped disk of 
radius c and thickness 2/i, the buckling ” thrust T per unit 
length of periphery is given f by 

T = 2E/i 3 7 2 /3c 2 (1 — a 2 ), 

where y is the least root of Ji(y) = 0, to be taken as 3*832. 
Tlie condition that T is less than 2hf gives 

(c//i) 2 >E 7 2 /3/(l-a 2 ). 

Using the previous figures, this provides a lower limit to cjh 
of approximately 60, 330, 90 for steel, copper, and aluminium 
respectively. 

(5) For an unclamped plate the 7 = 3*832 is replaced by 
the smallest root of yJ 0 (y) = (1—Jx(y), which may be 
taken % as 2*0L7 when a is a quarter. The corresponding 
minimum values of cjh will accordingly be about half those 
given above. 

(6) Coming now to the analysis, we see that the solution 
will be symmetrical, there being only one independent 
variable r , the distance from the centre ; we shall accordingly 
use primes to denote differentiations with respect to r. The 

stress perpendicular to the faces of the disk vanishes at 
both faces, and since the disk is thin will be ignored 
throughout. 

(7) We conceive a point on the middle surface whose 

coordinates are r, (f>, 0 to be moved to r-f-w, w , so that 

* “ Recueil de Constantes Physiques,” Soc. Fran . de Phys. 

t G. H. Bryan, Proc. Lond. Math. Soc. xxii. (1890). 

X Precott ‘ Applied Elasticity,’ p. 488. 

4 K 2 
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w is the deflexion. In the principal direction <£ = constant 
we have the length element Sr becoming + + 

so that the strain e rr ^=v! In the other principal 

direction r=constant we have the length element r.8<j> 
becoming (r+u).S<£, so that the strain These 

lead to 

P^crQ^E (u' + ^' 2 ), 

Qi—o-Pi = E u/r, 

where P^ are the tensile stresses in the middle surface* 
For the principal curvatures we have 

1/pi = ta"(l + w /3 y 3/2 ^iv f \ i 
1 jp 2 = u? f /V(l-h w ,T ) v2 *==w f jr ) ^ 



Fig. 1. 
Q 



along and perpendicular to the meridian respectively. The 
assumption is made that w f is everywhere small, though w 
is not necessarily small compared with the thickness 2h . 
We shall further assume that the tensile stresses have a 
straight-line distribution through the thickness ; this is 
tantamount to ignoring powers of h above the second in 
comparison with A. We then have P = 2/tP 1 , Q = 2AQ, 
where P. Q denote the force per unit length of edge, acting 
radially and transversely respectively. 

(8) In the diagram (fig. 1) showing the arrangement of 
forces and couples we conceive the disk to be concave 
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upwards, whilst w is measured upwards above the level of 
the centre. Hence * 


r _ 2 E h 3 



2 EA 3 (1 



For the equations of equilibrium we have, by normal 
resolution. 


i(N r.dd)dr = Fr.de.— +Q.dr.~— 
dr K pi Pi 

or 

P/pi + Q/Pi = J(Nr)/r . Jr. 

Along the meridian tangent 


(O 


J^(Pr . Jtf) Jr + (Nr . dff) = (Q . Jr) J0 
or 

Nr//?! s= Q — d(Pr)/dr .(5) 

The binormal naturally leads to nothing owing to the 
symmetry, but moments about the inner curved edge give 


j (G x r . dff) dr = (G s • Jr) dd + (Nr . d0) dr 
or 

Nr = J(G,r)/Jr—G a .(6) 

Denoting by Ej the quantity 2E7i 3 /3(l — er 2 ), equations (2) 
and (3) give 

Gj = E 1 (w" + o»'/r), 1 

G 2 = E 1 (»7r+ cw"), J ^ 

whence equation (6) becomes 

N == E !c/(V a ^)/dr.(8) 

(9) It will be observed that, if in equation (4) we put 
P = Q = constant, the equation becomes the well-known 
equation for the critical buckling load f: 

P v 2 w = EiV 4 ^. 

Further, if we can ignore the left side of equation (5), it 
becomes possible to express P, Q in terms of a single func¬ 
tion U so that P = U'/r, Q = U A/ , in which case the 
elimination of u from equations (1) gives 

rV 4 U + 2hEw / w n = 0 ; 


* Love , 1 Elasticity/ 4th ed. p. 464. 
t Vide Bryant, l. c. 
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whilst equation (4), in the presence of a pressure p normal 
to one faee of the disk, becomes * 

d(TJ'w')/r .dr = 

The exact solution of these two well-known simultaneous, 
non-linear differential equations may be ruled out as im¬ 
practicable f, and matters are not made easier by the 
absence of p with the retention of the left side of equa¬ 
tion (5). 

(10) The equations (1) can be replaced by 

P(1 — cr 2 ) = 2hE(u r -h cru/r-h i*tf ' 2 ) 5 1 

Q(l — or 2 ) = 2}iTSj(ulr-\-au' + ^aw /2 ). J 

Using these and equation (8), the equilibrium equations (4) 
and (5) respectively become 

( u f 4- ^w' 2 )(w" 4- aw' /r) + ( aw !t + w'/r^u/r = h 2 V 4 tr/3, (10) 
ufr — u! — ru" ~ ^(1 — a)w' 2 -hrw'w" -t-%h 2 w n rd( y \7 2 w)/dr, 

... (ii) 

and the problem before us now is to solve these two 
equations. 

(11) The most hopeful procedure lies in the adaptation of 
the method employed by Heneky J in a similar connexion. 
From the symmetry of the meridian curve we propose to 
express w as an even function in ascending powers of r, 
vanishing at the origin. Using s to denote the ratio r/c, 
where c is the radius of the disk, we accordingly take 

u / = ctis 4- a 3 s 3 + a$s 6 4- .., 

cw n sas aj 3 a z s 2 + 5a 5 s 4 4- ..., 

c 2 w' n = 3. 2a z s 4- 5.4a 5 s 3 + . 

where the a’s are dimensionless constants, 
then shows that u is an odd function of r ; 
take 

ujr = 6 0 "f4- . 
v! = h(y 4 ~ 3 b%s 2 4 ~ 56^ 4 “ • * * 9 
rw" s= 3. 2b 2 s 2 4- 5.4£ 4 s 4 4- ■ - 


( 12 ) 


Equation (11) 
we accordingly 


(13) 


* Cf. Foppl, Vorl. u, tech. mech. Bd. v. § 24. 
t Cf. Th. v. Karman, J Enctj. d. Math. Wise. iv. 4, c. art. 27. 
t Zeitsch.fur Math . Phys. lxiii. p. 311 (1914), 
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where the V s are dimensionless. The method consists in 
substituting for the various differentials of u and w in equa¬ 
tions (10) and (11). A comparison of the coefficients of 
corresponding powers of s then supplies two sets of relatione 
between tbe a’s and b’s. We thus obtain t \ o expressions 
for any particular b in terms of the a’s, and the equivalence 
of these two expressions furnishes a relation connecting the 
a’s alone. 

(12) It is evident a priori that the number of such 
relations available at any stage of the work must be in 
defect of the number ofa’s present ; otherwise the a’s, and 
hence the b* s, would be determinable, leaving no latitude for 
the fulfilment of boundary and other conditions. In 
practice it eventuates that the defect is two, and these are 
supplied from our knowledge : first, that the transverse 
strain u/r—otd at the boundary r = c ; second, the condition 
which varies according as the periphery is clamped or not. 
The number of available relations is then theoretically 
sufficient to solve the problem to any required degree of 
approximation. 

(13) In actual fact, the degree of approximation obtainable 
in general terms is severely limited ; for since the differ¬ 
ential equations to be solved are non-linear, the resulting 
algebraical equations which determine the a’s are also non¬ 
linear. From this it follows that, even if u and w are 
presumed to be given with sufficient accuracy by quite a 
small number of terms in their equivalent expansions, the 
eliminant that determines any particular a soon transcends 
the fourth degree. The coefficients in this eliminant are not 
wholly arithmetical, being, in fact, dependent on cr and the 
ratio h/c, so that very soon the a’s are no longer determin¬ 
able. 

(14) If the relative dimensions and the values of the 
physical constants for the disk are known, the above- 
mentioned eliminants have purely arithmetical coefficients 
and the a’s can be determined as accurately as desired. But 
a further difficulty here arises. Each a will be susceptible 
of several values, and the resulting expressions for u and w 
are not unique. This, of course, is to be expected, since the 
equilibrium configuration of the disk is, theoretically at 
least, not unique. There would remain, in such a case, the 
task of determining the conditions appropriate to each 
particular solution. 
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(15) Bieverting now to the analysis, a slight modification 
is desirable before we carry our proposal into effect. We 
see from equations (4) and (5) that we can eliminate Q and 
derive a relation between P and N ; but this relation is more 
readily found from statical considerations. If we consider 
the equilibrium of a concentric circular portion of the disk 
^md resolve in the axial direction, we get quite simply 

N = P w' .(14) 

There are certain advantages in using equation (14) in 
preference to equation (10), and this we shall do in 
conjunction with equation (11). 

(16) Since the quantity ( life ) 2 is of frequent occurrence, we 
shall denote its value by w, a number whose magnitude is 
10^ 3 or less. The relations furnished by eqxiation (14) may 
then be succinctly written 

(l**-l)<Vi/3 = Xa p b q {q+ l4<r) + iB(/^-~2: 3), . (15) 

where p + q = fi — 2 and B(ya —2 : 3) denotes the aggregate of 
coefficients of order 3 and weight ya—2 in w n or (2«) 3 , the 
weight of any letter being its suffix. 

(17) Equation (11) furnishes no information concern¬ 
ing & 0 , but it provides relations which may be summarized as 

(1 -vH-1 2 )K = ^(y + 1—o-) A(v : 2) + nc(v + 2: 2)/3, (1G) 

where A(v: 2) is the aggregate of coefficients of order 2 and 
weight v in w ' 2 or (2a) 2 , and c(v + 2:2) is the aggregate of 
coefficients of order 2 and weight (y-f2) in w n d(S7 2 w)/d?\ 

(18) We know that, at the periphery where r—c and $ is 
unity, the magnitude of the transverse strain u/r is a6 ; 
hence from equation (13) we have 

- &.Q = l)Q -h l>2 + +■ ••• = 2^, .... (l) 

the negative sign on the left being necessary for compression. 

The Clamped Plate . 

(19) When the plate is clamped round the periphery, we 
have w r zero when s is unity, so that from equation (12) we 
have 

0 = a, + a 3 + a5-f ...=2a .(18) 

A possible solution is evidently to have all the a 5 s zero 
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together with all the V s except b 0 , whose value is then — ad . 
In this case w is everywhere zero and 

P = Q = — 2AEa0/ (1 — a), 

which is simply the particular case where the heat-stresses 
are not great enough to cause buckling. 

(20) For the general case where buckling occurs we are 
provided with an infinite number of non-linear equations for 
the determination of an infinite number of unknowns, so that 
we necessarily adopt some method of approximation. At the 
outset it appears from equation (16) that it would be safe to 
omit the last term on the right in comparison with the others 
in virtue of the smallness of n. This is equivalent to 
omitting the last term on the right in equation (11), or 
ignoring the lett side of equation (5). Further, if we use 
k to denote the ratio a 3 /a 1 , it becomes possible to express 
all the unknowns in terms of a 1 and k . Thus, using 
equations (15) and (16) alternately, w« deduce as the first 
few values 

b 0 = 8nk/ 3(1 + a) , /> 4 = — (5 — a) afkj2^ 

b 2 = -(S-crKV 16, #7 = a 1 P/18~a 1 3 *(l-a 2 )/128n, 

a 5 = a^/S — (1 — a 2 )a i z fl28n > 

whence b Sj a 9 , and so on can be determined in succession. 

(21) The quantity a x has a physical meaning ; wo see 
from equation (12) that it is the common value, at the centre, 
of the ratio (radius of plate) (radius of curvature). This ratio 
is necessarily small in practice, and closer inspection of the 
above and succeeding values of the first few a*s and b’s 
shows that there are considerable advantages in equating 
a l to n. It eventuates that a-. i+ \/<ii becomes homogeneous 
of degree t in k and j3, as also does iy'n. f or a known 
value of cr the condition (18) is then expressible in terms 
of k and /3 with purely arithmetical coefficients, so that by 
giving values to the one the other can be determined. In 
this manner the a’s can be expressed as multiples of v n, 
and the V s as multiples of n . The success of the method 
depends on the degree of reliability with which the modified 
condition (11) can be solved. 

(22) For it plate of known size the deflexion can be 
computed from the integrated form of equation (12), while 
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the corresponding value of ud is given by equation (17)^ 
The method will, o£ course, not immediately give the 
deflexion corresponding to a specific value of otd ; this would 
have to be deduced by interpolation from computed values. 


(23) Making the substitution mentioned in § 21, and using 
3 as a convenient abbreviation for the quantity y8 2 (l— <r 2 )/128, 
we derive from equations (15) and (16) the following 
values :— 


a±//3 ✓n = 1, azj(3\/n = a 5 /yS s/n = P/3 — 8^ 
a 7 1 ft s/n = P/3.6 — kh, 
a^fis/n = P/3.6.10 — 29PS/60 4* 2S 2 /5, 
anlfiSn « P/3.6.10.15-143PS/900 + 38£S 2 /75, I 
a 13 //Sv'n = & 6 /3. 6.10.15.21 — 38A 4 8/945 f 

-+- 47FS 2 /140—64S 3 /525, 

a u i&s/n = & 7 /3.6.10.15.21.28 — 29& 5 <5/28.126 

■+ 1702/fc 3 S 2 /75.147 - 158£S 3 /525,^ 

and so on, together with 


&o/tt = 8&/3(l-pcr), b^n =—/3 2 (3 — a)/16, 
bjn =—&/3 2 (5—<r)/24, 

T — - to 7 ’ ^GV‘- I s ’)' 

-—**- S«+| f )- 


168 


y 


( 20 ) 


There is no intrinsic difficulty in extending either of these 
series ; the main deterrent is the tedium, which is the 
inevitable concomitant of lengthy computations. 


(24) The above values show that the condition (18) is 
always satisfied by a zero value of yS, which corresponds to 
the physical fact that the undeflected state is always a 
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possible equilibrium position. Apart from tbis value the 
condition can be written in the expressive form: 

l+fc+| + 3^+ ... 


+S im + M l+ •••)-••■• < 21 > 

where the left side is independent of whatever value of <r 
may be adopted. By making /3 infinitesimal we have the 
corresponding deflexion, from the integrated form of 
equation ( 12 ), expressible as 


xo 




s 6 4* S 8 P_ 

6 '3 + '« '3.t> + 


•) 


= ca x { J 0 ($ V—84) —1 }/44.(22) 

This succinct form of the result is by no means fortuitous, 
but is a necessary consequence of its mode of derivation ; 
such a choice of 0 makes all the a’s infinitesimal and like¬ 
wise the deflexion. The analysis accordingly reverts to that 
for determining the critical buckling load, whence the result 
stated above. It appears that the quantity y— is what 

we have previously called j, to be taken as 3*832 ; the 
appropriate value of k is accordingly —1*835, whibt the left 

side of equation ( 21 ) is always J \(2 v' — 2k) j V —24, which 
is convenient for computation. 


(25) In illustration of the remarks in § 21 , let us take 
cr to be 1/3, so that 8 becomes (/S/12) 2 , which we may denote 
by 17 . Equation ( 21 ) then becomes 


J ,(2 y — 24) 

y -W 


v{ 


oq 

i+i+.- 0 -i>+ 



If we assume that the deflexion of the plate is given with 
sufficient accuracy by a series terminating at the sixteenth 
power of the radius inclusive, then, with 4= —1*805, we 
have 


V-2k * 1-9 and J x (2 V^-2 k)/ */-tk = 0*006748. 
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The above equation then becomes 

0*006748 = 0*10461 rj + 0*32850 17 2 —0*42128 if, 

whence v is 0*0555 and (3 is 2*827. From equations (19) 
we have for the values of the a*s, taken in order: 
+ 1, —18050, +1*0303, -0*2272, -0*0273, +0*0419, 
— 0*0197, +0*0060, each multiplied by y 8 \/n. According to 
•equation (18), the value of 2 a should be zero; with the 
present approximation the sum totals — 0 * 0010 . 

(26) From equations ( 20 ) we have the following values of 
the b’s, taken in order, each being multiplied by n : —3*61, 
-1*3320, +2*8046,-2*9514, +1*8061, -0*6482, +0*0858. 
T© these may be added +0*0514, —0*0421, as the values of 
5 14 , &i 6 respectively, computed from equation (16). The con¬ 
dition (17) gives a*?=3*836n ; for a plate whose diameter is 
a hundred thicknesses we have w = 10 ~ 4 , so that the present 
instance would cover the case of an aluminium plate heated 
about 16*7° 0. 

(27) By integration of equation ( 12 ) we have 

tv s 2 s 4 , s* 

— =^a x + -a 3 +~ a 5 + ..., 


so that the central deflexion, obtained by putting 5 equal to 
unity, is given by 


w — ca\ 


( 


1 , a3 1 , % 1 , 

2 a* ‘ 4 ’ 6 



As a x is /3 V n, and h is cV ?z, we can replace ca x by (3h. For 
the figures given above, the central deflexion evaluates to 
€*542 7j, or little more than a quarter of the thickness, which 
is, perhaps, surprisingly small in view of the fact that the 
material is not far removed from its elastic limit. 


(28) It must be regarded as unfortunate that the a-series 
and 5-series are not more rapidly convergent ; it greatly 
impedes the discussion of associated phenomena. For 
example, the clamped disk is necessaidly inflected, and if we 
seek to inquire how the greater deflexion affects the position 
of this inflexion, we do so by equating w n to zero. With 
the present figures we solve the resulting equation of the 
fourteenth degree in s (actually the seventh degree in s 2 ), 
and we obtain $ 2 =0*232(3), so that s is 0 482. The corre¬ 
sponding value for the critical buckling load when the 
deflexion is infinitesimal is derived from J x [x) =#J 0 (#), 
where x is 3*8317 s. This gives x as 1*8412 and s as 0*4805, 
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whence it appears that the effect of the greater deflexion is 
to move the inflexion further from the centre. But the 
labour in obtaining the result is considerable and the verdict 
not very emphatic. 

(29) Of the two series, the Z>-series is the less satisfactory* 
If we seek to compare the principal stresses at the periphery*, 
we can do so by using equations (1) and (13). Since w f is 
zero we have 

P— bo + 3&2 d" *^64 + ... 

Q — o*P &0 + b% + + ... 

With the values in § 26 this becomes 
P~Q/3_ 3-9474 
Q — P/3 3*8356 * 

According to this, P oc 5*8066 and Qx 5*7238 whereas, had* 
the plate remained undeflected at this temperature, we 
should have had P = Q x 5'7534, which would make it appear 
that one effect of buckling was slightly to increase the 
radial force and diminish the transverse force. Such an 
improbable conclusion would be warranted only by pro¬ 
ceeding to a much higher degree of approximation. 

(30) It may be noted, finall} r , that equation (11) provides 
a severe check on the computed values of the A’s. For 
since the last term on the right has been ignored and w' is 
zero at the periphery, we have from equation (13), after 
removing 8 as a factor, 

3^4 + 6& 6 + lOfcg + 15Z>io + ... =0. 

The last of our computed values is Z> 16 =—0*0421, and with* 
its appropriate factor, 366 le = —1*5156. The difficulty of 
getting a close fit with a series subject to such violent 
oscillations is evident. As an indication of the convergence 
of this series to zero, we may treat it as “ summable (0 1) ” 
by Ceshro's method*. The values of S v for v=*l, 4, 6, 8, 

are -1*3320 +0*6394, -0*0363, +0*0214 respectively. 
The Unclamped Plate . 

(31) For the unclamped plate the condition (18) is 
replaced by the fact that Gri is zero at the periphery, so that 
from equations (7) and (12) we have 

2ar(T + <7)=0,.(23> 

* Yide Whittaker & Watson, 6 Modern Analysis/ 2nd ed. 8*43. 
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where t is odd. Let ns suppose for a moment that we are 
-concerned with an infinitesimal deflexion, so that the values 
of the indicated in equations (19) are replaced by their 
leading terms. The above condition then becomes 

(l + 3* + |** + ~4»+ ...) + <r(l + k+ |jfc*+-L** + ..) = 0. 

• ■ • (24) 

Using £ to denote 2 \/ — 2k, the value of the second bracket, 
as pointed out in § 24, is 2J 1 (£)/£’. The value oil the first 
bracket is readily shown to be 2{J 0 (f)—so that 
equation (24) is equivalent to 

2^J«(?)-(i-^)Ji(r)}/r=o, 


which accords with § 5. In analogy with equation (21) we 
can now write equation (23) as 


= 8 ( ^-5 + tr) + £(7 + cr) + k 2 (9 + er) + ... j- 


•S 2 


( g (9 + o’) + || k(l 1 + o') + .. j- + ... 


by using the values given in § 23. 


(25) 


(32) For an infinitesimal deflexion with <r = 1/3, the 
appropriate value of k is determined from £J 0 (£) = 2J 1 (£)/3, 
so that £=2 069. As an illustration of the method for finite 
deflexion we may take £ to be 2, so that k is —0‘5. The 
equation (25) then becomes 


0-063298 = 2-59893 77-1-68539 n 2 —0-68190 y 3 , 

from which ij is 0*02476 and is 1-888. The relations (19) 
then lurnish the values of the a’s, in order up to a 13 , as the 
the following multiples of ft^n: +1, —0*5, —0-05857, 
+ 0-00544, -0-00240, +0*00033, -0 00001. These values 
satisfy the relation (23) with an error of 0-0003, and give 
the peripheral value ef w' as 0*5619 fi^/n. 

(33; The relations (20) give the values of the b’s in order 
as the following multiples of n : —1, —0-59424, +0-34664, 
-0 09091, +0-00921, +0-00108, —0-00050. The con¬ 
dition (18) yields a.6— 1-329 n, which corresponds to about 
5*8° C. for the aluminium plate previously mentioned. The 
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central deflexion, computed as in § 27, is 0 727 h 7 or slightly 
more than a third of the thickness. As in § 29, we can 
compare the principal stresses at the periphery ; we have 

(P—Q/3) / (Q—P/3) = 1*0346/1*3287, 

so that P cc 1*6622 and Q <x 1*8828 ; whereas, had the plate 
remained undeflected at this temperature, we should have 
had P = Q oc 1*9931. It appears that even this slight 
deflexion appreciably relieves the principal stresses, and the 
radial more than the transverse. In conclusion, it will be 
noted that the method is much more effective when applied 
to the unclamped plate than to the clamped plate. 


CXX. The Electrical Conductivity of Dilute Liquid Amalgams 
of Gold and Copper at Various Temperatures . By T. C. 
Williams , M.Sc., and E. J. Evans, D.Sc ., Physics Depart¬ 
ment, University College , Swansea *. 


Introduction. 


T HE present work is a continuation of the investigations 
commenced by Johns and Evans | on the electrical 
conductivities of the amalgams of the metals in group I. ( h) 
of the periodic table. It deals with the conductivities of 
gold and copper amalgams of various concentrations at 
temperatures between room temperature and 300° C., whilst 
the work of Johns and Evans was concerned with the 
amalgams of silver and copper. 

The results in each case were examined in relation to 
Skaupy’s theory of conduction in metallic solutions 
According to this theory, if L and r/ represent the 
electrical conductivity and viscosity respectively of pure 
mercury ; and AL» the increase of conductivity produced 
when the concentration of the metal expressed in gram, 
atoms dissolved in 100 gram, atoms of mercury is C, 
and Ay the increase in viscosity for the same concen¬ 


tration of dissolved metal, the value of H = 


C 


AL Av 
L + (T v 


at infinite dilution is of the same order of magnitude for all 
metals dissolved in mercury. If for convenience we write 


* Communicated by Prof. E. J. Evans, 
f Phil. Mag., Feb. 1928, p. 271. 

% Skaupy, Zeit fur Physik. Chemie , Ixviii. p. 560 (1907); Verhd . 
Deut Phys . Ges. xvi. p, 156 (1914) ; ibid, xviii. p. 252 (1916); Phys. 
Zeit. xxi. p. 597 (1920). 
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~ ^ = /, and ^ ~ = r, it follows then that + r m9 

If the change of viscosity on dissolving the metal in mercury 
be small, it is found that or C has approximately 


the same value for all such metals. 

The solution of most metals in mercury increases the con¬ 
ductivity, and the onl} r exceptions to the rule are the alkali 
metals. According to Skaupv* * * § these exceptions can be 
explained by the experimental work of Feningerf, who 
found that the internal friction of mercury is very much 
increased by solution of the alkali metals in it. Therefore* 
when comparing all metals, it is necessary to consider the 
values of (l +r ), and not l alone. 

Voo <x> > 1 oo J] 

Skaupy further showed that —— is constant, and 


therefore if the variation of viscosity can be neglected the 
value of — ■ — ■ should be constant. 


In the present work the values of l were determined for 
copper and gold amalgams of various concentrations at 
temperatures between 0° and 300° C., and the values of l m 

and evaluated in each case. 

The full expressions could not be calculated owing to the 
lack of data concerning the viscosities of the amalgams used 
in the present investigations. 

In order to calculate the values of l it was necessary to 
determine the resistance of a mercury column of the same 
dimensions as the amalgam column, and under exactly the 
same conditions. The values of the electrical conductivities 
of pure mercury at various temperatures between 0° and 
300° C., deduced from these experiments, agreed within the 
limits of experimental error with those obtained by 
Williams t and Edwards §. 


Experimental Arrangement. 

The resistivities and conductivities of pure mercury and 
of the various amalgams at various temperatures were deter¬ 
mined by measuring the electrical resistance of a fine 


* JjOC. eit . 

t H. Feninger, ‘ Die Electrische Leitfahigkeit und innere Reibung 
Verdunnter Amalgame/ Freiburg, 1914. 

1 E. J. Williams, Phil. Mag., Sept. 1925, p. 589. 

§ T. I. Edwards, Phil. Mag., July 1926, p. 1. 
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cylindrical column o£ the conductors enclosed in a quartz, 
capillary tube. 

It is only necessary to give a brief account of the method* 
as it does not differ appreciably from that previously 
described by Williams * and Edwards f- 

The instrument employed to measure the resistance of the 
column was a Callendar-Griffiths bridge, which was used in 
conjunction with a sensitive moving coil galvanometer 
capable of detecting a current of 10~ 9 ampere. The resis¬ 
tance could be measured accurately to *00005 ohm, which at 
high temperatures corresponded approximately to a change o£ 
0 *1° 0. in the temperature of the mercury or amalgam 
column, and to a change of 0*17° C. at low temperatures. In 
the first place, the Callendar-Griffiths bridge was calibrated 
in the usual way, and the relative values of the bridge 
resistances in terms of the largest one determined. A 
knowledge of the correct absolute values of these bridge 
resistances is not necessary for the determination of either 
the temperature coefficient of resistivity, or even the absolute 
values of the resistivities of mercury and the amalgams. 
The standard value of the resistivity of mercury at 0° C. is 
taken to be 94074 X 10 - " 9 , and this corresponds to a known 
value of the resistance of the given mercury column deter¬ 
mined at the same temperature. It is then possible to 
calculate the resistivity at any temperature from the 
temperature coefficient. The method employed in calculating 
the resistivities of the various amalgams will be described 
later. The current entered the mercury or amalgam con¬ 
tained in the quartz tube by means of specially constructed 
leads which have been previously described J, and the resis¬ 
tance of the column was determined by substracting the 
resistance of the leads, which was determined separately, 
from the total resistance measured. In the case of gold and 
copper amalgams, which oxidize only to small extent in air, 
the vertical limbs of the quartz tube carrying the leads were 
open to the atmosphere. 

Method of Heating , and of Measuring Temperature . 

The resistances of the mercury and amalgams were 
measured at several temperatures between 0° C. and 300° C- 
For measurements at 0° C., and at room temperatures, the 
quartz tube was immersed in a bath of ice and of water 
respectively. For observations at higher temperatures the 
tube was immersed in an iron bath, which contained 

* Loc . cit. t Loc. cit. % Edwards, loc. cit . 

Phil Mag . S. 7. Yol. 6. No. 40. Dec . 1928. 4 L 
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substances boiling at different temperatures, and which was 
heated by a row of gas-jets placed underneath. In the 
present experiments, water, diethylaniline, eugenol, and 
diphenylamine boiling at approximately 100° C., 215° C., 
256° 0., and 300° O. respectively were used in the heating- 
bath. By heating these substances to their boiling-points a 
steady temperature was reached, and accurate readings of 
the resistances could be taken, even at temperatures in the 
neighbourhood of 300° C. It was found that the tempera¬ 
tures of the boiling liquids generally increased slowly with 
long-continued heating ; but this did not affect the accuracy 
with which measurements could be taken, as the change of 
temperature was negligible during the time required for a 
particular set of readings. Observations at each of these 
practically constant temperatures were continued over a long 
period, so that a large number of values of the resistance at 
a known temperature was obtained. 

The temperature of the boiling liquid was measured by 
means of a platinum resistance thermometer previously cali¬ 
brated, and a suitable mercury thermometer placed in the 
bath near the quartz capillary tube. The mercury thermo¬ 
meters were calibrated at the Reich sans talt, and the 
high temperature and low temperature ones were divided 
into fifths and tenths of a degree centigrade respectively. 
The degree of accuracy attained in the measurement of 
the bath temperature is shown by the agreement between 
the temperatures indicated by the mercury and platinum 
thermometers in the neighbourhood of 300° O. The difference 
between them was never greater than 0*1° C. when the 
liquid was at its boiling-point. 

Experimental Difficulties and Possible Errors. 

The chief difficulties encountered in the present investi¬ 
gation were : (i.) Thermoelectric currents; (ii.) formation of 
air-bnbbles in the capillary, especially at high temperatures ; 
and (iii.) variable contact resistance between the platinum 
wires fused through the glass leads and the amalgam con¬ 
tained in the quartz tube. Special precautions were taken 
to eliminate as far as possible errors due to the above causes. 

The difficulty caused by thermoelectric currents was 
overcome by keeping the galvanometer circuit closed and 
adjusting the bridge resistance until there was no change 
in the continuous deflexion of the galvanometer on 
completing the battery circuit. Under these conditions, 
the value of the bridge resistance is equal to the resistance 
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to be measured in virtue of the properties of conjugate 
conductors. 

The presence of air-bubbles could be detected quite easily 
during the experiments, as their effect was to increase the 
resistance of the amalgams, whereas the addition to the 
mercury of the metals employed in the preparation of 
the amalgams produced a decrease in the resistance. This 
difficulty was overcome by heating the quartz tube in a 
furnace to a temperature of about 315° 0. and running all 
the amalgam into one of the vertical limbs of the tube, which 
was then closed by a stopper. Keeping the tube and contents 
still in the furnace, the amalgam was then allowed to run 
slowly through the capillary, and the rate of flow was regu¬ 
lated by the amount of air allowed to enter the limb through 
the stopper. By this means the bubbles were removed fairly 
quickly, but if, on examination with a lens, the presence 
of bubbles was still detected the process was repeated. 
Determinations of the resistance were then made, both at 
room and at high temperatures. After every high tempe¬ 
rature reading, the presence of air-bubbles was again tested, 
both by means of a lens and also by re-determining the 
resistance of the column at room temperature. If this 
value was found to be the same as before, as was generally 
the case, it was assumed that no bubbles had been produced 
during the heating. 

The possible errors introduced by variable contacts were 
found to be negligible in the case of mercury, but were 
.appreciable in the case of the amalgams, especially those 
of the higher concentrations. The surface of the amalgam 
in each limb was generally covered with a thin film, probably 
caused by slight oxidation. Unless these films were cleanly 
pierced by the platinum points when the leads were 
introduced, the best contact was not obtained, and the 
resistance of the amalgam plus the leads was thus not 
correctly determined. This effect would not be serious if 
in the determination of the leads resistance the platinum 
points were similarly affected. Experience, however, showed 
that this was not the case, but the difficulty was largely 
overcome by removing as much of the film as possible, and 
by cleaning the platinum points with concentrated nitric 
acid before every determination. 

It is estimated that the possible average error in the 


determination of no ^ more than 10 per cent, for 


the lowest concentrations, and not more than 4 per cent. 

4 L 2 
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for the highest concentrations. This corresponds to gan 
average error in the resistance measurement of # 0001 25 ohm 


Method of calculating the Resistivity and 
Conductivity of the Amalgams. 

From the values obtained for the resistances of the 
column of mercury, and of amalgam, at a given temperature 
t° C-, and the value of the resistivity of the former at the 
same temperature, the resistivity and conductivity of the 
amalgam at temperature t° C. were calculated as follows:— 
Let R and Ra™ be the resistances of the column of 
mercury and of amalgam respectively at temperature t° C. ; 
also let p and L be the values of the resistivity and con¬ 
ductivity respectively of mercury at temperature £°C.. and 
p Am and LAm the corresponding values for the amalgam at 
the same temperature. If l and A denote the length 
and cross-section respectively of the column at the above 
temperature, then 

A 

i 




From these equations we obtain 


P Am : 


:R 


Am 


(&)• 


From (1), and the relation 

L>±m — 


1 

P Am 


(1 > 


( 2 ) 


the resistivity and conductivity of the amalgam at tempera¬ 
ture t° C. can then be calculated in terms of the resistances 
of mercury and amalgam, and the resistivity of mercury 
at the same temperature. 

If AL be the difference between La m and L at temperature 
t° C., and C the concentration of the amalgam expressed in 
gram atoms of metal dissolved in 100 gram atoms of 

mercury, then the value of l ^ ^ at temperature t° C. 

can be calculated. For this calculation the actual value 

of AL need not be obtained, for the value of y— can be 
found directly from the resistances thus : 

AL L a ™ — L 
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Applying equation (1) we get 


Then 



. . (3) 


1 / R RamA 
Cl R Am ) 


(*) 


This was the method actually employed in the present 
investigation for evaluating 1. 


Experimental Results. 

The Electrical Resistivity of Pure Mercury . 

As previously explained, the method used in calculating 
the resistivity of an amalgam of known concentration 
involves measurements of the resistances of the mercury 
and the amalgam column under identical conditions. 
Such measurements in the case of mercury were carried 
out in the quartz tube, and the results are collected in 
Table I. Assuming the resistivity of mercury at 0° C. to 


Table I.—Mercury. 


• Tem¬ 
perature, 
j t° C. 

i 

Resistance 
in ohms, 
K<. 

Average 
tern per at ure 
coefficient of 
resistance 
from 0° C. 
to f° C. (un¬ 
corrected for 
expansion 
of Quartz), 

xio 4 . 

i 

i 

I 

Correction | 
for expansion | 
of Quartz, j 

__ i 

X10 4 . j 

j 

i 

Corrected 
average 
temperature 
coefficient 
of resistance 
(and resis¬ 
tivity) from 
0 ° C. to t° C., 
xio*. 

Resistivity 
of Mercury 
at t° C. 
XlO 8 . 

Con¬ 
ductivity 
of Mercury 
at Jf°C. 

00 

•3333 4 

■ 

j _ 

— 

— 

9407 4 

! 10629 9 ' 

11*5 

•3367, 

8*974 

•005 

8-979 

9504 7 

10521! 

100*0 

•3362, 

9-867 

•005 | 

9-872 

10336 x 

9674 g 

217*3 

•4136, 

11-083 

•006 

11-089 

11674 2 

8565 8 

257*5 

'432 J 7 

11-514 

•00G 

11-520 

12197 5 

8198 4 

300*0 

1 

I -4530 4 

11-970 

•007 

11-977 

12787 6 

1 7820J 

i 
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be 94074 X 10” 9 , and correcting for the expansion o£ the 
quartz envelope, the resistivities of mercury at various 
temperatures can be calculated. The results obtained agree 
within the limits of experimental error with values obtained 
by Edwards *, who found that, 

94074 x 10“ 9 [1 + -0 3 88 7 7* -f--0 6 977* 2 + -0 9 19* 3 ]. 

The Electrical Conductivity of dilute Gold Amalgams • 

So far as the author is aware, no previous determinations 
of the conductivity of dilute gold amalgams have been made* 
Determinations, however, have been made of the conductivity 
of gold amalgams whose concentrations were much greater 
than those employed in this investigation. Matthiesen and 
Vogtf measured the conductivity of amalgams containing 
between 80 per cent, and 90 per cent, of gold, whilst 
Parravano and Jovanovicli t made observations with amal¬ 
gams containing about 60 per cent, of gold. In both cases 
the conductivity was found to increase with increase in the 
concentration of gold dissolved in mercury. However, 
owing to the great difference in the concentrations, the 
results for the above amalgams are not comparable with 
those obtained in the present experiments. 

The gold employed in the present investigation was very 
pure, and was obtained in the form of thin foil from Johnson, 
Matthey & Co., London. The amalgams were prepared by 
the direct addition of the gold to the mercury. It was 
found that the gold goes into solution only very slowly at 
ordinary room temperatures, but much more rapidly if the 
mercury is heated beforehand. 

Determinations of resistivity were made for nine different 
amalgams having concentrations varying between - 04 per 
cent, and *32 per cent, by weight of gold in mercury. 
According to Gouj r §, the solubility of gold in mercury at 
room temperatures is *13 per cent, by weight. In the 
present work, however, it was found possible to prepare, and 
also to make determinations with amalgams containing even 
•32 per cent, of gold at room temperatures. This also 
represents the limit of solubility, for, any further addition 
of gold produced no change in the resistance of the amalgam 
column, and the excess of gold remained out of solution, 

* Loc . cit. 

t Matthiesen and Vogt, Pogg . Ann . cxvi. p. 376 (1862). 

t Parravano and .Tovanoyich, Gazz. Chim. Ital . xlix. (i.), p. 1 (1919). 

5 A. Gouy, Journ. Phys. (3) iv. p. 320 (1895). 
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The amalgams were contained in the same quartz tube as 
that used for the mercury determinations, and the resistance 
determined at the following temperatures :—1T5° C., 100° C., 
and 300° C. For two amalgams of concentration *12 per 
cent, and *24 per cent., the resistance was further determined 
at 217*3° C. and 257*5° C.; thus enabling the average 
temperature coefficient of resistivity of the amalgam to be 
calculated at various stages of temperature between 11*5° C. 
and 300° C. 


Table II.—Gold Amalgams. 


Percentage 
weight of I < ? on , cen - 
Ooldin 1 “ 
Mercury. 

Resistance in ohms of column at temperature t° O. 

R u . 5 o. 

R 

K 100°’ 

R 217*3°- 

R 257-5°. 

®300°* 

0 (Mercury). 

*3307, 

*3662 3 

*4136, 

•4321 t 

•4530 4 

•04004 | -0407 

•3362 4 

•3654 0 



*4514 6 

'06006 S *0611 

j 

*3359 4 

*3649 s 

— 

— 

•4507 o 

•08001 | -0814 

i 

■3357„ 

*3645 0 

— 

- 

*4500 5 

•12000 ; *1221 

*33o0 4 

‘3636„ 

*4101 7 

4282 7 

•4487* 

*16015 ! *1629 

•3344 7 

! -3629, 

— 

— 

•4475 9 

'20020 ! *2036 5 

*3340, 

•3620 3 

; — 

— 

•4464 5 

'24001 | *2441 j 

•3333, 

| -3613, 

*4072 t 
i 1 

•4254! 

•4456 s 

*28002 1 *2848 j 

• 

*3328 5 

j -3606 8 

— 

— 

•4448, 

•32000 j -3255 

*3324o 

i -3H01 n 

— 

— ! 

•4442 3 


The resistances obtained for the column of amalgams of 
various concentrations are given in Table II., and their 
relative values are shown in Graph I. Table III. gives the 
corresponding values obtained for the resistivities and 
conductivities of the amalgams. The average temperature 
coefficient of resistivity of an amalgam of percentage 
weight *12 (or “C ,, = *1221) for various temperature 
intervals between 11*5° C. and 300° C. as determined from 
the observed resistances, is given in Table IV., and the 
values of this coefficient between 11*5° C. and 100° G., lor 
amalgams of various concentrations are collected in Table V. 
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Table III.—Gold Amalgam. 



Percentage 
weight of 
Gold in 
Mercury. 


Resistivity 

Conduc¬ 

Resistivity 

Conduc¬ 
tivity of 
Amalgam 
at t° C. 

Tem¬ 

Concen¬ 

of Pure ' 

tivity of 

of 

perature, 

t° C. 

tration 
“ C.” 

Mercury 
at C.. 
XH 8 

Pure 
Mercury 
at t° C. 

Amalgam 
at t° (\, 
XlO*. 


*04004 

•0407 

9505 

10521 

9490 

10538 


•06006 

*0611 

»» 

»> 

9481 , 

10547 


•08001 

*0814 

» 

•» 

9475 1 

10555 


*12000 

1221 

•» 

tt 

9456 I 

10576 

11*5 

*16015 

•1629 

?» 


9410 j 

10591 


•20020 

* 20 o 6 5 



9427 j 

10608 


•24001 

•2441 

1 

<1 

>♦ 

9407 j 

10631 


•28002 

•2848 

' 

»» ! 

„ 

9394 j 

10645 


•32000 

•3255 

” 

ff 

9381 ! 

10660 


■04004 

•0407 

10336 

9675 

10313 : 

9697 


•06006 

•0611 


J* 

10301 

9708 


*08001 

*0814 

»? 

11 

10287 

9721 


•12000 

*1221 

j 

>» 

10264 

9743 

1 U 0 

•16015 

•1629 

?* 

1 

ff 

10243 

9763 


•20020 

•2036- 

1 

i *♦ 

n 

’ 10217 

9787 


•24001 

•2441 

i a 

j 

fi 

10197 

9807 


•28002 

•2848 

> »> 

i 

a 

10179 

9824 


•32000 

•3255 

> ’» 

tt 

10163 

9840 


•12000 

•1221 

11674 

8566 

11577 

8638 

217-3 

•24001 

•2441 

1 

1 i) 

»» 

11495 

8700 


•12000 

j 1221 

12197-5 

8198 

; 12087 

8273 

257-5 

•24001 

•2441 

if 

?» 

i 12007 

: ; 

8.-129 


04004 

•0407 

1 12788 

7820 

i 12748 

7847 


; 06006 

•0611 

>» 

,, 

; 12722 

j 

7860 


•08001 

•0814 

5 * 


* 12704 

7872 


•12000 

•1221 


a 

j 12666 

i 7895 

300 

! *16015 

j *1629 

1 11 i 

1 „ 

1 12634 

7915 


1 -20020 

i 20365 

i 

j 

,, 

j 12602 

7935 


*24001 

j *2441 

! 

i ” 

>» 

' 12580 

7949 


•28002 

; *2848 

1 - 

i « 

12557 

7963-5 


•32000 

j *3255 ‘ 

1 i 

! » • 

•* 

S 12539 

7975 
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The variation of this coefficient with the concentration can 
be seen from Graph If. For purposes of comparison, the 


Table IV.—Gold Amalgams. 
Amalgam of Concentration “C" = '1221. 


Tem¬ 
perature, 
t° C. 

Resistivity 
ofMereury 
at t° C., 
XlO*. 

Resistivity 

of 

Amalgam 
at t° a, 
X10 S . 

i 

Average 
temperature 
coefficient of 
resistivity 
of Mercury 
from 11*5 C 0. 
to t° C. 

X10 4 . 

Average 
temperature 
coefficient of 
resistivity 
of Amalgam 
from 11*5° O. 
to t c C. t 

X lb 4 . 

x 10 2 . 

Ii 

11-5 

9605 

1 9416 | 

— 

I 

•519 

100*0 

10330 

10264 

9-886 

9*664 

•701 

217*3 

11674 

11577 

11093 

10*902 

‘841 

257*5 

12197-5 

12087 

11*520 

11*318 

•911 

3000 

12788 

12666 

11*973 

11*768 

•963 


Table V.—Gold Amalgams. 


Concentration 
“ C.” 

Average tem- ij 

perature coefficient ,j 
of resistivity of i 
Amalgams from • 
11-5° C. to 100° 0., 
Xl<X 

Concentration 
“ C.” 

Average tem¬ 
perature coefficient 
of resistivity of 
Amalgams from 
11*5° C. to 100° C., 
XHH. 

0 (Mercury). 

i! 

9-886 1 

*1629 

9610 

*0407 

| 

9-804 '<} 

.i 

•2036 5 

9-484 

*0611 

i 

9-773 j 

•2441 

! 9-497 

*0814 

9-699 ! ! 

A 

*2848 

: 9-452 

1 

•1221 

i 

9-664 jj 

*3255 

1 

| 9*421 


values of -y-> l^, and —l) are included 

together with the corresponding values for copper amalgams 
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in Table IX. and the variations of -j —, l, and (£«* * * § > —l), with 

changes in concentration can be seen from Graphs III., IV., 
and V. respectively. 

The Electrical Conductivity of dilute Copper Amalgams. 

As in the case of the gold amalgams, very little work has 
been done on the conductivities of dilute amalgams of copper, 
and the only investigation dealing with concentrations 
comparable with those used in the present experiments is 
that due to Johns and Evans *. The conductivities of very 
concentrated amalgams, however,were determined by Batellif, 
Schleicher $, and Michaelis § ; but, on account of the large 
difference in the respective ranges of concentrations, their 
results cannot be compared with those obtained in the 
present work. The results of Johns and Evans ||, on the 
other hand, were obtained for amalgams containing respect- 
ively *01 per cent., ’015 per cent., and *02 per cent., by 
weight of copper, and their determinations were all made at 
300° C. Their observations, covering only a small range of 
concentrations, were, however, rather irregular. 

In the present investigation, determinations of the con¬ 
ductivities were made at 11*5° C., 100° C., as well as at 
300° C., and the measurements were carried out over a 
greater range of concentrations than those studied by Johns 
and Evans. In fact, at each temperature, determinations 
were made for increasing concentrations up to the limit of 
solubility of copper in mercury. Different values are given 
by different workers for the solubility of copper in mercury. 
This is undoubtedly due to the difficulty in getting the 
copper into solution, and depends to a great extent on the 
method by which the amalgam is prepared. In the present 
work the amalgam was prepared by direct addition of the 
finest electrolytic copper to mercury. The copper had 
previously been cleaned with dilute sulphuric acid, washed 
with distilled water, dried, and then reduced to very fine 
filings. Even when the mercury was heated to about 
300° C., the copper was found to be only sparingly soluble in it. 

* Lac. cit. 

t Loc. cit. 

J Schleicher, Zeit. Eleetrochem, xviii. p. 998 (1912). 

§ Michaelis, Dissert. Berlin (1883). 

|| Loc. cit. 
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The conductivities of seven different amalgams, of concen¬ 
trations ranging between ‘010 per cent, and *044 per cent, by 
weight, were determined at 300° G. It was found impossible 
to prepare amalgams containing more than *01 per cent, of 
copper at room temperatures, and more than *015 per cent, 
of copper at 100° C., for any further addition of copper was 
found to produce no change in the resistance, and the excess 
of copper remained out of solution. 

The observed values of the resistances of the amalgam 
column of various concentrations are given in Table VI. and 


Table VI.—Copper Amalgams. 


Percentage weight 
of Copper in 
Mercury. 

Concen¬ 
tration " C # M 

Resistance in ohms of column at 
temperature t°Q. 

E U5°. 

*1000. 

E 300°. 

0 (Mercury). 

*3367 8 

•3362 s 

*4530 4 

•01020 

■0c22 

•S363 5 

*3655 y 

•4517, 

01531 

*0483 

— 

•3652 a 

•4512 0 

02042 

•0643 

— 

— 

*4506& 

•02540 

•0802 

- 

— 

"4501 9 

•03137 

•0990 

— 

— 

•4495, 

•03516 

*1110 

— 

— 

•4492 s 

•04437 

•1406 

— 

— 

•4485, 


the corresponding values of the resistivities and conductivities 
in Table VII. Table VIII. gives the comparison between 
the values of the temperature coefficient of resistivity, and 
the resistivity of mercury with the corresponding values 
obtained for an amalgam containing *01 per cent, by weight 

(“ C” = '0322) of copper. The values obtained for l y 

lX ,, and (loo — l) are shown in Table IX., and the variations 
of these values, with concentration, are shown in Graphs III., 
IV., and V. 
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Table VII.—Copper Amalgams. 


Tem¬ 
perature. 
t° C. 

Per¬ 
centage 
weight of 
Copper in 
Mercury. 

Con¬ 
centration 
“ C.” 

Resistivity 
of Pure 
Mercury 
at t° C. f 
X10 8 . 

Con¬ 
ductivity 
of Pure 
Mercury 
at t° 0 . 

Resistivity 

of 

Amalgam 
at t° C., 

xio 8 . 

Con¬ 

ductivity 

of 

Amalgam 
at t° C. 

11*5 

•01020 

•0322 

9605 

10521 

9493 

10534 

100-0 

*01020 

*0322 

10336 

9675 

10318 

9692 


*01531 

•0483 

ft 

tt 

10308 

9701 


*01020 

j *0322 

12788 

7820 

12753 

7841 


•01531 

1 *0483 

tt 

i 

12736 

7852 


*02042 

^ 0643 

it 

1 

tt 

| 12721 

7861 

300 0 

i 

*02540 

i *0802 


tt 

! 12708 

7869 


•03137 

•0990 


tt 

12691 

7880 

i 

*03516 1 

*1110 

tt 

a 

12680 

7886 


•04437 ! 

*1406 

i ” 

! 

12661 

7898 

i 


Table YIII.—Copper Amalgam. 
Amalgam of Concentration ‘‘ C ” = *0322. 


i 

Tem¬ 

perature, 

t°C. 

i 

Resistivity 
of Pure 
Mercury 
at C., 

xio*. 

Resistivity 

of 

Amalgam 

1 aU°C., 

| xio«. 

Average 
temperature 
coefficient of 
resistivity 
of Mercury 
from 11*5° C. 
to *f°C., 

xio 4 . 

Average 
temperature 
coefficient of 
resistivity 
of Amalgam 
from 11 -5° C. 
to t° C. } 

xio 4 . 

^Xi0 s . 

Ju 

11*5 

9505 

9493 

— 

— 

*128 

! loo o 

10336 

10318 

9*886 

9*828 

*178 

j 3000 

12788 

12753 

11-973 

11*903 

•277 











Conductivity of Amalgams of Gold and Copper. 1245- 


Table IX. 


Nature 

of 

Amalgam. 

Tern- 
perature 
t° C. 

Con¬ 
centration 
“ C.” 

TT x 10 *‘ 

xV X 10 - 

(L-n 

XlO*. 

1 


11*5 

*0407 

*161 

3*95 




0611 

•250 

4*09 




*0814 

•322 

3*95 

1 



*1*221 

•519 

4-25 


Gold. 


*1629 

*691 

4-24 4-1 




•2036, 

*829 

4*07 




2441 

1*041 

4*27 




*2848 

1*181 

4*15 



11 

•3255 

1*318 

4*05 

! 



1000 

*0407 

•228 

i 

5-60 1 




*0611 

•343 

5-61 1 




•0814 

•475 

5*83 ] 




•1221 

•701 

5*74 j 


Gold. 


1629 

*909 

5*58 i 5*6 




*2036* 

1160 

5*70 ! 


1 


•2441 

1-362 

5*58 : 




•2848 

1*539 

5*40 



” 

•3255 

1-702 

5-23 i 

| 



300*0 

•0407 

*350 

i 

8*60 

*40 

! 1 
| ; 

ft 

i -0611 

•519 1 

8*50 

•50 

J 

it 

! -0814 

■664 

8*16 

•84 


ft 

! -1221 

•963 

7*88 

1*12 

! Gold. 

i > 

i -1629 

1*218 

7*48 9*0 

1-52 

i 

i 


•2036, 

1*476 

7*25 

; 1*75 

} 


| *2441 

1-651 

676 

2-24 


if 

: -2848 

1-836 

6*45 

: 2*55 



•3255 

1 

1*983 

6*09 

| 2*91 

! 

Copper. 

11*5 

*0322 

•128 

j j 

I 3-97 ! 4-0 

i 

1 


100*0 

*0322 

•178 

i 

0'02 i rr r* 


Copper. 

91 

*0483 

•274 

5-67 | 66 


i 

300*0 

•0322 

•277 

8-59 ; 

*41 


91 

•0483 

•408 

8-44 

*56 


1* 

*0643 

•530 1 

8-25 i 

•75 

Copper. 

}» 

•0802 

•633 j 

7-89 9-0 

Ml 



•0990 

•768 | 

7-75 | 

1-25 


M 

*1110 

*848 | 

7-64 

1-36 


«» 

•1406 

1*006 j 

715 i 

1*85 
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Discussion of Results. 

It can be seen from Tables II. and VI. that the resistance 
of mercury is decreased by the addition of gold or copper, 
and that this change becomes greater -with increase 
in temperature. From Graph I. for gold amalgams, it is 
observed that at 11*5° C. the resistance of the amalgams is 
a linear function of the concentration ; whereas at 100° C. 



C-*■ 

and 300° C. there is a deviation from the linear law, and 
this deviation is seen to be more rapid at the higher tempera¬ 
ture. This is also the case with the copper amalgams. 

Correspondingly, as shown in Tables III. and VII., there 
is an increase in the conductivity of the amalgam with 
concentration, and this change of conductivity as compared 
with mercury increases with increase in temperature, when 
the concentration of the amalgam is small. 
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From Tables IV. and VIII. it can be seen that both for a 
gold amalgam of concentration 0 ,5 = *1221, and for a 
copper amalgam of concentration “ 0 ” = - 0322, the average 
temperature coefficient of resistivity of the amalgam between 
11‘5°C. and the various higher temperatures increases with 
increase in temperature-difference. However, the values in 
each case are seen to be less than the corresponding values 
obtained for mercury. In addition, it is clearly shown in 
Table V. and Graph II., that for the gold amalgams, the 
difference between the average temperature-coefficient of 
resistivity of the amalgam and that of mercury between 
11 # 5° and 100° C. becomes greater as the concentration of 
the amalgam is increased. 



The values obtained for the quantities necessary to discuss 
the results for copper and gold amalgams in relation to 
Skaupy’s theory *, have been collected in Table IX. The 
concentration 46 0 99 is expressed in gram atoms of metal per 

100 gram atoms of mercury ; and is the increase in 

conductivity relative to that of mercury at the same tempera¬ 
ture. The sixth column gives the value of l for infinite 
dilution, i. e ., the value of the ratio of the increase of 
conductivity relative to mercury at the same temperature, 
to the concentration, when the latter is very small. 


Loc . cit 
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It can be seen from column 4, Table IX., and also from 
Graph III., that the value ofincreases both with increase 

Xj 

in concentration and with increase in temperature for gold 
and copper amalgams. At room temperatures the relation 

between and u C ” is linear, but at high temperatures 



the relation deviates from the linear law. The values 
obtained for copper amalgams have been plotted in Graph III. 
for comparison with those obtained for the gold amalgams. 
However, owing to the impossibility of preparing more 
concentrated amalgams at 11‘5° C. and 100° 0., an extended 
set of curves for copper amalgams analogous to those 
obtained for gold amalgams cannot be obtained, and a com¬ 
plete comparison of the respective values of -j- at the lower 
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temperatures cannot be made. At the lower concentrations 
the corresponding values of are practically the same for 


both amalgams, but at higher concentrations at a temperature 
of 300° C. there is a marked difference between them, the 
copper amalgams having the smaller values. This shows that 
the effect of copper and gold on the conductivity of mercury 
is practically the same for small concentrations ; but, with 
increase in concentration, the effect of copper is less than 
that of gold, especially at high temperatures. 

The values of l ( = ~) are given in column 5, Table IX. r 



and its variation with concentration i€ C ” at 300° C. is shown 
in Graph IV. The relation in both cases (copper and gold) 
is a linear one, sloping downwards towards the axis of con¬ 
centration. The value of l n is the value of l at the point 
where the straight line graph meets the axis of Z. This 
value was found to be 9*0 x 10~ 2 both for copper and for 
gold amalgams. It is not in agreement with the value 
obtained by Johns and Evans* for copper amalgams. In 
their experiments, however, they only considered three low 
concentrations, and the values they obtained for Z varied 
irregularly with concentration. They took Z^ to be the mean 
of these three values of Z, and in this way found its value to 

* Loc. cit. 

Phil . Mag. 8. 7. Vol 6. No. 40. Dec. 1928. 4 M 



1250 Mr. T. G. Williams and Dr. E. J. Evans on the 

be 6*5 x 10“ 2 . The disagreement between these two values 
of l for copper amalgams is probably due to the experimental 
difficulties met with in dealing with this amalgam, namely, 
the low concentrations possible, the liability of its surface to 
oxidize, and the slowness with which the copper goes into 
solution. Any consequent errors would have a serious effect 
on the value o£ l for low concentrations, such as those 
considered by Johns and Evans. By increasing the concen¬ 
tration, however, the effect of errors of observation on the 
value q£ l would be greatly diminished. This was done in 
the present experiments, and the results obtained for copper 
amalgams of different concentrations are in better agreement 
amongst themselves than those obtained by Johns and 
Evans *, and clearly indicate that their values were too low. 
The lower values of l obtained by them may possibly be due 
to their having taken insufficient precautions to ensure that 
the copper was completely dissolved. 

At 11’5° C. and 100° C. for gold amalgams the values of 
l were found to be practically constant for all concentrations, 
and l^ was taken to be the mean value. In this way it was 
found that was 4*1 x 10” 2 at 11*5° 0., and 5*6 X 10~ 2 at 
100° C. For copper amalgams only one value of l was 
obtained at 11*5° C., and this was taken to be the value of 
7^. Even at 100° C. only two values of l were obtained, 
and in this case l was taken to be the mean of both. In 
this way it was found that l ^ for copper amalgams was 
4*0 x 10~ 2 at 11*5° 0., and 5*6 x 10~ 2 at 100° C. 

It can therefore be taken that the corresponding values of 
Z^ are the same within experimental error for both the copper 
and the gold amalgams. 

Johns and Evans * in their work also made a thorough 
investigation of the change produced in the conductivity of 
mercury by the addition of silver ; and it is interesting to 
note that the values they obtained for l n for silver amalgams 
agree, within experimental error, with those obtained in the 
present work for copper and gold amalgams. The comparison 
oan be made from the values collected in Table X. 

According to Skaupy’s theory f? which has been referred 
to previously, the value of (l m should be of the same 

order of magnitude for different metals dissolved in mercury. 
Unfortunately, the values of r^ at 11*5°, 100°, and 300° C. 
are not known for amalgams of concenl rations equal to those 
employed in the present experiments, and, therefore, one is 


* Lon. cit. 
t Loc. at. 
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obliged to consider the values of alone in relation to the 
different amalgams. As we have already seen from the values 
obtained by the present authors for copper and gold amalgams, 
and those obtained by Johns and Evans for silver amalgams 
(as seen in Table X.), it can be concluded that the value of 
at the same temperature, is the same, within experimental 
error, for amalgams of all the metals in Group 1 (b) in the 
Periodic Table. This means that, atom for atom, the effect 
of copper, silver, and gold on the conductivity of mercury is 
the same, provided the concentration is small. 

A further point in Skaupy’s * theory is that, neglecting 
the variation of viscosity with concentration, the value of 



should be constant. 


At 11-5° C. and 100° C. there 


Table X. 


Temperature 

t°C. 

l' o X10* 
for Copper. 

! *»X10* | 

for Silver. ! 

^xio* 

for Gold. 

11-5 

4-0 

44) (at 15° C.) ’ 

41 

1000 

5G 

53 

«V6 

3000 

90 

9*0 

9*0 


was very little change in the value of l with concentration, 


and, consequently, the values of 


at those temperatures 


are not discussed. However, at 300° 0., as seen in Table IX., 
the value of (/^ — l) increased with concentration in the case 
of both copper and gold amalgams. The variation of — Z) 
with “ C ” is shown in Graph V., and the relation between 
the two quantities is approximately a linear one, thus 


showing that * s approximately constant. It is impor¬ 


tant to point out here that an accurate experimental deter¬ 
mination of l is very difficult for low concentrations and that 
any error in its value involves a much greater percentage 
^rror in the value of (/ — /). 


* Loc, cit. 


4 M 2 
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A possible explanation of the increase in the value of 
with temperature is that the electron concen¬ 
tration in the amalgam as compared with mercury is 
increased with increase of temperature ; but the question 
of whether viscosity enters into the problem in any form 



!(=i 

V c 


AL 
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must be left until experiments have been carried out on 
alkali amalgams. 


Summary. 

1. The conductivities of dilute amalgams of copper and 
gold have been determined at ll^ 0 , 100°, and 300° C. In 
the case of gold amalgams, at each temperature the conduc¬ 
tivity was determined over a range of concentrations equal 
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to the maximum range possible at 11*5° C.; whilst for copper 
amalgams, at each temperature the determinations were made 
for increasing concentrations up to the limit of solubility of 
copper in mercury at that temperature. For gold amalgams 
of concentrations “C” = *1221 and <f C ”=•2441, the con¬ 
ductivity was also measured at 217*3° .and 257*5° C. 

2. The average temperature coefficients of resistivity 
between 11*5° and t° C. of gold amalgam of concentration 
“ 0” = *1221, and of copper amalgam of concentration “ C ” 
= *0322, were measured, and in both cases were found to 
increase as the temperature difference increased. However, 
the values were less than the corresponding ones in the case 
of pure mercury. 

3. The values of the average temperature coefficients of 
resistivity of gold amalgams of various concentrations, 
between 11 5° and 100° C., showed a diminution as the con¬ 
centration increased. 


4. In the case of gold amalgams, at 11*5° and 100° C. the 
increase of conductivity relative to the conductivity of 
mercury at the same temperature was practically proportional 
to the concentration, but at 300° C., in the case of both 
copper and gold amalgams, this was found not to be the case. 


5. For copper and gold amalgams, the value of ^ 


(i . e., the ratio of the increase of conductivity relative to 
mercury to the concentration) was determined at each tem¬ 
perature and for each concentration, and the values compared 
with the corresponding ones obtained by Johns and Evans* 


for silver amalgams. 


It was found that the value 



AL 

L 


at infinite dilution (t. e., for extremely small concentrations) 
was practically the same at the same temperature for 
amalgams of copper, silver, and gold. This means that, 
atom for atom, the effect on the conductivity of mercury of 
the different metals in Group I. ( b ) in the Periodic Table is 
the same. 


October 1st, 1928. 


* Loc. cit. 
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OXXI. Electronic Waves and the Electron . Sir J. 
Thomson, O.M., F.R.S., Master of Trinity CoU*ff* f Cam 
bridge* * 

Summary. 

Resident experiments have shown that a moving electron is 
accompanied by a train of waves. No such waves would be 
produced by the motion of an electron if, as hitherto assumed, 
it consisted solely of a point charge of electricity. The 
electric and magnetic forces round a moving electron of this 
type can be calculated from Maxwell’s equations and have 
long been known, and there is nothing in the distribution of 
these forces approaching that in a train of waves. In this 
paper it is shown that if the structure of the electron were 
such that this point charge or something analogous to it 
formed a nucleus which was surrounded by a system such as 
we shall proceed to describe, then the motion of the electron 
would from the ordinary laws of electro-djmamics give rise 
to a train of waves, and, moreover, that the relation between 
the wave-length of this train and the velocity of the electron 
is exactly that indicated by the experiments of Gr. P. Thomson. 
The electronic waves on this view are electrical waves, but 
they do not travel through the normal ether, but through an 
ether modified by the system winch envelops the nucleus of 
the electron. These waves would be produced if the system 
enveloping the nucleus, and which we shall call the “ sphere 
of the electron, were made up of parts which can be set in 
motion by electric forces, and when in motion produce the 
effects of electric currents. Such a structure might consist 
either of a distribution of discrete lines of force, or of a 
number of positively- and negatively-electrified particles 
distributed through the sphere of the electron. These would 
behave like free particles, even though the opposite charges 
were bound together in doublets, if the frequency of the 
forces acting upon them were large compared with the natural 
frequencies of the doublets. The properties of a structure of 
this kind are discussed, and it is shown that the sphere of the 
electron would have a definite period of vibration, the 
frequency of the vibration being proportional to the square 
root of the number of electrified systems per unit volume. 
These vibrations are of a peculiarly interesting kind, inasmuch 
as though they are electrical vibrations they are not accom¬ 
panied by any radiation of energy, so that when once started 

* Communicated by the Author. 
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they are maintained for an indefinite time. The vibrations 
consist of an oscillating electric field which is not accom¬ 
panied by a magnetic one, the Poynting vector vanishes, and 
there is no transmission of energy. The sphere of the 
electron can thus vibrate, and so also can the nucleus, the 
time of vibration for the nucleus being proportional to 
the time light takes to travel round its circumference. Thus 
the two parts of the electron, the nucleus and the sphere, 
are each capable of vibration, and when the electron is in a 
steady state the vibrations of the two parts will be in 
resonance. The electron has thus, in addition to the steady 
electric field due to the negative charge on the nucleus, an 
alternating field in which the energy remains constant since 
there is no radiation. The oscillating field is the seat of 
energy, and thus the total energy of the electron is that due 
to the charge on the nucleus plus that due to the oscillating 
field. This is important in connexion with the calculation of 
the size of the electron. The usual estimate 1*4 x 10~ 13 cm* 
for the radius, a, is deduced on the assumption that the 
energy due to the charge on the nucleus e 2 /2a accounts for 
the whole of the energy of the electron; if e 2 /2a represents 
but a part, and it may be a small part, of the total energy, 
the corresponding value of a would be much larger. 


Stationary Electron . 

When the nucleus is not in motion it is shown that the 
components of the oscillating electric and magnetic forces 
are represented by equations of the form 

cos p Q t.f(.v,y,z), .(I.) 

where p 0 is the period of vibration of the electron and f a 
function such that 

d?l d?£ 

dx 3 + ihf + dz*~°' 

An interesting special case representing a symmetrical 
electron is when 


X=Aoob w <4J, 


Y—A cos p 0 t 


£ l 

dy t’ 


Z=Acos p$t 


£1 

dz r 9 


#=$=<y = 0. 


(X, Y, Z) («, & 7 ) are the components of the electric and 
magnetic forces respectively and r the distance from the 
centre of the nucleus. Here the oscillating electric force is 
radial and always proportional to the steady force due to the 
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■charge on the nucleus. The energy per nnit volume due to. 
the oscillating field and that doe to the steady field bear a 
constant ratio to each other. It should be noticed that the 
total energy due to the oscillations remains constant, although 
the electric forces vanish periodically, for this energy fit 
made up of two parts—one due to the electric field itself the 
■other to the kinetic energy of the moving electrified particles 
in the sphere; the sum of these two parts is constant. Since 
in each unit of volume the energy due to the oscillating field 
bears a constant ratio to that due to the field of the nucleus, 
the total energy of this field in the electronic sphere will be 
proportional to that of the nucleus, i. e. to e 2 /2a, the total 
energy of the electron which is the sum of these parts will 
also be proportional to 1/a. The time of vibration of the 
electron is proportional to the time light takes to travel 
round the circumference of the nucleus, and thus the fre¬ 
quency is proportional to 1/a. The ratio of the energy of the 
electron to the frequency of its vibrations is thus indepen¬ 
dent oE the size of the nucleus—this ratio is Planck’s 
constant for the electron. Reasons are given for thinking 
that when an electron of this type emits light the energy in 
the quantum of the light it emits will bear to the frequency 
of the light the same ratio as the energy of the electron 
bears to the frequency of its vibrations. Thus Planck’s law 
would be a consequence of the structure of the electron. 


The Electron in Motion. 

By using Maxwell’s equations we find that when an 
electron of this type moves parallel to the axis of x with 
uniform velocity u, the field is given by the equations 

Y^A'co z=A ' oos r(‘-?)-SB' 

«=0, 0=-«A'eos 

y=«A'cos 

R 2 —h 2 (x—ut) 8 + y* + z 2 , 



where 


P=PA 
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Thus the field consists of plane waves of electric and 
magnetic force of diminishing amplitude travelling along 
the direction of motion of the electron. The wave-length X 
-of the waves is given by the equation 

X=27re 2 ^/ l—' l ^jp 0 u; ♦ * . . (II.) 

thus Xw is proportional to \J 1—This is precisely the 

relation found by G. P. Thomson in his experiments on 
the diffraction of electrons. This expression for the wave¬ 
length is not confined to any particular distribution of the 
alternating field in the electron at rest. In the most general 
case, where one of the components of electric force in the 
electron at rest is given bv an expression of the form 
cos p Q t .j(x, y, z), it can be shown that for the moving 

electron the solution is cos p ^ f{h(x—ut), y , z ), giving 

waves of the same length as the special solution we con¬ 
sidered. Thus it follows from the principles of classical 
electrodynamics that a moving electron of the type we are 
discussing will be accompanied by a train of waves; the 
electronic waves on this view are waves of electric and 
magnetic force differing from plane waves passing through 
the normal ether in that the magnetic force in the electronic 
waves is, relatively to the electric force, smaller than in the 
normal electric waves. 

The electronic waves and the electron must always move 
in the same direction. Hence, if the direction of the 
electronic waves is deflected, as in the experiments on 
diffraction, the path of the electron will be bent; conversely, 
if the path of the nucleus is changed by the action of 
applied forces on its charge, the path of the waves will be 
-changed also. 

The periods and properties of the electronic waves afford 
some evidence as to the sizes both of the nucleus and the 
sphere which surrounds it. The wave-length of waves 
associated with electrons moving with known speed have 
been determined by G. P. Thomson. From these values we 
find from equation (II.) that p 0 is about 1*1 x 10 20 * Since 
the vibrations of the sphere and the nucleus are in resonance, 
this will also be the frequency of the vibrations of the nucleus. 
The time of these vibrations will be comparable with the 
time light takes to travel over the circumference of the 
nucleus, so that the frequency will be of the order c/2wa ; 
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comparing this with the value 1*1 X IQ 20 , we find that a must 
be of the order 5 x 10~ n , which is very much larger than the 
value 1*4 xlO" 13 deduced from the hypothesis that the 
electron consists o£ the nucleus alone*. 

Size of the “ Sphere ” round the Electron . 

The electronic waves must be in a super-dispersive medium, 
Le. in the sphere, hence the length of the train of these 
waves will be a guide to the diameter o£ the sphere. G. P. 
Thomson, from his experiments on diffraction, estimates the 
length o£ the train as at least ft x 10~ 8 cm., which indicates 
that the size of the sphere is large compared with an atom. 
It is possible, however, that though there must be a super- 
dispersive medium of at least this length, the whole of that 
medium need not consist of the sphere of the moving electron* 
Por if the sphere of an electron is even as large as an atom, 
then in a solid the spheres of the electrons in the closely- 
packed molecules will overlap, so that an electron travelling 
through it would be surrounded by a super-dispersive medium 
as large as the solid itself. The moving electron will excite 
in this medium waves whose length is the same as that of 
the electronic waves given by equation (II.); hence the length 
of the train will be fixed by the dimensions of the solid, and 
not by that of the sphere of a single electron. This would 
not apply unless the size of this sphere were comparable with 
the size o£ an atom, and therefore large compared with the 
nucleus, even if we adopt the new instead of the old estimate 
of the size of the latter. 


Field Equations inside an Atom . 

If the sphere of the electrons is comparable in size with 
the atom, the region inside an atom containing several 
electrons will be a super-dispersive region, and the field 
equations for the components of the electric and magnetic 
forces will be of the type 


.2 / _i_ £± . ^t \ - 

\dx 2 dy 2 dz 2 / dt 3 


+ p 0 2 ^ 


(HL> 


It must be remembered that the sphere o£ the electron 
only comes into evidence when it is exposed to exceedingly 
rapid vibrations ; when the frequency of the vibration is 
small compared with p 0 , the sphere behaves like the normal 
ether. 


In a solid where the molecules are tightly packed the 
spheres o£ their electrons might overlap and fill the solid 
with a super-dispersive medium in which the field equations 



Electronic Waves and the Electron . 1259* 

would be of the type (ILL). If an electrical wave, of fre¬ 
quency p f whether accompanied by an electron or not passed 
through the solid, the refractive index would be ^p 2 —polpi 
hence if p were greater than p 0 but comparable with it, the 
properties of the wave would vary rapidly with the value of 
/?, and there would also be great differences between the 
properties of waves whose frequency was considerably less 
than p 0 and those whose frequencies were greater, though 
not infinitely greater. Now, among the 7 -rays from 
radium C there are some whose frequencies are greater than 
p 0 (1’1 X 10 20 ), others whose frequencies are much smaller, so 
that if we could isolate these rays the point under discussion 
could be subject to a very direct test. It is very difficult, 
however, to get anything like a monochromatic beam of 
7 -rays. I tried an experiment of another kind, testing 
whether or not the harder 7 -rays were, like electrons, deflected 
by an electric force. Since the nucleus of the electron and 
the electronic waves always travel in the same direction, the 
deflexion of the electron by electric force might be due to 
either to the deflexion of the waves or the deflexion of the' 
nucleus. The waves would be deflected if the electric force 
produced a gradient in the refractive index of the medium 
through which they travel, the bending being analogous to 
that in a mirage ; if this were the cause of the deflexion, 
7 -rays of the same frequency as the electronic waves would 
also be deflected by the electric force. If, however, the de¬ 
flexion of the electron were due to the action of the electric 
field on the negative charge on the nucleus, and not to the 
effect on the sphere surrounding it, the 7 -rays would not be 
deflected by the electric field. The experiments are in favour 
of this view rather than the former. 


T HE discovery by G. P. Thomson and Davisson & 
Germer of electronic waves implies that the electron 
must be something much more complex than the point 
charge of negative electricity which had previously been 
regarded as its adequate representation. In t Beyond the 
Electron 3 and in a paper (Phil. Mag. xxxiii. p. 191) I have 
suggested a constitution for the electron which would cause 
a moving electron to be accompanied by a train of waves. 
I propose in this paper to develop the consequences of this 
hypothesis, and to describe some experiments I have made 
in connexion with it. 

On this view the electron consists 

(I.) of a nucleus which, like the old conception of the 
electron, is a charge e of negative electricity concentrated in 
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a small sphere. If a is the radius of this sphere, the energy 
due to the nucleus alone would be equal to qe 2 ja , where g is 
a numerical constant if e is measured in electrostatic units. 
Its value will depend upon the way the electric charge is 
distributed throughout the region occupied by the sphere 
whose radius is a. It would, for example, be least if all the 
charge were on the surface of the sphere, it would be greater 
if the charge were uniformly distributed through the sphere, 
and greater still if the density increased towards the centre. 
This nucleus will have definite periods of vibration, for 
when it is in equilibrium the lines of force starting from it will 
be symmetrically distributed around it ; if this symmetry 
is disturbed, the new arrangement will not be in equi¬ 
librium, but will oscillate about the old one. The time 
of the vibration will be proportional to the time light takes 
to travel round the nucleus, i. e. to 27 ra/c, where c is the 
velocity of light. Let the time of vibration be k^irajc^ 
where k is a numerical constant; the frequency v is therefore 
cfeTrak, and since E the energy is equal to qe 2 ja , we have 
the relation 

E = 27r£&£ 2 ~ • 

This is a relation of the form E = /iz> ; 27 Tqke^/c correspond¬ 
ing to Planck’s constant /?. 

(II.) The nucleus does not constitute the whole of the 
electron ; surrounding it there is a structure of much larger 
dimensions which we shall call the sphere of the electron, 
made up of parts which under electric forces of very high 
frequency are set in motion and produce effects of the same 
type as are produced by convective currents of electricity. 
We shall suppose that these parts can be represented by a 
number of negative charges each with a mass ft, and an 
electric charge — e, and an equal number of positive charges 
each with a mass ft! and a charge +€. 

Field Equations for a Stationary Electron . 

Let (X, Y, Z) (a, 7 ) be respectively the components of 

electric and magnetic forces, N the number of either 
positive or negative charges per unit volume, and y r , z r 
coordinates fixing the position of one of the charges. Then 
by Maxwell's equations we have 

1 dX f A _ < dx r dy df3 
c 2 1t + ^ 7r2 < e ~dt=dlj~d^> 
with similar equations for Y and Z. 


• - (1) 
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Again 


dX_rfY 

dy dx 


dy 

dt 


( 2 ) 


When the frequency of the vibrations is large compared 
with that of the individual system formed by a doublet 
of +€ and — e, 

** - .(3) 


u/ vu 

'*3? =Xe - 


From ( 1 ), (2), and (3) we get three equations of the type 

f d*X ' d 2 X <PX d fdX dY dZ\ % 

| dx 2 dy 2 dz 2 dx\dx dy dz ) J * 




/«i 

. , . jXe 2 , Ne,’\ 

where ^> 0 2 = 47 rc|— |——7 ), . . 

\ H> f 1 J 

and three of the type 

cPa . 2 (d 2 ct d 2 a\ 

— + dyi + dz ,J. . 

From equations (4) we get 


(4) 

(5) 

(«> 


d* 

dt 2 


( dX dY dZ\ JdX dY dZ\ 

Ux + w + ^) +Po \^ + ¥ + ^r 0 ' (7> 


This equation is o£ the type 


$ + p« ! +=°> 


and represents a vibration whose frequency is p 0 . Thus the 
region round the nucleus of the electron—“ the sphere ”— 
has a natural frequency p 0 . 


Vibrations of Ionized Gas. 

The fact that a mixture of positive and negative charges 
vibrates with a definite frequency has applications to many 
problems besides the one under discussion. An ionized gas 
which contains free electrons and positive ions is a system 
quite analogous to the one we are considering. Whe 
an electric current passes through a discharge-tube con¬ 
taining gas at a low pressure, the negative glow, the positive 
column, the striations, etc. are all places where there are free 




1262 


Sir J. J. Thomson on 


^electrons and positive ions, and which therefore have definite 
times of vibration. For the ionized gas e = e the charge on 
Ihe electron and y is equal to its mass ; in this case the mass 
of the positive charge is so great compared with the electron 
that we may neglect the term in y in equation (5), and 
substituting the numerical values of e and m in that equation, 
we find that the n umber of vibrations per second in the 
ionized gas is 2*8\/JS x 10 7 ; if / is the fraction of the mole- 
■cules ionized, p the pressure in millimetres of mercury, 

N=f. 760 x2 ' 75xl ° 19 » 


so that the number of vibrations per second is 

l-6xl0 12 VjtfT 

When the system vibrates with the frequency p 0 it is easy 
to show that 


1 dX 
o' dt 


4- . 


dx 

dt 


= 0 . 


thus the convection currents balance the displacement ones 
so that there is no effective current. There are no currents 
to produce magnetic force so that the magnetic force will 
vanish, and with it the Poynting vector. Thus there is no 
transference of energy, and therefore no radiation. We 
have here the very interesting case of electrical vibrations 
without radiation. The oscillations in the ionized gas in the 
discharge-tube would be accompanied by oscillating electrical 
forces of the same period. These would not be detected by 
the ordinary methods of measuring the distribution of electric 
force along the tube. Thus, for example, such measure¬ 
ments show that the steady electric force in the negative 
glow is exceedingly small. It is possible, however, that 
owing to these electrical oscillations there may be forces of 
considerable magnitude but high frequency acting through¬ 
out the negative glow, and that these may have some 
influence in producing its luminosity. We can produce by 
the aid of hot-wire valves electrical forces of very high 
frequency. If these were applied to any ionized gas, pro¬ 
nounced effects might be expected when the frequency of 
-the forces coincided with that of the free vibrations of the 
gas. 

We have seen that when a system of the type we have 
^assumed for the sphere of the electron is vibrating in its 
^natural period the magnetic forces vanish, and hence the 
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electric forces must be derivable from a potential, so that we 
may write 

Y _ ^ V— ^ u _ d<h 

dx> dy> dz' 


Velocity of Phase Propagation and Group Velocity 
in the Super-dispersive Medium . 

If a plane wave whose frequency is p is travelling through 
the medium parallel to the axis of z, we may put 

X = cos p(t — y) * Y = 0 5 Z = 0, 

where Y is the phase velocity. Substituting these values in 
equation (4), we find 

/yi2 

.( 8 ) 


V z =c 2 . 


P 


P 2 — Po 3 ’ 


or in terms of the wave-length \—2tt . V/p, 


V 2 = c 2 + 


P 

4:7T 2 


(9) 


If p is the refractive index c/V, then from (8) 

.( 10 ) 

We see from (8) that waves whose frequency is less than 
p 0 cannot be propagated through the sphere” of the 
electron. This need not apply if p is very much smaller 
than p 0 , for equation (3) is only true where the frequency of 
the vibrations is large compared with that of the free 
vibrations of the units forming the sphere of the electron. 
When this is not the case the field equations reduce to the 
ordinary equations of wave-motion. 

The group velocity, which is also the velocity with which 
energy travels along the w r ave, is equal to 

1 liw Y > =e ^T £l= * Y - ■ < u > 


Distribution of Energy when the “ Sphere ” is vibrating 
in its Free Period. 

Let the components of the electric force be represented 
X = A cos p c t, Y = Bcos p 0 t, Y = Gcos p 0 t. 
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where A, B, C may vary from place to place. The energy 
per unit volume due to the electric force is 

(X*+Y 2 +Z 2 )/8ttc 2 , 

and is thus equal to 

(A* + B 2 + 0*) cos 2 p 0 t. 


The kinetic energy per unit volume of the moving electri¬ 
fied parts is 

*M(t)’ + (f)'+(£)’) 

(£)')• 


From the equations 


ft- 


d 2 x r 

IF 


= Xe, 



Xe, 


we find that the kinetic energy is equal to 
/Ne 8 [ Ne 8 \ 

1 \ ji - + B 8 + C 8 ) sin 8 p 0 t. 

* V o 

But by equation (5) this equals 

~(A» + B’+O>) s in> 0 ,. 


Thus the sum of the energy of the electric field and the 
kinetic energy of the moving parts is, per unit volume, 

^(A’+B’+C’),.(12) 

and thus does not alter with the time, so that the energy in 
the “ sphere ” of the electron will be constant. 

If the oscillations have the frequency p instead of p 0 , the 
kinetic energy per unit volume of the moving electrified 
parts is equal to 

^.^(A’+B^+OOAy. . . . (13) 
As p is always greater than p 0 , the average kinetic energy 
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is less than the average energy due to the electrostatic field. 
The nucleus and the sphere of the electron form a con¬ 
nected system, and energy can flow from the one into the 
other ; when a steady distribution of energy is reached the 
nucleus of the electron will be in resonance with the sphere. 
The frequency of vibrations of the sphere, p 0 , depends upon 
the density of the electrified units of which it is composed* 
and not upon the total number in the sphere ; thus by 
expansion or contraction it may adjust its period so as to be 
in resonance with the nucleus. On this view p 0 will have a 
definite value, which will be the same whether the electron 
is free or whether it forms a part of an atom or molecule 
containing many other electrons. There is evidence, as we 
shall see, that the sphere of the electron is, on a low esti¬ 
mate, comparable in size with the dimension of an atom or 
molecule ; so that in a molecule containing many electrons 
their spheres would overlap and form practically a con¬ 
tinuous medium in which p 0 would be constant and equal to 
the frequency of the vibrations of the nucleus of the electron. 
When such molecules unite to form a solid, the whole solid,, 
from the point of view of the transmission of waves of very 
high frequency, may be regarded as an enormously large 
electronic sphere. We shall return to this point later. 


The Electron in Motion . 


Let us now consider what will happen to an electron of 
this type if it is in motion instead of at rest; we shall 
suppose that it is moving uniformly parallel to the axis of x 
with the velocity u . The motion of the lines of electric 
forces will produce magnetic forces whose direction at any 
point is at right angles to the lines of electric force at 
that point and to the direction of their motion ; the magnetic 
forces will thus be at right angles to the axis of x . These 
magnetic forces, like the electric forces whose motion pro¬ 
duces them, are alternating with great rapidity, and, as an 
alternating magnetic force produces electric forces which 
cannot be derived from a potential, the electric forces will 
not be given by the same expressions as for the electron at 
rest, but will be modified in a way we proceed to determine. 

The displacement current parallel to z in the moving 
electron will not be dZ/i£if d/dt denotes a partial differential 
d 

dt~ U 

of the magnetic force will not be dfi/dt, but 

Phil. May . S. 7. Vol. 6. No. 40. Dec. 1928. 4 N 


coefficient, but ^ 


A 

dx , 


^ Z. Similarly, the rate of increase 
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Again, as the electric charges in the sphere of the electron 
are moving, the form parallel to z on one of these units is 

not Ze hot (Z— u$)e+ 

Hence the equations of the field become 


l(dZ 

c 2 \dt 

1/dY 
c 2 \ dt 


dZ\ , . ^ dz _ d$ d» 

U dx) + 4:?r ^ 6 dt dx dy ’ 

dY\ t A ^ dy dot dy 
- u d7x) +4 ‘ 7rl ‘ e Tt-Tz~dx' 


dy dy _ d^K _ dY 

dt U dx dy dx 9 


dp dp _ dZ _rfX 

dt U dx dx dz ’ 


'•Se—(z-*>- 

"We can find by inspection a solution when ujc is exceedingly 
small ; it is evidently 


a 


= o. 



7 = 


u 


Yy 


udY^_dY 

c s dt dx 5 


u dZ dZ 

c 2 dt dx ' 

Hence, if 

d d 

Y = cos p 0 t . ~ f(x, y, z) ; Z = cos p 0 t. ^ f(x, y, z) 

is the solution when the electron is at rest, then, retaining 
only the lowest powers o£ ujc, the solution for the moving 
-electron is 


Y = cos/> 0 (*— 


Z = cos p 0 (t — 


o u 

& = — — 2 cos Po 


V=*^coap 0 (t 

-™)Ty f ^*-' a) ' y ' s) - 
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By using the Lorentzian transformation we can find a solu¬ 
tion which is not limited to the case when ujc is exceedingly 
smallj it is 


Y = kcosp(t—' , ~^~f(k{a!—ui),y,e), 

Z = k cos p(t — ^ ^f(k(w-ut ), y, z), j- 


(14) 


where 


a = 0 , 





and p 




Thus the frequency of the moving electron is greater than 
that of the stationary. We see that the expressions for the 
electric and magnetic force round the moving electron 


contain the factor eosp 


this factor represents plane 


waves travelling in the direction of motion of the electron. 
The phase velocity is equal to c 2 ju, and thus depends only on 
the velocity of the electron, and not upon the density of the 
electric charges in its sphere. The wave-length X of 
the waves is given by the equation 



or 


Xu 



This is exactly the relation established by G. P. Thomson’s 
•experiments on the diffraction of electrons. We saw, equation 
{11), that if Y is the phase velocity and U the velocity with 
which the energy travels through the medium, 


U = 


c 


2 


V* 


We have just seen that V = c*/u ; hence U=u, so that the 
energy travels along with the electron. This investigation 
shows that if the electron is of the type we are considering, 
then it follows from the laws of classical electrodynamics 
that when it is in motion it will be accompanied by a train 
of waves, and that the relation between the wave-length and 
the velocity is exactly that indicated by G. P. Thomson’s 
•experiments. The electronic waves on this view are waves 

4 N 2 
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of electric and magnetic forces ; they differ from electric 
waves through the normal ether, not only in the phase 
velocity, but also in that in the electronic waves the magnetic 
force is smaller relatively to the electric than in normal 
electric waves. 

We proceed to illustrate these principles by considering 
the waves that would accompany electrons of special types. 

Take first the case when in the stationary electron the 
alternating electric force is parallel to the axis of z , so that 
the electron is polarized. The equations for the stationary 
electron are 

Z = Ac«3j0 0 (, Y =* 0, X = 0, 
a — ft = y — 0 . 

The energy per unit volume : the sum of the energy due 
to the electrostatic field and the kinetic energy of the moving 
charges is, by equation (12), equal per unit volume to A 2 /8 tt. 
If the nucleus moves with uniform velocity u parallel to the 
axis of x, the electric and magnetic forces are by (14)’ 
given by 

Z = Ak cos p {t — Y = 0, X = 0 ; 

P =-^ Acos 3 3 ( i - ? ^r)> “ = °> 7 = 0, 

where 

* =1 /\/ 1- ?’ P * *P» 


Thus the electric and magnetic forces are represented by 
trains of waves of constant amplitude. As in electric waves 
through the normal ether, the magnetic force is at right 
angles to the electric and proportional to it ; but in the 
electronic waves the ratio of the magnetic to the electric 
force is only u/c of the same ratio for normal electrical waves. 

The energy per unit volume due to the electrostatic field is 


1 

8tt 


A*Pcos 2 p 



From equation (13) the energy due to the moving electrified* 
systems is 
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neia is 


The energy due to the magnetic 

1 ^ 2 (. UX\ 


Since p 0 2 jp 2 — 1—we see that the mean energy due to 
c 

the electrostatic field is equal to the mean of the sums of the 
kinetic and magnetic energies. 


Symmetrical Electron . 

Another very interesting case is when the field round the 
stationary electron is defined by the equations 


X=Acosp 0 £ 


A 1 

* dx r 9 


and consequently 


a = ft = y = 0. 


Here r is the distance from the centre of the nucleus. These 
equations represent an electric field where the distribution of 
the alternating electric force is the same as that of the steady 
electric field due to the charge on the nucleus. Thus on 
this view there is in the electron a steady radial electric force 
equal to e^jr 2 , and superposed on this an alternating electric 
force also radial and also proportional to 1/r 2 . 

The sum of the energy per unit volume due to the electric 
field and to the kinetic energy of the electric charges in the 
sphere is, by equation (12), equal to 


±A 2 U ^ 1 \ 2 + ( d 1 \+(* *Y1 

t W r) r) + \ds r) J 

A 2 1 

£7r r 4 ' 


The energy per unit volume due to the charge on the 
nucleus is equal to e^/Swr 4 . 

Thus the energy due to the charge on the nucleus and 
that due to the alternating field have a constant ratio to each 
other, and the total energy of the electron is 


le l 

2a + 2a’ 


where a is the radius of the nucleus. 
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The energy outside a sphere whose centre is at the nucleus 
and radius b is (^ 2 + A 2 )/2 b. 

The Size of the Nucleus of the Electron . 

The usual way of calculating the size of the electron is from 
the equation 

Energy of the electron 

where m is the mass of the electron. If a is the radius of 
the nucleus, the energy of the electric field due to it is # 2 /2a, 
so that if the electron consisted of nothing but the nucleus, 
we should have 

=5 m 0 c“ or 2a = £ 2 /?n 0 c 2 , 
la 

where m 0 is the mass of a stationary electron ; this equation 
leads to the value 1*4 x 10“ 13 cm. for a. 

When, as in the type of electron we are considering, the 
nucleus is surrounded by a sphere, the energy is not e 2 /2a but 
( e 2 4 - A 2 )/2a, so that 2a = ( e 2 4 A 2 )/m 0 c 2 . Thus for an electron 
of this kind the radius of the nucleus is greater than the 
conventional value, and if A is large compared with e it may 
be very much greater. 

Planck 9 s Constant . 

The energy of the electron is (e 2 4 * A 2 )/2a and the time of 
vibration that of the nucleus ; this will be proportional to 
the time light takes to travel round 2nra^ the circumference 
of the nucleus. Let it equal 27 rqa/c, where q is a constant. 
Thus the frequency p 0 ~cl2irqa , while E the energy is equal 
to (e 2 +A 2 )/2a ; hence 

E=^ .-n- ? (e 2 + A s ), 
c 

so that Planck’s constant is (e 2 + A 2 )vrq/c. This expression 
leads to the conclusion that A must be large compared with 
c, i . e . that the greater part of the energy must be in the 
sphere. For if A were zero the value of Planck’s constant 
would be 7 rqe 2 jC) i , e . 2*4^ x 10i 29 ; the actual value is 6*65 x 
10“ 27 . Hence we conclude that A is probably at least 100 
times e?, or that only some 1 per cent, of the energy is due 
to the electric field of the nucleus. 

We arrive at the same conclusion from the fact that p 0 , the 
frequency of vibration of the nucleus, is from G. P. Thom¬ 
son’s experiments 1*1 xlO 20 ; so that in the time of one 
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vibration light will travel over 3x 10* 10 cm. This distance 
will be comparable with the circumference of the nucleus ; so 
that a can hardly be less than 10“ n , which is about one 
hundred times the radius calculated on the assumption that 
all the energy is in the nucleus. The “sphere” of the 
electron is a system with a much larger number of degrees 
of freedom than the nucleus; so that if there is anything 
corresponding to equi-partition of energy, we should expect 
the sphere to contain the bulk of the energy. 

Planck’s Constant for Light . 

It follows as a result of G. P. Thomson's experiments 
that p 0 , the frequency of vibration of the electron, bears to 
the energy of the electron the same, or nearly the same, 
ratio as the frequency of a quantum of light bears to the 
energy in the quantum. With an electron of the type we 
are considering we can see some reason why this should be 
the case. For suppose that the energy E' required for a 
quantum of light is abstracted by some process from an 
electron. It seems not unreasonable to suppose that when 
the electron loses energy the loss begins at the outside and 
goes on until enough has been obtained in this way to supply 
the energy E' required for the quantum. We may thus 
imagine that the energy comes from an outer sheath of the 
electron and absorbs all the energy in the sheath. Let b 
be the internal radius of the sheaths; the energy in the 
quantum will be that in the electron between the region 
r * h and r =<x>, i. e. (j? 4* A 2 )/2 b. The sheath when detached 
will have a hole inside it whose radius is 6, and the time of 
its vibration will be proportional to the time light takes to 
branch over the circumference of this cavity; thus the 
frequency will be given by the equation p^cj2irbqi. Hence 

E' = p{e* + A 2 )qir/e. 

Thus, on this view, the relation between the energy in the 
quantum and its frequency will be the same as for the 
electron. Though the energy in the quantum is the same as 
that in the sheath of the electron from which it is derived, 
the disposition of the lines of electric force in the quantum 
when it has settled down into a steady state will be very 
different, the lines of electric force will no longer be radial, 
but will form closed curves, the frequency of the vibrations 
will be too small for the medium to show its super-dispersive 
properties, and the energy which was previously in the 
sheath in the form of the kinetic energy of the moving 
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particles will become the energy due to the magnetic forces 
in the light-quantum. 


The Moving Electron . 

If an electron where the electric and magnetic forces 
when it is stationary are represented by the equations (15) 
is moving uniformly parallel to the axis with the velocity u, 
the periodic electric and magnetic forces will, by equations 
(14), p. 1267, be given by the equations 


Y = kA cos p^i 

f nx 

\JL 

/ R 5 ’ 

Z = 

ux N 

\- 

t E 3 ’ 

« = 0, /3= — 

u 

V 2, 

7= 



where 

and 


B, 2 = k 2 (x — ut) 2 +y 2 +z 2 . 


Thus again we have a plane wave travelling in the direction 
of with the same relation between the wave-length and 
velocity as before ; the amplitude of the waves diminishes as 
the distance from the nucleus increases. 

The non-periodic forces in the electron due to the charge 
on the nucleus are given by 


X = kt 


(x — ut) 

~~w~~ 


9 


Y = ke 


JL 

R 3 ’ 


Z = 



a 


= 0, /?=- 




Size of the Sphere of the Electron . 

If when the electron is passing through a thin film as in 
the experiment on the diffraction of electrons, the film behaves 
like a non-dispersive ether, then the consideration of the 
separation of spectra of different orders in the diffraction 
pattern will lead to an inferior limit to the size of the 
sphere of the electron. To separate these spectra will 
require a train of waves’containing not less than a certain 
number of wave-lengths. G. P. Thomson calculates from 
the separation he obtained in his experiments that the train 
of waves must have extended over at least 5xl0~ s cm. 
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If the medium in the film through which the electron 
is passing is the normal ether, then this train of waves must 
be in the sphere of the electron, as this is the only 
super-dispersive medium. Thu3 the diameter of the sphere 
of the electron must be at least 5 x 10~ 8 cm., and thus large 
compared with the diameter of a molecule. But if this is 
so, the assumption that the ether in the film is not dispersive, 
is not tenable. The molecules in the film contain many 
electrons, and if the spheres of these were large compared 
with the dimensions of a molecule, they would overlap; thus 
the film would be filled not with the normal ether, but 
with the super-dispersive medium of electronic spheres. 
When the moving electron enters this medium it will excite 
waves in it of frequency p, where p = kp 0 is the frequency of 
the moving electron. The field e quation in the whole of the 
film is of the form 

and we see that a vibration of frequence p will excite 
in this medium waves whose length A, is given by 

__ 2ttc _ 2ttc* 2 

~~ \Zp 2 —po ~~ up ok ’ 

which is the same as the wave-length of the waves accom¬ 
panying the moving electron. Since the whole of the 
metallic film is filled with the super-dispersive medium, 
there is room for a train of waves equal in length to the 
thickness of the film ; the length of the train is no longer 
determined by the size of the sphere round a single electron. 

Jt must be remembered, too, that the problem of deter¬ 
mining the length of the train of waves necessary to separate 
two diffraction rings produced by light is not, on the Classical 
Theory of Light, identical with that required to produce the 
separation for electronic waves. The rings observed with 
electronic waves mark the paths of the nuclei of the 
electrons : an electron has to remain intact, and a single 
electron cannot spread out over the whole of the region 
where diffraction theory indicates the presence of waves. 
If the chance of an electron going in any direction were 
directly proportional to the intensity of the waves travelling 
in that direction, then the conditions for separation would 
be the same for electronic as for light-waves. But it may 
be, since the two parts of the electron, the nucleus and the 
sphere through which the waves travel, have to remain 
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together, that the electron will have a special tendency to 
move in a direction in which the intensity of the waves is sym¬ 
metrical on either side of the direction in which the electron 
is moving; this direction is one along which the intensity of 
the waves is a maximum; this would make the intensity o£ 
a ring change more rapidly in the neighbourhood of the 
maximum than for the corresponding light-waves* and would 
increase the resolution. It would follow from this that th© 
size of the sphere need not be quite so large as would be 
indicated by purely optical considerations; it must, however* 
I think, from the result of experiments, be at least comparable 
with atomic dimensions. If this is so, then the ether inside 
an atom must be in the super-dispersive state ; and when as 
in a solid we have a closely-packed aggregation of molecules, 
the ether throughout the solid will also be in this state 
for vibrations of frequency comparable with jp 0 . The field 
equations for the electric and magnetic force will be of the 
type 

^ +p 0 2 <j>=:c t V i <l>, 


and determine the propagation of all such vibrations through 
the medium. 

The form of the field equations, when there is an external 
electric field, depends upon whether the force exerted on an 
electron by an electric field is due to the direct action of the 
force on the negative charge of the nucleus, or whether it is 
due to the bending of the electronic waves by refraction, 
owing to the gradient in the refractive index produced by 
the electric field. 

On the first view the super-dispersive properties of the 
medium are not affected by the presence of an electric field. 
So that the field equations are of the form 


W + dy l + dz 2 ) dt 2 


+Po 2 <£. 


Thus, to take a special case, that of an electron moving 
under the attraction of a proton, when the velocity of the 
electron is u, the frequency of the vibrations it emits is 
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and the equation becomes 



If m is the mass of the electron, R its distance from the 
proton, E 0 a constant, 

|mu 2 =E 0 + jp 

so that the field equation becomes 



or approximately 

^ + S?( b » + h)*=°- 

When the deflexion of the electron is due to the refraction 
of the wave /a, the refractive index of the dispersive medium 
at the point x , y , z is given by the equation 

H? ** H'o + 2 V/w c 2 , 

where 

dV dV dV 
doc y dy 9 dz 

are the components of the force which would act on an 
electron if it were at the point z . 

The field equations when the frequency is p can be written 
in the form 

c 2 V 2 ^> + 4:7T 2 fjL 2 p 2 <b = 0, 

or, substituting the value of /a 2 , 

c 2 A 2( f> + 4:Tr 2 p 2 (fi o 2 + 2 Y /mc 2 )(f) =0. 

When the electric field is that due to a proton, V= — 
where r 2 ^# 2 **-^ 2 + <e 2 , and the equation becomes 

c 2 V 2 # + 47r 2 p 2 ^/i 0 2 + ~ y/mc 2 ^=0. 

The frequency j» 0 is equal to 1*1 x 10 20 , the quantum of 
light for this frequency is about 500,000 volts ; hence light 



1276 


Sir J. J. Thomson on 

whose quantum is greater than this would, when it passed 
through a solid, behave as if it were travelling through a 
super-dispersive medium, i. e . its phase velocity would be 
greater than that of light; on the other hand, light whose 
quantum is considerably less than this would behave as if it 
were travelling through the normal ether. Now, among 
the 7 -rays given out by radium 0 there are some whose 
quantum is less than the critical value, others whose quantum 
is greater. We should expect these two types to behave 
differently when passing through a solid, e.g . that the 
scattering of the harder rays would not follow the same laws 
as that of the softer, a point which could be settled if we 
could measure the scattering of rays of different types. It 
is, however, difficult to get anything like a monochromatic 
spectrum of 7 -rays, so that tests of this kind would involve 
very difficult experiments. There is, however, another test 
which can be applied much more easily; the interpretation of 
the results of this test is, however, more ambiguous than 
that for the scattering test ; the test we refer to is the effect 
of electric force on the 7 -rays. We know that when an 
electric force acts upon an electron the electron is deflected. 
Is this deflexion due primarily to the deflexion of the elec¬ 
tronic waves, or is it, as on the usual theory, due to the 
action of the electric force on the negative charge on the 
nucleus? The electronic waves must always travel in the 
direction in which the nucleus is moving, so that if the path 
of the waves is altered, as in the experiments on diffraction, 
the path of the nucleus will be altered too, so that anything 
which deflected the waves would deflect the path of the 
nucleus and produce effects of the same type as would be 
produced by forces acting directly on the nucleus. The 
direction of the waves could be altered by refraction as well 
as by diffraction, and if the electric force produced a 
gradient in the refractive index of the medium, the path of 
the electronic waves would be curved like the rays in a 
mirage. If the application of an electric force X made the 
refractive index, /i, of the medium through which the 
electron is moving vary according to the law, 

dp, Xe 

** dw~~ me 2 9 

then the path of the electron would, in consequence of the 
refraction of the waves, be the same as if the electron were 
acted on by an electric force equal to X. 

On this view the electric force deflects the electron 
by producing a gradient in the refractive index of the 
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super-dispersive medium which surrounds it ; this bends the 
electronic waves, and they carry the nucleus along with them. 
If this view is true, the gradient in the refractive index 
would bend to the same extent as it does the electron any 
waves of the same period as the electronic waves, whether 
they were accompanied by an electron or not. The alterna¬ 
tive view is that, as in ordinary electrostatic theory, the 
electric force acts on the negative charge on the nucleus 
and the nucleus drags the waves along with it, since the two 
must travel in the same direction. On this view, the charge 
on the electron is essential for the deflexion, so that waves 
of the same period as the electronic waves, but not accom¬ 
panied by an electron, would not be deflected by an electric 
field. Thus, on the first view, y-rays of the same period a& 

Fig. 1. 



electronic waves would be deflected by an electric force ; or* 
the second they would not. Now, among the y-rays from 
radium C there are some which, since their quantum of 
energy is greater than 500,000 volts, have the same frequency 
as the electronic w T aves which accompany an electron moving 
at a suitable speed. It is thus interesting to determine 
whether such y-rays would, like the electron with its waves,, 
be deflected by electric force. We may hope to detect such 
a deflexion if it exists among some of the constituents of a 
mixed group of y-rays, even though we are not able to isolate* 
the various types of rays. The y-rays with quanta less than 
500,000 volts would not be deflected on either view. I have 
made some experiments to test the effect of electric force on 
the path of y-rays, using the following arrangement:— 

A, B, G, D (fig. 1), are four lead rectangular parallelepipeds 
4 cm. by 2 cm. by 2 cm. The surfaces of the parallelepipeds* 
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which face each other were carefully worked so as to be 
-smooth planes ; the inside faces of A and C were in the 
-same vertical plane, as were also those of B and D. A was 
carefully insulated from B, C, D, and B from A, C, D ; 0 
and D were connected with the earth so as to be at the same 
potential; A and C were connected with the terminals of 
.a dynamo giving constant potential differences up to 
.5500 volts ; the interval between the blocks AC and BD was 
filled by thin flat plates of a dielectric ; mica, sulphur, 
paraffin, glass, and quartz were tried; the faces of the lead 
blocks were pressed against the plate of dielectric. As some 
of the mica plates were only *3 mm. thick, electric forces up 
to 183,000 volts per centimetre could be obtained. The 
narrow space between the faces of AC and BD formed a slit 
through which could pass the 7 -rays from radium emanation 
-contained in a small glass vessel whose centre was on the 


Fig. 2. 



line of intersection of the planes of the horizontal slit between 
the blocks AB and CD and of the vertical slit between 
AC and BD. The rays after passing through the slit 
fell on a photographic plate, at some distance from the lead 
blocks and set so as to be at right angles to both the vertical 
and horizontal slits between the blocks. A plate of lead 
1*5 mm. thick was placed parallel to the photographic plate P 
(fig. 2 ), and about a centimetre away from it, to prevent 
/ 8 -rays reaching the plate. The rays passing through the 
upper part of the slit between the blocks A and B (fig. 1 ) are 
subject to a very intense electric force from which those 
passing through the lower half are free. If the harder 7 -rays 
are deflected by electric force, we might expect that there 
would be a difference between the upper and lower halves of 
the image of the slit formed on the photographic plate by the 
• 7 -rays. If there were some bending, but not enough to drive 
the rays against the sides of the slit, we should expect to find 
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on the npper part of the plate, but not on the lower, lines 
parallel to the image of the slit, formed by rays which had 
been deflected by the electric force, as in fig. 3, while if the 
deflexion were great enough to drive the rays against the 
side of the slit, the upper half of the image of the slit would 
be fainter than the lower. 

If the bending of the path of the electron by electric 
force is due to the bending of the electronic waves, owing to 
the refractive index of the medium varying from point to 
point in an electric field, the connexion between the 

Fig. 3. 


refractive index p, and the applied electric force X is 
(see * Beyond the Electron ’) given by the equation 

dp? _ Xe 

dx me 1 j*i * 

The radius of curvature p of a ray travelling through such 
a medium at right angles to the direction of x is given by 



1 _1 dp, 

p~~ p,dx 

1 Xe 
p ~~ p?mc 2 * 


If p is the frequency of the waves and k Planck's constant, 
hp=mc*, ^* = 1 -El, 

P 



1280 Sir J. J. Thomson on 

where p 0 is the critical frequency ; hence, when p > p Q , 


1 Xe 



If the energy of the quantum of the 7 -ray is represented 
by Y volts, hp=Ye, so that 

Xp=v(l-£{).(17) 

The value of V for the critical frequency p 0 is about 
500,000 volts. The value of p given by (17) is the curvature 
of the 7 -ray in the super-dispersive medium. If the dielectric 
through which the ray is passing is not super-dispersive 
through the whole of the region, but only so in patches, the 
average value of p would be greater than this bv an amount 
depending on the fraction of the volume occupied by the super- 
dispersive portion. 

In some of the experiments the thickness of mica between 
the blocks was *3 mm. and the potential difference between 
the blocks A and B 5500 volts ; thus X would be 183,000 
volts per cm. ; for the strong 7 -ray for which V= 010,000 
p would be 1 cm., and with this curvature a ray would be 
bent through *3 mm. and thus driven against the plate after 
passing through about 2‘4 mm. As the length of the path 
in the dielectric was 40 mm., these 7-rays would be unable 
to pass through the upper part of the slit if even a small 
fraction of the dielectric were super-dispersive. 

The first experiment I tried was one where the 7 -rays 
passed through a plate of mica 1 mm. thick exposed to a 
potential difference of 5500 volts. With an exposure of 12 
hours I obtained a photograph of the type of fig. 3. There 
was the direct image of the slit with the upper and lower 
portions in the same straight line, and in the upper half of 
the photograph where the rays had been exposed to the 
electric field there were two lines parallel to the slit, the de¬ 
flexion from the direct image being in the direction in which 
electrons going through the slit would be deflected. There 
were no such lines in the lower part of the photograph where 
the rays had not been exposed to electric force. This seemed 
very convincing proof that the electric force did produce a 
gradient in the refractive index, and that the deflexion of 
electrons by electric force was due to the bending of the 
electronic waves, and not to the direct action of the electric 
force on the nucleus. 
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However, as the result of further experiments, I have come 
to the conclusion that the results obtained in the first 
photograph could not have been due to the cause we are 
considering ; for, on trying the experiment with sulphur for 
the dielectric instead of mica, I got nothing but the direct 
image of the slit. There were no parallel bands in either the 
upper or lower portions of the photograph. Again, I got no- 
evidence of such bands with paraffin-paper, with glass, or 
with quartz, varying the strength of the electric field from 
5000 to 1200 volts. Nor on trying mica again could I get 
the effects I had observed with the mica plate 1 had used at 
first. Being unable to get the bands, I tried if I could get 
any evidence of any difference in intensity between the parts 
of the direct image of the slit formed by rays which had 
passed through the electric field and those which had not, 
using a plate of mica *3 mm. thick and a potential difference 
of 5500 volts. This, as the calculation given above shows, 
would drive all the harder of the 7 -rays against the sides 
of the slit and thus prevent them from getting through. I 
got with an exposure of 12 hours a very clear and well-defined 
image of the slit, but I could not detect any difference 
between the upper part formed by 7 -rays exposed to electric 
force and the lower part formed by rays which had not been 
exposed. 

Thus the majority of the experiments favour the view that 
the electric force acts directly on the nucleus, and not by 
deflecting the waves*. 

I am much indebted to Dr. Chadwick and Dr. Ellis for 
advice and information on radioactive experiments, to 
Mr. Crowe for the preparation of the radium emanation, and 
to my assistant, Mr. Everett, for help in the experiments. 


* Since the above was in type I have seen a paper by A. Joffe (Ami. 
der Phys . lxxii. p. 461 (1923)) in which he describes some experiments 
which may modify this conclusion. He shows that when a plate of 
dielectric "between electrodes is exposed to steady electric forces the 
drop in potential in many cases, though not in all, occurs quite close to the 
electrodes, and that the electric force may be very small, except in layers 
of almost molecular thickness next the electrodes. In my experiments 
it is possible that it was only in my first experiment that there was any 
considerable electric force between the plates, and that in the others it 
was confined to the immediate neighbourhood of the electrodes. I hope 
to make further experiments on this point. 


4 O 


Phil . Mag. 8. 7. Vol. 6. No. 40* Dec • 1928. 
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OXXII. Note on Raman Lines under High Dispersion . 
By Prof. ft. W. Wood*. 

[Plate XXIX.] 

INCE the publication o£ my first paper on the Raman 
effect (Phil. Mag., Oct. 1928), I have photographed 
the spectra scattered by benzol and carbon tetrachloride 
with a 6-inch plane grating combined with a lens of 
3-metres focus. Small portions of the spectra are repro¬ 
duced on Plate XXIX. Fig. 2 shows the Raman line 
4554*87 of benzene (wave-length determined from this 
photograph), together with the comparison spectrum of iron. 
The width of the line scattered by the liquid o benzene 
excited bv Hg 4358 is not much over half an Angstrom 
unit in this case. Most of the other lines are wider 
(1 to 2*5 A.). The one at 4618, excited by the mercury 
line 4046, which in my earlier photographs resembled a 
narrow band sharp and strong o on the red side, turns out to 
be a o strong line about 1 A. wide, with a fainter line, 
2*5 A. wide, close to it on the violet side. The wave-lengths 
of the strongest lines determined from the grating photo¬ 
graph are as folllows :— 

4686*74 
4682*11 
4659*30 
4618*36 

Fig. 1 of Plate XXIX. shows a portion of the spectrum 
scattered by carbon tetrachloride, the three broad lines 
marked R being the strong triplet on the red side of 
Hg 4358 shown in the photograph accompanying the earlier 
paper. The scale of enlargement of this photograph is only 
about one half of that of the o lower photograph, the width 
of the lines being about 2 Angstrom units. One of the 
“ ghosts ” of the 4358 mercury line appears at the left of 
the photograph. 

I feel disposed to think that such high resolving powers 
are quite unnecessary, owing to the considerable width 
of most of the lines. That some of them are as narrow 
as they are is very surprising. The range of frequencies 
-comprised within the 4554*87 line (0*5 A.U. wide) when 
translated into the frequency range of the corresponding 

♦ Communicated by the Author. 


4554*87 
4525*0 
4476 0 
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infra-red absorption band gives a band enormously narrower 
than the band observed by Ooblentz near 10 fi. 

Attention should be drawn to an error in the placing of 
the figures in my earlier paper. The mercury arc of fig. 2 
was originally drawn just above and close to the water-cooled 
tube of fig. 1. 

Johns Hopkins University, 

Baltimore. 


OXXI1I. The Hall Effect in Galena and Molybdenite . By 
C. W. Heaps, Ph.JD., Professor of Physics , The Rice 
Institute , Houston, Texas * * * § . 

T HE Hall coefficient in plates cast from molten lead 
sulphide has been found by van Aubel f to be negative 
and small compared with the coefficient for bismuth. A. W. 
Smith J, on the other hand, has found in a natural crystal 
of lead sulphide a value of -—251 for this coefficient. 
L. L. Campbell § intimates that the discrepancy between 
the two results may be due to differences of crystalline 
structure. 

The writer has performed some experiments on this sub¬ 
stance and on molybdenite, and has come to the conclusion 
that impurities probably exert a big influence on the pheno¬ 
menon in lead sulphide. 

The apparatus was of the usual type, the Hall e.m.f. being 
balanced by a potentiometer. A Weiss electromagnet with 
pole-pieces 10 cm. in diameter and 1*315 cm. apart was 
used for producing the magnetic field. The field-strength 
was measured with a fluxmeter calibrated in the usual way 
by means of a standard of mutual inductance. 

In determining the Hall coefficient observations of the 
-e.m.f. were made for both directions of magnetic field and 
the mean taken as the correct result. Disturbing thermo- 
magnetic effects were considered negligible for the following 
reason:—A magnetic field of about 10,000 gauss was allowed 
to act constantly on a specimen, the galvanometer circuit 

* Communicated by the Author, 

t E. van Aubel, Phys, Zeits. iv. p. 551 (1903). 

X A. W. Smith, Phys. Pev, i. p 339 (1913). 

§ L. L. Campbell, ‘ Galvanomagnetic and Tbermomagnetic Effects/ 
p. 63. 
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being left open, and the primary current allowed to flow for. 
about a minute. The primary current was then broken and 
immediately the galvanometer circuit closed. The resulting 
deflexion, which must have been due to residual thermo¬ 
electromotive forces, was, in the case of all the specimens 
examined, too small to affect materially the value of the 
Hall coefficient. 

head Sulphide .—Four different specimens have been 
investigated. The first specimen was cut from a group of 
large cubic crystals of galena obtained from Joplin, Missouri* 
Cleavage planes were well developed in this specimen, but 
grinding and polishing revealed the presence of imper¬ 
fections and irregularities due to tilting of small plane areas. 
The dimensions of the plate were 1*5 x 0*8x0*229 cm , and 
its sides and edges were parallel to the respective natural 
cleavage planes of the crystal. 

Electrical connexions were made by copper-plating and 
soldering with Wood's metal. The specific resistance of this 
specimen was found to be approximately 0 037 ohm-cm. 
The Hall e.m.f. was proportional to the magnetic field up to 
field-strengths of 12,000 gauss, and the average value of 
the Hall coefficient was found to be —108*3. 

The second specimen was cut from the same crystal group 
as the first. Its dimensions were 1*0 x 0*407 x 0*28 cm., and 
the plate was cut so that its plane was approximately perpen¬ 
dicular to the trigonal axis of the crystal. The value of the 
Hall coefficient for this specimen was found to be the same, 
within experimental error, as for the first specimen. Thus 
the conclusion may be drawn that the Hall coefficient in 
galena is independent of the orientation of the crystal axis. 
A similar conclusion has been reached by Wold * for the 
cubic crystals of iron. 

The third specimen was a crystal conglomerate made by 
fusing a mixture of lead and sulphur till chemical com¬ 
bination occurred. The specific resistance was 0*0012 and 
its Hall coefficient less than 0*008. It appears probable 
that some uncombined lead was present in the crystalline 
mass, otherwise the above results are difficult to explain. 

The fourth specimen was from a very perfect crystal of 
unknown origin. Cleavage planes were mirror-like. Some 
slight difficulty was encountered in securing a flat plate 
because of the readiness of the crystal to split along any of 
three mutually perpendicular directions. The dimensions 


* P. I. Wold, Phys. Her. xxxi. p. 1116 (1928). 
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of the plate used were 0*197 x 0*305 x 0*831 cm., and its 
specific resistance was 1*76 ohm-cin. 

The Hall coefficient of this specimen was independent of 
field-strength up to 12,000 gauss, was positive in sign, and 
had the exceptionally large value +4802. 

The remarkable difference in the Hall coefficients of the 
two crystals of galena examined is probably due to impurities. 
This mineral is known to have various impurities, such 
as silver, zinc, selenium, cadmium, bismuth, antimony, etc., 
and the proportions present appear to vary with the 
locality from which the crystals are secured. The specific 
gravity of specimen No. 1 was 7*2, that of No. 4 was 7*4. 
The first specimen was slightly pitted, and this fact may 
explain the difference of observed specific gravities. The 
resistivity of specimen No. 4 was much greater than that of 
No. 1. In view of Kapitza’s work * on bismuth crystals we 
may expect a high resistance to be associated with transverse 
♦cleavage planes, such planes apparently having a tendency 
to produce incipient cracks. Under the blow-pipe each of 
the above crystals fused in similar fashion, yielding sul¬ 
phurous fumes and a globule of metallic lead. 

Molybdenite .—A thin place, of dimensions 1*0 X 2*0 X 
0*035 cm., was cut from a foliated sheet of the mineral. 
Side arms 0*6 cm. long were left on the plate for the attach¬ 
ment of the Hall terminals. The resistance of the plate was 
418 ohms. Using a primary current of 5 milliamperes the 
Hall e.m.f. was found to be proportional to the field up to 
12,000 gauss, and the average of the Hall coefficient was 
— 1907. 


Adiabatic and Isothermal Coefficients .—Gottstein | has 
observed for the adiabatic Hall coefficient in molybdenite a 
value, R a =—3030, from which he calculates by the formula 
of Guns X the isothermal coefficient of R*= —1520. As the 
result of a number of experiments on molybdenite the writer 
has come to the conclusion that there is not much difference 
between the values of the two coefficients. The adiabatic 
coefficient is supposed to be obtained when the transverse 
temperature gradient, which results from interaction of 
magnetic field and electric current, is allowed to develop. 
This phenomenon, the Ettingshausen effect, is, according to 

* Kapitza, Proc. Roy. See. cxix. p. 358 (1928). 

t G. Gottstein, Ann. d. Phys. xliii. p. 1079 (1914). 

X R. Gans, Ann . d, Phys . xx. p. 293 (1906). 



1286 The Hall Effect in Galena and Molybdenite. 

Gottstein, quite large in molybdenite. In the present 
experiments, therefore, a transverse temperature gradient 
should be set up by the magnetic field. An appreciable 
time must be required for this gradient to reach its maximum 
value, so that if R a is much larger than R, then the apparent 
Hall effect should increase with the time after excitation 
of the magnet. In other words, the initial Hall effect is iso¬ 
thermal, and the adiabatic is approximated only after an 
appreciable time interval. If Gottstein’s values for R a and 
R* are correct the apparent Hall effect should increase, while 
the temperature gradient is being set up, to about double its 
initial value. No such large increase could be observed in 
the present experiments with molybdenite, though it was 
specially sought for in the following way:—The adiabatic 
Hall e.m.f. was balanced carefully by adjusting the potentio¬ 
meter. Switches in both the Hall circuit and the primary 
circuit were then opened and the specimen allowed to remain 
several minutes in the magnetic field without carrying any 
current. A uniform temperature was thus secured. The 
switch in the primary circuit was then closed and immediately 
afterwards (within a small fraction of a second) the switch 
in the Hall circuit. A small deflexion of the galvanometer 
resulted, and in about 15 seconds this deflexion became 
practically zero. From the value of the initial small 
deflexion it, was calculated that the isothermal Hall coefficient 
was about 6 per cent, smaller than the adiabatic. Gottstein 
calculated it to be almost half as large. 

The same type of experiment with galena showed the 
adiabatic and isothermal coefficients not to differ by more 
than 2 per cent, in this mineral. 

Summary. —The chief points of interest which have been 
brought out are (1) galena and molybdenite crystals exhibit 
a very large Hall effect; (2) the magnitude of the Hall 
coefficient in the cubic crystal of galena does not appear to 
depend on the orientation of crystal axes; (3) impurities 
probably exert a very great influence on the Hall effect in 
lead sulphide, apparently even changing the coefficient from 
a large negative to a large positive value ; (4) the difference 
between the adiabatic and the isothermal Hall effects appears 
to be small in these minerals. It is appreciable in moly¬ 
bdenite but by no means as great as Gottstein has calculated. 
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CXXIV. JSotice respecting New Book . 


A. Comprehensive Treatise on Inorganic and Theoretical Chemistry . 
By J. W. Mellor, D.Sc., F.R.S. Vol. VIII. [Pp. x + 1110 , 
with 106 diagrams.] (London: Longmans, Green & Co., 1928. 
Price 63s. net.) 


r PHE eighth of the thirteen volumes of which Dr. Mellor’s 
4 Comprehensive Treatise 9 will consist is devoted to nitrogen 
and phosphorus. The treatment is along lines similar to that in 
the earlier volumes, which have received notice in these pages, and 
a detailed review is therefore unnecessary. It may be stated, 
however, that the latest volume to be issued fully maintains the 
high standard of its predecessors, in its completeness, in the care 
which has been devoted to the smallest detail, in the numerous 
diagrams and tabulation of data, and in the valuable lists of 
references to original publications. About one-eighth part of the 
whole volume is occupied by these references, and the fact that 
many bear the date 1927 is an indication that the author has 
included the results of the most recent original work. A detailed 
index, extending to 30 pages, increases the value of the volume 
for reference purposes. Dr. Mellows * Treatise * will undoubtedly 
become the standard work of reference on all matters pertaining 
to inorganic or theoretical chemistry. 


EDITORIAL NOTE. 

Acoustics oe Strings struck by a Hard Hammer. 

In reference to Messrs. Das and Datta’s note on this subject in 
our September number (p, 479), Messrs. K. C. Kar and S. C. Laha 
have written stating that they do not consider that slipping at 
the bridge is the cause of the irregular and wide discrepancies 
between the observed and the calculated values of the amplitudes; 
and further, that their own observed value of the displacement 
at the centre agrees quite well with the value calculated from 
Kaufmann ? s theory. In regard to a paper by Prof. Eainan and 
Dr. Bauerji which is cited against them, they call attention to a 
paper by one of them in the Phil. Mag. for August 1926, where 
the results arrived at in that paper are shown to be incorrect. 
They also refer to their previous paper for their objections to the 
limits which Datta takes in his pressure integral. The unit of 
momentum in their own paper should have appeared as a 
44 gramme-weight second.” 

[The Kditors do not hold themselves responsible for the 
views expressed by their correspondents .] 
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Photographs from composite layers containing equal 
parts of nickel-oxide and gold. 
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Fundamental doublets are indicated above the spectra, lion-fundamental doublets below 
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Powder Photograms of Silver-Aluminium Alloys Feif-Radiation. 
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Anti-Stokes Radiation. 
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McLennan, McLeod, & Ruedy. 


Fig. 1. 
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Van deb Pol & Van bee Mark. Phil. Mag. 8er. 7, Vol. 6. PI. X. 

Fig. 4. 


Outside view of model. 


Fig. 7. 


1. Normal heart beat. 

2. Sino-auricular block. 









Phil. Mag. Ser. 7, Vol. 6, PI. XI. 

Van deii Pol & Van dee, Mark. 


Fig. 8. 



Ventricular extrasystohe:—1. normal heartbeat: 2, late ventricular extra- 
svstole resulting in the ventricle being in the refractory state when the 
next following normal stimulus arrives from the auricle ; 3. early 

ventricular extrasystole: here the ventricle is not any more in lie 
refractory period when the next- following normal stimulus arrives from 
the auricle and thus an inter pointed ventricular systole is obtained. 


Fig. 9. 



1. Normal heart beat. 

2. Auricular extrasystole (with the ventricle responding). 

3. Auricular extrasystole (ventricle still in refractory period). 

Note the increased amplitude of the following normal ventricular systole. 
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Van deh Pol & Van dee Mabk. 


Fia. 10. 



1. Normal heart beat. 

2. Sinus extra systole disturbing the whole heart rhythm. 


Fig. 11. 



Electrocardiogram of the real lieart taken in the standard positions 1, 2. and 3 
with the aid of a special very low frequency amplifier and a Cambridge 
oscillograph. 








The Continuous Spectrum op Hidrooen. 
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Fig. 3. 
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Powder Photoorams of t Cu-Al Alloys compared 
with y Cu-Zn. 









LlKDSAY & VOORHEES. 


Phil. Mag. Ser. 7, Yd. 6, PI. XVI. 



Fig. 1. K Absorption of Fe in FeS^, crystal. 



Fig. Tv Absorption of Fe in screen of Fe 4 0 4 . 
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Fig. 3.—Iv Absorption of Fe in screen of metallic iron. 
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Fig. 1. 


Fig. 4. 


The point (end The point (end 

of contact wireof contact wire; -). 



Luminescence I. 


Luminescence II. 

Magnified 30 times. 
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The crystal (-f ) # 


Luminescence I. X 505. 
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Fig. (5. 



Di scharg-e-tube. used for observations of cathodo luminescences. 


Fig. in. 


Vacuum-tube. 



characteristic with respect to coordinates in the . % 

neighbourhood of O', which is typical for " a TT*lssjCf£ E. J 

negative series-resistance. •• »a I ** ^ 

II.— the " regeneration-characteristic 
of vacuum-tube (with negative slope). 
The arrows indicate the rotation direction 
of characteristic with respect to coordin¬ 
ates ill the itvigilhum-)i(MJ?i £>', lrbjDlfi VS 

typical for -’ll negative leak-resittiiuce. " 

The characteristics of vacuum-tube were plotted by means of B. A. Ostroumoff s 
‘‘ charaeterograph" ( Zeit.f . Techn. Phy*. no. 4, p. 163, 1920* 






“a at 1 = 2*5 milliamps.; E = 7*l volts. 

” b “ at 1=4*9 milliamps.: E = 6*2 volts. 

Botli curves (a and b) were plotted from same oscillating point. 


Fig. 18. 



Glimm spot of luminescence II. on a red-hot crystal: the crystal is placed between 
two vertical metallic rods. U natural size. 
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Fig. 19 a. 



Record of current 500 eye. per 
see. on a moving photographic 
plate (with luminescence II. ; 
value R.M.S. of current 1 = 0*24 
amp. : objective F : 3’5). 


Fig. 19 b. 



Record of fig. 19 «• Magnified from 
the original 3 time*. 


Fin. 20. 



Detector luminescence (luminescence II.): I.-0'23 amp, 

( 0-44 w.) ; F : 18. Natural size. 


E = 28v.; 


Fig. 21. 



Neon lamp, at sarne^ 
15*1 milliamps. : E = 17 < 
the ballast resistance 


optical conditions (cliche diminished 1'25 times): I- 
v (°'0T w 1: or 132*8 v. without potential difference 
> - 2.93:io. placed in the cap of lamp (2*0 w.b 
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Fig. (j. 
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Fig. 1. 
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Prints of images obtained by placing certain pieces of fused quartz, 
activated by ultra-violet rays, upon a photographic plate for 12 hours. 
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